www. гетепд. 15 


THOMAS 


Twelfth Edition 


SOLUTION MANUAL 


ынша ХО = 3:11 РМ Раде 1 


INSTRUCTOR’S 
SOLUTIONS MANUAL 


WILLIAM ARDIS 
Collin County Community College 


THOMAS’ CALCULUS 
TWELFTH EDITION 


E BASED ON THE ORIGINAL WORK BY 


George B. Thomas, Jr. 


Massachusetts Institute of Technology 
AS REVISED BY 


Maurice D. Weir 


Naval Postgraduate School 


Joel Hass 


University of California, Davis 


Addison-Wesley 
is an imprint of 


PEARSON 


| 


паса PE а. = 3:11 РМ Раде 2 


This work is protected by United States copyright laws and is provided solely 
for the use of instructors in teaching their courses and assessing student 
learning. Dissemination or sale of any part of this work (including on the 
World Wide Web) will destroy the integrity of the work and is not permit- 
ted. The work and materials from it should never be made available to 
students except by instructors using the accompanying text in their 
classes. All recipients of this work are expected to abide by these 

restrictions and to honor the intended pedagogical purposes and the needs of 
other instructors who rely on these materials. 


The author and publisher of this book have used their best efforts in preparing this book. These efforts 
include the development, research, and testing of the theories and programs to determine their 
effectiveness. The author and publisher make no warranty of any kind, expressed or implied, with regard 
to these programs or the documentation contained in this book. The author and publisher shall not be 
liable in any event for incidental or consequential damages in connection with, or arising out of, the 
furnishing, performance, or use of these programs. 


Reproduced by Pearson Addison-Wesley from electronic files supplied by the author. 


Copyright © 2010, 2005, 2001 Pearson Education, Inc. 
Publishing as Pearson Addison-Wesley, 75 Arlington Street, Boston, MA 02116. 


АП rights reserved. No part of this publication may be reproduced, stored in a retrieval system, or 
transmitted, in any form or by any means, electronic, mechanical, photocopying, recording, or otherwise, 


without the prior written permission of the publisher. Printed in the United States of America. 


ISBN-13: 978-0-321-60807-9 
ISBN-10: 0-321-60807-0 


123456BB 12 11 10 09 


Addison-Wesley 
is an imprint of 


PEARSON 
es www.pearsonhighered.com 


ИГ Ча 


www. гетепд. 15 


PREFACE TO THE INSTRUCTOR 


This Instructor's Solutions Manual contains the solutions to every exercise in the 12th Edition of THOMAS' CALCULUS 
by Maurice Weir and Joel Hass, including the Computer Algebra System (CAS) exercises. The corresponding Student's 
Solutions Manual omits the solutions to the even-numbered exercises as well as the solutions to the CAS exercises (because 
the CAS command templates would give them all away). 


In addition to including the solutions to all of the new exercises in this edition of Thomas, we have carefully revised or 
rewritten every solution which appeared in previous solutions manuals to ensure that each solution 

e conforms exactly to the methods, procedures and steps presented in the text 
is mathematically correct 
includes all of the steps necessary so a typical calculus student can follow the logical argument and algebra 
includes a graph or figure whenever called for by the exercise, or if needed to help with the explanation 
is formatted in an appropriate style to aid in its understanding 

Every CAS exercise is solved in both the MAPLE and MATHEMATICA computer algebra systems. A template showing 
an example of the CAS commands needed to execute the solution is provided for each exercise type. Similar exercises within 
the text grouping require a change only in the input function or other numerical input parameters associated with the problem 
(such as the interval endpoints or the number of iterations). 


For more information about other resources available with Thomas' Calculus, visit http://pearsonhighered.com. 
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CHAPTER 1 FUNCTIONS 


11 FUNCTIONS AND THEIR GRAPHS 

1. domain = (-оо, оо); range = ПІ, оо) 2. domain = [0, oo); range = (—oo, 1] 

3. domain = [—2, оо); y in range and у = \/5x + 10 > 0 = у сап be any positive real number = range = [0, со). 

4. domain = (—co, 0] U [3, со); y in range and у = Vx — Зх > 0 = у сап be any positive real number => range = [0, со). 


5. domain = (—oo, 3) U (3, оо); y in range and у = nowift<3 >3-t>0=5 = > 0, orift > 3 


4 
3-Р 
—3-t«02 == < 0 = у can be any nonzero real number = range = (-оо, 0) U (0, оо). 


6. domain = (–оо, —4) Ц (—4, 4) Ц (4, оо); ОЕ апау = к=. пом ift < —4 >t? — Ч >0= 22% > 0, or if 
—4 <1<4 = -16<0 – 16<05-2 < 7; «0, Tou => — 16>0 = 74, > 0 = у can be апу 
nonzero real number => range = (—oo, — $] U (0, оо). 

7. (a) Notthe graph of a function of x since it fails the vertical line test. 

(b) Is the graph of a function of x since any vertical line intersects the graph at most once. 

8. (a) Notthe graph of a function of x since it fails the vertical line test. 

(b) Not the graph of a function of x since it fails the vertical line test. 
9. base = x; (height)? + (х)? = =x? > height = VS x; area is а(х) = 1 (base)(height) = 3 (x) (2x) = Na x? 
perimeter is p(x) = X + X + = 3x. 
n 2p x2 oq 214. еу — Кер. 
10. s = side length = 5 + 5 = 1° = s= Jz > and area is а = $ => а= 54 
11. Let D = diagonal length of a face of ће cube and £ = the 5 of an edge. Then {2 + D? = d? and 
2 \ 3/2 
р? = 2{@ 36“ = 2 4 95: The surface area is 6/2 = 4 = 2d? and the volume is (3 = (5) = x5 i 


12. The coordinates of P are (x, 2 x) so the slope of the line joining P to the origin is m — Vx = = ЈЕ (x > 0). Thus, 


(x, Vx) = (б а). 


13. 2x+4y=5>y=-ix+ 1 = Ук 0+ (у OP = үз? + (1+ 32 = ү/х2 + 0 – би + 2 


БЕЛЕ ЛЭЭ. 25 _ /20х2-20х--25 _ у20х2 -20x + 25 
= үз aX 16 = V 16 = 4 


14. у= ух—3 = у +3 =x; L= у(х—4)2 + (у —0)2 = (у? +3 – 4)2 + у? = (y — 172 x? 
= МУ" -2y + 1+ у? = МУ – у? +1 
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2 Chapter 1 Functions 


15. The domain is (-оо, оо). 16. The domain is (-оо, oc). 


20. The domain is (-оо, 0) U (0, оо). 


G(t) 


21. The domain is (Coo, —5) U (—5, —3] U [3, 5) U (5, оо) 22. 


23. Neither graph passes the vertical line test 


(a) (b) 


Copyright О 2010 Pearson Education, Inc. Publishing as Addison-Wesley. 
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Section 1.1 Functions and Their Graphs 


24. Neither graph passes the vertical line test 


(a) 


„| + 11 


>x 


29. (a) Line through (0, 0) and (1, 1): y = x; Line through (1, 1) and (2, 0): y = —x +2 


x, 0<х<1 

Be ml 
(2, 0«х-1 
_ )0, 1<х<2 
(b) (у= 2, 2<x<3 
0, 3<х<4 


7 


30. (a) Line through (0, 2) and (2, 0): у = —x +2 
Line through (2, 1) and (5, 0): m = $= = = = —4, so y = –1(х – 2) +1 = -ix + $ 
—-x+2,0<x<2 
"eli eqs 
(b) Line through (—1, 0) and (0, —3): т = 5С = —3, so y = —3x —3 

Line through (0, 3) and (2, —1): m = 51-2 = == = —2, so у = –2х + 3 

кво = (7255 -1<х<0 
—2x +3, 0<х<2 
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31. 


32. 


33. 


34. 


35. 


36. 


(а) 


(b 


wm 


(a) 


(b) 


(a) 


|х) 


Chapter 1 Functions 


Line through (—1, 1) and (0, 0): y 2 —x 
Line through (0, 1) and (1, 1): у = 1 
( 


Line through (1, 1) and (3, 0): т = $ = == = —4,soy = -3(x- 1) +1=—1х + 8 
—х -1<х<0 
f(x) = 1 0<х<1 
-ix-3 1<х<3 
Line through (-2, —1) and (0, 0): у = 3x [ах -2<х<0 
Line through (0, 2) and (1, 0): y = —2x +2 f(x) — | -2x+2 0<x<1 
Line through (1, —1) and (3, —1): y = —1 _1 ове 


2 


Line through (1, 0) and (Т, 1): m = те 005) = 2, so у = 2(х - 1) +0 = тх — 1 


T > 2 

( А, О<х< 1 

f(x) = —А, шанг 
А, T<x< 5 


|x| = 0 for x € [0, 1) (b) [x] = 0 for x € (-1,0] 


— [x] only when x is an integer. 


For any real number x, n € x < п + 1, where nis an integer. Now: n < x < n + 1 = —(n4 1) € -х € ~n. Ву 
definition: [—x] = —n and |х| =n > — |x] = —n. So [~x] = – |х| for all x € R. 


To find f(x) you delete the decimal or 
fractional portion of x, leaving only 
the integer part. 


Copyright О 2010 Pearson Education, Inc. Publishing as Addison-Wesley. 
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37. Symmetric about the origin 
Dec: –оо < x < oo 


Inc: nowhere 


39. Symmetric about the origin 
Dec: nowhere 
Inc: Coo « x « 0 
О<х<оо 


41. Symmetric about the y-axis 
Dec: -oo <x € 0 
Inc: 0 < x « oo 


Section 1.1 Functions and Their Graphs 


38. Symmetric about the y-axis 


Dec: =œ <x < 0 
Inc: 0 < x < oo 


40. Symmetric about the y-axis 


Dec: 0 < x < oo 
Inc: -œ <x < 0 


42. No symmetry 


Dec: =œ <x < 0 
Inc: nowhere 


Copyright О 2010 Pearson Education, Inc. Publishing as Addison-Wesley. 
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6 Chapter 1 Functions 

43. Symmetric about the origin 44. No symmetry 
Dec: nowhere Dec: 0 € x « oo 
Inc: —oo < x < оо Inc: nowhere 


45. No symmetry 46. Symmetric about the y-axis 
Пес:0 € x « oo Dec: =œ <x < 0 
Inc: nowhere Inc: 0 < x « oo 


47. Since a horizontal line not through the origin is symmetric with respect to the y-axis, but not with respect to the origin, the 
function is even. 


48. f(x) = x ? = S andf(-x) = ( x)" Ын (4) f(x). Thus the function is odd. 


x? 


49. Since f(x) = x? + 1 = (—x)^ + 1 = —f(x). The function is even. 


50. Since [f(x) = x? + x] Z [f(—x) = (х) — x] and [f(x) = x? + x] 4 [-f(x) = —(х)? — x] the function is neither even nor 
odd. 


51. Since g(x) = x? + x, g(—x) = —x® — x = —(x? + x) = —g(x). So the function is odd. 


52. g(x) = x! + 3x? — 1 = (—х)* + 3(-x)! — 1 = g(—x), thus the function is even. 


53. g(x) =o = — = g(—x). Thus the function is even. 


54. g(x) = a: 8(—х) = — ay = —8(х). So the function is odd. 


55. h(t) = —; h(-t) = — h(t) = t. Since h(t) Æ —h(t) and h(t) # h(—t), the function is neither even nor odd. 
56. Since |t| = | (-t)? |, h(t) = h(—t) and the function is even. 
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Section 1.1 Functions and Their Graphs 


57. h(t) = 2t + 1, h(-t) = —2t + 1. So h(t) = h(—t). —h(t) = —2t — 1, so h(t) Æ —h(t). The function is neither even nor 
odd. 


58. h(t) = 2|t| + 1and h(-t) = 2| -t| + 1 = 2|t| + 1. So h(t) = h(—t) and the function is even. 


59. s = kt 25 = k(75) >k = į === $t; 60 = it > t = 180 


60. K = су? = 12960 = с(18)2 => с = 40 = К = 40v?; К = 40(10)? = 4000 joules 


61. r= E > 6= 8 = k= 24 = г= 24;10=  >-5= 10 


62. РЕК > 147 = туу > К = 14700 => P = 1490; 23,4 = 14700 — у = 20 5 628.2 in? 


63. у = f(x) = x(14 — 2х)(22 — 2x) = 4x? — 72x? + 308x; 0 < x < 7. 


64. (a) Leth = height of the triangle. Since the triangle is isosceles, AB? + AB? = 2? > АВ = v2. So, 
2 
h+ 12 = (v2) = h = 1 > B is at (0, 1) = slope of AB = —1 => The equation of AB is 


у = f(x) = —x + 1; x [0, 1]. 


(b) A(x) = 2xy = 2x(—x + 1) = -2x? + 2x; x € [0, 1]. 


хи 


65. (а) Graph h because it is an even function and rises less rapidly than does Graph 2. 
(b) Graph f because it is an odd function. 
(c) Graph g because it is an even function and rises more rapidly than does Graph h. 


66. (a) Graph f because it is linear. 
(b) Graph g because it contains (0, 1). 
(c) Graph h because it is a nonlinear odd function. 


67. (a) From the graph, х > 1+ $ = x € (-2,0) U (4, oo) У 
(b) 3-14-1-1-1-1»0 
TE 4 х2-2х-8 (х—4)(х+2) 
х>0: 5—1— 4>0- X202 о > 0 ТЕ 
= Ме positive; 5 
х<0 $-1-450 = 8-08 0-, 6-962 <0 f(x) 
X 


= x < —2 since x is negative; 
sign of (x — 4)(х + 2) 
+ = + 
-2 4 
Solution interval: (– 2,0) О (4, оо) 


Copyright © 2010 Pearson Education, Inc. Publishing as Addison-Wesley. 
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68. 


69. 


70. 


71. 


72. 


1.2 


Chapter 1 Functions 


(a) From the graph, eq « 52 => хе (–оо,—5)0(—1,1) У 
(b Case x < —1: Эл « a => Зон) > 2 ; | 
= ! f(x) = 3/(х-1) 


= 3x+3< 2x-2 => х < –5. 
Thus, x е (—oo, —5) solves the inequality. 
Sure» тг. 
= 3х+3> 2х -2 = x > —5 which is true 
if x > —1. Thus, x Е (—1, 1) solves the 
inequality. 
Case 1 < х: 3) <4 => 3x4+3<2x-2 => x«-5 
which is never true if 1 < x, so no solution here. 


Case —1 < x < 1: 


3 
х-1 


In conclusion, x € (—oo, —5) Ц (—1, 1). 


A curve symmetric about the x-axis will not pass the vertical line test because the points (x, y) and (x, —y) lie on the same 
vertical line. The graph of the function y = f(x) = 0 is the x-axis, a horizontal line for which there is a single y-value, 0, 


for any x. 


price = 40 + 5x, quantity = 300 — 25x = R(x) = (40 + 5x)(300 — 25x) 


Pte =P х= + УВ, cost = 5(2x) + 10h => C(h) = 10( 425) + 108 = sh( V2 +2) 


(a) Note that 2 mi = 10,560 ft, so there аге \/ 800? + x? feet of river cable at $180 per foot and (10,560 — x) feet of land 
cable at $100 per foot. The cost is C(x) = 1804/8002 + x? + 100(10,560 — x). 

C(0) = $1, 200, 000 

C(500) = 81, 175, 812 

(1000) ~ $1, 186, 512 

(1500) == $1, 212, 000 
( 
( 


(b 


wm 


aaa 


2000) ~ $1, 243, 732 

С(2500) ~ $1, 278, 479 

C(3000) == 81, 314, 870 

Values beyond this are all larger. It would appear that the least expensive location is less than 2000 feet from the 
point P. 


Ша» ARIA NOUS Зети 


COMBINING FUNCTIONS; SHIFTING AND SCALING GRAPHS 
Dr: ~ < x < œ, D: x> 1 > рь, = рь: xX > 1. К: -оо < y< œ, К: y 0, Res: у> 1, К: у> 0 


D: x+1>0 > х> -1,5,: х-1>0 = х > 1. Therefore р, = рь: x > 1. 
В, = Қ. у > 0, Ree: у > V2, Ry: у>0 


D;: -œ <x «oo, ри -оо<х<оо, Dy: —00 < x < оо, Dy: -оо Сх < оо, R: y -Z2 R; у> 1, 
Еј: О<у< 2, Ек: $ <у<оо 


Ре: -оо<х<оо, Dy: x 20,Dy: X > 0, D: X > 0; R: y 1, R: у> 1, Ryg: Осус 1, Ке: 1<у< о 


(а) 2 (b) 22 (с) х2--2 
(d) (x +5}? — 3 = x? + 10x +22 (e) 5 ( -2 
(в) x +10 h) (х2 — 3)? — 3 = хе — 6x? +6 


Copyright © 2010 Pearson Education, Inc. Publishing as Addison-Wesley. 
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10. (fogoh)(x) = 


= в((х))) = f(&(9)) = (тїз) = (тё) = ува +1= үа 


Section 1.2 Combining Functions; Shifting and Scaling Graphs 


(© 4-1-5 


х-1 х+1 
(е) 0 © i 
„есы By 
f(g(h(x))) = f(g(4 — x)) = f(3(4 — x)) = К12 - 3x) = (12 — 3x) + 1 = 13 - 3x 


11. (a) (fog)(x) (b) (jeg)(x) (с) (geg)(x) 
(d) (jej)(x) (e) (gohof)(x) (f (hojof)(x) 
12. (a) (foj)( (b) (goh)(x) (c) (hoh)(x) 
(d) (fof)(x (e) (jogef)(x) (D (gofoh)(x) 
13. gx) f(x) (f o g)(x) 
(a) х-7 үх /х—7 
(D х-2 3x 3(x + 2) = 3x + 6 
(c) x (/х-5 Vx? — 5 
(d 5 <1 EL = уусу =Х 
(e) 5 1-і x 
бо; 1 х 
14. (а) (feg)(x) = |g(x)| = KT 
(b) (fog)(x = a lg =a 1- а ну > хн = 00,80 80) =х+1. 
(с) Since (fog)(x) = y g(x) = |x|, g(x) = x?. 
(d) Since (fog)(x) = f(,/x) = |x|, f(x) = x?. (Note that the domain of the composite is (0, оо).) 
The completed table is shown. Note that the absolute value sign in part (d) is optional. 
f(x) (fog)(x) 
Ы кеті 
х+1 E СЭ! 
үх |х| 
х? |х| 
15. (а) f(g(-1)) = f(1) = 1 (b) g(f(0)) = 8(—2) = 2 (с) КК—1)) = f(0) = 
(d) g(g(2)) = g(0) = 0 (е) g(f(-2)) = 2(1) = –1 (D f(g(1) = 6-1) 
16. (а) f(g(0)) = f(-1) = 2 — (-1) = 3, where g(0) = 0 — 1 = —1 
(b) g(f(3)) = g(-1) = —(—1) = 1, where f(3) = 2 — 3 = —1 
(с) g(g(-1) = g(1) = 1 — 1 = 0, whereg(-1) = -(-1) = 1 
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17. 


18. 


19. 


20. 


21. 


22. 


23. 


24. 


25. 


27. 


Chapter 1 Functions 


(d) f(f(2)) = £(0) = 2 — 0 = 2, where (2) = 2-2 = 0 
(е) g(f(0)) = 2(2)=2—1= 1, where f(0) =2—0=2 
( Ка(5)) = f(75) =2- (-5) = $ where (5) = 2 


(а) (fog)(x) = f(g(x)) = / i12 / == 


(b) Domain (fog): (—oo, —1] U (0, оо), domain (gof): (—1, оо) 
(c) Range (fog): (1, оо), range (gof): (0, оо) 


хи 


(а) (fog)(x) = (х) =1—2\/х+х 
(gof)(x) = g(f(x)) = 1 — |x| 
(b) Domain (fog): [0, oo), domain (gof): (—oo, oc) 


(c) Range (fog): (0, oo), range (gof): (—oo, 1] 


— 


(fog)(x) = x => f(gG)) =x => 48295 =x => g(x) = (в(х) - 2)х = x g(x) — 2x 


=> g(x) - x: g(x) = -2x => g(x) = —ү® = 24 

(fog)(x) = x + 2 => f(g(x)) = x +2 = 2(g(x))? -4 =x +2 => (g(x))’ = 545 => g(x) = SE 
(а) у= —(х +7)? (b) у= -(x – 4) 

(а) у= х? +3 (b у= х2 – 5 

(a) Position 4 (b) Position 1 (c) Position 2 (d) Position 3 


(а) у=-—(х- 12 +4 (b) у= –(х + 2)? +3 (с) у= –(х + 4)? – 1 (d) у= -(x - 2) 


26. 


y y 
А 1 (х+4)2 +(у-37=25 А 
8 


G2) + (у + 3)2 = 49 


у+1=(к+1) 


Copyright © 2010 Pearson Education, Inc. Publishing as Addison-Wesley. 
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29. 30. 5 
А 
>x 
-0.81 1 4 
31. 32. 
33. 34. 
35. 36. 
х+4 
>х 
37. 38. 
М »-П-х|-1 
1 2 йн 
39. 40. 
3 
2 тоо. 1 
1 (1,1) = 
1-1 Lx 
| 1 2 
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41. 


43. 


45. 


4T. 


49. 


51. 
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Section 1.2 Combining Functions; Shifting and Scaling Graphs 


53. 54. 


ey t) d UA 


55. (a) domain: [0,2]; range: [2,3] 


у 
А А 

ib 
3L 

у= Ло) +2 
Я у= Ао) -1 
x 
ДЕ 0 1 2 
1 1 1 1 Ж 

0 1 2 3 4 E 


(c) domain: [0,2]; range: [0,2] (d) domain: [0,2]; range: [—1,0] 


> ~ 
> 


yz2fQ) у=) 


x 
0 1 2 3 ар 


(f) domain: [1,3]; range: [0,1] 


7 2 
А 
2 
2Һ 
у-Йх-2) 
угје- 1) 
РАИ 
>х 0 1 2 Е "t 
: [0,1] (h) domain: [—1,1]; range: [0,1] 
y A 
^ ^ 
2r 
2- 
y=fCx) у=-/(х+1)+1 
1r 1- 
Z X ХИ _ 
-2 E 0 Я -1 0 1 
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56. (a) domain: [0,4]; range: [—3,0] (b) domain: [—4,0]; range: [0,3] 


y y 


>t 


— у=-8(0 0 


(d) domain: [—4, 0]; range: [1,4] 


у y 
^ ^ 


у= 200 +3 


>t 


(e) domain: [2,4]; range: [—3, 0] 


y=g(-t+ 2) 


>! 


-ar 


(g) domain: [1,5]; range: [—3,0] (h) domain: [0,4]; range: [0,3] 


уз-4(%-4) 


57. y = 3х2 —3 58. у = (2х)? — 1 = 4х2 —1 
59. у = (еј - 5 60 yc dae ide 
61. y= үх 1 62. у= 3V/x +1 
63. у=\/4- (х)? = 1/16- х2 64. у= 14 – x 
65. y = 1— (3х)? = 1 – 27x 66. у=1- (S! =1- = 
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67. 


68. 


69. 


70. 


71. 


Section 1.2 Combining Functions; Shifting and Scaling Graphs 


Let y = —\/2х + 1 = f(x) and let g(x) = х//2, 
h(x) = (x ij (х) = /2(x + iy and 
jx)2- |У2(х + 7 — f(x). The graph of 
h(x) is the graph of g(x) shifted left 3 unit; the 
graph of i(x) is the graph of h(x) stretched 
vertically by a factor of 4/9 ; and the graph of 
j(x) = f(x) is the graph of i(x) reflected across 
the x-axis. 


Let y = 4/1— š = f(x). Let g(x) = (=x), 
h(x) = (—x + 2), andi(x) = ACx* 2)!/2 
= 4/1 — 5 = f(x). The graph of g(x) is the 
graph of y = ух reflected across the x-axis. 
The graph of h(x) is the graph of g(x) shifted 
right two units. And the graph of i(x) is the 
graph of h(x) compressed vertically by a factor 


of 2. 


y = f(x) = x?. Shift f(x) one unit right followed by a 
shift two units up to get g(x) = (x — 1)? 4- 2. 


у= (1-2) +2=-[(х – 1) + (-2)] = f(x). 

Let g(x) = x?, h(x) = (x — 133, i(x) = (x — 1)? + (-2), 
and ј(х) = —[(x — 1)? + (—2)]. The graph of h(x) is the 
graph of g(x) shifted right one unit; the graph of i(x) is 
the graph of h(x) shifted down two units; and the graph 
of f(x) is the graph of i(x) reflected across the x-axis. 


Compress the graph of f(x) — 1 horizontally by a factor 
of 2 to get g(x) = +. Then shift g(x) vertically down 1 


unit to get h(x) = + — 1. 


Copyright © 2010 Pearson Education, Inc. 
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72. Let f(x) = 4 and g(x) = 2 +1 = ry tt 
T 
1 1 : 
——— + 1 = ————= + 1. Since 
(Уу?) (725 
М2 = 1.4, we see that the graph of f(x) stretched 
horizontally by a factor of 1.4 and shifted up 1 unit 


is the graph of g(x). 


73. Reflect the graph of y = f(x) = \Их across the x-axis 
to get g(x) = —4/x. 


74. у = f(x) = (2x = ((-1) p^ 
= (-1)9? (2x)? = (2x)?/*. So the graph 
grap 
of f(x) is the graph of g(x) = х?/Зсотргеззеа 
horizontally by a factor of 2. 


75. 76. 


y=lx?-1l 


2 - Їг 2 
ak 
77. 9x? + 25у? = 225 > 5 +5 = 1 78. 16x? + 7? = 112 > Š +% = 1 
: (v7) 
: А 
6L 16х2+ Ty? = 112 
4L 9x? + 25y? = 225 
4 юэ 
1 | _» x 
-3 3 
=й 
_6[. 
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Section 1.2 Combining Functions; Shifting and Scaling Graphs 


2 
79. Зк + (y- 27 232 $ + 8-3. =1 80. (x--1) 42 24 E- CUL У, =] 
(v3) (v2) 
: А 
4b 3x24 (y-2)2=3 (vt 12+2у2 =4 Ar 
>x 
1 1 1 1 » | 
2 1 
81. 3(x— 1? +2(у +2) =6 82. 6(x + 3) + 9(у—:) =54 
2 
БС _ kbe], o-p _ 
= + zd => + 5 = 1 
(ғ) — (v9 й (ve) 
y 
^ 
ЇЇ 
га 1-1 yx 
-2 -1 2 3 


4 | 3&- 12 + 2(y +2)2 =6 


83. = + Y — ] has its center at (0, 0). Shiftinig 4 units 
left and 3 units up gives the center at (h, К) = (—4, 3). 


2 " 10 
i. an 4 – 3): 

So the equation is Ё | 5% => ) 2] «+4? Q-3* , 8 

: 16 X 


= шэн + =. = 1. Сещег, С, 15 (—4, 3), апа 


major axis, АВ, is the segment from (-8, 3) to (0,3). 


L 1 
-10 -8 -6 -4 2 


y 


84. The ellipse x + r = 1 has center (h, К) = (0, 0). ; : 
(x-3) + 6+2) 5 


Shifting the ellipse 3 units right and 2 units down А ТОЛ оз о 


produces an ellipse with center at (h, К) = (3, —2) 


ion 22 ү B-P _ 
and an equation ~~~ + 25 = 1. Center, | 
С, is (3, —2), and АВ, the segment from (3, 3) to Е 


(3, —7) is the major axis. 3 


>х 


85. (а) (fg)(—x) = f(—x)g(—x) = f(x)(—g(x)) = —(fg)G), ода 
® (5) с = 129 = t = - (£) к), ода 


8(-х) —g(x) 
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© (P) к) = $53 = ay = – (F) 0, ода 

(d) £2(—x) = f(—x)f(—x) = f(x)f(x) = f?(x), even 

(e) Е(-х) = (g( 5 = (~g)? = с Хх), even 

(f) (f° g)(—x) = f(g( —) = f(—g(x)) = Қе(х)) = (Ёо вх), even 

(8) (gof)(—x) = g(f(—x)) = 2000) = (g о f(x), even 

(h) (fof)(—x) = КК—х)) = ККх)) = (f o С), even 

(i) (ёо8)-хХ) = g(g(—x)) = 8(—8(%)) = —g(g60) = —(g o вх), ода 


86. Yes, f(x) = 0 is both even and odd since f(—x) = 0 = f(x) and К—х) = 0 = —f(x). 


87. (a) 


1 


| 


(g - f)(x) 
(f - g)(x) 


88. 


(fe g(a) 
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Section 1.3 Trigonometric Functions 


1.3 TRIGONOMETRIC FUNCTIONS 


1. (а) в5=70 = (10) ($) = 81m (b) s = 19 = (10110) (тау) = 10" = 5и m 


2. 6= 8 = 101 = 51 radians and 27 (i) = 2259 


3. 6 = 80° = 0 = 80° (15) = 2 = s= (6) ($) = 84 in. (since the diameter = 12 in. > radius = 6 in.) 


4. а = I meter г = 50 ст 9 : 30 0.6 гай ог 0.6 (150) А 34° 


2т T 3т Зл T T T om 
5. | 9 UT | “з= 2 4 6. 0 2 3 6 4 6 
. УЕ 1 : УЕ 1 1 1 
sin 0 0 |—X 0 1 Vi sin 0 1 5 D Z 5 
1 1 
сов0 | —1 | —- 1 0 |--5 cosð 0 1 và 4, 4 
tan 0 0 V3 0 | und. | —1 tan | und. | —/3 8 1 E 
d. = 
согд | und Л und. 0 1 NE 0 -2 cu -4/3 
зес 0 -1 -2 1 und. | -4/2 220110 2 ES 2 а 
2 уз ТЕ 
с8с0 | und. | — = | und 1 у? 2 
МА сѕс 0 1 |--- | -2 /2 2 
V3 
7 cos x = — $, tanx = – 3 8 sin х = J; , COS X Js 
9. sinx = — У8 tan x = —\/8 10. sinx = ‚ах = – 2 
3^ 13° 5 
11. sinx = — Jz, cosx = — 95 12. cosx = — 5? unx- 25 
13. 14. 


15. 
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у= –с05 27х 


period = 27 period = 27 


21. 22. 


~ a ~ 
о < 1 7 1 >х 
` 


1 1 >х -2 
-80| я эл 7л 
4 4 4 4 24 | 
y=cos Б +22) -2 
period = 2л period = 27 
23. period — 5, symmetric about the origin 24. period — 1, symmetric about the origin 


5 


>t 
ARP 1 А 


5 = {ап т/ 
25. period = 4, symmetric about the s-axis 26. period — 47, symmetric about the origin 

^ | 

| 

1 

5= бесті. 
>! 
1 
l >! 


шенесе ы шанк ыйан 3. шасы Шаа т 
ы 
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27. 


28. 


29. 


31. 


32. 


33. 


34. 


35. 


36. 


37. 


(а) Cos x and sec x are positive for x in the interval 
п 


(-2 т) ; and cos x and sec x аге negative for x in the 


2*2 


intervals ( Зп 2) and (2 эт), Sec x is undefined 


2? 2: 2 
when cos x is 0. The range of sec x is 
(—oo, —1] U [1, оо); the range of cos x is [—1, 1]. 


(b) Sin x and csc x are positive for x in the intervals 


(-2 -т) and (0, т); and sin x and csc х are negative 


2 $ 
for x in the intervals (-т, 0) and (т, 3"). Csc x is 
undefined when sin x is 0. The range of csc x is 
(-оо,- 1] U [1, оо); the range of sin x is [—1, 1]. 


Since cot x — юм , cot x is undefined when tan x = 0 


and is zero when tan x is undefined. As tan x approaches 


zero through positive values, cot x approaches infinity. 
Also, cot x approaches negative infinity as tan x 
approaches zero through negative values. 


р: –оо < x < œ; R: у= -1,0,1 


>< 


y 7 [sin x] y=sinx 


-27 .e.- I, e. 2л 
8--8-- 


~ D ~ Р 


-1 


cos (x — 7) = cos x cos (— 7 


Section 1.3 Trigonometric Functions 


y=cotx 


30. D: -co«x «oc; В: y 


у=їапх 


у= [ѕш x] 


) — sin x sin (- т) = (cos x)(0) — (sin x)(—1) = sin x 


cos (x + т) = COS X COS (5) — sin x sin (5) = (cos x)(0) — (sin x)(1) = —sin x 


sin (x 4 т) = sin x cos (3) + cos x sin (3) = (sin х)(0) + (cos x)(1) = cos x 


2 


sin (x — 5) = sin x cos (- 5 2 


cos (А — B) = cos (А + (-B)) = cos A cos(—B) — sin A sin(—B) = cos А cos B — sin A(—sin B) 


= cos А cos В + sin А sin B 


sin (A — B) = sin (А + (-B)) = sin A cos(—B) + cos A sin(—B) = sin A cos В + cos A(—sin B) 


— sin A cos B — cos A sin B 


НВ = А, А — В = 0 = cos(A— В) = cos 0 = 1. Also cos (A — B) = cos(A— A) = cos А cos А + sin A sin A 


= cos? А + sin? A. Therefore, cos? A + sin? A = 1. 
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38. If B = 27, then cos (А + 27) = cos А cos 27 — sin А sin 27 = (cos А)(1)- (sin А)(0) = cos A and 
sin (А + 27) = sin A cos 27 + cos A sin 27 = (sin A)(1) + (cos А)(0) = sin A. The result agrees with the 
fact that the cosine and sine functions have period 27. 

39. cos (п + X) = cos 7 cos x — sin 7 sin x = (—1)(cos x) — (O)(sin x) = —cos x 


40. sin (2x — x) = sin 27 cos (—x) + cos (27) sin (—x) = (0)(cos (—x)) + (1)(sin (—x)) = —sin x 


A]. sin (22 - х) = sin (22) cos (—x) + cos (22) sin (—x) = (—1)(cos x) + (0)(sin (—x)) = —cos x 


42. cos (27 + х) = cos (3) cos x — sin (3) sin x = (0)(cos x) — (—1)(sin x) = sin x 


43. sin Z = sin (7 + 5) = sin 7 cos 1 + cos 7 sin 7 = (22) (1) + (2) (2) 8828 


lig _ T ar) — т 27 ов 2Ж 20 2 1 2 33 __ v2 6 
44. cos L7 = cos (4 + 27) = cos 7 cos = sin 2 sin 2 = (>) ( 1) (22) (22) = 7 


45. cos & = cos (3 — 5) = сов 1 cos (– 5) – sin 5 sin (– 2) = (3) (№) - (№) (-№) = 552 


46. sin E = sin (22 — т) = sin (27) cos (- т) + cos (27) sin ( т) = ( 21 ( 2 + ( 1) ( У" = uu 


2 5 В _v3 
47 cos? Z = 1 + cos (22) = 1+% _ 2+2 48 cos? эл 1 + сов (12) = 1+( 2) — 2-73 
3 8 2 2 4 : 12 2 2 4 
27 3 _ (бт -(-У2 
49. sin? = = 1-со (17) _ 1 уз _ 2-3 50. sin? 37 = 1 – сов (%) _ 1 ( 2) — 242 
* 12 — 2 EE ET | 8 — 2 - 2 ES": 
: 2 3 . уз т 2m 4r 5r 
51. 5170 = 1 sinü = + ~ 0= 3, 5. 3.73 
LER) 2 ѕіп20 соѕ20 2 T 3m 5л т 
52. $1170 = соѕ20 2079 = соф їап^Ө = 1 (ап 0 +1 9 15 Aqu а 


53. sin20 — сов0 = 0 = 25іп 0 cos0 — cos Ө = 0 = сов0(2віп0- 1) = 0 = соѕ0 = 0 or 2sin 0 — 1 = 0 = соѕ0 = 0 or 


: хэн! 22 3% 22 57 207 m Sn m 
зпд= 5 => 60 =>5,5,огд=<>>— > 0=6 5, 6» 7 


54. со820 + cos @ = 0 => 2cos?0 — 1 + cos@ = 0 => 260520 + соѕ0 – 1 = 0 = (соѕ0 + 1)(2cos0 — 1) = 0 


= == = — - 5 =" Ед А S347; > 
= cos + 1 = О ог 2с0$0 — 1 = 0 = сов0 1 огсов 0 1 0 ог 0-5 эт 0-5 эл 
55. tan(A + В) = ЗМАЗВ) — sinAcosBreosAcosB _ залов ^ AB шап A+tanB 

1 77 cos(A+B) cos А cos В-віп А sinB ^ — c5AcosB, АВ ~~ ]_—tan A tan B 


сов А сов В сов А cos В 


: : біп А соѕ В _ cos A sin B 
56. ап (А — В) = 2 2 5-8) — sinAcosB cosAcosB — СА Е авло _ (ап Atan В 


cos (А-В) сов А сов B+sin A sinB __ сБАС5В| sinAsinB ~~ J+tan A tan B 
cos А cos В ` cos A cos В 


57. According to the figure in the text, we have the following: By the law of cosines, c? = a? + b? — 2ab cos 0 
= 12 + 12 — 2 cos (A — B) = 2 — 2 cos (А — B). By distance formula, c? = (cos A — cos В)? + (sin A — sin В)? 
= cos? A — 2 cos A cos B + cos? B + sin? A — 2 sin A sin B + sin? B = 2 — 2(cos А cos B + sin A sin B). Thus 
c? = 2 — 2 cos (A — B) = 2 — 2(cos A cos В + sin A sin B) = cos(A — В) = cos А cos B + sin A sin B. 
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58. 


59. 


60. 


61. 


62. 


63. 


64. 


Section 1.3 Trigonometric Functions 23 


(a) cos(A — B) = cos A cos В + sin A sin B 
sin 0 = соѕ(7 — 0) and cos Ө = sin(Z — 0) 
Тед = А + B 
sin(A + B) = сов 5 - (А B) = соз (5 -А) -8| = cos (5 — A) cos В + sin (Z — A) sin B 
= sin А cos В + cos sin В 
cos(A — B) = cos A cos В + sin A sin B 
cos(A — (—B)) = cos А сов (CB) + sin A sin (—B) 
= cos(A + В) = cos A cos (CB) + sin A sin (CB) = cos А сов В + sin A (—sin B) 
= cos А cos В - sin Asin В 


(b 


wm 


Because the cosine function is even and the sine functions is odd. 


c? = а? + b? — 2ab cos С = 2? + 32 — 2(2)(3) cos (60°) = 4 + 9 — 12 cos (60°) = 13 — 12 (5) =7. 
Thus, с = \/7 z 2.65. 


с? = а? + b? — 2ab cos С = 22 + 3? — 2(2)(3) cos (40°) = 13 — 12 cos (40°). Thus, с = y 13 — 12 cos 40? ~ 1.951. 


From the figures in the text, we see that sin B = b, If C is an acute angle, then sin C = b, On the other hand, 
if C is obtuse (as in the figure on the right), then sin C = sin (m — С) = п. Thus, in either case, 


h = b sin C = c sin B = аһ = ab sin C = ac sin B. 


a+b? с? 
2ab 


29429262 : 
а. Moreover, since the sum of the 


By the law of cosines, cos C — and cos B — 


interior angles of a triangle is т, we have sin A = sin (т — (B + C)) = sin (B + C) = sin B cos C + cos B sin C 


= (5) ЕД + [és] (0) = (Iz) Qa? ct - +c? bh) = @ = ah = bo sin A. 


Combining our results we have ah — ab sin C, ah — ac sin B, and ah — bc sin A. Dividing by abc gives 


h |. sinA | sinC _ sinB 
ђе . а — c __њ > 
М —— 


law of sines 


By the law of sines, M = sin B = BE By Exercise 61 we know that c = 1/7. Thus sin B = nj ~ 0.982. 


From the figure at the right and the law of cosines, с 
b? = a? + 2? — 2(2a) cos B 
= а? +4 — да (1) = à? – 2a + 4. 


Applying the law of sines to the figure, мн, А — жа 
yan 42% b "E a. Thus, combining results, 
а? —2a+4=b?=3a => 0 = 1a? 42a—4 8 


= 0=а? + да — 8. From the quadratic formula and the fact that a > 0, we have 
_ -4-у24-40)-8) _ 4/3-4 _, 1.464 
a 2 нх эн 


(а) The graphs of y = sin x and у = x nearly coincide when х is near the origin (when the calculator 
15 in radians mode). 

(b) In degree mode, when x is near zero degrees the sine of x is much closer to zero than x itself. The 
curves look like intersecting straight lines near the origin when the calculator is in degree mode. 
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65. A=2,B=27,C=-—7,D=-1 2 


у= 25іп (х+л) – 1 


мін: 
с 
N 
a 
= 
о 
tol 


>х 


29: 1 2 3 


1 


= singe 1 
у= 5 sin(zx— т) + 5 


67. А= – 2,В = 4,С=0,р = 1 


68. А-2,8-1,С-0,0-0 


69-72. Example CAS commands: 
Maple 
f := x -> A*sin((2*Pi/B)*(x-C))+D1; 
А:=3; C:=0; D1:=0; 
f list := [seq( f(x), B=[1,3,2*Pi,5*Pi] )]; 
plot( Ё list, x=-4*Pi..4*Pi, scaling=constrained, 
color=[red,blue,green,cyan], linestyle=[1,3,4,7], 
legend=["B=1","B=3","B=2*Pi","B=3*Pi"], 
title="#69 (Section 1.3)" ); 
Mathematica 
Clear[a, b, c, d, f, x] 
f[x_]:=a Sin[2z/b (x — с)] + d 
Plot[f[x]/.{a > 3,b — 1,c 0,4 — 0}, (x, —4z, 4r }] 
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Section 1.3 Trigonometric Functions 


69. (a) The graph stretches horizontally. 


oU ІШ u 
її ІШ ІШІ e 


-3*Pi 
(b) The period remains the same: period — | В |. Тће ыг has а horizontal shift of i period. 


(b) The graph is shifted left C units. 
(c) A shift of + one period will produce no apparent shift. | C | = 6 


71. (a) The graph shifts upwards |D [units for D > 0 
(b) The graph shifts down |D [units for D « 0. 


72. (a) The graph stretches | A | units. (b) For A < 0, the graph is inverted. 


1 
a 
| 


Y 

|| Ш D 1 \ I 1 " 

р Mon n T он 

1 3 А 1 

! M "m 17) Ч ti 101 

i MI БУД юм! БД 
ү ч \ П. өсі 
и ' —б. а vd 
108 Y а E 
y: П | ! || 
1 M a Mog 08 
T 8 % Сэ 

п 

V 2 V V 
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26 Chapter 1 Functions 


1.4 GRAPHING WITH CALCULATORS AND COMPUTERS 


1-4. The most appropriate viewing window displays the maxima, minima, intercepts, and end behavior of the graphs and 


has little unused space. 


јод = x? — 4x? — Ax + 16 


5-30. For any display there are many appropriate display widows. The graphs given as answers in Exercises 5—30 
are not unique in appearance. 


5. [-2, 5] by [-15, 40] 6. [-4, 4] by [-4, 4] 


А /д-х-4х + 15 


7. 1-2, 6] by [-250, 50] 8. [-1, 5] by [-5, 30] 


>= 


à fa) 23-510 
Хх) = 4x3 – x* 
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9. [-4, 4] by [-5, 5] 


f(x) =xV9 –х2 


y 
^ 


5 
4 
3 
2 
1 


| ри: ОА паса ОНГ! 


13. [-1, 6] by [-1, 4] 


у 


>x 
15. 1-3, 3] by [0, 10] 
У 
А 
10 - 
9L 
8r 
7} 
6L 
МЕ у-іх2- И 
ЗЬ 
2L 
тр Li i il >y 
-5 -4 -3 -2 -1 12345 
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Section 1.4 Graphing with Calculators and Computers 


10. [-2, 2] by [—2, 8] 


у 


Јо) = xX6- х?) 


16. [-1, 2] by (0, 1] 


y 


27 
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28 Chapter 1 Functions 


17. [-5, 1] by [-5, 5] 18. 1-5, 1] by [-2, 4] 


21. [-10, 10] by [-6, 6] 22. [-5, 5] by [-2, 2] 


M» 
А А 


23. [-6, 10] by (-6, 6] 


y 
6х2 — 15x +6 
| | x) = 
1 лө 4x2 — 10x 
4 
1 1 1 


Copyright © 2010 Pearson Education, Inc. Publishing as Addison-Wesley. 


.semeng.ir 


Section 1.4 Graphing with Calculators and Computers 


25. |-0.03, 0.03] by |-1.25, 1.25] 26. [—0.1, 0.1] by [—3, 3] 


у = sin 250x 


27. |-300, 300] by |-1.25, 1.25] 


= ces 
y = cos (50 


29. |-0.25, 0.25] by [—0.3, 0.3] 


у ези 
% У=х+10 Sin 30x 


31. хе + 2х = 4 + 4y — y? > у = 2 + у –х2 — 2х + 8. О 
2 


The lower half is produced by graphing 


y-2-—.-x?-2x-48. 


32. у? — 16x? = 1 > y = = V1 + 16x?. The upper branch 
is produced by graphing y = y 1 + 16x?. 
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30 Chapter 1 Functions 


33. 34. 


У f()--ün2x 3 


Ьо | го += сео О 


fix) = Зо [5] + 1 


36. 


Дх) = 3cot Б + 


37. 38. 
У 
А 
4L 
Ч : 
. 
er 5 
1r 5, 
1-1 p41 4 11712 
кешен ал" 3 4 5 6 
* 
E NE. 
=з y7x-3 
-4L 
39. 40. 
y 
^ 
1 8- 
* 
% 1 exl 
6- 
5 # | 1 
2 4 2 aL 23 4 
. 4b 2 AL 
* -6 H 
х ЗЕ ЕҢ 
* al 10} 
SI / 
-5 4-3 2 1 1234 5^ 
ав 
-2L 


CHAPTER 1 PRACTICE EXERCISES 


. . | 2 
1. The area is А = ті? and the circumference is С = 27 r. Thus, г = £ = А = т( С ) с 


: 1/2 . - 22030 
2. The surface area is S = 4r r? > r = ( 5 ) / . The volume is V = $T Ps>r=; T. Substitution into the formula for 


Am 
: 2 зу ү2/3 
surface area gives S = 4r r^ = 4r (3X) : 
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Chapter 1 Practice Exercises 31 


3. The coordinates of a point on the parabola are (x, x”). The angle of inclination 0 joining this point to the origin satisfies 


the equation tan 0 — x — x. Thus the point has coordinates (x, x?) — (tan 0, tan?0). 


4. tang = 12 = .^- > h = 500 tan 8 ft. 


run 500 
5 6. 
Y Y 
24 у= х! 21 у= х2 
Шин ий 
х 
-3 -2 -1 1 2 3 


-2 


T 8. 
Y 
1 
1.5 
-1.5 -1 -0.5 0.5 1 1.5 
-0.51 
Symmetric about the y-axis. 
9. 


10. y(—x) = (-x)* — (=x)? — (-х) = —x5 + x3 + x = —y(x). Odd. 


11. y(—x) = 1 — cos(—x) = 1 — cos x = у(х). Even. 


12. у(-х) = sec(—x) tan(—x) = 2-5) = =sinx — —sec x tanx = —y(x). Odd. 


cos?(—x) cos?x 


Xl у(х). Odd. 


14. y(—x) = (—x) – sin(—x) = (—x) + sinx = —(x — sinx) = —y(x). Odd. 


15. y(—x) = —x + cos(—x) = —x + cos x. Neither even nor odd. 


x) = (5) 
= f(x)g(x) = (Е: g)(x) = Ё: gis even 


17. Since f and g are ода = f(—x) = —f(x) and g(— 
(а) (f: g)(—x) = f(—x)g(—x) = [—К(х)][—в(х)]| 


(b) Р(х) = f(—x)f(—x)f(—x) = [-f6)][-fG9][-£69] = —f(x) - f(x) - f(x) = (х) = f? is odd. 
(c) f(sin(—x)) = f(—sin(x)) = —f(sin(x)) = f(sin(x)) is odd. 
(4) g(sec(—x)) = g(sec(x)) => g(sec(x)) is even. 

(е) |g(—x)| = |-g(x)| = Хх)|-» |g] is even. 
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32 Chapter 1 Functions 


18. Let f(a — x) = Ка + x) and define g(x) = f(x + а). Then g(—x) = f((—x) + a) = Ка — x) = Ка + x) = f(x + a) = g(x) 
= g(x) = f(x + a) is even. 


19. (a) The function is defined for all values of x, so the domain is (—oo, оо). 
(b) Since |х | attains all nonnegative values, the range is |-2, оо). 


20. (a) Since the square root requires 1 — x > 0, the domain is (-оо, 1]. 


(b) Since у 1 — x attains all nonnegative values, the range is |-2, oc). 


21. (a) Since the square root requires 16 — x? > 0, the domain is |-4, 4]. 
(b) For values of x in the domain, 0 < 16 — x? < 16, so 0 < y 16 — x? < 4. The range is [0, 4]. 


22. (a) The function is defined for all values of x, so the domain is (—oo, oc). 
(b) Since 3275 attains all positive values, the range is (1, оо). 


23. (a) The function is defined for all values of x, so the domain is (-оо, оо). 
(b) Since 2e * attains all positive values, the range is (—3, оо). 


24. (a) The function is equivalent to y = tan 2x, so we require 2х Æ E for odd integers К. The domain is given by x Æ кт for 


odd integers k. 
(b 


хи 


Since the tangent function attains all values, the range is (-оо, оо). 


25. (a) The function is defined for all values of x, so the domain is (—oo, oc). 
(b) The sine function attains values from —1 to 1, so —2 < 2sin(3x + т) < 2 and hence —3 < 2sin(3x + 1) — 1 < 1. The 
range is 1-3, 1]. 


хи 


26. (а) The function is defined for ай values of x, so the domain is (-оо, оо). 


(b) The function is equivalent to y = \/ x2, which attains all nonnegative values. The range is (0, оо). 


хи 


27. (а) Тһе logarithm requires x — 3 > 0, so the domain is (3, оо). 
(b 


— 


The logarithm attains all real values, so the range is (-оо, оо). 


28. (a) The function is defined for all values of x, so the domain is (—oo, оо). 
(b 


wm 


The cube root attains all real values, so the range is (-оо, оо). 


29. (a) Increasing because volume increases as radius increases 
(b 
(c) Decreasing because as the height increases, the atmospheric pressure decreases. 
(d 


ме 


Neither, since the greatest integer function is composed of horizontal (constant) line segments 


хий 


Increasing because the kinetic (motion) energy increases as the particles velocity increases. 


30. (a) Increasing on [2, со) (b) Increasing on [—1, oo) 


(c) Increasing on (—oo, oc) (d) Increasing on [5, oc) 


31. (a) The function is defined for —4 < x < 4, so the domain is |-4, 4]. 


(b) The function is equivalent to y = 4/ |х|, —4 € x € 4, which attains values from 0 to 2 for x in the domain. The 


wm 


range is [0, 2]. 
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Chapter 1 Practice Exercises 


32. (a) The function is defined for —2 < x < 2, so the domain is |-2, 2]. 
(b) The range is |-1, 1]. 


33. First piece: Line through (0, 1) and (1, 0). m = 9-1 = = =-1>y=-x+1=1-x 
Second piece: Line through (1, 1) апа (2, 0). т = 2-1 = = = -1 > y = -(x-1) +1=-х+2=2-х 


1-х, 0<х<1 
йе 1<х<2 


34. First piece: Line through (0, 0) and (2, 5). т = 3-9 = 3 >у=?х 


2—0 
Second piece: Line through (2, 5) and (4, 0). m = 9=5 = => 5 > y= —Ã(x — 2) +5 = -3x + 10 = 10 – Ж 


4 
2%, 0<х<2 | TM 
f(x) = 5 (Note: x = 2 сап be included on either piece.) 
10->, 2<х<4 


35. (а) (feg)(-1) = f(e(-1)) = (=) =f) = + =1 


36. (а) (fog)(—1) = f(g(-1) = f(W—-1 + 1) = (0) =2-0= 
(b) (gof)(2) = f(g(2)) = (2-2) = 8(0) = /0-1-1 
(с) (fof)(x) = f(f(x) = 2-х) = 2 — (2-х) = x 
(4) (вов)(х) = g(g(x)) = #(Ух+1) = ү//х+1+1 


37. (a) (fog)(x) = f(g(x)) = (Vx +2) =2- (Vx 42) ——x x» -2. 
(g0f)(x) = f(e(x)) = (2 —х2) = VG) +2 = V4 - xi 
(b) Domain of fog: |-2, оо). (c) Range of fog: (—oo, 2]. 
2, 2]. Range of gof: [0, 2]. 


Domain of gof: 


38. (a) (fog)(x) = f(g(x)) = Ч 1 -х) -үу1-х-41-х. 
(gof)(x) = f(g(x)) = g(/x) = \/1- Ух 


(b) Domain of fog: (-оо, 1] (c) Range of fog: (0, оо). 
Domain of gof: [0, 1]. Range of gof: (0, 1]. 
39. у = f(x) у = (fof)(x) 
М y 


Copyright О 2010 Pearson Education, Inc. Publishing as Addison-Wesley. 


.semeng.ir 


34 Chapter | Functions 


40. 


>х 


Ni 


41. 42. 


The graph of (х) = fı (|x|) is the same as the It does not change the graph. 
graph of fı (x) to the right of the y-axis. The 

graph of f»(x) to the left of the y-axis is the 

reflection of y = fı (x), x > 0 across the y-axis. 


43. 44. 


Whenever 51 (Х) is positive, the graph of y = go(x) Whenever g(x) is positive, the graph of y = go(x) = [51 (x)| 
= |gi(x)| is the same as the graph of y = gi(x). is the same as the graph of y = 51 (х). When gi(x) is 

When 21(х) is negative, the graph of y = g»(x) is negative, the graph of y = go(x) is the reflection of the 

the reflection of the graph of y = (х) across the graph of y = gj(x) across the x-axis. 

X-axis. 
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45. 


47. 


49. 


50. 


51. 


2 


у=4-х 
Whenever 21 (Х) is positive, the graph of 

у = g2(x) = |g1(x)| is the same as the graph of 
у = 21(х). When gi(x) is negative, the graph of 
у = g»(X) is the reflection of the graph of 

y = 21(х) across the x-axis. 


ab 


The graph of f(x) = fi (|х|) is the same as the 
graph of fı (x) to the right of the y-axis. The 
graph of f2(x) to the left of the y-axis is the 
reflection of y = fi (x), x > 0 across the y-axis. 


(а) y2gx-3)41 
(с) у= g(-x) 
(е) у= 5: g(x) 


(a) Shift the graph of f right 5 units 


46. 


48. 


(b) 
(d) 
(f) 


(b) 


Chapter 1 Practice Exercises 


The graph of f(x) = fı (|x|) is the same as the 
graph of fı (x) to the right of the y-axis. The 
graph of (х) to the left of the y-axis is the 
reflection of y = fı (x), x > 0 across the y-axis. 


>x 


The graph of f(x) = fı (|x|) is the same as the 
graph of fı (x) to the right of the y-axis. The 
graph of f2(x) to the left of the y-axis is the 
reflection of y = fı (x), x > 0 across the y-axis. 


y-g(x-2)-2 

y = —g(x) 

у = g(5x) 

Horizontally compress the graph of f by a factor of 4 


(c) Horizontally compress the graph of f by a factor of 3 and a then reflect the graph about the y-axis 


B . 1 . 
(d) Horizontally compress the graph of f by a factor of 2 and then shift the graph left 5 unit. 


(e) Horizontally stretch the graph of f by a factor of 3 and then shift the graph down 4 units. 


(f) Vertically stretch the graph of f by a factor of 3, then reflect the graph about the x-axis, and finally shift the 


graph up i unit. 


Reflection of the grpah of y — 2 x about the x-axis 
followed by a horizontal compression by a factor of 
1 then a shift left 2 units. 
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36 Chapter 1 Functions 


52. Reflect the graph of y — x about the x-axis, followed 
by a vertical compression of the graph by a factor 
of 3, then shift the graph up 1 unit. 


53. Vertical compression of the graph of y — E bya 
factor of 2, then shift the graph up 1 unit. 


54. Reflect the graph of y = х!/? about the y-axis, then 
compress the graph horizontally by a factor of 5. 


56. 


period = 47 


58. 


period — 4 
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59. 


61. 


62. 


63. 


64. 


65. 


66. 


67. 


Chapter 1 Practice Exercises 


60. 


-2r 


period = 27 period = 27 


Ic 
Nic 


(a) sin B = sin 5 Ы-2віпт-2 (32) = V. By the theorem of Pythagoras, 


2 


2 +b = с? > а= ус -b = \/4-3=1. 


2 
; +t b. 2 2 2 4 = 2. ће — 24 \ оу /4— 2 
(b) sinB=sin? = 2 = 2 © = т (2) = v Thus, а = y c? — b = \/ (+) (2) = (= A. 


(а) зэпА= 2 => а= сѕіпА (b tn A=} > a=btanA 
(а) tanB =? = а= z335 (b) sinA =% > C= A 
(а) sinA — 2 (с) sin A = 2 = Ve 

Let h = height of vertical pole, and let b and c denote the Т 


distances of points B and С from the base of the pole, 
measured along the flatground, respectively. Then, 
tan 50° = P, tan 35° = в, and b — c = 10. : 
Thus, h = с tan 50? and h = b tan 35° = (с + 10) tan 35? 

= ctan 50? = (c + 10) tan 35? р ZA 

=> с (tan 50? — tan 35°) = 10 tan 35? Е 10 л с 20 
= c= „рап 35 = ћ = с tan 50° 

= 10tan35°tan 50: д, 16,98 m, 

Let h = height of balloon above ground. From the figure at balloon 
the right, tan 40? — п, (ап 70° = п, anda+b=2. Thus, 
h = Б tan 70° = h = (2— а) tan 70? and h = а tan 40? 
= (2 — а) (ап 70° = а tan 40° = a(tan 40° + tan 70°) 


— o = 2 (ап 70° = о 
= 2 tan 70° => а = Gane > В = a tan 40 
— 2tan 70? tan 40° А, 
— ‘tan 40°+tan 70? 7” 1.3 km. 

(a) : 


2: 
ue gr. T ыг | 


у *sinx + с0$ 5 


(b) The period appears to ђе 47. 
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38 Chapter 1 Functions 


(c) f(x + 4r) = sin (x + 47) + cos (шаг) = sin (x + 27) + cos (5 + 27) = sin x + cos 5 


since the period of sine and cosine is 27. Thus, f(x) has period 47. 


68. (a) 


(b) D = (—06,0) U (0, œ); К = [71,1] 


(c) fis not periodic. For suppose f has period p. Then f (= + Кр) f (+) sin 27 = 0 for all 


< п. But then 


integers k. Choose k so large that x +kp > i => 0< авав 


f (= + Кр) = sin (5556) > 0 which is a contradiction. Thus f has по period, as claimed. 


CHAPTER 1 ADDITIONAL AND ADVANCED EXERCISES 


1. There are (infinitely) many such function pairs. For example, f(x) = 3x and g(x) = 4x satisfy 
f(g(x)) = КАх) = 3(4x) = 12x = 4(3x) = g(3x) = g(f(x)). 


2. Yes, there are many such function pairs. For example, if g(x) = (2х + 3)? and f(x) = x!/?, then 


(fog) = (0) = f (Qx + 33) = (Qx + 33) = 2x + 3. 


3. Iffis odd and defined at x, then f(—x) = —f(x). Thus g(—x) = К—х) — 2 = —f(x) — 2 whereas 
g(x) = —(f(x) — 2) = —f(x) + 2. Then g cannot be odd because g(—x) = —g(x) => —f(x) – 2 = —Кх + 2 
= 4 = 0, which is a contradiction. Also, g(x) is not even unless f(x) = 0 for all x. On the other hand, if f is 


even, then g(x) = f(x) — 2 is also even: g(—x) = f(-x) — 2 = f(x) - 2 = g(x). 
4. If gis odd and g(0) is defined, then g(0) = g(—0) = —g(0). Therefore, 2g(0) = 0 = g(0) = 0. 


5. For (x, y) in the Ist quadrant, |х| + |y| = 1 + x 3 
=> х-у-1-х © у= 1. Ног (Ху) in the 2nd 

х| + ју =х+1 = -х+у=х+1 

< y —2x +1. In the3rd quadrant, |x| + |у = x + 1 

е -Хх-у-х-1| & y--2x- l. Inthe 4th 

х + |у =х+1 = х+ (у) =х+1 

< у = —]. The graph is given at the right. 


[| + [| =1+х 


quadrant, 


X 


quadrant, 
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6. 


10. 


11. 


Chapter 1 Additional and Advanced Exercises 


We use reasoning similar to Exercise 5. 
(1) Ist quadrant: y + |y| = x + |х| 


> 2у--2х у=х. 
(2) 2nd quadrant: y + |y| = x + |x| 
> 2y=x+(-x)=0 > y=0. 
(3) 3rd quadrant: у + |y| = x + |x| zi 
< y+(-y)=x+(-x) 020 
= all points in the 3rd quadrant 


satisfy the equation. 
(4 


хи 


4th quadrant: у + |y| = x + |x| 
= y+(-y) = 2х e 0 = х. Combining 
these results we have the graph given at the 


right: 
(a) sin?x+cos?x = 1 = sin?x = 1 — cos? x = (1 — cos х)(1 + cos x) => (1—cosx) = DEM 
l—cosx | sinx 
= sinx  1+с0ѕх 
(b) Using the definition of the tangent function and the double angle formulas, we һауе 


-сов(2(3 
2 cos? (3) 1--cos (2(5)) 1+с08 x 7 
EM 


The angles labeled y in the accompanying figure are 
equal since both angles subtend arc CD. Similarly, the 
two angles labeled а are equal since they both subtend 
arc AB. Thus, triangles AED and BEC are similar which 
implies 5,5 = = 

= (а – с)(а + с) = БОа cos 0 — b) 

= а? — с? = 2ab cos 0 — b? 

= с? = а? +b? — 2ab cos 0. 


As in the proof of the law of sines of Section 1.3, Exercise 61, ah = bc sin А = ab sin С = ac sin В 
— the area of ABC — i (base)(height) — i ah — 5 бе sin А = 5 ab sin С = 5 ас sin B. 


As in Section 1.3, Exercise 61, (Area of АВС)? = 1 (Базе) (height)? = 1 ah? = 14252 sin? С 


= ia?b? (1 — cos? C). By the law of cosines, c? = а? + b? — 2ab cos С => cos C = Zebe | 


2 2 2\2 
Thus, (area of ABC)? = 1a?b? (1 — cos? С) = 1 a2b? (: = (ее) ) = ew (1 е ) 


= & (4226? – (a? +b? — cy) = i; [(2аЬ + (a? + b? — c?) (2ab — (a? + b? — e?) 
= 16 ((а +b)? — c?) (с? — (а - b)?)] = 1 [((a + b) + c)((a + b) — с)(с + (a – Ь))(с — (a — b) 
= (ҙе) жо жш (452:5)| = s — 38 — b — с), where s = “с, 


Therefore, the area of АВС equals /s(s — a)(s — b)(s — с). 


If f is even and odd, then К—х) = —f(x) and f(—x) = f(x) = f(x) = —f(x) for all x in the domain of f. 
Thus 2f(x) = 0 = f(x) = 0. 
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40 


Chapter 1 Functions 


12. (а) As suggested, let E(x) = 00409 = B(x) = ОНСС) — WHY — Ex) => Бап 


13. 


14. 


15. 


16. 


even function. Define O(x) = f(x) — E(x) = f(x) — 193-9 = -A , Then 


O(-x) = къ К Сэ) — К ыг К) — (1%--») = —O(x) = Оз an odd function 


=> f(x) = E(x) + O(x) is the sum of an even and an odd function. 

(b) Part (a) shows that f(x) — E(x) 4- O(x) is the sum of an even and an odd function. If also 

f(x) = Е1(х) + О; (х), where E; is even and O is odd, then f(x) — f(x) = 0 = (Е! 0) + O10)) 

— (E(x) + O(x)). Thus, E(x) — Е (х) = Ој(х) — Об) for all x in the domain of f (which is the same as the 
domain of E — Е! and О — О). Now (E — Еј (—х) = E(—x) — Ei(—x) = E(x) — E;(x) (since E and E, are 
even) = (E— Eji)(x) = E- Е, is even. Likewise, (О — O)(—x) = Oj(—x) — O(—x) = —Oj;(x) – (—O(x)) 
(since О and О, are odd) = —(О1(х) — O(x)) = —(O; — О)(х) = О, — О is odd. Therefore, E — Е; and 
О; — О are both even and odd so they must be zero at each x in the domain of f by Exercise 11. That is, 


E, = E and О, = О, so the decomposition of f found in part (а) is unique. 


у =ax?+bxto=a(x?+2x+ E) – В +е=а(х+ La m Fe 

(a) If a > 0 the graph is a parabola that opens upward. Increasing a causes a vertical stretching and a shift 
of the vertex toward the y-axis and upward. If a « 0 the graph is a parabola that opens downward. 
Decreasing a causes a vertical stretching and a shift of the vertex toward the y-axis and downward. 

(b) If a > Оше graph is a parabola that opens upward. If also b > 0, then increasing b causes a shift of the 
graph downward to the left; if < 0, then decreasing b causes a shift of the graph downward and to the 
right. 

If a « 0 the graph is a parabola that opens downward. If b > 0, increasing b shifts the graph upward 
to the right. If b « 0, decreasing b shifts the graph upward to the left. 

(c) Changing c (for fixed a and b) by Ac shifts the graph upward Ac units if Ac > 0, and downward —Ac 
units if Ac < 0. 


(a) If a > 0, the graph rises to the right of the vertical line x = —b and falls to the left. If a < 0, the graph 
falls to the right of the line x — —b and rises to the left. If a — O, the graph reduces to the horizontal 
line y = c. As |а| increases, the slope at any given point x = xo increases in magnitude and the graph 
becomes steeper. As |a| decreases, the slope at хо decreases in magnitude and the graph rises or falls 
more gradually. 

(b) Increasing b shifts the graph to the left; decreasing b shifts it to the right. 

(c) Increasing c shifts the graph upward; decreasing c shifts it downward. 


Each of the triangles pictured has the same base 
b = уд! = У(1 sec). Moreover, the height of each 
triangle is the same value h. Thus 5 (base)(height) = 1 bh 


A; = Аз = Аз =... . [n conclusion, the object sweeps 


out equal areas іп each one second interval. 


Kilometers 


Kilomcters 


(a) Using the midpoint formula, the coordinates of P are (410 А 50) = E 3 2) . Thus the slope 


ОР — АУ 2-5 
of OP= ~ = 25 = 2. 
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(b) The slope of AB = 2-0 = — Р. The line segments AB and OP are perpendicular when the product 


—a a 


of their slopes is —1 = (5) (- b) == 5 . Thus, b? = a? = а = b (since both are positive). Therefore, AB 


a a 


is perpendicular to OP when a — b. 


17. From the figure we see that 0 < 0 < 5 and АВ = AD = 1. From trigonometry we have the following: sin 0 = E — EB, 


__ AE _ __ CD _ __ ЕВ sin : 
cos = ав = AE, tan? = др = CD, and tan 0 = хе = гур. We сап see that: 


area ДАЕВ < area sector DB < area AADC => 1(АЕ)(ЕВ) < 1(Ар)?0 < $(AD)(CD) 


1 sind 


= 4sinf соѕ0 < 1(1)0 < 1(1)((ап0) = 1510080 < 20 < 4 $ 


18. (fog)(x) = f(g(x)) = а(сх + d) + b = acx + ad + b and (gof)(x) = g(f(x)) = c(ax + b) + d = acx + cb + d 
Thus (fog)(x) = (gof)(x) => асх + ad + = acx + bc + = ad + b = bc + d. Note that Ка) = ad + b and 
g(b) = cb + d, thus (fog)(x) = (gof)(x) if f(d) = g(b). 
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NOTES: 
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CHAPTER 2 LIMITS AND CONTINUITY 


2.4 RATES OF CHANGE AND TANGENTS TO CURVES 


10. 


11. 


12. 


13. 


Af | f3-f2) 28-9 . Af . RD-í-D. 2-0.. 
a a= = 1 (ume 

Ag _ gl)-g—-0D) _ 1-1 _ Ag | g(0)-g(-2) _ 0-4 _ 
Штат” mucus. 

^h h (2) -h(E 21-1 4 Аһ в (5) -в (= 0– уз -3ү3 
(a) 28 900) 809) аа (p ah = Уб) о _ =зу5 

4 2 2 6 3 

Ag  gGm)-g0 0-1-0-41) _ 2 Ag  gG)-g—-70)  Q-D-Q-0D _ 
(a) Мо т-0 m т-0 m T (b) At т-(-7) = 2т =0 
AR _ RO-RO) _ У-У _ 3-1 ү 
9 2-0 - 2 EE ui 
AP __РО)—РО) | (8—16+10)-а-4+5) _ m 
А 2-1 — 1 -2-2-0 


(а) 
(5) 


(а) 


(b) 


(a) 


(b) 


(a) 


(b) 


(a) 


(b) 


(a) 


(b 


wm 


(a) 


(b) 


Ay _ (+) -3)-(2—3) _ дфаћева3—1 4 410 Agha 0,4 +ћ — 4 — at P(2, 1) the slope is 4. 


Ax — h h h 
у= 1= 4(х– 2) =у-1=4х-8 = у= 4х – 7 


2 2 > 
Ay — 8-058)-0-1) 5 = 2—4 _ а-ы = —2 — h. Ash — 0, —2 — h > —2 => at P(1, 4) the 
slope is —2. 

у-4-(-2)х-1)->у-4--2х42->у--2х--6 


Ay _ (Q*-h^-2095-3)-(2-20)-3) _ 4+4h+h?-4-2h-3 [3]. oW Ор Ag hh fd ox $e» 


Ax — h h h 
P(2, —3) the slope is 2. 

y — (-3) =2(х - 2) = у+3=2х-4=у=2х-7. 

Ay. (1+) аа) (12-4(1)) = та 443) _ Woah р 2 Ash > 0,h -2 > -2 > at 
P(1, —3) the slope is —2. 

у—(–3)=(–2)(х–— 1) > y +3 = -2x +2 > y = –2х – 1. 


2 = Bun = SED ране +h? 8-2 Lah? ће = 12 + 4h + I2. As h — 0, 12 + 4h + 62 — 12, => at 


P(2, 8) the slope is 12. 
y — 8 = 12(x — 2) = у- 8 = 12x – 24 > у = 12x – 16. 


Ay 2-(1437-0-1) 2-1-3:-32-14-1 _ -3h-38- m 0 2 » 
y г = ^ = n = —3 — 3h — h^. Ash 0, —3 —3h—h 


Ах — 
Р(1, 1) the slope is —3. 
y-1=(-3)(k-l > y — 1 = —3x + 3 > y = -3х + 4. 


A (1 +h)’ — 120 +h) - (P - 12(1) 1+3h+ 3h? +h°- 12 — 12h - (-11) 24h 

Ay = (2-00) = ын (C) — -Att 2 _9 4 3h 4h? Ash — 0, 
—9 + 3h +h? = — 9 => at P(1, —11) the slope is —9. 

у= (—11) = (—9)(x - 1) = y + 11 = -9x +9 = y = —9x 2. 
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14. (а) 


(b 


wm 


15. (a) 


(b 


— 


16. (a) 


(b) 


17. 


(b) 
(с) 


18. (а) 


(b 


wm 


19. (a) 


(b) 


(c) 


Chapter 2 Limits and Continuity 


(2+1)? — (2 +h)? +4- (2 -3(2) +4) 


Ду _ 
Ах — 


ћ 
3h + h? — 0 = at P(2, 0) the slope is 0. 
у-0-0(х-2)->у-0. 


12h — 3h? -4— 0 


| | 2 | |3 2 3 
— 8+ 12а +61 +h 12 = tt = 3h + h°. Ash 0, 


Q Slope of PQ = АР 
Qi (10, 225) 650-225 = 42.5 m/sec 
02(14, 375) 650—575 — 45.83 m/sec 
Q3(16.5, 475) 650—475 = 50.00 m/sec 
Qu(18, 550) 650—550 — 50.00 m/sec 


At t = 20, the sportscar was traveling approximately 50 m/sec or 180 km/h. 


Q Slope of PQ = АР 
Q1(5, 20) 80-20 = 12 m/sec 
О.(7, 39) 80-39 = 13.7 m/sec 
Q3(8.5, 58) 80-58 = 14.7 m/sec 
0409.5,72) 40-12 = 16 m/sec 


Approximately 16 m/sec 


2 200 
E 
& 100 
Е 

0 1 1 1 >x 

2000 01 02 03 04 

Year 
Др _ 174-62 _ 112 _ 
Ar = 2004—2002 = > = 26 thousand dollars per year 
The average rate of change from 2001 to 2002 is âP = t sr — 35 thousand dollars per year. 
Ар _ 111-62 


The average rate of change from 2002 to 2003 is — 49 thousand dollars per year. 


At ~ 2003 — 2002 
So, the rate at which profits were changing іп 2002 is approximatley $(35 + 49) = 42 thousand dollars per year. 


F(x) = (x + 2)/(х — 2) 


х 1.2 1.1 1.01 1.001 1.0001 1 

F(x) —4.0 —3.4 —3.04 —3.004 —3.0004 -3 

ДЕ _ -40-(-3) 3 ДЕ _ -34-(-3) == 

AE m 12-1 5.0; улі m 1.1—1 4.4; 

ДЕ | -304-(-3) _ Od: ДЕ | -3004-(-3) _ Dod: 

A 1.01—1 7? 4.04; A m 1.001— I m 4.004; 

ДЕ __ —3.0004 – (–3) . anna. 

Ах = ~To00r-1 = —4.0004; 

The rate of change of F(x) at x = 115 —4. 

Ag _ 202)—20) _ v2-1., Ag _ 20.5)—20) | ү15-1-., 

Ag — 80-80 — V2-1 5 0.414213 Ag — s03)-80 — VIS- ~ 0449489 

Ag _ gílth)-g(l _ 1+h-1 

Ах жу -  h 

gx) = yx 
1-1 1.1 1.01 1.001 1.0001 1.00001 1.000001 
1-1 1.04880 1.004987  1.0004998 1.0000499 1.000005 1.0000005 
(ул h- бл 0.4880 0.4987 0.4998 0.499 0.5 0.5 


The rate of change of g(x) at x = 1 is 0.5. 
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45 


1 h-1 
(d) The calculator gives lim г - 2, 
83-82 _ yox Ж —_— 
20. (а) 1) : ---1 
Е 525 ro? 22078578 -т - 2 
ii) Т-2 т=з = > T = мэн = эт, Т 2 
(b T 2.1 2.01 2.001 2.0001 2.00001 2.000001 
f(T) 0.476190 0.497512 0.499750 0.4999750 0.499997 0.499999 
(КТ) — £(2))/(T — 2) | —0.2381 —0.2488 —0.2500 —0.2500 — 0.2500 —0.2500 
(c) The table indicates the rate of change is —0.25 at t — 2. 
(d) lim, (25) = а 
NOTE: Answers will vary in Exercises 21 and 22. 
21. (а) [0,1]: 4$ = B=? = 15 mph; [1, 2.5]: 25 = 20-15 = № mph; 2.5, 3.5]: 45 = 20-20 = 10 mph 


(b) At Р(1, 7: 5): : Since the portion of the graph from t = 0 to t = 1 is nearly linear, the instantaneous rate of change 


(c) 


22. (a) 
(b) 


will be almost the same as the average rate of change, thus the instantaneous speed at t = 


n 15 = 


3 is 15 mi/hr. 


At P(2, 20): Since the portion of the graph from t — 2 to t — 2.5 is nearly linear, the instantaneous rate of change will 


be nearly the same as the average rate of change, thus v — 


20—20 
25-2 


— 0 mi/hr. For values of t less than 2, we have 


Slope of PQ — ES 


Q Slope of PQ — => 
01 (1, 15) 15—20 = 5 mi/hr 
Q»(1.5, 19) 1920 = 2 mi/hr 
Q3(1.9, 19.9) 95-39 = 1 mi/hr 
Thus, it appears that the instantaneous speed at t — 2 is 0 mi/hr. 

At P(3, 22): 

Q Slope of PQ — ES Q 
01(4,35) 35—52 = 13 mi/hr Qı (2, 20) 
Q3(3.5, 30) L = 16 mi/hr Q5(2.5, 20) 
Q3(3.1, 23) 2322 = 10 mi/hr Q3(2.9, 21.6) 


Thus, it appears that the instantaneous speed at t = 3 is about 7 mi/hr. 


20-22 _ 

723 = 2 mi/hr 
20-22 _ 1 
5= = 4 mi/hr 
21.6 


— 22 ED . 
59—35 = 4 mi/hr 


It appears that the curve is increasing the fastest at t = 3.5. Thus for P(3.5, 30) 

Q Slope of PQ = == Q Slope of PQ — AS 
Qi (4,35) 22-39 = 10 mi/hr Q1G,22) 22-20 = 16 mi/hr 
О:(3.75, 34) 15:30, = 16 mi/hr Q»(3.25,25) 32530. = 20 mi/hr 
0з(3.6, 32) 2- v = 20 mi/hr О3(3.4,28) 48-30 = 20 mi/hr 
Thus, it appears that the instantaneous speed at t = 3.5 is about 20 mi/hr. 
0, 3]: 24 = 10—15 e —1.67 i; [0,5]: 24 = 29—15 яз —2,2 (710 54 = 1522 705 E 
At P(1, 14): 

Q Slope of PQ — ЗА О Slope of PQ = ES 
Q1Q, 12.2) 122-15 = —1.8 gal/day О! (0, 15) 13-14 = —1 gal/day 
05(1.5, 13.2) 132—1* = —1.6 gal/day О:(0.5, 14.6) 1148-4 = —1.2 gal/day 
Оз (1.1, 13.85) 1535 — м. = –1.5 gal/day Q3(0.9, 14.86) 1145—14 — _1.4 gal/day 


Thus, it appears that the instantaneous rate of consumption at t = 1 is about — 1.45 gal/day. 


At P(4, 6): 
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Q Slope of PQ — A^ 
Qi, 10) 10-6 — —4 gal/day 
Q2(3.5, 7.8) 18-6 =6 — —3.6 gal/day 
Q3(3.9, 6.3) 61-6 = —3 gal/day 


Thus, it appears that the instantaneous rate of consumption at t = 1 is —3 gal/day. 


Q Slope of PQ — A^ 
01(5,3.9) 396 = —2.1 gal/day 
Q»(4.5, 4.8) 28-6 = —24 gal/day 
Q3(4.1, 5.7) 21-85 = —3 gal/day 
At P(8, 1): 

Q Slope of PQ = AA 
01 (9, 0.5) 25-1 = —0.5 gal/day 
Q2(8.5, 0.7) 014 = —0.6 gal/day 
Q3(8.1, 0.95) 9951 = —0.5 gal/day 


Q Slope of PQ = AA 
Qi(7, 1.4) 14-1 = —0.6 gal/day 
Q»(7.5, 1.3) 13:14 = —0.6 gal/day 
Q3(7.9, 1.04) LO X = —0.6 gal/day 


Thus, it appears that the instantaneous rate of consumption at t — 1 is —0.55 gal/day. 
(c) It appears that the curve (the ub vd is decreasing the fastest at t — 3.5. Thus for P(3.5, 7. | 


О Зоре оГРО = да О Slope of PQ = as 
Qi (4.5, 4.8) 48-78 = —3 ваудау Qi (2.5, 11.2) 12-18 — —3.4 gal/day 
02(4, 6) 6—78 = —3.6 gal/day 02(3, 10) 10—78 = —44 gal/day 
Q3(3.6, 7.4) 14-18 = —4 gal/day Q3(3.4, 8.2) 82-78 = —4 gal/day 


Thus, it appears that the rate of consumption at t = 3.5 is about —4 gal/day. 
2.2 LIMIT OF A FUNCTION AND LIMIT LAWS 


1. (a) Does not exist. As x approaches 1 from the right, g(x) approaches 0. As x approaches 1 from the left, g(x) 
approaches |. There is no single number L that all the values g(x) get arbitrarily close toas x — 1. 
(b) 1 (с) 0 (4) 0.5 


2. (а) 0 
(6) —1 
(c) Does not exist. As t approaches 0 from the left, f(t) approaches —1. Аз t approaches 0 from the right, f(t) 
approaches 1. There is no single number L that f(t) gets arbitrarily close to ast — 0. 


(d) —1 

3. (a) True (b) True (c) False 
(d) False (e) False (f) True 
(g) True 

4. (a) False (b) False (c) True 
(d) True (e) True 

5. im, ix к does not exist because = пре = = l Шх > бапа = | = == = —lifx < 0. As x approaches 0 from the left, 


М approaches —1. As x ыы. 0 from the right, = г approaches 1. There is no single number L that all the 

function values get arbitrarily close to as x — 0. 
6. As x approaches 1 from the left, the values of —1 become increasingly large and negative. As x approaches 1 
from the right, the values become increasingly lune and positive. There is no one number L that all the function 


values get arbitrarily close to as x — 1,so lim does not exist. 
% = 


EN 
1 x-1 
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10. 


11. 


12. 


13. 


14. 


15. 


17. 


18. 


19. 


20. 


21. 


22. 


23: 


24. 


Section 2.2 Limit of a Function and Limit Laws 
Nothing can be said about f(x) because the existence of a limit as x — Хо does not depend on how the function 
is defined at хо. In order for a limit to exist, f(x) must be arbitrarily close to a single real number L when 
х 15 close enough to хо. That is, the existence of a limit depends on the values of f(x) for x near xo, not on the 


definition of f(x) at xo itself. 


Nothing can be said. In order for lim, f(x) to exist, f(x) must close to a single value for x near 0 regardless of the 
х— 


value КО) itself. 


No, the definition does not require that f be defined at x — 1 in order for a limiting value to exist there. If f(1) is 


defined, it can be any real number, so we can conclude nothing about f(1) from lim, f(x) = 5. 
х— 
No, because the existence of a limit depends on the values of f(x) when x is near 1, not оп КТ) itself. If 


lim, f(x) exists, its value may be some number other than f(1) — 5. We can conclude nothing about lim, f(x), 
х— х— 


whether it exists or what its value is if it does exist, from knowing the value of f(1) alone. 
х lim, Qx +5) = 2-7 +5 ---14--5---9 

im, (—x? + 5x — 2) = — (2)? + 5(2) -2 = —4 + 10-2 = 4 

im, &(t — 5)(t — 7) = 8(6 — 5)(6 — 7) = —8 


lim , (x? — 2x? + 4x + 8) = (2) — 2(—2)? +4(-2) + 8 = -8 — 8-8 + 8 = —16 
х— — 


Jim, $5 = 26 =3 16. lim, 3sQs — 1) = 3 (2) [2 (2) – 1] =2(4G-DY= 
Эз 


т 
1 
т 


lim 30х- 1)? = 3(2(—1) — 1)? = 3(—3)? = 27 


х— – 


4 


lim yt2  .. 242 = 4 = 
у—2 у24-5у-6 _ (22+50)+6 _ 4-10-67 20 


1 
5 
, lim „(5 =y) = [5 — СЗ)? = (9 = (89) = 24 = 16 


Jim, (22 — 8)? = (20) – 8)? = (-8)/5 = —2 


lim E - 3 = 3 – 3 
h—0 V3h+1+1 V/3(0) +1+1 Vi+1 2 
lim 2 54-2- jg УӚ34-2, v5ht4*2 _ ug —Oht92-^. — lig м im 5 
ћ— 0 ћ ћ— 0 ћ v5h-4*2  h—0 h(VShr4-2)  h—0 в(/5+4+2) һ-0 Узв+4+2 
УМа+2 4 
| х-5 _ ү; х-5 = E D vn 
АНЬ gon Врста = и ууз = зүз = 10 
А х+3 Ш хо сї 
„Ма, х2--4х--3 = Ші, (х--2Хх--1) = Ші, х+1 7” -3-10 2 
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25; 


26. 


27. 


28. 


29. 


30. 


31. 


32. 


33. 


34. 


35. 


36. 


37. 


38. 


39. 


40. 


Chapter 2 Limits and Continuity 


. 2 -10 __ 1: 5%—2) _ |: a 2 
lim 35-210 їр 8206-20 ұр (х-2)- 2--7 
x> —5 x+5 х 5 х+5 „С ) 5 
; 222 қ —5)(x — 2) 5 
lim *®—7*+10 _ Ци 6&-9€-» — Jim (х—5)=2—5=–3 
x2 x-2 x2 x-2 2: ) 
: 2+ (t--2)Yt—1) _ 1+2 _ 142 _ 3 
Jim HF = lim een = а Н = а => 
: 2+ 3+2 : (t+2)t+1) 4 ка _ —142 — 1 
m, sc; = |e =, а, 12 = 21273 
5 —2х—4 _ . 20х+2) . : -2 — =2 — 1 
«Ша, x? + 2x2 — lim, х2(х+2) -. um, х 47 3 
: Sy --8y __ yGy-8) y 5у+8 _ 8 1 
у, 3y[-16y — уа, у? (Зу? — 16 1 = B 3-16 — -16 2 
Р zal А 1х 4 —x 1 = А = 
ЯМ e]. et du Ur eu е get 
D cl IL : | А 1 
H х-І х+1 — >! x7 Dx — 1 2 1,14 = 1 = = 
im, x = lim, x = lim, (= 1) im, (х= D (x 1) —1 2 
: ит + +I) (а + 000-10) _ -. +u) а+ђа+1 _ 4 
m, 4-1 = lim, (шаар = lim, егі 1 —3 
А үз 8 (у= 2) (м? +2у+4) _ у +27+4 _ 4+4+4 _ 12 3 
2. v! — 16 =, (v—2)(v+2)(v2+4) — Jim, (у +2) (v2 +4) (448) 32" 8 
| -3 . үх-3 А 1 1 1 
lim ух = im = lim = - 1 
х-9 Х-9 x9 (Vx-3)(Vx-3 x9 Vxt3 | 1943 6 
МИ И Pn PEE 
lim 2-5 = lim X*—9 = lim = lim x(24- 4/x) = 42 + 2) = 16 
х-4 2-ух x34 2- ух х 4 2- ух х- 4 ( vx) ( ) 
т «-D(Vx-342) 1: (х-1)(үх--3--2) _ 1 је 2 
Jo vio uil ы ы ај ай лан ee es Feed 
lim 8-3 _ lim ( 8-3) (М +8+3) | lim (х24-8)-9 
x clo y 5-71 +0 (/9+8+3) Ty (+1) (уз +8+3) 
= jim -—€52€6-D . — іш х-1 22 .. 1 
xl «+0 (Vx 4843) х--і ух+8+8 343 3 
lim У“502-4- үш (Ме +12-4) (у +12+4) _ lim (2 +12) - 16 
x2 x-2 х2 ск—2 (vit 1244) ау (x-2) (Vx? +12 +4) 
lim (x = 2x +2) = lim, x+2 — 4 — 1 
х—2 (х 2) (ме | 244) | х үх +12+4 _ ү16-4 2 
i саа i (x +2) (vx +3) (х+2) (М +5+3) 
іш = ]im = — —— 
х->-2 нэ 3 x 2 (Ух 5 3) (væ 5+3) х--2 (52--5)-9 
= Їйї (х +2) ) (М? +5 +3) c lim “5E У9-3 _ _3 
= Тағаны») (х--2Хх-2) ико) х-2 70-407 2 
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41. 


42. 


43. 


45. 


47. 


48. 


49. 


50. 


51. 


52. 


53. 


54. 


55. 


Section 2.2 Limit of a Function and Limit Laws 


(2- 2-5) (2+ Vx -5) _ 


2 
lim, 2-VX-5 = lim = lim, = 5 ЗЕ 
х--3 Х+3 х 3 (x23) (2- Vx 5) x 3 (x43) (2 Ух 5) 
2 : — х2 2 : 3-х/(3--х) — oq 3-х | 6 _ 3 
= lim —___2=х = lim — 55980 . = lim = = 3 
х 3 e» (24 х2 5) х 3 e (2+/®-5) x—-324V9-5 24/4 2 
. қ 4-х)(5-- ух+9) (4-3) (5+ уз +9) 
lim = lim = lim 529 
x4 5 уют 4 ( №+9) (5+ xt +9) x4 (x49) 
EP" (4-х) (5+ V2+9) ЭР (4-3) (5+ V2+9) — fm YZP _ 5+5 _ 5 
и 16 х2 = ^ Може Og 4x — 8 —4 


2 
lim (2sinx — 1) = 2880-1-0-1--1 44. lim sin? x = ( lim sinx) = (310)? = 02 20 
х—0 х— 0 х—0 
lim secx = lim 1-— l;-1-1 46. lim tanx = lim их = 0 = 0 = 0) 
x0 x0 cosx cos x0 x0 cosx cos 
lm c = m = 12-020 = 1 
lim (х? — 1)(2 — cos x) = (02 — 1)(2 — cos 0) = (-1)(2 — 1) = (-1)(1) = -1 
Хээ» 


„іт Vx +4 cos(x +7) = Іт, ух+4 · lim cos(x + 7) = у—п +4 :cos0— уд—п-1= у4—т 


і 2х — i 2x) — i 2x — 20 — 2 _ 
im, \/7 + зес?х = „/ Jim (7 + sec х) = \/7 + im secx = У7 + зес?0 = \/7 + (1) =2,/2 


(a) 
(c) 


(a) 
(c) 


quotient rule (b) difference and power rules 


sum and constant multiple rules 
quotient rule (b) power and product rules 
difference and constant multiple rules 


Jim 2f(x) g(x) = 2 | im, fœ] | dim, ғо) = 2(5)(—2) = —20 
lim. [f(x) + 300] = lim, f(x) + 3 lim. g(x) =5+3(—2) = —1 


Х— с х ә с Х— с 
lim. f(x)— lim, g(x) 5-(-2) 7 


Jim, £00 вх) = |, lim, #09] | lim, воо] = (52) = —10 


| ix) _ _ 
m. бос ко = 


lim [g(x) + 3] = lm g(x) + lim 3--3--3- 0 
x4 x4 х- 4 


lim, xf(x) = lim х- lim f(x) = (4)(0) =0 
х ә 4 х— 4 х— 4 


2 
Jim, [269] = [im 209] = 1-32 = 9 


р lim g(x) 2) 
lim = Tim XO limi — т =3З 
х- 4 ход x 


g(x) 
fx)-1 


im, (0) + #00] = lim Ку) + lim g@) =7+(-3) = 4 


Jim. fG) - g0) = | tim, 109) | im 209] = (0-3 = -21 
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50 Chapter 2 Limits and Continuity 


(d lim, f(xyg(x) — im, fœ) Tim, g(X) = = 3 


хий 


56. (а) «іт, [p(x) + r(x) + 809] = Ша,р(х)-- lim, r(x) + Ша, s(x) =4+0+4+(-3)=1 
(b) . lim р(х) - r(x) -8(x) = | lim , poo] | tim по) | tim, 569] = (903) = 0 


(©) іт, [-4р(х) + згодузо) = |-4 lim р(х) + 5 бт, r6] / lim, s(x) = [-4(4) + 5-3 = 35 


57. lim GW =F = Jim Hati — Jig "E — Jim (2+h) = 2 
h—0 h ћ— 0 


ћ— 0 ћ — 
—2 + hy — (—2* ? - = 5 = А 
58. lim ССР — Jig 448004. Jig 5859 — lim (4) = —4 
ћ—0 ћ—0 ћ—0 h—0 


. [30 +h) –41—[30)—4] _ |; 3h 
59. Uim, n zu 3 


m Gma) qug 25 a gg 22-62+0 _ |; -h 1 
60. lim r та сэ Cg талы а-а а 


о MTER-VE ү. (Veva) (vtva) _ а+9-7 _ ү Е lm Е 
5L, dum. h =m в (Утв + V7) uu n(/7+h+ V7) E h (Tr 7) = и Ма 


Зћ 


. BOTDI- VOF |. (У384:1-1) (V3h+1+1) EE (884-1)-1 0-1. 
. lim = lim = im = lim 
ћ— 0 ћ ћ—0 h(/3h+ 1+ 1) h—0 h(V3h+1+1) ћ— 0 в (уза +1+1) 
— | 3 203 
= lim, Ут 2 
63. іш V5 — 2x? = /5-20)7- 4/5 and lim, V5 — x2 = 4/5 — (0)? = \/5; by the sandwich theorem, 
Xx x> 
lim. f(x) = 45 
х— 


64. lim, (2 – x) =2—0 = 2 апа lim, 2 cos x = 2(1) = 2; by the sandwich theorem, lim, g(x) =2 
х — X X 


3 же 0 | 221» > 1 xsinx о __ 
65. (a) Jim, (1 6 ) 1 — с = land um, 1 = 1; by the sandwich theorem, Jim, вх = 1 
(b) For x Æ 0, у = (х sin х)/(2 — 2 cos x) y 


у = (x sin x)/(2 – 2 cos x) 


lies between the other two graphs in the 
figure, and the graphs converge as x — 0. 


66. (а) lim, Е - 5) = lim р lim 34 =3~0%= 5 and lim 5 = 5; by the sandwich theorem, 
lim 


l—cosx _ 1 
x50 х : 
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Section 2.2 Limit of a Function and Limit Laws 5] 


(b) For all x 5 0, the graph of f(x) = (1 — cos x)/x? y 
lies between the line y — i and the parabola 


у= 5 — х2/24, and the graphs converge as x — 0. 


67. (а) f(x) = (x? — 9)/(x + 3) 


X —3.1 —3.01 —3.001 —3.0001 —3.00001 -3.000001 
Кх) —6.1 —6.01 —6.001 —6.0001 —6.00001 -6.000001 
X —2.9 —2.99 —2.999 —2.9999 —2.99999 —2.999999 
Кх) —5.9 —5.99 —5.999 —5.9999 —5.99999 — 5.999999 
The estimate 15 lim 4 f(x) = —6. 
х-- 


(b) 


Ја) = (x? -9)/G +3) 


_ х—9 _ (x-*3(«-3) . 2 1 2 лж 
(с) f(x) = tL = ——-x 3ifx з= —3,and іт, (x 3)--3-3--06, 


68. (а) ё(х)-(х2-2) (х = v2) 
x 1.4 1.41 1.414 14142 14142] 1414213 


g(x) 2.81421 2.82421 2.82821 2.828413 2.828423 2.828426 


>x 


42 


g(x) = G? - 2) - 2) 


© в) = 252 = exa wo - x4 2ifxz 2, ad dim. (х+ №) = /24+4/2=2,/2. 


69. (а) G(x) = (x + 6)/ (x? + 4x — 12) 
х | –5.9 —5.99 —5.999 —5.9999 5.99999  —5.999999 


G(x) —.126582  —.1251564 —.1250156 —.1250015 —.1250001 —.1250000 
X —6.1 —6.01 —6.001 —6.0001 —6.00001 -6.000001 
G(x) —.123456  —.124843  —.124984  —.124998  —.124999  —.124999 
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(b) 


-201 G(x) = (x + 6)/(х + 4х - 12) 


(с) G(x) = тту = я = -- if x Æ 6, and lim. 1. = Sa = & = 0.125. 


70. (а) h(x) = (x? — 2x — 3) / (x? — 4x + 3) 


X 2.9 2.99 2.999 2.9999 2.99999 2.999999 
h(x) 2.052631 2.005025 2.000500 2.000050 2.000005 2.0000005 
X 3.1 3.01 3.001 3.0001 3.00001 3.000001 
h(x) 1.952380 1.995024 1.999500 1.999950 1.999995 1.999999 


(b) | 


A(x) = Q -2x- зу? -4х+3) 


_ х2—2х—3 | (х\—3)(х+1) _ x41; : 2 
(c) (х) = 16635 сукр = х 1х 3, and lim, xc? — Эш 


71. (a) f(x) = (x? — 1)/(|x| — 1) 


X —1.1 —1.01 — 1.001 — 1.0001 —1.00001 -1.000001 

Қх) 24 2.01 2.001 2.0001 2.00001 2.000001 

X —.9 —.99 —.999 —.9999 —.99999 —.999999 

f(x) 1.9 1.99 1.999 1.9999 1.99999 1.999999 
(b) y 


Јо) = @ - 1/ — 1) 


X 


-1 ] 


go а =х+ 1, х> бапдх #1 . 
(с) 1) = нет +0) ру Е ee и зоо 
+D > 
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72. (а) F(x) = (x? + 3x + 2)/ (2 — |x|) 


X —2.1 —2.01 —2.001 — 2.0001 —2.00001 -2.000001 

F(x) —1.1 —1.01 —1.001 — 1.0001 —1.00001 -1.000001 

X —1.9 —1.99 —1.999 —1.9999 —1.99999 —1.999999 

F(x) —.9 —.99 —.999 —.9999 —.99999 -.999999 
(b) 
^ 
20r 
xy 


–60 H 


F(x) = (x2 + 3x + 2)/(2 – |х]) 
(х+2)(х + 1) 
(с) Е(х) = х2 +3х +2 _ 2-х d х>0 
^. 2-|x| ян (x +2)(x +1) 
+ 


X 


‚ and lim, (x c) = -2+1= -1. 
х— – 


=х +1, x < Оапах = —2 


73. (а) (0) = (sin 0)/0 


0 4 .01 .001 .0001 .00001 .000001 
8(0) 998334 999983 .999999 .999999 .999999 .999999 
9 —.1 —.01 —.001 —.0001 —.00001 —.000001 
g(0) .998334 .999983 .999999 .999999 .999999 .999999 


тон в0)-1 
(9) 


у= se (radians) 


-5r -4т : 
NOT TO SCALE 
74. (a) G(t) = (1 — cos 0/2 

t 1 01 001 0001 00001 000001 
G(t) .499583 .499995 .499999 5 5 5 
( —.1 —.01 —.001 —.0001 —.00001 —.000001 
G(t) .499583 499995 .499999 5 5 5 

гіш, G(t) = 0.5 


(5) 


t 


1 1 1 1 1 1 » 
-0.0003 -0.0001 | 0.0001 0.0003 


Graph is NOT TO SCALE 
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54 Chapter 2 Limits and Continuity 
75. lim, f(x) exists at those points c where lim, х = im, x* Thus, ct = с^ > cœ? (1 -— c?) = 0 > c = 0, 1 or-1. 
Moreover, іт f(x) = lim x? = 0 апа іт х) = lim х) = 1. 
х > 0 х — 0 х--і х-1 


76. Nothing сап be concluded about the values of f, g, and h at x = 2. Yes, f(2) could be 0. Since the conditions of the 
sandwich theorem are satisfied, lim, f(x) = —5 £0. 
х— 


А f(x)—5 lim f(x) — lim 5 lim f(x) — 5 А А 
77. 1= lim = ~ ха = А => lim #09 — 5 = 2(1) => Ш f(x) = 2 +5 = 7. 
х— 4 х- 4 x4 


х-2 lim x — lim 2 4—2 
x4 x4 


gang Қ») = am, 10) 


! f 
78. (a) l= lim, =? = dim x ` 
х>—2 


> lim 6х) = 4. 
х— —2 


(b) 1= іш, S9 = | tim, | tim, 4] = [ tim, € (5) > т, --2 


79. (a) 0-3-0- | lim EJ | Jim, (x — 2) = lim, | (5252) (х 2) = lim, [f(x) — 5] = lim, f(x) — 5 


=> lim Кх) = 5. 


(b) 0-4-0- | lim w] | lim «-2) -> lim, f(x) = 5 as in part (а). 
Е х—2 х—2 


2 
80. (a) 0=1-0= [lim il | lim x] - | lim ч Ш x! = lim E 2 = lim f(x) Thatis, lim f(x) = 0. 
ох 0 х—0 * 0 х— х х 0 х 0 


х ә х —> х 0 
фу 0=1-0= Ш m ЁС x] = lim ЕС = lim ©. Thatis, lim 59-0, 
х 0 Х х— 0 х— 0 х x0 Хх х- 0 Х 
81. (а) lim хѕіпі =0 у 
х— 0 x 


(b -І< біп 1 < 1Югх 5 0: 
x>0 > -x<xsin 1 <x = lim, х sin 1 — 0 by the sandwich theorem; 
х >> 


х<0 = -x>xsin 1 >x > lim, x sin 1 — 0 by the sandwich theorem. 
х— 


82. (а) Jim, х? cos (4) =0 
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Section 2.3 The Precise Definition of a Limit 


х 


(b) —1 < cos (4) < 1 forx #0 = —x? < х? сов (X) <x > lim, x? cos (5) = 0 by the sandwich 
x 


theorem since lim, x? = 0. 
х— 0 


83-88. Example CAS commands: 


2.3 


Maple: 
f := x -> (x4 — 16) (x — 2); 
x0 := 2; 


plot( f(x), x = x0-1..x0+1, color = black, 
title = "Section 2.2, #83(a)" ); 
limit( f(x), x = x0 ); 
In Exercise 85, note that the standard cube root, x^(1/3), is not defined for x«0 in many CASs. This can be 
overcome in Maple by entering the function as f := x -> (surd(x+1, 3) — 1)/x. 
Mathematica: (assigned function and values for хО and В may vary) 


Clear[f, x] 
f[x ]:=68 — x? — 5x — 3)/(х + 1)? 
x02 —1;h= 0.1; 


Plot[f[x], (x, xO — h, x0 + h]] 
Limit[f[x], x — х0] 


THE PRECISE DEFINITION OF A LIMIT 


H o 


1 5 7 
Мер 1: |x—-5| <6 = -6<x-5<6 = -64+5<x<6+5 
Яер2: 6+5=7 > 6=2,0r-64+5=1 > 6=4. 
The value of б which assures |x — 5| < 6 = 1 < x < 7 is the smaller value, 6 = 2. 


Ca x 
1282. 7 
Stpl: |Хх-2-6--6«х-246--6-2«х-6-2 
Яер2: —6+2=1 > д=71,о6+2=7 = 6=5. 
The value of б which assures x — 2| <6 = 1<х < 7 is the smaller value, 6 = 1. 


-7⁄2 -3 -12 
Step 1: |х-(-3) <6 = -6<x4+3<6 = -6-3<х<6-3 


Step 2: -6-3--2 = 6-41,ог:6-3--1 -» 6-3. 


The value of ô which assures |x — (—3)| < 6 = — 2 <х<- 1 is the smaller value, 6 = 2. 


Я4------і----”х 
E Bom 
2 nog o 
Яерї: |Х-(-3) <6 9 -6<x+3<6 = -6-3<x<6-3 
Step 2: -6-3--1-» 6-2,о:6-3--і = 6=1. 


The value of 6 which assures |x - (- 3) <6 =» – 1 <х<- i is the smaller value, 6 = 1. 


x 
4/9 1/2 4/7 


Stepl: |x-1|«6 = -6<x-}<6 = –6+1 <х <6 +: 
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10. 


11. 


12. 


13. 


14. 


15. 


16. 


17. 


Chapter 2 Limits and Continuity 
: 24 2 24 = 

Step 2: -6+ i =$ > 6=%0°6+5= 5 > 6 = 5. 
The value of 6 which assures |x — 3 <6 = g <х< Fis the smaller value, б = i. 

— ух 

2.7591 3 3.2391 

Мер 1: |х-3|<6 = -6<x-3<6 = -64+3<x<6+3 

Яер2: | —6 +3 = 2.7591 = 6 = 0.2409, огб + 3 = 3.2391 = 6 = 0.2391. 
The value of ô which assures |x — 3| < 6 = 2.7591 «х < 3.2391 is the smaller value, 6 = 0.2391. 

бері: |x—-5| «6 => -6<x-5<6 = -64+5<x<6+5 

Step 2: From the graph, -6+5=49 = 6=0.1,or6+5=5.1 = д = 0.1; thus 6 = 0.1 in either case. 

Stepl: |х-(-3) <6 = -6<x4+3<6 = -6-3<x<6-3 

Step 2: From the graph, —6 — 3 = —3.1 = 6=0.1,or6 — 3 = —2.9 => 6 = 0.1; thus 6 = 0.1. 

бері: |x—-1| «6 2 -6<x-1<6 = -641<x<641 

Step 2: From the graph, —6 + 1 = 15 = =, об +1 = 5 = ô = 5; thus ô = Z. 

Мер 1: |x—-3| «6 = -6<x-3<6 = -64+3<x<6+3 

Step 2: From the graph, —ó + 3 = 2.61 = 6 = 0.39, or ó +3 = 341 = 6 = 0.41; thus 6 = 0.39. 

бері: |x-2|] «6 = -6<x-2<6 = -6+2<х<6+2 

Step2: From the graph, —6 +2 = /3 = 6 —2— уз ~ 0.2679, ог 6 +2 = \/5 = 6 = /5 – 2 = 0.2361; 
thus 6 = 5 — 2. 

Мер 1: |x-(-D| <6 => -6<х-1<6->-6-1<х<6-1 

Step 2: From the graph, —6 – 1 = — 35 = 6 = 2 ~ 0.1180, ог6 -1= — У = 6 = 223 ~ 0.1340; 
thus б = У5-2, 

Stpl: |Х-(-1 «ó => -6<x4+1<6 => -6-1<x<6-1 

Step 2: From the graph, -6-1=-%* = 6 = 5 ғ 0.77,ог6 — 1 = B = = = 0.36; thus 6 = = = 0.36. 

Stepl: |x-1|«6 = -6<x-4<6 = –6+1 <х <6+1 

Әер2: From the graph, —6 + 5 = 44; > 6 = 1 — 517 ~ 0.00248, or ô + 5 = 15 > 6 = гу — 5 я 0.00251; 
thus 6 = 0.00248. 

Step 1: |(х--)-5| < 0.01 = |x-4| 0.01 = -0.01 <х-4< 0.01 = 3.99 < x 4.01 

Step2: |х-4| <6 = -6<х-4<6 = –6+4<х<6+4 = 6=0.01. 

Step 1: |Ох-2)-(-6) < 0.02 = [2х - 4| < 0.02 = -0.02 < 2x +4 < 0.02 = —4.02 < 2x < -3.98 
=> —2.01 <x < —1.99 

Step2: |х-(-2) <6 > -6<x4+2<6 = -6-2<x<6-2 > 6 = 0.01. 

Step 1: Мх+1-1 <01 > —01<\/х+1—1<01 = 09<\/х+1<11 = 081<х+1<121 
=> —0.19 < x < 0.21 

Зер2: јх-—01<6 = -6 «x < 6. Then, —6 = —0.19 > 6 = 0.19 or 6 = 0.21; thus, 6 = 0.19. 


Copyright © 2010 Pearson Education, Inc. Publishing as Addison-Wesley. 


www. гетепд. 15 


18. 


19. 


20. 


21. 


22. 


23. 


24. 


25. 


26. 


27; 


Step 1: 
Step 2: 


Step 1: 


Step 2: 


Step 1: 
Step 2: 


Step 1: 
Step 2: 


Step 1: 
Step 2: 


Step 1: 


Step 2: 


Step 1: 
Step 2: 


Step 1: 
Step 2: 


Step 1: 
Step 2: 


Step 1: 


Step 2: 


Section 2.3 The Precise Definition of a Limit 


|/x—-i|«01 = -01« /x-i«01 = 04< ух < 0.6 = 0.16 <x < 0.36 
Ix- i]«6 = –6 <х–1<6 = –6+1 <х <6+1. 
Then, —6 + + = 0.16 = 6 = 0.09 or ô + = 0.36 = 6 = 0.11; thus б = 0.09. 


/9-х-4|<1 20-144108-х-321-2434/10-х24:54419-34216 


=> -4>x-19>-16 = 15>x>30r3<x< 15 
x—10| «ó = -6<x-10<6 = -64+10<x<6+10. 
Then —6 + 10 =3 = 6=7,0r6+10=15 = 6 = 5; thus ё = 5. 


Мх-7-4| <1 => –— 1 С \х-7-4<1 = 3 < үуүх-7<5 = 9<x-7<25 = 16<х<32 


х- 23| <6 = -6<x-23<6 = -64+23<x< 6423. 
Then —6 + 23 = 16 => 6 = 7,016 +23 = 32 = 6 = 9; thus ô = 7. 


1-1 < 0.05 = -0.05<1-1<0.05 = 0.2<1<03 > Ю>х> ВоВ <х< 5. 


х— 4 <6 > -6<x-4<6 = -644<x<644 
Then —6 +4 = P or ô = 2,016 +4 = 5 or ô = 1; thus ô = 2. 


[à — 3| < 0.1 > -01«x -3«01 = 2.9 <x? <31 = y29«x« узл 


|x- УЗ] <6 = —6б<х—\/3<6 = –6+ УЗ <x <6 + V3. 


57 


Then —6 + V3 = 1/29 = 6 = \/3— \/2.9 = 0.0291, ог6 + УЗ = \/3.1 > 6 = \/3.1 — V3 © 0.0286; 


thus 6 = 0.0286. 


|x? — 4| < 0.5 = —0.5 < x? — 4 < 0.5 = 3.5 < х? < 4.5 => 4/3.5 < |х| < V4.5 9 —\/4.5 <х<-\3.5, 


for x near —2. 

Ix —(-2| <6 = –6 <х+2 <6 = —6—2«x«6-—2. 

Then –6 — 2 = —/45 = 6 = /45—270.1213,076 2 = —/3.5 = 6=2- //3.5 = 0.1292; 
thus 6 = \/4.5 — 2 = 0.12. 


9 


1 1 11 1 10 10 10 10 
1-(-1| < 0.1 > -01<1+1<01 = — 1 <1<-— 4 => – ШРХ>-— 0 ог 0 <х<- 10. 


Ix-—(-D| <6 = -6<x4+1<6 = -6-1<x<6-1. 
Then —ô — 1 = - £ => 6-1,0:6-1--1 => ô= 1; thus 6 = i. 
I(x? 5) – 11| «1 = |х2 – 16] <1 2 —1 < х2—16<1 = 15«x? « 17 > у15<х< У. 
х— 4 <6 = -6<x-4<6 = -644<x<644. 

Then —6 + 4 = V15 = 6-4- V/15 = 0.1270, ог6 +4 = V17 = 6 = V17 — 4 x 0.1231; 

thus 6 = V17 — 4 + 0.12. 

1 


<6 = 1> >: = 30>х> 20020 <x < 30. 


50 —5|<1=> —1< 88 —5<1 = 4418 BS 


х-24| <6 = -6<x-24<6 = -6--24<х «64 24. 
Then —6 + 24 = 20 = 6 —4,0ró + 24 = 30 = 6 = 6; Шиз = 6=4. 


mx —2m| < 0.03 = -0.03 < mx – 2m < 0.03 = —0.03 + 2m < mx < 0.03 +2m = 

2 903 vex р. 

х-2| «ó = -6<x-2<6 = –6+2 <х <6 +2. 

Then —6 + 2 = 2 – 993 = 6 = 3 ог6+2 =2 + 99 = б = 908, Іп either case, 6 = 9-03. 
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28. 


29. 


30. 


Chapter 2 Limits and Continuity 


Step 1: |mx—3m| <c = —c < mx- 3m<c => —c+3m<mx<c+3m > 3 СЕ Зи 
Step2: јх-—3<6— -6<x-3<6 > –6+8<1<6+3. 
Then -6--3-93-- = ó= <, гб +3=3+ 5 = б = „. Ineither case, 6 = =. 
Step 1: |(тх +0) – (2 +b)| <c > -c«mx-? «c съ < шх<е+т > i-£«x«i-c& 
Step2: |x- 1] <6 2 -6<x-4<6 = –6+1 <х <6+1. 
Then –6+1=4— £ => 6-35,0:6-1-1-35- 6==. In either case, 6 = =. 
Stepl: (тх + b) — (m + b)| 0.05 = -0.05 < mx – m < 0.05 = -0.05 + m < mx < 0.05 + т 
= 1— %5 <х<1+ 00, 
Step2: |x—-1| «6 = -6<x-1<6 = –6+1<х<6+1. 
Then —6 +1=1- 99 = 6 = 905, ог6 +] =1+ 995 = б = 995. [n either case, б = 2%. 


m 


31. іш, (3 — 2x) 23-28) = – 
х— 
Step 1: |(3 — 2x) — (—3)| < 0.02 = —0.02«6—2x < 0.02 = -6.02 < —2x < -5.98 = 3.01 > x > 2.99 ог 
2.99 « x < 3.01. 
Step2: 0<|х-3| «ó = -6<х-3<6->-6-3<х<6--3. 
Then —6 + 3 = 2.99 = 6=0.01, or ó + 3 = 3.01 = 6 = 0.01; thus 6 = 0.01. 
32. lim (—3х—2)=(—3)(—1)—2 =! 
х— – 
Stepl: |(—3x — 2) – 1| < 0.08 = -0.03 < —3x – 3 < 0.03 > 0.01 > х1> —001 = —1.01 < x < - 0.99. 
Step2: |x-(-D| «ó => -6<х-1<6->-6-1<х<6-І. 
Then —6 — 1 = —1.01 = 6 = 0.01, or ó — 1 = —0.99 = 6 = 0.01; thus 6 = 0.01. 
33. lim 0-4 = lim Е = Jim, (х+2) 2242-4, x £2 
x2 Х-2 x2 (- 
Step 1: ЕЕЕ > ооз < бан 2.44005 = 3.95 <х+2 < 4.05, х Z2 
=> 1.95 < x < 2.05, х Z2. 
Зер2: |x-2| «ó > -6<x-2<6 > -642<x<642. 
Then —6 + 2 = 1.95 = 6=0.05, or ó + 2 = 2.05 = 6 = 0.05; thus 6 = 0.05. 
: х2 +6Х+5 . : (х+5)(х +1) _ 4 - 
34. lim. Is = lm, ==. lim. += -4,х# -S. 
Step 1: (HS) - (-4) < 0.05 = 0.05 < азаар 4005 = 4.05 <х+1 < —3.95,x + —5 
= –5.05 < x < —4.95, x # —5. 
Step2: |Х-(-5| «ó > -6<х-5<6->-6-5<х<6-5. 
Then —6 — 5 = —5.05 = 6- 0.05, or 6 — 5 = —4.95 = 6 = 0.05; thus 6 = 0.05. 
35. , lim аУіІ-ӛх-у1-5- 3) = Ү 16-4 
uM |Мт-5-4 < 0.5 = -0.5 < ү1- 5х4 < 0.5 = 3.5 < У! - 5х < 4.5 = 12.25 < 1 - 5x < 2025 
= 11.25 < —5х < 19.25 = —3.85 < x < —2.25. 
Step2: |х-(-3) «ó => -6<x4+3<6 > -6-3<x<6-3. 
Then —6 — 3 = —3.85 = 6 = 0.85, or 6 — 3 = —2.25 = 0.75; thus 6 = 0.75. 
36. lim 2-2-2 
х—2% 
Stpl: |4-2| <04 > -04<4-2<04 = 16<4<24 = 0 >> = Ю>х> Паб <х< $ 
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37. 


38. 


39. 


40. 


41. 


42. 


43. 


44. 


Step 2: 


Step 1: 
Step 2: 


Step 1: 
Step 2: 


Step 1: 


Step 2: 


Step 1: 


Step 2: 


Step 1: 


Step 2: 


Step 1: 


Step 2: 


Step 1: 
Step 2: 


Step 1: 


Section 2.3 The Precise Definition of a Limit 59 


Ix -2| «6 = -6<x-2<6 > –6+2 <х < 6+2. 

ҺЕ 21 — 5 NEC me 
Then —ó +2 = 3 => = +, 10 +2 = 5 => б = g;thusó = 5. 
|9-х-5|<е->-е<4-х<е--в-4<-х<е-4->в-А>х>4-евс->4-е<х<4-е 
х-4| «ó > -6<x-4<6 => -644<x<644. 
Then —6 +4 = –Е +4 = б=е, 076 +> А = «--4 => б = є. Thus choose 6 = є. 


|(3х—7)—2|<є > -е<3Х-9<е ОЕ ОЕ 5 С КЕ S. 
х—3<6 > -6<x-3<6 => –6+3 <х < 6+3. 


Then -6--3--3- 5 > 6=55,076+3—3+5 = 6- 5. Thus choose б = 5. 


|Ух-5-2|«є => –е < ух—5—2 Се => 2-Е< ух—5 <2 +6 > (2-6 <х–5 <(2 + е)? 


= (2– 9: +5 <х < (2 + 9: +5. 
Х-9| <6 = -6<х-9<6-> –6+9 <х < 6+9. 
Then —6 + 9 = e? — 4e + 9 = 6 = 4e — е2, or ô + 9 = Е? + 4e +9 = 6 = 4e + е2. Thus choose 


the smaller distance, 6 = 4e — е2. 


|V4-x-2|«« > —e« V4A-x-2«e => 2—-є<\/4—х<2+є  Q—ef «A-x«Q- ey 
> 246% <x-4<-Q-6? > –02 + 62 +4 <х < –02 – 62 44. 

х–— 0 <6 = –6 <х <6. 

Then —6 = —(2 + ce +4 = —? — Де => 6 = 4e + 6 „огб = —(2 — e +4 = 4e — e. Thus choose 


the smaller distance, 6 = 4є — е2. 


For x # 1, |x? — Ц Се => -є«х-1-є-»1-є«хХ <1+е => ү1-є« [| < у1+е 


=> М1—ЕСХ< М1+- епеагх = 1. 


Х-1 <6-> -6<x-1<6 => –6+1<х <8 +1. 


Then —б +1 = у1—е > 6=1— у1—еог6+1=/1-е = б = /1-е— 1. Choose 


6 = min {1 = У1—е, /У1-Е— i}, that is, the smaller of the two distances. 


For x 4 —2, |x? — 4| Се = –—е < xX? —4 Се => 4-с<х? «Ace => У4-е<(|х| < уд +е 


=> —\/4-„є< х< — 4/4 – єпеаг az = —2. 


Ix —(-2| «6 = -6<x4+2<6 > -6-2<x<6-2. 
Then 6 —2 = –— уд те => 6 = 4/4 e—-2,076—2— —/A4—e > 6б =2— V A— e. Choose 
6 = та (ү4-6-2,2-41- | 


1 
1--е 


1 
1-е” 


%-Ц<е->-е<14-1<е-1-е<1<1-е- 
Хх- | <6 = -6<х-1<6->1-6<х<1--6. 


х 


Then 1- ô = z= > боб = бир = => 
Choose 6 = т ‚ the smaller of the two distances. 


3 
1--3е 


1 1 1 1 1 1 1 1 1- 3е 3 2 
2-1 <е > –е< 5 – 1 <е6 => 1 –е< «1ї4є-э < 4< H т > х > 


3 | 3 | 3 /_ 3 
> T+3e < |х| < I 3e or тізе <х< 1-3е for x near УЗ. 


1-3е 
3 
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45. 


46. 


47. 


48. 


49. 


50. 


51. 


52. 


53. 


Chapter 2 Limits and Continuity 


Step 2: |k- va|«s => -6<х- V3«8 = V3-6«x« 3-6. 
Then УЗ — 6 = \/ па > 6 = \/3— \/ Vigor V3 624/13. => 6= / - УЗ. 
Choose 6 = min 1/3 4 i336 V тэх V3}. 


Step 1: (===) -ce) Се = -е<(х-3)-6<еху-3 > –е <Х +3 Се = -€-3<x<€-3. 


Step2: |х-(-3) <6 > -6<x4+3<6 > -6-3<x<6-3. 
Then -6-3--ев-9 > 6=c¢,0r6-—3=e€-3 = б = є. Choose ô = є. 


Step 1: (xt) -2 <e = -е<(х--1)-2<еху1->1-е<х<1--е. 


х-1 


Step2: |Х-1«6--6«х-16-1-6«х«1-6. 
Тћеп1—6 =1—е = 6=c€,orl+6=1+e = 6 = є. Choose 6 = є. 


Stepl: х<І: |(44—2x)—2|<e > 0<2- 2х < є sincex < 1. Thus, 1— 2 <x < 0; 
x > 1: |(6х – 4) -2| Се > 0< 6х — 6 < є sincex > 1. Thu, 1 <x « 1 9 c. 
Step2: |x—-1| «6 2 -6<x-1<6 = 1–6<х<1+8. 
Тһеп 1—6 =1-5 > 6-5.0:146-1--<% = 6 = 6. Choose 6 = с. 
Step 1: же 0; 2-Е —e<2x<0 > —5<x<0; 
х р> 0: %-0| «e = 0<х< 26. 
Step2: |х-0| <6 > –6<х<6. 


Then -6 = - 5 = 6— 5, об = де => 6 = 2e. Choose 6 = 


€ 
2 2 2° 


By the figure, —х < x sin 2 < x for all x » Оапа —х > x sin : > xforx < 0. Since lim, (—x) = lim, х = 0, 
х— х— 


then by the sandwich theorem, in either case, lim, xsin i = 0. 
х > 


x 


By the figure, —х? < x? sin 1 < x? for all x except possibly at x = 0. Since lim, (—х?) = lim, x? = 0, then 
х —> х— 


2 


by the sandwich theorem, lim, x^ sin i = 0. 
x 


As x approaches the value 0, the values of g(x) approach К. Thus for every number є > 0, there exists a ô > 0 
such that 0 < [x — 0| <6 = |g(x) — к < e. 


Write x = h + c. Then 0 < |x — c| <6 -б<х-с<б, x Zee —ô < (+ с) -с< 6, В+ с с 
€ —ó«h«óhz0eo0c|h-0|« ё. 
Thus, limf(x) = L <> for any е > 0, there exists 6 > 0 such that |f(x) — L| < є whenever 0 < [x — c| < 6 


< |f(h + c) — L| < e whenever 0 < |h — 0| < 6 > lim f(h + c) =L; 


Let f(x) = x?. The function values do get closer to —1 as x approaches 0, but lim, f(x) = 0, not —1. The 
х— 


function f(x) = x? never gets arbitrarily close to —1 for x near 0. 
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54. 


55. 


56. 


57. 


58. 


Section 2.3 The Precise Definition of a Limit 


Let f(x) = sin x, L = 1, апа хо = 0. There exists а value of x (namely, х = a) for which |sin Х- 1| < є for any given 


61 


є > 0. However, lim, sin X = 0, not i. The wrong statement does not require x to be arbitrarily close to хо. As another 
X—R 


example, let g(x) = sin 1, L = 1, and хо = 0. We can choose infinitely many values of x near 0 such that sin 1 = 1 as 
x 2 0 x 2 


you can see from the accompanying figure. However, lim, sin i fails to exist. The wrong statement does not require all 
X > 


values of x arbitrarily close to хо = 0 to lie within є > 0 of L = 2. Again you сап see from the figure that there are also 


infinitely many values of x near 0 such that sin 1 = 0. If we choose є < 1 we cannot satisfy the inequality 


|sin 5 - М < є for all values of x sufficiently near ху = 0. 


[A —9| € 0.01 = -001 Ст E —9 < 0.01 = 8.99 < те < 9.01 = 2 (8.99) <х2< 2 (9.01) 
= 2 899 «x € 24/ 201 or 3.384 < x < 3.387. To be safe, the left endpoint was rounded up and the right 


endpoint was rounded down. 


V=RI => ¥ =I > | -5| < 0.1 = –01< 2-5«012 49< <51 > P22 = 
(12000) (12010) 
ада: < R< 42900 = 23.53 < К < 2448. 


To be safe, the left endpoint was rounded up and the right endpoint was rounded down. 


(а) -6<x-1<05 1-6<x<1 = f(x) = х. Then|fx) – 2| 2|x-2| = 2—х > 2– 1 = I. Thatis, 

х) — 2) 212 j no matter how small 6 is taken when1—ó < x «1 = lim, f(x) = 2. 
x — 

(0) O< x-1<6 = 1<х <1+6 = х) = х +1. Then fx) – 1] = x4 1) – | = |x| 2 x > 1. That is, 

х) — Ц > 1 no matter how small 6 is taken when 1 <x < 1+5 = lim, f(x) = 1. 
х— 

() -6<x-1<0 > 1-8 <x<1 = f%) =x, Thn|(9)-15|-|x—-15|-15—x» 15—1— 0.5. 
Also,O<x-1<6 > 1<х<1+6 = f(x) = х 1. Then |f(x) — 1.5| = (х + 1) — 1.5| = |x — 0.5] 
=х- 0.5 > 1 – 0.5 = 0.5. Thus, no matter how small 6 is taken, there exists a value of x such that 
-ô <х-1 < быш 1.5] > 4 = lim f(x) #15. 

х— 

(а) For2<x<2+6 => h(x) 22 = |х) – 41 = 2. Thus fore < 2, [h(x) — 4| > e whenever 2 < x < 2 + 6 no 

matter how small we choose 6 > 0 = lim, h(x) 4 4. 
x 


(b) For2<x<2+6 => h(x) 22 = |х) – 3| = I. Thus fore < 1, [h(x) — 3| > e whenever 2 < x < 2 + ó no 
matter how small we choose 6 > 0 => lim, h(x) 4 3. 
Х-э 


(с) Еог2-6<х<2-> h(x) = x? so |h(x) – 2| = |x? — 2|. No matter how small 6 > 0 is chosen, x? is close to 4 
when x is near 2 and to the left on the real line => |x? — 2| will be close to 2. Thus ife < 1, |h(x) — 2| > є 
whenever 2 — 6 < x < 2 no mater how small we choose 6 > 0 = lim, h(x) 5 2. 

Х-э 
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Chapter 2 Limits and Continuity 


59. (a) For3—ó «x «3 = f(x) > 4.8 = |f(x) — 4| > 0.8. Thus fore < 0.8, |Кх) — 4| > є whenever 


3—6 < x «3 по matter how small we choose 6 > 0 = lim, f(x) Z 4. 
х >> 


(b) For3«x <3+6 = f(x) « 3 = |f(x) — 4.8| > 1.8. Thus for е < 1.8, |Қх)- 4.8| > e whenever3 <x « 34 ó 


no matter how small we choose 6 > 0 = lim, f(x) Z 4.8. 
A => 


(с) For3—ó6 «x «3 = f(x) > 4.8 = |f(x) 3| > 1.8. Again, for < 1.8, |х) — 3| > e whenever 3— 6 <x < 3 


no matter how small we choose 6 > 0 = lim, f(x) Z 3. 
Ж => 


60. (a) No matter how small we choose 6 > 0, for x near —1 satisfying —1 — 6 < x < —1 + 6, the values of g(x) are 


near 1 => |g(x) — 2| is near 1. Then, for € = 3 we have |g(x) — 2| > 5 for some x satisfying 
-1-6<х<-1-6,о:0<|х-Ц<6- lim , g(x) # 2. 
х-- 


(b) Yes, lim | g(x) = 1 because from the graph we can find a 6 > 0 such that |g(x) — 1| < eif 0 < |х — (—1)| < ô. 
хә – 


61-66. Example CAS commands (values of del may vary for a specified eps): 


Maple: 


f := x -> (x^4-81)/(x-3);x0 := 3; 

plot( f(x), x=x0-1..x0+1, color=black, # (a) 
title="Section 2.3, #61(a)" ); 

L := limit( f(x), х=хо ); # (b) 

epsilon := 0.2; # (с) 


plot( [f(x),L-epsilon,L+epsilon], x=x0-0.01..x0+0.01, 
color=black, linestyle=[1,3,3], title="Section 2.3, #61(c)" ); 

а := fsolve( abs( f(x)-L ) = epsilon, х=х0-1..х0+1 ); # (а) 
delta := abs(x0-q); 
plot( [f(x),L-epsilon,L+epsilon], x=x0-delta..x0+delta, color=black, titlez" Section 2.3, #61(d)" ); 
for eps in [0.1, 0.005, 0.001 ] do # (e) 

а := fsolve( abs( f(x)-L ) = eps, x=x0-1..x0+1 ); 

delta := abs(x0-q); 

head := sprintf(" Section 2.3, #61(e)\n epsilon = 9651, delta = %5f\n", eps, delta ); 

print(plot( [f(x),L-eps,L+eps], x=x0-delta..x0+delta, 

color=black, linestyle=[1,3,3], title=head )); 

end do: 


Mathematica (assigned function and values for х0, eps апа del may vary): 


Clear[f, x] 

yl: = L — eps; y2: = L + eps; x0 = 1; 

х ]: = (3x? — (7x + 1)Sqrt[x] + 5/(x — 1) 

Plot[f[x], (x, x0 — 0.2, x0 + 0.2}] 

L: = Limit[f[x], x — x0] 

eps = 0.1; del = 0.2; 

Plot[(f[x], yl, y2},{x, x0 — del, x0 + del}, PlotRange — (L — 2ерз, L + 2eps}] 
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2.4 ONE-SIDED LIMITS 


1. (a) 
(e) 
(i) 


(b) 


(d 


wm 


(b 


wm 


(d) 


5. (а) 
(6) 


8. (а) 


True (b) True (c) False 
True (f) True (g) False 
False 0) False (k) True 
True (b) False (c) False 
True (f) True (g) True 
True (j False (k) True 


Mon х) = 5 +1=2, um. f(x) =3-2=1 
No, lim, f(x) does not exist because lim f(x) Z lim f(x) 
х 2 х— 2+ х- 2 
: _ 4 _ ; 24 ЭР 
«Ша №) = ag bene ur ee 5+1=3 


Yes, іт f(x) = 3 because 3 = lim (х) = lim f(x) 
х— 4 х— 4" х—4* 


; zd ; " 
lim #00) = 3 =1, lim f) -3-2- 1,12) =2 


Yes, lim f(x) = 1 because 1 = lim х) = lim f(x) 
х- 2 x ЭР х—=>2" 
lim fx) = 3—(—1) =4, lim f(x)23-—(-1)—4 
x =] x — ТЕ 


Yes, lim #00) = 4 because 4 = lim х) = Пт f(x) 
х— –1 х— –1 xo -1* 


Section 2.4 One-Sided Limits 


(d) True 
(h) False 
( False 


(d) True 
(h) True 


No, tim ‚ f(x) does not exist since sin (i) does not approach any single value as x approaches 0 
x 


lim f(x) = lim 0-0 
х— 0 x— 0 


Шо f(x) does not exist because lim | f(x) does not exist 
х— 0 х— 0+ 


Yes, lim? g(x) = 0 by the sandwich theorem since —\/х < р(х) < x when x » 0 
х— 


Мо, lim g(x) does not exist since ух is not defined for x « 0 
Xx —> 


No, lim, g(x) does not exist since lim, _ g(x) does not exist 
x © —> 


(D lim Қх)-1- lim f(x) 
х— 1 x 1+ 
(c) Yes, lim, f(x) = 1 since the right-hand and left-hand 
х— 


limits exist and equal 1 


(b) lim f(x) 20-2 lim f(x) 
хэ 1+ х > 1 
(c) Yes, lim, f(x) = 0 since the right-hand and left-hand 
AX > 


limits exist and equal 0 
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10. 


11. 


13. 


14. 


15. 


16. 


17. 


18. 


Chapter 2 Limits and Continuity 
(a) domain: 0 <х € 2 NI-x , 0sx«1 
range: 0< y < landy = 2 Ч m : 22 
(b) im, f(x) exists for c belonging to aL | Я | 
(0, 1) U (1,2) 
(c) x=2 1 ——o 
(4) x=0 № 
1 > х 
0 1 2 
(a) domain: —oo < x < oo 


range: —1 <y < 1 
(b) im, f(x) exists for c belonging to 


(-oo, -1) U (-1, 1) U (1, оо) 12: | 


(с) попе 
(4) попе 


=<1, х=0 


x, -1<х<0 ог 0<х<1 
‚-| 
0, х«-1огх»1 


4-/1-у5- 


25) -(-54) (25255) = 0) (5) =1 


lim CETE vie +4h+5—- V5 _ lim ные (4 4h i) 
h > 0+ т ћ 12--48--5--4/5 
2 = 
— lim (h? +4h +5) —«O€ h(h 4-4) 044 2 


h— ot {зол h > 0+ (Уға, 5) | У5--ү5 v5 


; 
= 


©, dim, 


li 
d din, 
(b) Lm Е 


(+3) BEES = dim, 6+3) |5 e 
X> — 


-v5 + 18+6 _ jj V/6 — М5 + 11h+6 V/6 5? + 10h 4-6 
h EE h 2 
ћ— 0 Уб + V/ SI? + 11h+6 
6 — (5h? + 11h 4- 6) 2 „lim —h(5h +11) 20-0-11) _ 11 
h (63 Sh? + 11h 4 6) 7 в (6+ ул + 1th + 6) У6+ V6 2/6 


(x + 3) Ej = шин (x + 3) НЕ (Ix + 2] = (x + 2) for x > —2) 
х-- 


= dim © +3) = (2+3) =1 


(x2) (х--2|--(х--2) for x < —2) 


= uc (х + 3)(-1) = -(-24+3) = – 


Ужа = lim, Уш (Ix — 1| =x ^ 1 forx > 1) 


[x — 1| 


х 1+ 


= lim 2x = V2 
х— 1+ 


vaD — tim Маа) (x= Ц = —(x — D forx < 1) 
х — 


= lim -уж--у2 
х— 
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19. 


20. 


21. 


22. 


23. 


24. 


25. 


26. 


27. 


28. 


29. 


30. 


31. 


32. 


33. 


34. 


35. 


36. 


Section 2.4 One-Sided Limits 


а) lim, G=3=1 O lim 2-4 
(а) lim (t—|t]) 24-420 (b lim (t—|t]) =4-3=1 


90 V2 x50 * 


lim 32€ = lim E3EE = lim К -k lim 859 —Kk.] = К (where 0 = kt) 
0 t 1--0 t 0-0 0-0 
: sin3y — 1 4: 3sin3y _ 3 4: sin3y _ 3 |; sinü _ 3 mS 
EIS Goa um. зу Ека am Nw - "B. 9 A (where 0 = 3y) 
1. Эл үг 1 | — 1 211 E = 
Мин Замчин (1-225)-3 QD. qud — 3 (= т) =5-1= 3 (where 0 = 3h) 
: tan2X _ 1; (1%) pL i sin2x __ : 1 : 2sin2X| |. И = 
и, “у cc du Тн in koza = иш гэ ДИО тии 


lim 2 =2 lim b. =2 1 цэн = 2 ("lim cos t) а 
(— у tant (50 (ам) (— 0 sint t0 lim “H 


: XCSC2X __ 1; х 1 = 1 : 2x : 1 __ (1 _ | 
lim сов5Хх = lim (а Б сазы) ЕЕ (3 lim, vx ( lim, =) ES D : 1) 0) 7-2 


. n 2 g 
lim. 6x?(cot х)(сѕс 2х) = lim -6-<9х — 
х— 0 x— 0 Sinxsin2x 


lim х--хсовх __ lim ( х + X COS X | = lim ( X ,.1 ) + lim x 


x0 sin x cos x x0 sin x cos x sin X cos x x0 sinx  cosx x0 
= lim (=). lim. (-1-) + lim (=) = 1/1) +1=2 
х 0 “x Jim, (єх) + Jim, max СО) + 


lim “=x+sinx lim (х -— 4+ (90х)) =0-1+41(1)=0 


х 0 2х х 


" 1 — cos : (1-со80)(1--со80) 1: 1 — cos? 0 - 7 sin? 0 
JE. $120 Jm, (251 0 cos8)(1--cos0) | Лин, (28ш 0 сов0)(1--сов0) | am, (2sin 0 cos 0)(1 + cos 0) 
= lim шаг 0 0 


6 — o (2со80)(1--сов0) = (2)(2) = 


x(1 — cos x) — 1 lim (1=е®х) 1 
{ х-х созх _ ү; x(1 — cos x) 5 9x2 — 1; 9x _ __ 9x205 х _ 500) _ 
lim, sinàx 00 lim, sin23x lim, si3x о lim, sin3x)? 7 qgg(snxy ^ P 7 0 
T шин А od х (552) lim (355%) 


lim с >= lim 510 = | ѕіпсе0 = 1 —cost > Oast— 0 
t0 cost 00 0 

im, nk = Jim. 32? = 1 since? = sinh — базћ — 0 

— — 


sind 24 


0-0 sin 20 0-0 


: sin 5x __ 
lim біп4х = 


р sin5x | 4x 5ү. 5 ү; sin5x _ 4x – uds 
Jim, СЕБ: lim Е a) а 1 l=3 
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66 


37. 


38. 


39. 


40. 


41. 


42. 


43. 


44. 


45. 


46. 


4T. 


48. 


49. 


50. 


Chapter 2 Limits and Continuity 


lim 0cos0 =0.1=0 
0—0 


cos20 __ 
sin 20 


os 20 cos20 _ 1 
tear — m 1 Zoos 0-2 


= gim, sin 0 


lim sin 0 cot20 = lim чп0 
0-0 0-0 


{ап 3х __ 1: sin3x | 1 20011 sin3x | 1 ,8х 3 
х— 0 sin 8x = lim, (GRE um) = im, (GE sin8x 3х 2) 


— 3 lim (555) (342) (zik) — | ae = 3 


х— 0 


lim sin 3y cot 5y — ]lim sin Зу sin 4y cos Sy = yim, sin = sin 4у сов 5у 3-4-5у 
у-0 y cot 4y y—0 y cos 4y sin 5y cos 4y sin Sy 3-4-5у 
1. 


: sin 3 sin 4 5 cos 5 35 
x ( 5) ( 5) (25) (=F) G t) = 1-1- 


Jm нэ lim iy 
-0 ЕДЕ д— 09$ 


12: __ 
1-= = 


eli 


sin 5 


= йт ы ыл = glim, (797) (850°) ез) = OO) =3 


0 cos 40 (2511 Ө cos Ө)? — ji 0 cos 46 (4sin? 0 cos? 6) 
sinücos220sindÜ ^. 0-50 51120 соѕ220 sin 40 


= 40 cos 46 cos? 6 : 40 со840со820ү __ 1 со840со820ү __ 1 127 — 
ны gim, сов220 віп406 ^. = ші, ү со8220 ) = Ат, (> Y со8220 ) m (4) ( 2 ) =1 


Yes. If 5 ын, х) =L= " lim _ f(x), then lim, f(x) = L. If : шин f(x) # " lim _ f(x), then im, f(x) does not exist. 


lim £549 Yj ТЕП 


= 0 cos 40 sin?20 
00 $1120 сов20 ^. 0 0 sin? 20 6 с = 2m 


0 51120 со8220 5149 — m. 


Since dim, f(x) = Lif and only if lim, f(x) = L and Ж lim _ f(x) = L, then im, f(x) can be found by calculating 
хәс == m 
lim, f(x). 
х — ct 
If f is an odd function of x, then К—х) = —f(x). Given ий f(x) = 3, then lim f(x) 2 — 
х— x — 
If f is an even function of x, then К—х) = f(x). Given lim. f(x) = 7 then mu f(x) 2 7. However, nothing 
x x-- 


can be said about lim, f(x) because we don't know lim " f(x). 
LSS X 


І-(5,5--6) > 5 <х <5+6. Also, ух—5 Се => x—5«e > х <5 + е2. Choose 6 = е? 


= m. /МХ— 5 = 
х— 


1=(4–6,4)=4—6 <х <4. Аюю,/4-х<в-4-х<ж--х>4-е. Choose б = е? 


= lim 14-хХ-0. 
Х-э 


As x — 07 the number x is always negative. Thus, -(- 1) се => E st 1| <e => 0 < e which is always 
true independent of the value of x. Hence we can 2. апуб > Омић—6 «x «0 = lim - bi =-1. 

х— 
Since x — 2+ we have x > 2 and |x – 2| = x — 2. Then, EA 1 = |521 Се= 0<е 


which is always true so long as x > 2. Hence we can choose апу 6 > 0, and thus 2 < x < 2 + ô 


: x-2 __ 
« e. Thus, "um к = 1. 
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51. 


52. 


2.5 


10. 


11. 


12. 


Section 2.5 Continuity 67 


(a) lim |x] = 400. Just observe that if 400 < x < 401, then |x| = 400. Thus if we choose 8 = 1, we have for any 


X 


number e > 0 that 400 < x < 400 + 6 = ||х] – 400| = |400 — 400| = 0 < e. 
(b) lim _ [x] = 399. Just observe that if 399 < x < 400 then |x| = 399. Thus if we choose 6 = 1, we have for any 
X 


number е > 0 that 400 — 6 < x < 400 = ||х] — 399| = |399 — 399| = 0 < є. 
(c) Since : Шш, |x] = : Jim іх| we conclude that : lim [x | does not exist. 


(a) im uc E Vx = V0 — 0; vx — 0| Се > —є< \/х<є = 0 < х < e forx positive. Choose 6 = е? 
х— х— 


= li f(x) = 0. 
ao 


(b) lim f(x) = lim x? sin (2) = 0 by the sandwich theorem since —x? < x? sin (i) « x? for all x 7-0. 
х— х— 
Since |x? — 0| = |-x? — 0| = x? < e whenever |х| < \/e, we choose б = \/е and obtain |x” sin (1) — 0| < є 
if Có « x < 0. 


(c) The function f has limit 0 at xy = 0 since both the right-hand and left-hand limits exist and equal 0. 
CONTINUITY 
No, discontinuous at x — 2, not defined at x — 2 


No, discontinuous at x — 3, 1 — lim g(x) = е(3)- 1.5 
х— 


Continuous оп [—1, 3] 


Хо, discontinuous at x = 1, 1.5 = lim _ k(x) Z шин k(x) = 0 
P > х — 


(а) Yes (b) Yes, а #09 = 0 
(c) Yes (d) Yes 

(а) Yes, 1) = 1 (b) Yes, im, f(x) 22 
(c) No (d) No 

(a) No (b) No 


[-1,0) U (0, 1) U (1,22 U (2, 3) 
ҒО) = 0, since іт f(x) = —2(2)+4=0= lim ҒО) 
x> 2 x—2* 
f(1) should be changed to 2 — lim, f(x) 
X —> 


Nonremovable discontinuity at x — 1 because lim, f(x) fails to exist ( lim. f(x) = 1 and Lon f(x) = 0). 
х > X > х > 


Removable discontinuity at x = 0 by assigning the number lim, f(x) = 0 to be the value of КО) rather than КО) = 1. 
Жо» 


Nonremovable discontinuity at x = 1 because lim, f(x) fails to exist ( lim _ f(x) = 2 and ши, f(x) = 1). 
X => X > х — 


Removable discontinuity at x = 2 by assigning the number lim, f(x) = 1 to be the value of f(2) rather than f(2) = 2. 
=> 
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13. Discontinuous only when x— 2 = 0 => x=2 14. Discontinuous only when (x + 2)? = 0 > x = –2 


15. Discontinuous only when x? — Ax +3 = 0 > (х—3)(х—1)=0 х= Зогх = 1 


16. Discontinuous only when x! — 3х — 10=0 = (x—5)x + 2) = 0 х= 5 огх = —2 

17. Continuous everywhere. (|x — 1| + sin x defined for all x; limits exist and are equal to function values.) 
18. Continuous everywhere. (|x| + 1 4 0 for all x; limits exist and are equal to function values.) 

19. Discontinuous only at x — 0 


20. Discontinuous at odd integer multiples of 5, i.e., x = (2n — 1) 5, n an integer, but continuous at all other x. 


пл 


21. Discontinuous when 2x is an integer multiple of 7, i.e., 2х = пл, п ап integer = x = "7, nan integer, but 


continuous at all other x. 


лх 


2 
integer (1.е., x is an odd integer). Continuous everywhere else. 


22. Discontinuous when = is an odd integer multiple of 2: 1.е., РЕ = (2n- 1) Зэ пап integer => x = 2n — 1, пап 


23. Discontinuous at odd integer multiples of 2, i.e., x = (2n — 1) 5, п an integer, but continuous at all other x. 


24. Continuous everywhere since x* + 1 > 1and —1 С sinx <1 > 0 < six <1 = 1 + sin?x > 1; limits exist 
and are equal to the function values. 
3 


25. Discontinuous when 2x + 3 < Оогх < — 5 > continuous on the interval [ 


3 
m 


oo). 
26. Discontinuous when Зх — 1 < Оогх < i — continuous on the interval [5, со) 3 


27. Continuous everywhere: (2x — 1)1/3 is defined for all x; limits exist and are equal to function values. 


28. Continuous everywhere: (2 — х)!/? is defined for ай x; limits exist and are equal to function values. 


29. Continuous everywhere since im, ax 6 — lim &-36 02) = im, (x +2) = 5 = g(3) 


хәз = 
30. Discontinuous at x = —2 since M lim " f(x) does not exist while f(—2) = 4. 
31. lim. sin (x — sin x) = sin (7 — sin л) = sin (m — 0) = sin т = 0, and function continuous at x = т. 


32. m sin (5 cos (tan 0) = sin (5 cos (tan (0))) = sin (5 cos (0)) = sin (5) = 1, and function continuous at t = 0. 


33. lim, sec (у sec? y — tan? у — 1) = lim, sec (y sec? y — sec? у) = lim, sec ((y — D) sec? y) 2 sec((1 — 1) sec? 1) 
Ханы у= y= 


= sec 0 = 1, and function continuous at y = 1. 


34. im, tan (т cos (sin xi] — tan (т cos (8ш(0) | = tan (1 cos (0)) = (ап (=) = 1, and function continuous at x = 0. 
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35. 


36. 


37. 


38. 


39. 


40. 


41. 


42. 


43. 


44. 


45. 


46. 


Section 2.5 Continuity 69 


Е T= Va and function continuous at t = 0. 


lim cos | | = cos | ————— = cos = cos 
(— 0 М19 —3 sec 2t 19 – 3 sec 0 У16 4 


lim, ‚Усе х+5\/З tan x = се? ( (2) ) + 5/3 tan (=) = 4+5/3 (+) = V9 = 3, and function continuous at 
х=. 
g(x) = 5=> = gre =x+3,x #3 = (3) = lim (к+3) = 6 

х— 


h(t) = 542540 = В 145,172 => hQ) = lim (t+5)=7 


1-1 = tst DeD 2 Мазал шиг КЕЗЕ _ 3 
к= те meDe-D — aet 97! = fa) = Jim, (555 j=; 


__ x'-16 _ (x-4x-4) _ x44 211 х-4ү _ 
g(x) = едер 1:074 => g4) = lim, (37) == 


As defined, im f(x) = (3)? — 1 = 8 and шин (2а)(3) = 6a. For f(x) to be continuous we must һауе 
х— 


ба — 8 шэг 


Аз дећпед, lim, g(x) = —2 and m. g(x) = b(—2)? = 4b. For g(x) to be continuous we must have 
х— -— кз 
4b = -2 > b--i. 


As defined, lim f(x) = 12 and шан f(x) = a^ (2) — 2a = 2a? — 2a. For f(x) to be continuous we must һауе 
х— х— 


12 = 2 – 2а > а = Зога = —2. 


Аз дећпед, „іш. g(x) = 0—0 = BI 2 and Jim, g(x) = (0 Г +b = b. For g(x) to be continuous we must һауе 

= =b > ђ=богђ= —2. 

As defined, lim _ f(x) = —2 and lim, f(x) = a(—1) + = —a + b, and lim _ f(x) = a(1) + b = a + b and 
Хо х— — х— 


шир f(x) = 3. For f(x) to be continuous we must have —2 = —а + b and a + b = 3 > a= 3 and b = A 
X => 2 


As defined, lim. 8(х) = а(0) + 2b = 2b and lm. g(x) = (0)? + За — = За — b, and 
х > 
цэн g(x) = p +3a—b=4+3a—b ші іш, g(x) = 3(2) — 5 = 1. For g(x) to be continuous we must 
Х-» х —> 
have 2b = За — band 4 + 3a — b = 1 = а = –3 andb = – 2. 
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47. Тће function can be extended: КО) ~ 2.3. 48. Тһе function cannot be extended to be continuous at 
x = 0. НКО) = 2.3, it will be continuous from the 
right. Or if ко) = —2.3, it will be continuous from the 
left. 


49. Тће function cannot be extended to be continuous 50. The function can be extended: КО) ~ 7.39. 
at x = 0. If f(0) = 1, it will be continuous from 
the right. Or if f(0) = —1, it will be continuous 
from the left. 


-0.01 -0.005 


51. f(x) is continuous on [0, 1] and (0) < 0, f(1) > 0 
— by the Intermediate Value Theorem f(x) takes 
on every value between КО) and КТ) = the 
equation f(x) = 0 has at least one solution between 
x = 0and x = 1. 


52. cosx =x = (cosx) - x = 0. Их = т cos ( т) ( т) > 0. If = Z, cos (5) — © < 0. Thus cosx - x = 0 


for some x between — a and Т according to the Intermediate Value Theorem, since the function cos x — x is continuous. 


53. Let f(x) = x? — 15x + 1, which is continuous on [—4, 4]. Then f(—4) = —3, f(—1) = 15, КГ) = —13, апа f(4) = 5. 
By the Intermediate Value Theorem, f(x) = 0 for some x in each of the intervals —4 < x < —1, -1 < x < 1, and 
1 <x <4. That is, х? — 15x + 1 = 0 has three solutions in [—4, 4]. Since a polynomial of degree 3 сап have at most 3 
solutions, these are the only solutions. 


54. Without loss of generality, assume that a < b. Then F(x) = (x — a)? (x — b)? + x is continuous for all values of 


X, so it is continuous on the interval [a,b]. Moreover F(a) = a and F(b) = b. Ву the Intermediate Value 


a+b a+b 
> 


Theorem, since a < “2” < b, there is a number c between a and b such that F(x) = 
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55. Answers may vary. Мое that f is continuous for every value of x. 
(а) КО) = 10, f(1) = 1? — 80) + 10 = 3. Since 3 < т < 10, by the Intermediate Value Theorem, there exists a c 
so that 0 < c < 1 and Кс) = т. 
(b) КО) = 10, f(—4) = (—4)? — 8(—4) + 10 = —22. Since —22 < -J3 « 10, by the Intermediate Value 
Theorem, there exists a c so that —4 « c « 0 and f(c) — =+\/3. 
(с) КО) = 10, 1000) = (1000)? — 8(1000) + 10 = 999,992,010. Since 10 < 5,000,000 < 999,992,010, by the 
Intermediate Value Theorem, there exists a с so that 0 < c < 1000 and Кс) = 5,000,000. 


56. All five statements ask for the same information because of the intermediate value property of continuous functions. 
(a) A root of f(x) = x? — Зх — 1 is a point c where f(c) = 0. 
(b) The points where y = x? crosses y = 3x + 1 have the same y-coordinate, or y = x? = 3x + 1 
=> fx) -2x-3x-1-20. 
(с) xi - Зх «1 = x? —3x— 1 = 0. The solutions to the equation are the roots of f(x) = x? — Зх — 1. 
(d) The points where у = x? — Зх crosses у = 1 have common y-coordinates, or y = x? — 3x = 1 
=> Қх) = х? – 3х – 1 = 0. 
(e) The solutions of x? — 3x — 1 = 0 are those points where f(x) — x? — 3x — 1 has value 0. 
sin(x — 2) 
x-2 


57. Answers may vary. For example, f(x) — is discontinuous at x — 2 because it is not defined there. 


However, the discontinuity can be removed because f has a limit (namely 1) as x — 2. 


58. Answers may vary. For example, g(x) — = has а discontinuity at x = —1 because lim i g(x) does not exist. 
х— – 


( lim. 2(х) = —ooand lim 260) = +оо.) 
ХТ хә —1* 


59. (a) Suppose хо is rational => Кхо) = 1. Choose є = i. For any 6 > 0 there is an irrational number x (actually 
infinitely many) in the interval (хо — ô, хо + 6) => f(x) = 0. Then 0 < |x — xo| < 6 but |f(x) — f(xo)| 
=> = i = €, SO , im, : f(x) fails to exist — #15 discontinuous at хо rational. 
On the other hand, хо irrational = f(xo) = 0 and there is a rational number х in (хо — ô, Xo + 6) = f(x) 
— ]. Again , im, : f(x) fails to exist — #15 discontinuous at хо irrational. That is, f is discontinuous at 


every point. 
(b) f is neither right-continuous nor left-continuous at any point хо because in every interval (хо — ô, хо) or 
(Xo, Хо + 6) there exist both rational and irrational real numbers. Thus neither limits 3 lim _ f(x) and 
ш 


lim, f(x) exist by the same arguments used in part (a). 
X —* Xo 


60. Yes. Both f(x) = x and g(x) = x — 1 are continuous on [0, 1]. However 100 is undefined at x = 


1 . 
5 а(х) 5 Since 


g (3) =0 = w is discontinuous at x = 1. 


61. No. For instance, if f(x) = 0, g(x) = [x], then h(x) = 0 ([х]) = 0 is continuous at x = 0 and g(x) is not. 


62. Let f(x) = гт and g(x) = x + 1. Both functions are continuous at x = 0. The composition f o g = f(g(x)) 
1 


= бут = 1 18 discontinuous at x = 0, since it is not defined there. Theorem 10 requires that f(x) be 


continuous at g(0), which is not the case here since g(0) — 1 and f is undefined at 1. 


63. Yes, because of the Intermediate Value Theorem. If f(a) and f(b) did have different signs then f would have to 
equal zero at some point between a and b since f is continuous on [a, b]. 
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64. Let f(x) be the new position of point x and let d(x) — f(x) — x. The displacement function d is negative if x is 
the left-hand point of the rubber band and positive if x is the right-hand point of the rubber band. By the 
Intermediate Value Theorem, d(x) — 0 for some point in between. That is, f(x) — x for some point x, which is 
then in its original position. 


65. If f(0) = О or f(1) = 1, we are done (1.е., c = О or с = 1 in those cases). Then let КО) = а > 0 and f(1) =b < 1 
because 0 < f(x) < 1. Define g(x) = f(x) — x = gis continuous оп [0, 1]. Moreover, g(0) = КО) — 0 = a > 0 and 
200) =) -1=Ъ-1<0 = by the Intermediate Value Theorem there is a number c in (0, 1) such that 
g(c) 20 = Кес) — с=0огКс) = c. 


66. Lete = fol > 0. Since Ё is continuous at x = c there is a > 0 such that |x — c| <6 = |f(x) – Қс) < є 
= f(c)— e < f(x) < f(c) + є. 
If f(c) > 0, then € = 4 f(c) => 1 f(c) < х) < 8 f(c) => f(x) > 0 оп the interval (с — 6,c + 6). 
If f(c) < 0, then € = — 1 Кс) = 3 Кс) < f(x) < 1 Кс) = f(x) < Оор the interval (c — 6,c + 6). 


у  f(c)*e 


67. By Exercises 52 іп Section 2.3, we have lim, f(x) = L © lim, f(c +h) 2 L. 


Thus, f(x) is continuous at x = c <> Іш f(x) = Ко) = Шин, f(c +h) = f(c). 


68. By Exercise 67, it suffices to show that im, sin(c + h) = sin c and Jim, cos(c 4- h) — cos c. 
Now lim sin(c +h) = lim [(si h in h)] = (sin c)( lim cos h) + (cos c) ( tim sin n) 
ow lim sin(c 4- h) lim, (біп с) (cos В) + (cos c)(sin h)] = (sin с) Jim cos + (cos c) Jim зіп 
By Example 11 Section 2.2, Jim cos h = 1 and Jim sin h=0. So шит, sin(c + h) = sin c and thus f(x) = sin x is 
continuous at x — c. Similarly, 
Jim, cos(c + h) = Jim, [(cos c)(cos h) — (sin c)(sin h)] = (cos c) (т cos h) — (sin c) (Ыт sin h) = cos с. 


Thus, g(x) = cos x is continuous at x = c. 


69. x z 1.8794, —1.5321, —0.3473 70. x z 1.4516, —0.8547, 0.4030 
71. x ~ 1.7549 72. х ға 1.5596 

73. x ғ 3.5156 74. x = —3.9058, 3.8392, 0.0667 
75. х ғ 0.7391 76. х ғ —1.8955, 0, 1.8955 
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2.6 LIMITS INVOLVING INFINITY; ASMYPTOTES OF GRAPHS 


1. (а) lim f(x) = 0 (b) 
(c) : lim, f(x) 22 (d) " 
(e) umo f(x) = —1 (f) 
(g) Jim, f(x) = does not exist (h) 


() (Іт f(x) =0 


X 


X 


X 


dui. f(x) = —2 
lim, f(x) = does not exist 
lim _ #09) = +оо 


lim, f(x) =1 


2. (а) lim f(x) = 2 (b Ша f(x) = —3 
x4 x—2* 
(c) lim х) =1 (d) lim, f(x) = does not exist 
x2 x2 
(e) Іт х) = +оо (f Іт х) = +оо 
х— —37 х---3 
(g) lim, f(x) = +оо (h) lim f(x) = +оо 
x —3 х— 0+ 
() Пт f(x) = —oo () lim f(x) = does not exist 
х— 07 х—0 
(К) „шп f(x) = 0 @ , lim fx)——1 
Note: In these exercises we use the result lim — —L = 0 whenever ™ > 0. This result follows immediately from 
xc ioo => n 
. . {i . 1\ m/n . 1 m/n 
Theorem 8 and the power rule in Theorem 1: lim (48) = lim (1) = ( lim 1) = 0"" = 0. 
х— doo х— то X —> -r oo 
3. (a) —3 (b) —3 
4. (a) m (b) т 
5. (а) 5 (b) i 
6. (a) 4 (b i 
7. а) -3 (b) -3 
8. (a) j (b) j 
9 -і < чалх < i = lim. Шы = 0 by ће Sandwich Theorem 


10, — 4 < c 1 > 


11. lim 


: ше А 1 + (sir) : í 
r+sinr (ЭР : 2 +0 1 
12. r lim. 2r+7—5sinr = , lim. 242-5 (1) r= oo 


: 2+ 
13. (а) = lim, $> =} (b) 2 


x— оо 5x+7 
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(same process as part (a)) 


. Publishing as Addison-Wesley. 


73 


www. гетепд. 15 


74 Chapter 2 Limits and Continuity 
7 
. 2х +7 А 24 (от 
14. (а) , lim, 48222 11; lim, i СВ = 2 
Б) 2 (ѕате ргосеѕѕ аз рагі (а 
р р 
| 1 : 1-3 
15. (а) те P ER = lim. 1 5 -0 (b) 0 (same process аз part (а)) 
: 3x+7 м iti 
16. (a) , lim. 32-3 = , lim, | =0 (b) 0 (same process аз part (а)) 
. 3 . 
17. (а) х lim. = iS m = , lim, i T 5 =7 (b) 7 (same process as part (a)) 
. 1 А = 
18. (а) те шіп , lim. i aa =0 (b) O (same process as part (a)) 
: 10x5+x4+31 n 5-5 
19. (а) , lim. кела = „шп. ~ =0 (b) 0 (same process аз part (а)) 
Р Ox +x КЕ 5 9+5 _ 9 
20. 00. ШИ. ст DH oo ey 
b) 2 (same process as part (a 
2 р р 
рї, a На 2228-5483. бы 2 
· (а х m. 3x3 + 3x? 5х — x ШЫ, 343-3 = 3 
b) — 2 (same process as part (a 
3 Р Р 
1 —х = 1 -1 = 
22. (a) , lim. x4 — 7х3 + 7х2 +9 = lim, 1-1-2-3 =e 
b) —1 (same process as part (a 
р р 
$ 2-3 _ В 8-3 : 8-3 2 8-0 _ = 
23. lim. ЫЗ = dg Gt = "X Ped 
1/3 1_1\3/ 122 1307 
: хх ; 1+:- 2 22 Р DE _ (ix0-0 1/3 (1411/3 _ 1 
24. . lim (ы) = im. ( ә) = шш = ep es = 
1 зү? 1-х 9 1-х 5 0-- 5 
Ы —х 2 : x2 = : x2 ES = 
25; „dim (25) - uim. (5 ) = (пой У = (Sq) =% 
1-5 1.5 1.5 "cu 
4 о = = 1 x x2 1 х х2 == 225 == = 
26. lim yga lim, d + = im z = үтер = V0=0 
2 1 2 
: 2 5 : яв) +05 ; 2 Я qa) +1 
27. lim 27555: — tim (za) ( ) 0 28. lim 2545- њи (5) lj 
х= бо 3-7 x — 00 3-1 => оо 2-х x> (32) -1 
Vx-Yx __ ; ]-x0/9-0/3) — ев) ЖЬ 
29. «ДЕ» Very x Moo тууйт =x HM, Ty = 1 
. -1 xy . x+5 
30. lim = lim х = ОО 
X00 X х оо 1-; 
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31. 


32. 


33. 


34. 


35. 


36. 


37. 


39. 


41. 


43. 


45. 


46. 


47. 


49. 


51. 


52. 


53. 


Section 2.6 Limits Involving Infinity; Asymptotes of Graphs 


5/3 _ „1/3 2х6 — + 
lim. 2-х 7 = , im. cL = 00 
х оо х9/543х-/х  x- оо ERI 
Vx — 5x43 33-543 
lm Vt lim eae 
х оо 2х+х2/8-4 х oo 2+ 45 -ї 2 
х! 
lim ух 1-2 ! үх + уха li \//(х? +1)/х?° __ Їйї мМ1+1/х2 _ \/1+0 — 1 
х= оо х+1 ^ x—00(x-D/V/x) x00 (x-1)/x хоо (1+1Х) ^ (+0 = 
lim e+l __ lim Vet уха — lim V(x? +1)/x? __ lim МЕ = ^ 2-1 
x= =o x+]! ^ х-3-00 (x - D/ Vx ^ x —oo (x4 D)/(-x) xul — 1/х) -1-0) — 


li х—3 lim “(х-3у/ух _ lim 23/7. = jim 02:34 = 0-9 — 1 
х — 00 y 4x? + 25 xs Vax +25 /, х оо \/ (4x2 +25) /x? х со y4+25/x? М4+0 2 

li A= 3% im (4— 3х?) у хе 3х3) / у хе lim (4-33)/(-) _ li. (-4/Ó3 (043) _ 3 
х— Росе) XS —oo Vx6-9/ /xX6 х--оо (х6 +9)/х6 х 00 //1--9/х v 14-0 

: о розшуе : B. a positive 
x Шш ax ОО (mss) 38. x шэн 2х 7099 6-3 

: 3 — positive : КЕМЕР розшуе 
um. x-2 — 99 (ЕШЭ 40. 2. х 3 = 00 ( 23 

lim po Aq negative 42 lim E negative 
x —gt x+8 — ЭЭ positive "xo-5- 25410 — og negative 

4 2 розшуе : "EE 21 _ negative _ 
lim «7? — ositive 44. lim х х-1) 22 v9 ositive-positive 
хә? р х- 0 р р 
(а) Hm, зан = 00 (6) 1 шэн зал со 
(а) lim — = оо (b lim — =- 
х—0+ х х— 07 х 

lim +5 = li = со 48. lim 25 = lim — = oo 
хәб 0° xo (xs x30 08 х-э0 (киз) 

lim, tan x = oo 50. lim secx = oo 
>G x> (2) 


, im. (1 + esc 0) = — 


2 um, (2 — cot 0) = —со and 2 lim. (2 — cot 0) = оо, so the limit does not exist 


(a) : шин c = к шин ээ -- ОО го жыш) 
(b) А lim. эн заг” lim. aes = —00 (scs Lom) 
(c) x dim; аң = 1 mm. Е = —00 (cse: Lam) 
(d) x lim, тү = ~ lim, Е = ОО (а теріге) 
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54. 


55. 


56. 


57. 


58. 


59. 


60. 


61. 


(a) 
(b) 
(с) 
(d) 


(a) 
(b) 
(с) 


(4) 


(а) 
(с) 
(4) 


(а) 
(b) 
(с) 
(4) 
(е) 


(а) 
(5) 
(с) 
(d) 
(e) 


(a) 


(a) 


(a) 
(с) 


Chapter 2 Limits and Continuity 


со эт = em DED = ОО 05:23 
um. EI = um. (xr Da«-D = —00 65-03 
LX n (js zane) 
Y lim. 201 = à lim. GTDG-D = —00 ithe) 
am, $-i-0- lim = = —oo (==) 
zm. 7750+ lim EP 29 

lim 5 1 2 2 ae 271/3 1/3 0 
x Và 
lim, $-1-1- (30 =) 
Qm, Edo (ша) im, Edo (8) 
dim Ezio lim, ма» 24-0 
Um. x = * 
жийн "rM dim, “aaa = іш, сла 
Jm, Grea = lim, акта m La 
LINE M 
um, Sergio іш, ONE = im. o пу = 

E xi» = 09 5-3 
апа um. ced 00 (е) 
so Фе function has по limitas х — 0. 
іш [2 $] = ос (у lim [2— 8] = ос 
dim, [gs +7] = O im [87] = о 
am, [deem] e ә [ders] e 
im, [de rn] = © 4) im [ge + сэ = о 
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Section 2.6 Limits Involving Infinity; Asymptotes of Graphs 


1 1 1 2 : 1 1 = 
62. (a) Tor [ нэ sm] = oo (b) um. Е (х- рет = —00 
У 1 1 2 : 1 1 = 
= = 1 
63. y = 4 64. у= уут 
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78 Chapter 2 Limits and Continuity 


71. Here is one possibility. 72. Here is one possibility. 


ое mmm ее 


75. Неге is опе possibility. 


77. Yes. If lim X9. = 2 then the ratio of the polynomials' leading coefficients is 2, so lim © = 2 as well. 
x= оо g(x) х — —oo g(x) 


78. Yes, И сап have a horizontal or oblique asymptote. 


79. At most 1 horizontal asymptote: If , lim. w = L, then the ratio of the polynomials' leading coefficients is L, so 


Ша 9 = L as well. 
х > —oo g(x) 


80. lim. (Мх+9- ух-4) = dim, | Vx+9- Vx+4] [2-9 = lim 5:9 818 


— oq 5 = qn ух О - 
= , lim, v. =. Ци, TERTE Toi = 0 


i 2 2 2. = ү 2 2 ‚| уха+25+ vx -1| _ 1: (x? +25) - (х2 - 1) 
и, унь, (VFS VET) = im, [vires VT] [ЕЕ ЕШ = m, зең 


26 


= lim = lim ~ =, e 
x00 (/х2-425-/х2-1 х 00 ү1-3-41-3 1-1 
х хе 


82. , lim, (Vx? c3 + x) = „то | 2+3 +x] - КЕН е. Ша асы) 


Ve+3— о Vxi-3-x 
3 
_3 
= lim ——-— = lim ——“—= lim x = 0 = 
Хх—>— об yx?r3-x х — —oo 12 х — —oo vitae 141 0 
x Và 32 
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Section 2.6 Limits Involving Infinity; Asymptotes of Graphs 79 


83. lim (2х + VÆ +3х -2) =, шп [xe t 3х2). жеуі). цш Әне зы 


X оо 2х 
=3х +2 28x42 2 
2 = А 72 . . 3-2 
х оо 2x 4х2--3х-2 х oo = 443-4 хә соо 2k _ 443-3 X——600 2-4 2-3 
_ 3-0 | 3 
I LEE 
: Й \/9x2 -x + 9x? — x) — (9x? 
84. _ lim (Мою =x – 3x) = =_ lim КЕЗ X 3x] 4 == э) = = lim 1 peo) (x°) 
х — оо х — оо М9х2 — x + 3х х9 0O 2/9х2-х-3х 
x 
= lm = —=— = lim, ~ = lim -———-4Hh--i 
X — 00 Joe —x+3x — х= 60 M + х — 00 ү9-143 3-3 6 


X — оо х2 + 3х + 2х 


85. lim. 2. po Vx 2x] - | 2 z х2 a] — dm E9 02-2) = = 


= lim 3 = => 
E Е ee х | X — O0 y1+2+y1-2 1+1 2 


ях 


X00 үх -х- 


. : x? Vx? —x х +x х2-х 
86. , lim, Е lim. pus Vx ІШЕ ye] = lim rM 


= , lim, маға =x = im, Viti s = т = 
87. For any Е > 0, take М = 1. Then for all x > М we have that |f(x) — k| = |k- k| 2 0 < є. 
88. For any e > 0, take М = 1. Then for all y < —N we have that |f(x) — k| = |k — k| = 0 < є. 


89. For every real number —В < 0, we must find a ô > 0 such that for all x, 0 < |x — 0| <6 = = < —B. Now, 
-L«-B«0e L5B»0ex«iel|x«dJ vs Choose ô = 7 , then 0 < |х| < ô > | <% 


= = <-Bsothat lim — 4 = —oo. 
5 x0 x 


90. For every real number В > 0, we must find a 6 > 0 such that for all x, 0 < x — 0| <6 = iT > B. Now, 


a > B> 0 |х| < в. Choose б = р. Then 0 «x -0| <6 > |х| < $ > р 


>Bsothat lim + = оо. 
| х— 0 


[х 


91. For every real number —В < 0, we must find a > 0 such that for all x,0 < [x – 3| <6 = Ая < —B. 


Now, „225 < -B«0 + тэ > B>0 $ 5, 22160 3? < 2 e 0«[z-3| < 4/2. Choose 


БЭ ane ded => <= <-В < 0sothat lim 
х x3 


= 22 
«37 — 7 99. 


92. For every real number В > 0, we must find a 6 > 0 such that for all x, 0 < Ж (-5| «6 = зу > B. 
Now, Guy >B>0 6 (х+52< $ © |х +5] «d F Choose 6 = T Then 0 < |х-(-5) < 6 


=> Ix + 51 < 7s => узу > Bsothat lim, со. 


GIA = 


93. (а) We say that f(x) approaches infinity as x approaches хо from the left, and write В lim f(x) = oo, if 
— Ха 


for every positive number B, there exists a corresponding number 6 > 0 such that for all x, 
Ххо—6<х<х => f(x) > B. 


(b) We say that f(x) approaches minus infinity as x approaches хо from the right, and write Іші, f(x) = —oo, 
х ху 


if for every positive number В (or negative number —B) there exists а corresponding number 6 > 0 such 
that for all x, xo < x < Xo +6 = f(x) < —B. 
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94. 


95. 


96. 


97. 


98. 


Chapter 2 Limits and Continuity 
(с) We say that f(x) approaches minus infinity as x approaches хо from the left, and write 3 lim _ f(x) = —oo, 
TUO 
if for every positive number В (or negative number — B) there exists a corresponding number 6 > 0 such 
thatforallx,xo —ó < x Сх = f(x) < —B. 
ForB >0,+>В>0 => хе, Choose 6 = 4. Треп 0 Сх<6 = 0<х<% = 1 > B so that Ші, P = оо. 
Х-- 
БогВ>0,:<-В<0<-і>В>0<-х<%  – р <x. Choose ô= 2. Then —ô <x <0 
=> 2 <х => 1<-Bsothat lim : = —oo. 
х х — 0 X 
For B > 0, == < -В © сы >В © -(x 2) «4 = х-2> Ё e х»2-. Choose 6 = 2. Тһеп 
2–6<х<2 = -6<x-2<0 5 -i«x-2«0-2 4, <-В < 050 that lim = =o. 
2 xc 


For B > 0, +, > B > 0<х-2<1. Choose ô = ү. Тһеп2<хХ<246--0<х-92<6- 0<х-2<1 
= = > В > 0so that lim | == = оо. 


х— 2 


For В > 0and0 <x < 1, z >B © 1-х < $ e (0—x)14x)« 4. Now H= < 1 ѕіпсех < 1. Choose 
6< $. Твеп1—6<х<1 = -6<x-1<05 1-x«ó«d = ДИ – да +) < 1 (Е) < 


= === > В!ог0 <x < Land x near 1 = lm 1 = оо. 


x—1- 1-х 


100. у= 2+1 =х+1+ 5 
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Section 2.6 Limits Involving Infinity; Asymptotes of Graphs 8l 


103. у= *=!=x-} 104. у= + =х+ 1 


x2 


105. y = —^ 


X 


пераја знана aem 


107. y = х2/ di 108. y = sin (=) 


109. (a) y — oo (see accompanying graph) 
(b) y — oo (see accompanying graph) 
(c) cusps at x = + 1 (see accompanying graph) 


X 


110. (а) y — Oandacusp at x = 0 (see the accompanying 
graph) 
(b у— 3 (see accompanying graph) 


(c) a vertical asymptote at x — 1 and contains the point 


(-, an) (see accompanying graph) 
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Chapter 2 Limits and Continuity 


CHAPTER 2 PRACTICE EXERCISES 


1. Аїх= =: lm х) = lim х) = 1 
х— –1 Хэ-г 


Atx—0: lim ЕК) = lim #х=0 = Ши f(x) = 0. 
х— 0 х— 0+ х 0 


=> Іш 6) = 1= 6-1) 
х— – 


=> fis continuous at x = —1. 


But (0) = 1 4 lim f(x) 


— fis discontinuous at x = 0. 
If we define f(0) = 0, then the discontinuity at x = 0 is 
removable. 


Atx=1: lim f(x)=-—land lim f(x)— 1 
xo 17 х 1+ 


2. Мх=—1 lim х) = Оаа lim х) = – 
х— –17 xo -1* 


Atx=1: lim (х) = Ш х) = 1 = lim f(x) = 1. er 
х- 1 х 1+ х- 1 


3. (а) 


(b) 
(с) 


о 


(4) 
(е) 


( 
(в) 


(8) 


са, > 


4. (а) 
(b) 


(с) 
(4) 


=> lim f(x) does not exist 
х- 1 


— fis discontinuous at x = 1. 


=> lim " f(x) does not exist 
х 


0, х5-1 
= fis discontinuous at x = — 1. fi) = 1% ee х|<1 
0, 


Аїх = 0: Іш Кх)= —ooand lim, f(x) = oo 1, х>1 ik 
x0 х > 0" 


=> Ши Қх) does not exist “a ak ! 
х— 0 


— fis discontinuous at x = 0. 


Butf(1) = 0 ~ lim, f(x) 
x 
— fis discontinuous at x = 1. 


If we define f(1) — 1, then the discontinuity at x — 1 is 
removable. 


Jim (380) =3 lim f(t) 237» = –21 


Jim. (69): = (аі: lim КО * 2(-m = 49 


Jim (KO - (0) = ГЭ (0- lim в()-(-70)-0 


fim “O = шеші a ИН е 
t— 8057 _ (0-7 Ша g(t) — Ша7 0-7 


lim cos (g(t)) = cos ( lim e) =cos0= 1 
1-9 to t — 0 
Jim, I0] = | tim 9] = 1-71 =7 


lim (f(t) + g(t)) = lim КО + lim g(t) = –7+0 = —7 
t — to t — to t — 0 


lim ( 1 ) = д 1 = 1 = 1 
t= to f(t) im f(t) -7 7 


Jim —gG) = — lim gà) = – V2 
dim (g(x) - #09) = Jim, 200 - lim, f(x) = ( v2) OR 
Jim, (f(x) + g(x)) == Jim, f(x) + Jim, а(х) = 1 a: J2 


: Їл, ва _ ви 
im, П) Tim foxy) ~ 1 =2 
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10. 


11. 


12. 


13. 


14. 


15. 


Chapter 2 Practice Exercises 


e) lim (x+f(x)) = lim x+ lim fq) = 0+1 = 1 
(e) lim, (x + Кх)) um, + lim f(x) +5=5 
: lim f(x)- lim cos х 1 
: f(x)-cosx __ x50 0 = ( )ay _ 1 

(f) Jim, ХТ = limx— Т 0-1 5 


біпсе lim, х = 0 we must have that lim, (4 — g(x)) = 0. Otherwise, if lim, (4 — g(x)) is a finite positive 
5 AS = x= 


number, we would have lim, _ [=e] = —ooand lim [=e] = œ so the limit could not equal 1 as 


х— х— 0+ 


x — 0. Similar reasoning holds if lim, (4 — g(x)) is a finite negative number. We conclude that lim, g(x) =4. 
х— х— 


2= 


(since lim g(x) isaconstant) > Ши g(x) = = =- 
х > 0 х— 0 E 


(a) 


х E [x Jim, 200] E х ни 4 m х ш 1 Ш ёо) нан х на, Ш 20) яа м gx) 


1 
72° 


lim. f(x) = Jim, x!/? = суз = f(c) for every real number с => f is continuous on (-оо, оо). 
х с х с 


83 


(b) lim g(x) = lim. х3/4 = ¢3/4 = g(c) for every nonnegative real number c = р is continuous оп |0, оо). 
(c) lim h(x) = dim, хон Әл = h(c) for every nonzero real number с => В is continuous оп (—oo, 0) and (—oo, ос). 
(d) Jim k(x) = Jim x Ha de = k(c) for every positive real number c => К is continuous on (0, oc) 


(a) U ((n — t)r, (n + ES , where I = the set of all integers. 


: х2-4х-4 — y (x-2(x-2) _ |. х-2 5 — | 
(а) Jim, SIS pu = lim, x 7-32 = lim Warn А Ж 2› the limit does not exist because 
x—2 PI 20 
im. хот м. SIT со 
ХДД 2_, че (х= 2)(х=2) _ Ж Оа 
(b) Jim, x) 5x2 — dx = lim, xx + 7)(х —2) = lim, ха, апа Jim, xxi» = 29) =0 
; х2--х М x(x + 1) aA х--1 m 
(a) Jim) zs = Ш, утра окт) ims eather = ис wary У 0 andx # —1. 
4x = 
Now | lim 8611) = = poand lim, экв = = оо = im, теа T ОО- 
2200 x(x + 1) = 
(b) өйт, И XQ EXE], lim | о The limit does not 
1 CRM мын 
exist because lim _ rp coand lim, SOLD — oo. 
. - 1- ух 1 1 
lim * = lim = lim == 
хә] l-* х-1 (-Ую(1-У) x>1 1+ух 2 
2 2-42 = n x? — а? А 1 
im, x1 — ad lim, (х2 + a?) (x2 — а?) lim, x? +a 242 
Lh32. x2 А ER h2 
lim €t] -* — Jig EH у (2x +h) = 2x 
ћ— 0 ћ— 0 
Lh)2 _ ,2 . 2, 4 h2) — x2 
lim SS — lim бын) = lim (2х +h) 
х— 0 х— 0 
а (2--х) 1 1 
4 24x f = — Em! — — = 
im, ^X— = lim, 20 = lim држ = 74 
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25. 


26. 


27. 


28. 


29. 


Chapter 2 Limits and Continuity 
: (2495-8 (х? +6x?+12x+8)-8 _ 1: 2 u 
lim. VM im, -20---.-ь lim, (x? + 6x + 12) = 12 
аі (3-1 (киз) (+1) (х-1/х41) y 223) 
Jim, et = lim, уж (ураз и) = im, eene ramen = ИИ, зонт 


200141 142 

ОЕ 3 

. х23-16 _ u (х!/З — 4) (х2 +4) 2 А (x^ — 4) («/3--4) (х2/3 --4х//3--16) (//х--8) 

^ um, үух-8 = lim, /х-8 = lm, үх-8 (Мх-8) (2/5 +4x1/3+16) 

= jim (х= 64) (х/ +4) („/х+8) _ li (x3 +4)(/х+8) _ (448-8) _ 8 

C x—64 (х= 64) (х2/3 + 4x1/3+16) C x- 64 х2/3 4-4х1/3-16 16416416 _ 3 

1 tan2X __ ү; sin2x | со87Х __ 1: sin 2x ) ( cos 7x TX 2xY — 22.2 
lim {аплх — lim cos2x ' sinzx 1 lim ( 2x ) (SE) (RV) =1-1-1> т T 
х— 0 х--0 х- 0 

lim. сѕсх = lim — = oo 
хә? хп 5ШХ 


«шт, sin (3 + sin x) = sin (7 + sin т) = sin (5) =1 
m. cos? (x — tan x) = cos? (п — tan 7) = cos? (л) = (C1? = 1 
im в = lim ge = 1-4 


2,0 3sinx— х х. (ук 71 


= lim cos? 2x — 1 нэ Jim —sin? 2x lim 


. 2 
—Asinxcos x __ = 


1 со82Х-1 _ 1: cos2x — 1 , cos2x +1 
nm. sinx m m. ( sinx cos2x + 1 )- 


50 sinx(cos2x 4-1) ~~ ЩЩ, sin x(cos2x + 1) em cos 2x + 1 


1/3 
lim. [4 SIN 4 | —2 = Іш 420) = 8, since 28 = 8. Then li =2. 
am, [4 g(x)] aim, gx) E g(x) since en im, gx) 


lim _—_=2 = lim, (+20) =Ё > V5+ lim, 2 0)-1- lim 40)-1-4/5 
хаб х + g(x) Eco 5 2 V5 Ran 2 xg 2 45 


lim H = со > lim g(x) =Osince lim (3x? + 1) = 4 
х— 1 89» х—1 х—1 


. . 2 . D 2 2 ЭР 
jim, $55 =0 = _ jim , g(x) = оо since lim, (5 х?) = 1 


2. : х(х2-1) 
А(х---іІ: lim- f(x) = lim, ра 
- х(х2-1) . : 
= lim z = lim x=-l,and 
x-1 х x—-1 
: х(х2-1) _ А х(х2-1) 
x lim, f(x) — "oom ЕУ х m. = (2—1) 


= lim i (—x) = —(—1) = 1. Since 
х-- 
, lim, Қо)” lim Қа) 


=> lim , f(x) does not exist, the function f cannot be 
х— – 


extended to a continuous function at x = —1. 
2224. А - : х(х2-1) _ А со ас И E 
Atx— 1: um. fx) = lim. к= = lm. аер um. (—x) = —1, and 
А = : х(х2-1) _ А x(-1) . 
: m. f(x) = x oT peu. цэ энээ” imm. X = 1. Again im, f(x) does not exist so f 


cannot be extended to a continuous function at x — 1 either. 
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30. The discontinuity at x = 0 of f(x) = sin (2) 15 попгетоуаЫе because lim, sin 1 does not exist. 
х— 


31. 


32. 


33. 


34. 


35. 


36. 


37. 


39. 


Yes, f does have a continuous extension to а = 1: 
define К1) = lim == == 
Хх — 


py 3 


п 


Yes, g does have a continuous extension to а = 5: 


2 
ту— dH 5cos0 _ _ 5 
2 (5) = jum, -a а 
2 


From the graph we see that | lim. h(t) Æ E. h(t) 
— t 


so h cannot be extended to a continuous function 
ata = 0. 


From the graph we see that lim k(x) Z lim k(x) 
х— 0 х > 0+ 


so К cannot be extended to a continuous function 
ata = 0. 


5 сове 


$07 38 am 


h(t) 


(a) f(—1) = —1andf(2) = 5 = fhas a root between —1 and 2 by the Intermediate Value Theorem. 


(b), (c) root is 1.32471795724 


(a) f(—2) = —2 and КО) = 2 = fhasaroot between —2 and 0 by the Intermediate Value Theorem. 


(b), (c) root is —1.76929235424 


38. 


> 2x? 4 
х lim. 5x24 


3 

Р 2+3 _ р 2+; _ 240 2 
х Ш т? = , lim, 5 Т 540 5 

5 x!-4x48 _ Н 4 8 pem = 
x Ai 3x? эн lim (з; 3x? "n 3%) =0-0+0=0 


2+5 2+0 _ 2 
: 2. 240. 2 
lim - Tells 
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4 1 EL х2 — 0 Е 
40. lim ami = Щр = 12050 = 0 
x 
: ха—7х _ : xci : xx) х+1 — 
41. x шинэ х-1 x hm. cci = —99 42. lim. o 128 = қаш, =оо 


43. lim $Œ < х lim. d. = 0 since int — œ as x > oo => lim х = 0). 
x = оо [x] со |х] х = оо [x] 


0 — оо 


44. lim 89-1 < lim g= 0-» lim 9-і = 0. 
9 — со 0 — ос 


1-2 
+ sinx+2 : 
45. „шп ший гаг СЭМ ТҮ a = 1+0+0 — ] 
х — 00 X--sinx ^ x 00 14 S 1+0 
46. lim Е — lim | 42") = H = 1 
'" x oox? + cos?x x> oo 14 о ^ 140 — 
хэд х2--4 : х2 +4 : : 
47. (а = = —оо апа Іш = + œ, thus x = 3 is a vertical asymptote. 
3 3 
= х-3-Х- х 3+ 
х2-х-2 Я — 1. 1 xi-x-2 _ _ : xi-x-2 _ _ ЯВ Я 
(b) y = 5—51 is undefined at x = 1: Jim ит = —00 and ий. === = “09, thus x = 1 is a vertical 
asymptote. 
_ х-+%х%-6 ; Я = _A 1: xixx-6 | | x3... 5. | х2+х-6 _ | +3 — 
(с) y = 5—5 is undefined at x = 2 and —4: lim, 295-8 = jim, хоро gm "c um, Ei СО 
2 ДЕ . 4 . . 
lim 5 +x 5 = lim 5 3 = —oo. Thus x = —4 is a vertical asymptote. 
x—-4t X +2- xo -4t 7 
48: {аў у= =; Тип a аш Лай. Ян, т.т 1: Ка 
! у= +1: x= oo xX +l x= la Го x oo +1 x со 1 y= 
horizontal asymptote. 
4 
Vx +4, : Vxt4 __ š 1+ Ux — 140 _ NET * 
(b у= JETA. х lim. уа , lim. ni ME 1 , thus y = 1 is a horizontal asymptote. 
Vx? +4 : уха +4 ; 1-2 1--0 : х2 +4 : 1+5 2 1-3 
(с) y= ———: lim == = lim = =land Іш = lim x — lim x— 
x хоо х x00 1 1 x= -—oo0 X х оо 75 х оо = 
| у1+ = У1 
= эг - +0 = —], thus y = 1 and y = —1 are horizontal asymptotes. 
9 
2 +9. ta 1+0 _1 : х +9 ra _ /140_ 1 
(4) у= V ЭТ: ут V AUD = , lim. Vs Е 39-07 запі imao V oer DH 5/3 lI +0 — 3? 


thus y = i is a horizontal asymptote. 


CHAPTER 2 ADDITIONAL AND ADVANCED EXERCISES 


1. (a) х 0.1 0.01 0.001 0.0001 0.00001 
0.7943 0.9550 0.9931 0.9991 0.9999 


Apparently, im „=! 
X => 
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(b) 


0.6 


0.2 


0.2 0.6 1 


2. (а) х 10 100 1000 
(1) ^" | 93679 03679 0.3679 
Apparently, , im, (5) 109 _ 0.3678 = 1 
(b) 


y 


1 Ив x) 
10) = () 
Ж. 


im. v? 
3. lim L= lim Lg4/1—- 2 2 Lg/1— 2&1, /1- $ =0 
voc voc с с с 


The left-hand limit was needed because the function L is undefined if v > c (the rocket cannot move faster 
than the speed of light). 


4. (a) 


X -1«o22-02«X-1«02 => 08« Y «12 = 16< ух «24 = 256 < x < 576. 


® | -1|«01 = -0.1 < X3 -1«01 = 09« У «11 => 18« /x«22 = 324 « x < 484. 


5. |10 + (t— 70) х 107* — 10| < 0.0005 = |(t— 70) x 10:21 < 0.0005 = -0.0005 < (t — 70) x 1074 < 0.0005 
=> —5«t—70«5-2 65?«t« 75? => Within 5? Е. 


6. We want to know in what interval to hold values of h to make V satisfy the inequality 
[V — 1000| = |36тһ — 1000| < 10. To find out, we solve the inequality: 
|Зблћ — 1000| < 10 = —10 < Збтћ — 1000 < 10 = 990 x Зблһ < 1010 = 2x <h< 1010 
= 8.8 < h < 8.9. where 8.8 was rounded up, to be safe, and 8.9 was rounded down, to be safe. 
The interval in which we should hold h is about 8.9 — 8.8 = 0.1 cm wide (1 mm). With stripes 1 mm wide, we can expect 


to measure a liter of water with an accuracy of 1%, which is more than enough accuracy for cooking. 


7. Show lim f(x) = lim (x? —7) = —6 = 0), 
x x> 
Step 1: |(x?—7)+6| Се > —-e«x?-1«e 1-e«x? <l+e 9 Vl-e<x< Vite. 
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10. 


11. 


12. 


Chapter 2 Limits and Continuity 


Step2: |x- 1| <6 = -6<x-1<6 = –6+1<х <6+1. 


Then ве го Рале, Choose ô = min [1 — V/1— e, УТ+е- 1}, then 


0<|х-Ц<6- |(x? — 7) — 6| < e and lim, f(x) = —6. By the continuity test, f(x) is continuous at x = 1. 
х— 


Show lim g(x) = lim = -2-g(i). 
х-1 хеј 
Stepl: |Е— 2] Се > –е СЕ —2 Се > 2-e« а < 2 +6 > зы >х> Ба 
Чер2: | 2-1 «6--6«х-16- –6+1<х <6+1. 
i.d 21 12 1201 
Then —6+ + = > 6-4- аи =r 010 +04 = де 


4+ 2€ € 
Choose 6 = 


= 1 12. є 
=> ё = 4-2е 27 42-o- 


the smaller of the two values. Then 0 < |х - М <6 = |+ — 2| < e and lim, x = 2. 
х— ^ 


MCN 
20-6” 
1 


. . . . 22 1 
By the continuity test, g(x) is continuous at = 1. 


Show lim, h(x) — lim, y 2x — 3 = 1 = h(Q). 

Х-» Х-» 
Step 1: |У25-3-1|«є => — < ү2х-3-1<є > 1-є<үу2х-3<1+є = НЭЭ әже нен, 
Step2: |х-2| «6 = —6 <х– 2 С 60-6 +2 <х < 6+2. 


ED E = лақа; 9 2 
Then -6--2-4-943 = gig  ü-9 3. 1-0-9 ее or +2 6+9 +3 


_ (1-62-33 _ (0-9 ?!-1 
= ó= 2 22 5 


=et+ 6 . Choose 6 = є — =, the smaller of the two values. Then, 


0«|x-2| «ó = уж =>= 1 < Е, 50 lim, у 2x — 3 = 1. By the continuity test, h(x) is continuous at x = 2. 
х— 


Show lim, F(x) = lim, м9 x= 2 = Е(5). 
х ә о X — 
Step 1: |У9-х-2| <e > —є<\/9—х—2<еєе S 9—(2—&%?>х>9—(2+ ©). 


Step2: 0<|х—5|<б = -6<x-5<6 = -645<x<6+4+5. 
Then –—6 + 5 = 9 — (2 + 92 > 6=(2 + 62-4 =Е + 96, об +5 =9- (2—6)? > 6—4—(2—6ey = e — де. 


Choose 6 = с? — 2e, the smaller of the two values. Then, 0 < x —5| <6 = |v 9-х- 2 < €, SO 


lim, Vy 9 — x = 2. By the continuity test, F(x) is continuous at x = 5. 
x 


Suppose L; and L» are two different limits. Without loss of generality assume [5 > Га. Let c = i (Lo — Ш). 
Since , lim f(x) = L; there is a бу > 0 such that 0 < |x — хој < 6 = о - Ш| «e = —e < fx)- Lı <€ 
= — 1 (La — Li) + Li < f(x) < + (Le — Ц) + Lı = 4L, — Lə < 3f(x) < 214 + Lo. Likewise, lim. f(x) = Lə 
so there is a бо such that O < |x — xo| < 62 = (5)-15| Се = —e < f(x) — Lə < € 

=> —i(L;-L)-cLo«f()«4(L5;—L)- Lo => 215 Li < 3х) < 412 — Ly 

=> ш — 415 < —3f(x) < —2L5 — Ly. If = min (61,65) both inequalities must hold for 0 < |x — xo| < 6: 


411 —Lo < Зх) < 211 + Lə 
Li — 4L < —3fx) < -2L — Lı 


a contradiction. 


| => Ӛ(Іл — L3) < 0 < Lı — La. That is, Lj — Lo < 0 and L; — Lə > 0, 


Suppose lim. f(x) = L. ШК = 0, then lim Кх) = lim 0 — 0— 0- lim, f(x) and we are done. 
х с х >С Хх >С X — С 


ТЕК Z 0, then given апу е > 0, there is a ô > 0 so that 0 < |x — c| < 6 = [f(x) - L| < ED |k||f(x) — L| < € 


= [k(f(x) — L)| < e = |(kf(x)) — (KL)| < e. Thus, lim, kf(x) = kL = k (im, fœ). 
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14. 


15. 


16. 


17. 


Chapter 2 Additional and Advanced Exercises 89 


(а) Ѕіпсех — 0*,0«x? «x «1 = (3-х — 07 = lim f(x? -x)= lim. Қу) = B where y = х? — x. 
x y 


(b) біпсех > 07,—1<х <х «0 = (3-х) — 0 


wm 


i З = 1 = = 3 _ 
= Hm. f(x? — x) 200 Ку) = А where y = x? — x. 


(с) Sincex — 0*,0 «x! «x! «1 = (х? – xt) > 0t = lim f(x?—x*) = m. Ку) = A where y = x? — x’. 


х — 0 


(d Ѕіпсех > 07, 1 <х<0 => 0 <х! <х2: <1 > (х? - хі) > 0 > Hm, f (x? — х“) = A as in part (c). 


(a) True, because if Jim, (f(x) + g(x)) exists then lim, (f(x) + g(x)) — lim f(x) = lim, [(f(x) + g(x)) — f(x)] 


х--а х а Х- ал 
= lim, g(x) exists, contrary to assumption. 


(b 


wm 


False; for example take f(x) = 1 and g(x) = — 1, Then neither lim, f(x) nor lim, g(x) exists, but 
Х == Х-» 


Jim, (f(x) + 200) = im, ( je Jim, 0 — 0 exists. 


(c) True, because g(x) = |x| is continuous => g(f(x)) = |f(x)| is continuous (it is the composite of continuous 


functions). 
x< 
(d) False; for example let f(x) = T. ih. М => f(x) is discontinuous at x = 0. However |f(x)| = 1 is 
continuous at x = 0. 
: — y; xi-l | үр (x-Dx-10. _ 
Show lim Кх) = lim, xxr dim, CEU = 2, х = —1. 


х2-1 HE 
Define the continuous extension of f(x) as F(x) — ( х+1› Х Z 1 . We now prove the limit of f(x) as x — —1 
= ‚х= – 


exists and has the correct value. 


Step 1: 


х 


221 GE D 1) 
= -D| << > -е< SIDED 42 <e > -е<(-1)-2<өх%-1 > -е-1<х<е-і. 


Step2: |x- (-D| <6 = –6 <х+1<6 => -6-1<x<6-1. 
Then -6-1--е-і1 => б=есоб—1=Е—1 = ô= e. Choose ô = є. Тһеп0 <|х-(-1) < 6 


=> Eu — (-2) Се = lim i F(x) = —2. Since the conditions of the continuity test are met by F(x), then f(x) has a 
хә — 
continuous extension to F(x) at x = —1. 


: oH x-2x-3 . (x—-3(x-1) _ 
Show lim, g(x) = im, Aog = Jim, “эсу = 2, х z 3. 


жа аы xx 3 


Define the continuous extension of g(x) as G(x) — ( 2 2х-6 а We now prove the limit of g(x) as 
, х = 


x — 3 exists and has the correct value. 


(x — 3)x +1) 


5 2-2х-3 +1 
Step 1: PET E 2<є > –е<7; —2«ex£3- 3-2e«x«3-2e. 


Step2: |x-3| «6 = -6<x-3<6 => 3-6<x<64+3. 
Then 3—6 = 3 — 2€ = ô = 2e, or ô +3 = 3 + 2e = 6 = де. Choose 6 = 2e. Then 0 < |x — 31] < 6 


х2-2х-3 : (x — 3)x t1) 
2х-6 -2| <e = dim, "34-5 


g(x) can be continuously extended to G(x) at 2 = 3. 


= = 2. Since the conditions of the continuity test hold for G(x), 


(a) Let e > 0 be given. If x is rational, then f(x) = x = |f(x) 0] = |x 0] < e © |х — 0] < e i.e., choose 
6 =e. Then |x — 0| <6 = |f(x) — 0| < efor x rational. If x is irrational, then f(x) = 0 = |f(x) – 0] < є 
< 0 < e which is true no matter how close irrational x is to 0, so again we can choose 6 = є. In either case, 
given є > 0 there is аб = є > 0 such that 0 < [x — 0| <6 = |f(x) — 0| < е. Therefore, f is continuous at 
x = 0. 

(b) Choose x = с > 0. Then within any interval (c — 6, с + 6) there аге both rational and irrational numbers. 
If c is rational, pick е = 2. No matter how small we choose 6 > 0 there is an irrational number x in 


(c—6,c+6) => |f(x) — Кој = |0—с| = с > 5 = є. That is, f is not continuous at any rational c > 0. On 


Copyright О 2010 Pearson Education, Inc. Publishing as Addison-Wesley. 


www. гетепд. 15 


90 Chapter 2 Limits and Continuity 


the other hand, suppose c is irrational => Кс) = 0. Again pick є = 5. No matter how small we choose 6 > 0 
there is a rational number x in (c — 6,c + 6) with |x — c| < $ =€ & $ «x < 3. Then |f(x) — f(c)| = |х — 0| 
= |x| > $ = є = fis not continuous at any irrational c > 0. 

If x = c < 0, repeat the argument picking Е = Е = =. Therefore f fails to be continuous at any 


nonzero value x — c. 


18. (a) Letc = 7 bea rational number in |0, 1] reduced to lowest terms = Кс) = 1, Ріске- x. No matter how 
small 6 > 0 is taken, there is an irrational number x in the interval (c — 6,c + 6) = |f(x) — f(c)| = 10 - 1| 


= i > i = є. Therefore f is discontinuous at x = c, a rational number. 


(b) Now suppose c is an irrational number => Ё (с) = 0. Let e > 0 be given. Notice that i is the only rational 
number reduced to lowest terms with denominator 2 and belonging to [0, 1]; i and 2 the only rationals with 
denominator 3 belonging to [0, 1]; 1 апа 3 with denominator 4 in (0, 1]; i 2, 3 апа 5 with denominator 5 in 
[0, 1]; etc. In general, choose N so that M « є = there exist only finitely many rationals in [0, 1] having 
denominator < М, say r1, r2, ... , 1. Letó = min {|c — r|: i= 1,... , p). Then the interval (c — 6,c + ô) 
contains no rational numbers with denominator < М. Thus, 0 < |x — e| <6 = |х) — f(c)| = |f(x) — 0| 

= #09] € $ < € = fis continuous at x = c irrational. 

(c) The graph looks like the markings on a typical ruler y 


when the points (x, f(x)) on the graph of f(x) are 
connected to the x-axis with vertical lines. 


0.8 
0.6 
0.4 
0.2 
x 
0 0.2 0.4 0.6 0.8 1 
36) l/n if x = т/п is а rational number in lowest terms 
710 if x is irrational 


19. Yes. Let R be the radius of the equator (earth) and suppose at a fixed instant of time we label noon as the 
zero point, 0, on the equator => 0 + TR represents the midnight point (at the same exact time). Suppose х 
is a point on the equator “just after" noon = х, + TR is simultaneously “just after" midnight. It seems 
reasonable that the temperature T at a point just after noon is hotter than it would be at the diametrically 
opposite point just after midnight: That is, T(x1) — T(x; + TR) > 0. At exactly the same moment in time 
pick x» to be a point just before midnight => хә + 7R is just before noon. Then T(x2) — T(x» + TR) < 0. 
Assuming the temperature function T is continuous along the equator (which is reasonable), the Intermediate 
Value Theorem says there is a point c between 0 (noon) and 7R (simultaneously midnight) such that 
T(c) — T(c + mR) = 0; i.e., there is always a pair of antipodal points on the earth's equator where the 


temperatures are the same. 


20. Jim, ув) = lim, + (бх) + 209)? — (#09 — 69] = 1 (шад + во) — (im, (69 – 260) ) | 


х-эс4 хе с 


= 1@-(-19) => 
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БЕРЛЕГЕ li ( 14 te) ( 1- ул =) 
2-20-28 = lim \ 
а а= 0 а —1- lta 
= С 1-(1--а) —1 2011 
E а(-1- V1 +a) 1-V1+0 2 
22-01: : 201 1-044)-- | -а "E 
ossi mom г+ (а) dim а(-1– V1 +a) EN a(-1—- V1-4a) -1-40 І 


(5) Арх = 0: lim г. (а) = lim үнэ dim (= = і ven) 


21. (а) Ах = 0: lim г; (а) = lim 
a0 а— 0 


ашы а анг путна 
— y 1-0-4) _ _ | -а — y = o 
ma Seis Vie) a ea a о Sees ыы 
. . . . . 2 . 201 T . 
denominator is always negative); : ES NS (a) — А ши (CORPER oo (because the denominator 


is always positive). Therefore, lim, r_(a) does not exist. 
a 


2. : 2 : -1-ү1-а . : EI m 
На по. и’ = a а —1+ а =! 
(с) 
r (a) 
1-41-4а 
2 г_ (а) = = 
Graph not to scale 
(d) 


f(x) f(x) 


а=0.05 


-1 


-50 
f(x) = ах? +2х-1 


Ро) = ах? +2х-1 


22. f(x) =х+2с05х = КО) =0+2 со$ 0 =2 > Oand К-т) = —л + 2 cos(—7) = —л — 2 < 0. Since f(x) is 
continuous оп [—7, 0], by the Intermediate Value Theorem, f(x) must take on every value between [—7 — 2, 2]. 


Thus there is some number c in [—7,, 0] such that f(c) = 0; i.e., c is a solution to x + 2 cos x = 0. 


23. (a) The function f is bounded on D if f(x) > M and f(x) < N for all x in D. This means M < f(x) < N for all x 
in D. Choose B to be max (|М], ||}. Then |f(x)| € B. On the other hand, if |f(x)| < B, then 
—B < f(x) € B = f(x) > —B and f(x) < B = f(x) is bounded on D with М = B an upper bound and 
М = —B a lower bound. 


(b) Assume f(x) < N for all x and that L > М. Let e = Ez. Since lim. f(x) = L there is a 6 > 0 such that 


— 


2 
0«|x—-xo <6 => |f) - L| «e & L-e< х) «Loc & L- 58 < fs) < 1 0 
> ы < f(x) < жам, Вир >N = LEN > М = N < f(x) contrary to the boundedness assumption 
f(x) < N. This contradiction proves L < N. 
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(c) Assume M < f(x) for all x and that L < M. Let c = MIL. As in part (b), 0 < |x — xo| < 6 
=> L- MIL < f(x) < 1. + MIL <> м < f(x) < MIL « M, a contradiction. 


24. (а) Жа> b,thena-b 20 = а-Ы =a—b = max {a,b} = 240 + № = ath аа а-а 
Ifa < b, ћепа-Ъ <0 > |a-b| = —(a-b) - b—a = шах {а,Ь} = 240 + ВЫ — atb bs 
= = =ђр 

b р, 


. | a+b |a — b| 
(b) Let min (a, b) = == — 


25. lim — sin(1—cosx) __ lim sin(1 — cosx) | 1~cosx , 1+cosx lim sin(l—cosx) _ |: 1 — сове x _ 1-1 sin? x 


х 0 x х->0 l-cosx х T+cosx «40 1—cosx x o ха + соз x) lim, хо + cos x) 
24 р яах, sinx _ 7 , (0) _ 
m im, x 1--соөх | 1 (5) = 0. 
26. lim Bx. = lim бк, Y*.. x =1. lim 1. lim ух=1-0-0=0. 
x — ot sin ух х—0+ © sin yx yx s 


ух 
27. lim Scc араа Jim o. Jim ix 1.1] =], 
х—0 х х--0 sin x х x0 sin x x0 х 


. 1 2 . 81 2 . 81 2 . 
28. lim “SY = im SEA “(x +1) = lim “игы ; dim (xc 1) — 1:121 


+, sin(x?—4) _ pa sin(xX2—4) | ИЕ — qa 5002—4) | |: — 1.4— 
29. um и = im, a + (x+2)= Jim, a — „іт (x +2) =1.4=4 

Р sin(x- 3) — r sin(/x – 3) 1 1 шит sin(/x — 3) . 1 1.1.1 
30. im, х-9 - um, vx -3 Vx -3 im, V/x-3 im, гет -1 6 6 


31. Since the highest power of x in the numerator is 1 more than the highest power of x in the denominator, there is an oblique 
x2 42x-3 — 2 
X 


Мх+1 


asymptote. у = 2 


E FT’ thus the oblique asymptote is y = 2x. 


32. Asx —^ + оо, 1 + 0 > sin(+) - 0 => 1 + sin( ) = 1, thus as x — + oo, y = x+xsin(+) = x(1+sin(+)) -9 x; 


1 1 
х х х 


thus the oblique asymptote is y = x. 


33. Asx — +оо, х2 + 1 — x? => x? + 1 V х2; аѕ х — —oo, V x? = —x, andas x > + oo, V x? = x; thus the 
oblique asymptotes are y — x and y — —x. 


34. Asx > +оо, x +2 эх => Vx? +2х = \/x(x + 2) 5 Vx’; as x > —oo, Vx? = —x, and as x — +оо, V X2 = x; 


asymptotes are y = x and y = —x. 
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CHAPTER 3 DIFFERENTIATION 


3.1 TANGENTS AND THE DERIVATIVE AT A POINT 
1. Py: m; = 1, Po: то = 5 2. Р; 


: my = —2, Po: m = 0 


3. Py: 111 


‚ Ро: по = – 1 4. Py: m; = 3, Po: m = —3 


[4 — (1+6)? - (4 - (-1») 
h 


— (1 —2h + 2)+1 


5. m — lim 
ћ— 0 


= lim 
ћ— 0 


at (—1, 3): у=з-+ 2х – (-1)) = у= 2х + 5, 
tangent line 


? 


= lim 128 = 2; 
ћ— 0 ћ 


(1-8-12-1-11-12-1| _ |: n? 
h = Шт т 


= jim, = 0; at (1, D): у= 1+0(х — 1) = y= 1, 


tangent line 


6. m= lim 
ћ— 0 


. 24/1--8-24/1 ; 2/1-1-2 2\/1+һ+2 
7. m= lim ‘= lim - 
һ-0 ћ h—0 2V/1+h+2 


2 


— lim 41 +ћ)—4 


= lim =1; 
ћ—0 ah (Мт+в+1) hoo УІЗҺ-І 


а (1,2): у=2 + Цх -— 1) = y =x + 1, tangent line 


EE 
Cic? сай __ lim 1 (–1 +h}? 


^ hoo BOIH? 

— j -(-2h +h’) _ |. 2-h 2. 

Е Un. “h(-I+h? € B (ТВ — 2; 
at (—1, 1): у=1+ 2х – (-1)) = у= 2х +3, 
tangent line 


8. m— lim 
ћ— 0 
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10. 


11. 


12. 


13. 


14. 


15. 


16. 


17. 


18. 


19. 


Chapter 3 Differentiation 


(-24hyp-(-2» _ lim 2812—60 +h? +8 
= „бр ћ—6ћ + +8 


ү ш 2) — то. 
= lim, (12 — 6h +h?) = 12; 


а (—2, —8): у = —8 + 12(х — (-2) => у = 12x + 16, 
tangent line 


(2, -8) 


1 1 

— lim Се — qq 28-02-58) 1 
ШЕГІ UT = dim, ы) | 

шал —(12h—6h? +) _ |: 12 — 6h + b? (-2,-1/8) 

= fn тете ane 

SB oj, Bis 

^ 829 16° 

1). 1.3 

at (—2,-¢): у=—1— ф(х – (-2)) 

= у= – i x— 2, tangent line 

2 m F 2) — : 

m= lim Q5 71-5 . gg 023 58-5-. ug 194+ — 4. 


? 


ћ—0 ћ ћ— 0 ћ hoo P 
а (2,5): y — 5 = 4(х — 2), tangent line 


— on = й+у Єл = Üm (кнд жуы! = 
һ--0 ћ— 0 ћ— 0 
at (1, —1): у +1 = —3(x — 1), tangent line 


ath _ 2 
— Е Gim-27? 4 (3+1—38 + 1) _ y; -2h -  »5. 
m= шш Se = Hm, “қар ca ыу 2 


at (3,3): y — 3 = —2(х — 3), tangent line 


- 2 В 8-2(4--41--12 : 
8—2(0-Fhb) _ lim (4+4h+h*) _ lim 


2220) һ род POF ру ЋО rh) во В+ ^ 4 
at (2,2): y —2 = —2(х — 2) 


-214-0) _ -8 . 2: 


EET Q-hy-8  q (8 +12һ 662 +83) -8 _ 4; ћ (12+ 68-462) — үл. 
m= lim === = lim == = lim —— === = 12; 
ћ—0 ћ ћ—0 ћ h—0 h 


at (2,8): y — 8 = 12(t — 2), tangent line 


3 a : | -2Һһ24-һ34-24 2 

m= lim 1059 SERERE ^. f 03138438 L t3+3h)-4 _ ее =@ 
һ—0 һ— 0 һ—0 

at (1,4): y — 4 = 6(t — 1), tangent line 


m= lim 58-2 = pg v^4th-2, 4h42 Ш ћ я 
ћ—0 ћ ћ—0 ћ V4+h+2 h о һ(/4-һғ-2) h 0 һ(/4-һғ2) М4+2 


= 1; at (4,2): у— 2 = 1(x — 4), tangent line 


-3 А | . = ; 
mc lim VEIDI? Z lim y9th-3. 421333 — їр 20404-9 - liq 2-8 02 
ћ— 0 ћ— 0 V9+h+3  h—0 в(усећез) һ-0 (уз) 
1 : 


= па 640,3) у-3- 2 (x — 8), tangent line 


Аіх= –1,у=5 > m= lim 2100-5 = jim 


Sh(—2 +h) _ 
h> 0 h ћ—0 ћ ћ— 0 ћ 


- 10, slope 
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20. 


21. 


22. 


23. 


24. 


25. 


26. + 


27. 


28. 


29. 


30. 


31. 


32. 


Section 3.1 Tangents and the Derivative at a Point 


= Plo P -4- —h? . = 
At X 2, y —3 m lim [I- QG- 5] - C3 = lim (1—4 4h —b) +3 = lim zh +h) = —4, slope 
ћ— 0 h h—0 h -0 h 
1 бтрт -3 2-(2-1) ћ 1 
5 Gyi 2 0 - _ tk = = 
h-i 
: в СО _ ү (h—1)+(h+1) _ y 2h _ 
Atx=0,y=-l m lim, + = Шин, “ъз = im, ау 2, Чоре 
Lh) 4 any 
At a horizontal tangent the slope m = 0 = 0=m= im, кыч ахан. Шаа нах ы) 
— 


= їйї (x? + 2хћ +h? + 4х 4 at 1) – +41) _ lun 
ћ—0 ћ— 0 
2x+4=0 => x= –2. Then f(—2) = 4 — 8 — 1 = —5 = (–2,—5) is the point on the graph where there is а 


horizontal tangent. 


Quai L lim Qx +8+4) = 2x4; 


21120128 [0х +h)’ — 3(x + Һ)] – (х -—3x) ү. (х? + 3x*h + 3xh? +h? — Зх — 3h) — (x? — 3x) 
=ш = lim = lim 
Т ћ— 0 ћ ћ— ћ 


= іш, алзы 28 — lim. (3x + 3xh + №? — 3) = 3x? — 3; 3х2 — 3 = 0 = х= –Тогх = 1. Then 


К—1) = 2 and f(1) = –2 = (—1,2) and (1, —2) are the points on the graph where a horizontal tangent exists. 


1 1 
«rh-1 х-1 (x—-1)—-(x-*h-1) __ 


= uM . = . . -һ = 1 
=l == m h =m ha (х Е 1) = hx-D«-h-D ко 
= (х- 1: = 1 = x/-2x 20 = хх-2)-0 х = Оогх = 2. Шх = 0, then y = —1 and m = —1 
=> у= 1 (х -– 0) = (х + 1). Ех = 2, then y = Тадт=—1 > у= 1- (х - 2) = –(х – 3). 
РОА мМх+Ь- ух |. Vx+h- Ух. ух+а+ух _ |. (x -h)-x 
ud c RE EG = MEDINA Ма Стартна 


= Ши тт A = E Thus, 1 1 ух 2 x=4 у = 2. The tangent line is 


у-2-1(х-4)-1-1, 


5 


EN : 24964 2) _ 2 2 . Е 2 

lim 0 ко Іт 0100-4902 rus (100—492) _ їр, 249 Е ) +4.9(4) 
ћ—0 = 0 ћ— 0 

= ШП, (—19.6 — 4.9h) = —19.6. The minus sign indicates the object is falling downward at a speed of 19.6 m/sec. 

2 2 2 

lim He = tin Bdo thi sao = Üm Зе) = 60 ft/sec. 

ћ— 0 ћ— 0 ћ— 0 
2 2 T 2- А 

lim зше — lim тазаа — lim peni - 9) = lim «(6 +) = 67 
ћ—0 ћ— 0 ћ— 0 ћ— 0 

| +h) – . Ж (2--һ) - Fey А 35 [12h + 6h? +h] | 4 

ит + — jg SEN FO р = 0: — lim 4 [12+ 6h + 12] = 16r 
h—0 h h—0 h һ-0 h h> 0 жағала 

. . . (по(хо +h)+b)—(mxo+b) __ 1; mh _ 1; - 

At (хо, тхо + b) the slope of the tangent line is шит, Пи AER = lim, = lim, m=m. 


The equation of the tangent line is у — (тхо + b) = m(x — Хо) > у = mx + b. 


1 1 
КҮШ : 44h : Vath 2 2ү4-1| - Я 2— /44h 
Ах = 4,у = ма“ 2 and m = ІШІ. i = = к! | ћ 2//4--һ jm, ( 2Һу4-һ 


— lim |2274 .2+v4th| _— lim 4- (4-- h) эн. -h 
h—0 | 28/4-8 2+у4+ћ h—0 2h /2 E b(2- У4+ћ) h—0 2h/4+h(2+ у) 
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33. 


34. 


35. 


36. 


37. 


38. 


39. 


Chapter 3 Differentiation 


21 


20037) 086 


= lim 


-1 
h—0 2/4+n(2+ у) 


(+h) =f) _ ве sin (1) 


Slope at origin = ni. um = hm. h sin (1) =0 = yes, f(x) does have a tangent at 


h h = 

the origin with slope 0. 

lim 8£0*9—s50 — jim 28 б) — lim sin 1. Since lim sin + does not exist, f(x) has no tangent at 
ћ—0 В h>o В в-0 Hh h50 B 
the origin. 

lim O — jim == = об, and lim ©+-Ю — jim 1-9 = оо. Therefore, 
ћ— 07 ћ— 07 ћ— 0" ћ— 07 
BH. АО — со = yes, the graph of f has a vertical tangent at the origin. 

— 

lim Шоны 00) — ]im 5. = со, ааа lim 00%-Ю- VO = lim it = 0 = по, the graph of f 
ћ— 07 ћ— 07 ћ— 0" ћ— 07 


does not have a vertical tangent at (0, 1) because the limit does not exist. 


(a) The graph appears to have a cusp at x = 0. 


(0,0) 


(b) lim 599-59 — lim 7-9 = lim .1. = сапа lim 
h h—0* 


5- p. в nm- IE — oo — limit does not exist 
— — — 


1 


— the graph of y = x?/? does not have a vertical tangent at x = 0. 


(a) The graph appears to have a cusp at x = 0. 


| R e : 4/5 _ : 3 НЭР | 
(6) im, Ко) – ко) = lm Ë s 0- lim == = —oo and m. ян = oo = limit does not exist 
> 


-» 07 


=> у =x* does not have a vertical tangent at x = 0. 


(a) The graph appears to have a vertical tangent at x — 0. 


(0,0) 


; КО +h) — КО) : - А 1 
b) lim === = Ш = lm = 
(b) h0 h o h h—0 h^ 
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Section 3.1 Tangents and the Derivative at a Point 


40. (a) The graph appears to have a vertical tangent at x = 0. 


(b) im. © — lim nico = lim. рт = oo = the graph of y = x?/? has a vertical tangent at x = 0. 
— 


ћ—0 ћ— 


41. (а) The graph appears to have a cusp at x = 0. 


4 


; КОВ КО) ү; 4h?/5 -2h __ 4 5... : 4 о 
(b) н = Ш = m 2 — —oo and jin BA 2 = оо 


n =. |! 
—07 ћ— 07 ћ— 07 
=> limit does not exist => the graph of y = 4х2/5 — 2x does not have a vertical tangent at x = 0. 


42. (a) The graph appears to have a cusp at x = 0. 


(0,0) 


(2.0, —4.76) 


(b) im, аше = lim, = = im, n2/3 s =0 im. = т does not exist => the graph of 


у = x°/3 — 5x?/? does not have a vertical tangent at x = 0. 


43. (a) The graph appears to have a vertical tangent at x = 1 
and a cusp at x = 0. 


(b x=1: lim 4 HS Shae jm а+һь??-ы%-1 _ 
`оһәб : ћ—0 A 
=> у = x?’ — (x — 1)!/? has a vertical tangent at x = 1; 
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98 Chapter 3 Differentiation 


i, 2/2 — (h— 118-13 . 1 | 0-00 ,1 
мин, h = am ns в ti 
does not exist > у = x?/? — (x — 1)"/3 does not have a vertical tangent at x = 0. 


x=0: lim 4048-89 .— 
ћ—0 


44. (а) The graph appears to have vertical tangents at x = 0 and 
х = 1. 


13 


yer +(x- pis 


" TN ке, 4 1/3 — 131/3 — (1/3 
(b) х=0: lim. Котик = іш, саа Ч CDT = oo = у = x? + (x — 1)//3 ваза 


vertical tangent at x = 0; 


x=1: lim юзю) 
ћ— 0 


vertical tangent at x = 1. 


ав) 4 (0 ch — 01? —1 
h 


= lim, = oo > у = x! + (x — 13 ваза 


45. (а) The graph appears to have a vertical tangent at x = 0. 


(b) lim 89*9-89 lm “=-= Jim т = ос; 
ћ— 07 x > 0+ ћ— 0 Ув 
lim Ер lim =vbļ-0 _ lim УЫ. lim —_ — oo 
h= 0- h > 07 hoo -Ш  n—o0- МЫ 


= y has a vertical tangent at x = 0. 


46. (a) The graph appears to have a cusp at x = 4. 


(b) lim, 30-89. ұш УН-65М-60.- jim УМ. lim = o; 
h— 0+ h— 0* h> 0+ һ— 0+ vh 
Ша 38-89. їр VEE . на УВ = lim b = –о 
h = 0- 5 ћ— 07 һ h—0- М һ->0- УЫ 


=> у = y — x does not have a vertical tangent at x = 4. 


47-50. Example CAS commands: 


Maple: 
f := x -> x43 + 2*x;x0 := 0; 
plot( f(x), x=x0-1/2..x0+3, color=black, # part (a) 
title="Section 3.1, #47(a)" ); 
q := unapply( (f(x0+h)-f(x0))/h, h ); # part (b) 
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Section 3.2 The Derivative as a Function 


L := limit( q(h), h=0 ); # part (c) 

sec lines := seq( f(x0)+q(h)*(x-x0), h=1..3 ); # part (d) 

tan line := Қх0) + L*(x-x0); 

plot( [f(x),tan line,sec lines], х-х0-1/2..х0-Ғ3, color=black, 
linestyle=[1,2,5,6,7], title2" Section 3.1, #47(d)", 
legend=["y=f(x)","Tangent line at x=0","Secant line (h=1)", 

"Secant line (h=2)","Secant line (h23)"] ); 
Mathematica: (function and value for x0 may change) 

Clear[f, m, x, h] 

x0 = р; 

f[x_]: = Cos[x] + 4Sin[2x] 

Plot[f[x], (x, x0 — 1, x0 + 3}] 

dq[h. |: = (f[xO+h] — f[x0])/h 

m = Limit[dq[h],h — 0] 

ytan: — f[x0] 4- m(x — x0) 

yl: = # х0]  dq[1](x — x0) 

y2: = х0]  dq[2](x — x0) 

y3: = f[x0] + dq[3](x — x0) 

Plot[(f[x], ytan, y1, у2, уз), (x, x0 — 1, x0 + 3} 


3.2 THE DERIVATIVE AS A FUNCTION 


Step 1: f(x) = 4 — x? and f(x + h) = 4 — (x + h}? 
f(x+h)—f(x) _ 4-С-Ь|- (4-х?) _ (4-х? — 2х 2) -4+х? _ —2xh-p _ h(-2x-h) 
h = h = = 


Step 2: Б = Б E 


--2Х-1 
Step 3: Ро) = шиш ( 2x — h) = —2x; f'(—3) = 6, f'(0) = 0, f'(1) = —2 


F(x) = (x — 1)? + Тапа F(x +h) = (x +h— 1)? +1 = F'(x) - im, күкле ку л] 


: 21 Lh | 2 | : 2_ : 
= iim (x^ + 2xh + h^ — 2x – 2h +) (x^ — 2х+1+1) = Jim һу — 2h = lim (2x +h—2) 
ћ—0 ћ— 0 ћ—0 


= X(x — 1); F(-1) = —4, Е (0) = —2, # 0) = 2 


Stepl: g(t) = 5 and g(t 4- В) = ЋЕ 


2 2 

1 1 t —(t-F h) 
gt-h)-gt _ Gr 2 _ (587) . Р-Р +2 +2) _ -20-1 
һ ын һ m h ту АҺ ^ (4086 


Step 2: 


— h(-2t-h) _ -—2t-h 
^ (t-hgÜh — (+628 


Stp3: g(t) = lim gh = ва = 50800) 2,80) =-Ь я (УЗ) =- 


1-(:48) 1-4 
k(z) = Iz and k(z + h) = ES = К(2)- im, ( EUN 2z ) 
— 1; (l-z-h)-(l-zY6üz-h).. +; z-z? -zh-z-h+z?+zh _ j; —h — E —1 
= Ка 2(2. Е h)zh = шин, 2 + hyzh = um. ев — um a+ hz 


-1К(-0--1К0)--5К(У2) --і 


Step 1: p(@) = 1/36 and p(0 +h) = 4/3(0 +h) 
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6. r(s) = \/2$ + 1 and r(s +h) = 


7. 


8. 


10. 


12. 


Chapter 3 Differentiation 
Stp2; РӨЗМ-р0) _ /39*m- Узе  (V39v3h- v38) (V39*3h* V3) |) вузы 
pe h h ( 38 3h ТЕ) — h(/30-+3h+ 39) 
3h = 3 
h (\/36 +-3һ + V38) V30 + 3h + /30 
Т / 3 3 З O —u3 / 2.41 РТ. 3 
Step3: р (0) = qun. Зе За V30 — 30+ V/36 2/5 PO i PO pP (3) = 502 


205 +) +1 = г(5) = im, шинээ гэлэн 


c o 
77 28w -2) /3w 2 
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ый (V2s+h+1- /25+1) | (У% 2h 1+ V2s1) — dm +++ 
ћ—0 ћ ( 28-21-1- 2+1) h— 0 h (/2s+2h+1 + 28 +1) 
= lim 2h = lim 2 = = = 2 
ћ—0 167: Е21--1-4-4/284 1) h—0 Ма уз! — \/25+1+\/28+1 2/2-1 
1 1 
= nr = 1, Е, г (5) = 55 
3 — 3 Я 3 2 2 З\ EO 3 
y = f(x) = 2x? and f(x +h) = 2(x +h > 8 = im Aere — Jim Ри ү) 2х 
ћ— 0 ћ— 0 
— ]im 9846 +h _ quy (6 + 6xh+2h*) _ р) (6x? + 6xh + 2h?) = 6x? 
ћ—0 ћ һ-0 h һ-0 
—— = Шы Jim (в--Һ)-26-Һ/ +3) = (9-253) _ jim s8 4 3s%h ЗЫ? +h? — 252 -4sh —h? + 3 — 5" +252 —3 
ds ћ— 0 ћ ћ— (0 ћ 
: 2 sh? +h? — Азћ — h2 . _ h(3? + 336 +h? —4s—h ; 
= lim 3s^h + 3sh +h 4sh —h = lim (3s +3s + 5 ) = lim (352 + 3sh + h? — 4s — h) = 352 — 
ћ— 0 һ— 0 һ—0 
= zm d h) = —tth ds — | (zc) – (акт) 
аш Зани - 
(Een d) (Ed ђе map 
— E (2t+ 2h+ 001+ 1) : t4 14 ЦУЛ | 
= R = lim, ar O Dh 
- 20 +t+2ht+h—2t?—2ht—t _ 1; ћ _ y; 1 
= um, (21 42h ПЕ Dh E Qt+2h+ DOCE DR = um, Оса DOCE 
E 1 21 
^ (0141)0:-1) (01:41) 
| th= ЛИ! | pcena | Һа b) + (t 4- h) 
* = lim | |- Шилэн lim ca = lim ( UL ) 
"1-0 һ-0 һ-0 
— | h? +ht+h y; C+ht+1 _ РЕ _ 1 
= jim, h(t-h)t jim, (t+ht ё 1+ 2 
= Ка) = —— and Ка + h) = L L — lim Сот) - (инт) 
P= 14 = Vari q Vq-Bci dq ^ ћ—0 h 
амы 
2 Уа+в+ тат У4-1-44-8-1 
= lim == = lim 
ћ— 0 ћ һ->0 бма+ћ+ 1 а +1 
— lim САС УЕ. (VarltVathtl) _ a О О 
h—0 һуа+һ+1ү9+1 (/а+1+ уа+ћ+1) _ ћ—о ћуаз дал 1(уа+1+ уа+ћ+1) 
= lim -h = lim 
һ->0 һу шыннан ћ— 0 прва ер та рт т 
= 22 = 
ма + 1 Vat а Xq+) /а+1 
(m - uu) 
dz _ lim /3w-h-2  V3w-2 = lim V3w – 2 – уу Зм -3h— 
dw ^ p.59 h h—0 hy3wc3h-2 /3w-2 
-— СЕЕ – /3w+3h—2) | ( 3w—2+ /3w+3h—2) ЭР” Ow —2) — Gw-E 3h — 2) 
h—0  hy/3w-3h-2 /3w-2 (Vw 2 + /3w + 3ћ 2) h— 0 hy3w-3h 2 /3w 2 (3/3» 2+ /3w+3h 2) 
= lim = = = 
һ->0 /3w+3h—2\/3w 2 (V3w 2+ /3w+3h—2) V Bw —2/3w 2 (3w 24 V/3w 2) 


.semeng.ir 


13. 


14. 


15. = 


16. 


17. 


18. 


19. 


20. 


21. 


Section 3.2 The Derivative as a Function 


E Gu | |х 2 
f(x) =x + ? and f(x +h) = (x +h) Ре = fix rb -f9 — | e] - e] 
x+h) h h 
_ хоћу +9х —х В — 9K +) _ x8 + 2x7h + xh? +9х — x3 — х2 —9х —9ћ __ х?һ+хһ?—9һ 
= x(x 4- h)h x(x + h)h — “x + Ћ)ћ 
ЋОЗ + хћ— 9) _ x?+xh-9. рүү | х2 +хћ—9 _ 2—9 _ 
xx-c-hh = x(x+h) ҒО) = На, xx-h ^ x? =1 25m m = f'(— 3) = 
1 k(x +h) — k(x) (ma-z) 
/ = Н х —K(X) (02 Н 2+х 2-х 
k(x) = 4:4 апа k(x + В) = таты > k'(x) = m. E UE = lim цолын шинж 
(2--х)-(2--х--Һ) : -һ 2 —1 -1 . 
- © њу | ое = h@ + 2 +x B) = QX3Q0-4x49 = @+х ° 
/ 
К(2)-- d 
ds | [(t +h)? — (t-- h?] - (6 — 2) : (E + 32h + 3t? +h?) — (2 + 2th +h?) - Ë +e 
= lim = lim 
x 2 2 З EVI 5 2 2. = 
= lim 2 ааа оаа o o im, (32 + 3th +h? — 2t — h) 
ћ—0 ћ һ-0 В 
= 2 5 — ds 2 
= 3 —2tm= ңү -175 
d Е ПИ h43 " ЭР” 3 ЭТР 1 
ду. 5 1-(х-1 1-х _ 1: I-x-h)(1-x "NEL x4 x^—x X—x—3-x^-3x t xh +3 
ак = lim, h = lm h = lim, h(I-x-h)ü-x) 
— y; 4h т 4 4. dy _ 4 _ 4 
нэ Jim, h(I-x-h)(1-x) — jim, (1-х-Һ(1-х) ~ (=x? d&k}],_ 2 (y 9 
Te - ys 
2 8 Юм 8 Кх +) — f(x) _ ү/06-8-2 х-2 
#09 = 23 and f(x + h) = Terns = Ч = г 


8(Vx-2- Ух+в-2) | (ух=2+ух+ћ-2) | 8к—2)—(х+һ—2) 
һу/х+һ—2\/х—2 (Vx=2+ x+h-2) | hV/x*h-2 x 2 (Ух 24 xh 2) 


—8h —8 
^ hy/x+h—2 х 2 (Ух 2+ /x+h 2) шан к Мх+һ—2 \/х—2(Мх—2+\/х+һ 2) 

-8 = —4 : ! „=, — 1 1 
= 22 m j и: f'(6) ҮЛ 5 the equation of the tangent 
line at (6,4) isy —4 = – 1(х – 6) > y = –1х+3+4 = у = –1х +7. 
айы lim (1+ /4- G8) - (1+v4=z) Er (V4-z-h- V4-2) | (V4-z-h& V4-z) 

һ-0 ћ ћ—0 ћ (Va-z-h& 4-2) 
T чн че lim -h — lim =i rr 3 
Ш һ(У4-2-һ-У4-2) h—0 h(V4-z-hev4-z) һ-0 (у4-2-14ү4-2)  2V4-z' 
m= 2'(3) = == = i the equation of the tangent line at (3, 2) isw-2—-—1(-3) 
--М--і242-2-м--12-1. 


s = f(t) = 1 — 38 and f(t + h) = 1 — 36. + h)? = 1 — 3t? — 6th — 3h? = 4 = lim, како 


=з (1 — 3t? — 6th — 3h?) — 
ћ—0 ћ 


(1—3) uM é NM ds = 
= lim, (-6t— 3h) = —6t > а, =6 


1 1 
dy _ y; f(x +h) — f(x) (1-23) - (1-1) 
у= f(x) =1- 1 апа Их +в) =1- h > $m BAB = jg AA 
1 1 
ү x-xih | һр 11 ду 211 
= jim, в = jim, XB = jim, EGER) — x2 => ах es 3 
2 dr qu сэг вв 4-5 
т = #0) = ж and 0 + h) = а dà шиш, т = lim, DUE мин 


— qna 2V4-8-2V/4-8-h үр 2/4-8-2 /4-8-h (2У4- -2/4-0-һ) 
= lim lim - 
һ-0 Һһ/4-0/4-0-һ һ->0 Һһ/4-0У/4-0-Һ (2У4- +2 4-0-1) 
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22. 


23; 


24. 


23: 


26. 


27; 


28. 


29. 


30. 


31. 


= Üm 4(4 — 0) — 44 — 0 — h) 


р 2 
һ->0 28ү/4-044-6 (2 6+/4—0 h) а V4-84/4—8 h (v4 0+ 4—8 8) 


E EN — 1 
= 9073) m ТЕ ТІГЕ! 6 (0-0 —8 


w= f(z) = 2 + \/7 апа f(z + В) = (z+h)+/z+h = ша Heth) — fe) 


ту. (Verve) 


а Ее ағу) _ lim oe В УВ yz _ 


= | — 1 

к Eis к (Veri у) 
2 - z-h-z __ — 1 dw 223 
нА = L im, сн 1+; > Tl, = а 
Hes — қайд-йй ы ак: р (х+2)—(2+2) _ : -1 2-1 
Ї (x) = im, 2-х 2 im. а m атте х)(2+2)(х+2) -. ате ICES CE F2) — Jim. +2)(х+2) 77 (x42) 
f(x) = lim $= № иш (6-3£*9-(6-3x*9 _ pig z-3-x «3 — pig Z-x -3:43х 

Z— x 7-х 7-х Z—x 7-9Х 7-Х 7 0 Хх 7-Х 

2 lim © СЕЕ (2-х) _ Jim Қа х= = Jim [(z + x) – 3] =2-3 
но — т 82-5899 _ qn ат-ат їр 2%-1)-ха-1) _ -z+x _ y -1 EET 
g (5) m im, 2-х m Jim, 2 = Jim.c x)(z-1)(x-1) — Jim, g x)(z—1)(x-1) - im. c 1(x-1) ` (х-1)! 


(х) = lim £289 — jim 8549-0440. Уи _ | В: ий NP 
g(x) — Jim, 2-х = Ди, 2- = шп, 2-х — \/2+\/х m SL T ELT Rs 


Note that as x increases, the slope of the tangent line to the curve is first negative, then zero (when x — 0), 
then positive — the slope is always increasing which matches (b). 


Note that the slope of the tangent line is never negative. For x negative, Ғ;(х) is positive but decreasing as x increases. 
When x = 0, the slope of the tangent line to x is 0. For x > 0, (х) is positive and increasing. This graph matches (а). 


Ёз (х) is ап oscillating function like the cosine. Everywhere that the graph of f; has a horizontal tangent we expect f; to be 
zero, and (d) matches this condition. 


The graph matches with (c). 


(a) f'is not defined at x = 0, 1, 4. At these points, the left-hand and right-hand derivatives do not agree. 


For example, lim ша slope of line joining (—4, 0) and (0,2) = 1 but lim, £900) — slope of 
х— х— 
line joining (0, 2) and (1, —2) = —4. Since these values are not equal, f'(0) = lim, е does not exist. 
x 


(b) 
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Section 3.2 The Derivative as a Function 


32. (a) (b) Shift the graph in (a) down 3 units 
у x 
>х 
ЭХ 
33. | 
32 
06 = 


| 1 1 f L 
-07| 84 оо 87 88 


>x 


34. (a) (b) The fastest is between the 20" and 30" days; 


slowest is between the 40" and 50" days. 


35. Answers may vary. In each case, draw a tangent line and estimate its slope. 
(a) i) slope ғ: 1.54 => 9 x L54^E ii) slope + 2.86 => ЧТ ~ 2.860 E 


iii) slope = 0 => т = 0° iv) slope = —3.75 => «Т = —3.75° Е 


р С Жы dT А, oF 
(b) The tangent with the steepest positive slope appears to occur at t = 6 => 12 p.m. and slope © 7.27 => ў & 7.27° үс. 


dt 
The tangent with the steepest negative slope appears to occur at t — 12 — 6 p.m. and 


slope = —8.00 => ЧТ ~ —8.00° Е 


(с) 


Slope 
1 aT 


4 Ци?” 


CF/hr) 6 


11 >» + (hrs) 
0 12 


36. Answers тау vary. In each case, draw а tangent line and estimate the slope. 


(@) 3) slope 2083 => шш ii) slope ~ —35.00 => 4У ~ —35.00 №, 
iii) slope ~ —6.25 => ЧЕ ~ 6.25 №. 


(b) The tangentwith the steepest positive slope appears to occur at t — 2.7 months. and slope z 7.27 


ау „~, Ib 
= dt ~ 33.13 Б 
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37. 


38. 


39. 


40. 


41. 


42. 


t (months) 


Left-hand derivative: For h < 0, f(0 + h) = f(h) = h? (using y = x? curve) > Р lim On - RO) 
= lim 0 = lim h-0; 
ћ— 07 ћ— 07 


Right-hand derivative: Forh > 0, f( + h) = f(h) = h (using у = x curve) = | lim , eee 


— ]im к= lim 1-і; 
ћ— 07 ћ— 07 
Тћеп " lim Е Кот) 0) ж Я Шш " кою) => the derivative f'(0) does not exist. 


Left-hand derivative: When h < 0, 1-Eh «1 > f(1+h)=2 => lim_ м КО = da 


= lim 0=0; 
ћ— 07 


Right-hand derivative: When h > 0,1+ћ>1 = f(1+h)=2(1+h)=2+4+2h = lim. юзю 


= m, +2032 - „йт. т = һіт,2-2; 
Then lim ae Æ à ш А RE — the derivative f'(1) does not exist. 


Left-hand derivative: Whenh <0,1+h<1 => f(1+h)=/1+h > ШЕ юр 


vī+h-1 _ jim (Vivn-1) (vi h 1) _ іш -0415-1 — lm —__ = 
ju. c таа h> 0- h (Мї+ї+ї) һ-0- h(Virhe1) һ-0- Уча 
Right-hand derivative: When h > 0,1 +h > 1 > 1+1) = 21+ -1= 2а +1 = aut A 


1. 
ves 


h 
= lim, +D -= lim 2-2; 
h > 0+ i h— 0+ ” 
Тһеп | lim Ё amet) Æ " Іші, +d- — the derivative f'(1) does not exist. 
Left-hand derivative: lim 9-0 = Jig Ð- -> jim 1-1, 
ћ— 07 ћ— 07 ћ— 07 
f( +h) к (115- ) (Нч) 
Right-hand derivative: іт ЧК = jim = = lim, == 
ћ— 0" ћ— 0" ћ— 0" 


200 ENSE р и 
л greg —, Hm. y =-l; 


Then " lim Е юю) ж қ ши, МЮ = the derivative f'(1) does not exist. 
f is not continuous at x = 0 since lim f(x) — does not exist and f(0) — —1 
X — 
Left-hand derivative: lim 89-80 — їр 2 -0- lim == = +00; 
ћ— 07 h в-0- № ћ— 07 b" 
Right-hand derivative: lim E 50) = lim EX = = lim, гіз = “оо; 
h = 0+ h = 0+ h> 0t 6" 
Then " lim Ё ath) 2) 2 lim, sm -so» = +оо = the derivative 2'(0) does not exist. 
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43. (а) 
(5) 
(с) 


44. (а) 
(b) 
(c) 


45. (a) 
(b) 
(c) 


46. (a) 
(b 


wm 


(c) 


47. (a) 
(b) 


48. (a) 


49. (a) 
(b) 


50. (a) 


Section 3.2 The Derivative as a Function 


The function is differentiable on its domain —3 < x < 2 (it is smooth) 
none 
none 


The function is differentiable on its domain —2 < x < 3 (it is smooth) 
none 
none 


The function is differentiable on —3 < x < Јапао <x < 3 

none 

The function is neither continuous nor differentiable at x = 0 since lim _ 100 >= im А f(x) 
х— х— 


f is differentiable on —2 С x < -1, -1<х< 0,0 <х 2, апа2 <х < 3 
f is continuous but not differentiable at x = —1: lim i f(x) = 0 exists but there is a corner at x = —1 since 
х— — 


lim HDD = запі lim 
ћ— 07 ћ— 0+ 


f is neither continuous nor differentiable at x = 0 and x = 2: 


каав-к-р =3 = f'(—1) does not exist 
ах —0, Іт f(x) 23but lim f(x) 20 = Іш f(x) does not exist; 
х— 0 х— 0" х 0 


atx = 2, lim, f(x) exists but lim, f(x) Z f(2) 
X а => 


fis differentiable on —1 < x < OandO <x < 2 


f is continuous but not differentiable at x = 0: lim, f(x) = 0 exists but there is a cusp at x = 0, so 
х— 
f'(0)— lim Mosman does not exist 
һ— 0 


попе 


f is differentiable on —3 < x «-2,-2«x«2,and2«x < 3 


f is continuous but not differentiable at x = —2 and x = 2: there are corners at those points 
none 
— fi . = 2 — (=x? . —х? — -h 2 . 
f'(x) = lim = fx) _ lim Qtr (-х2) — lim x! -2xh — В? +x = lim (—2x — h) = —2x 
ћ— 0 ћ—0 ћ— 0 ћ— 0 


x 
y’ = —2x is positive for x < 0, у' is zero when x = 0, у' is negative when x > 0 
у = —х? is increasing for —oo < x < 0 and decreasing for 0 < х < oo; the function is increasing on intervals 


where у' > 0 and decreasing on intervals where y' « 0 


= -1 
1 — 1; Кх +В) – К) _ 1; (zi - 31) —_ 1; —х+(х+һ) _ 1 "E 
f (x) m jim, h ЕЕ iim, h ЕЕ jim, x(x+hh  -. иш 0 x(x+h) — х? 
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(b) 


] 1 >х 


(c) у is кен for all x Z 0, у' is never 0, у' is never negative 
(d y= 115 increasing for —со < x < O0 and 0 < x < oo 


51. (a) Using the alternate formula for calculating derivatives: f'(x) — lim. Ko) — 109) = 


X д х 2 


3. Q3 = 2 2 Я 2 2 с 
= lim 2-5 = на €-9( ***). pg Stet’ — х2 ~ f'(x) = x? 
2-х 3(2-х) 7—>Х 3(z — x) ТЭХ 3 


(5) 


(c) у is е for all x Z 0, and у’ = 0 when x = 0; у' is never negative 
(d) y = * is increasing for all x 4 0 (the graph is horizontal at x = 0) because y is increasing where y’ > 0; y is 


never pan 


(s J 
: А "m : ШЕ; : 474 
52. (a) Using the alternate form for calculating derivatives: f'(x) = lim № — lig А2 
7-9Х Z—x 7-9Х 7-Х 
Ш A-x _ x (2 —х) (Z? + x2 + хх) _ 1: B+x24+xz+x _ „3 П = 48 
= Jim, Az — 3 = im, A(z — х) = Jim, 4 =x > fo)-x 


(b) 


(c) y’ is positive for x > 0, y' is zero for x = 0, y' is negative for x < 0 


(d y — Е is increasing оп 0 < х < оо and decreasing оп оо < x < 0 


Lh | | 2 | А 
53. y = lim (26 + ВУ — 135 +h) + 5) – (2x? -13x + 5) _ lim 
> h ћ—0 


= Jim, Ach 2h’ — Ih — im, (4x + 2h — 13) = 4x — 13, slope at x. The slope is —1 when 4x — 13 = —1 


2x? + Axh + 2h? — 13x — 13h + 5 — 2x? + 13x — 5 
h 


4x — 12 x=3 > у=2- 32 — 13-3+5 = —16. Thus the tangent line is y + 16 = (—1)(x — 3) 
= y = —x — 13 and the point of tangency is (3, — 16). 


54. For the curve у = \/х, we have y' = im, ша. : ын 4- im, и 


= . 1 . . 22 . . 
- шит, и a aR Suppose (a (a, Ма) is the point of tangency of such a line and (—1, 0) is the point 


on the line where it crosses the x-axis. Then the slope of the line is га CH = e which must also equal 
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55. 


56. 


57. 


58. 


59. 


60. 


Section 3.2 The Derivative as a Function 


22) using the derivative formula at x = а = 5 1 2а=а-+1 а = 1. Thus such a line does 
exist: its point of tangency is (1, 1), its slope is na ix and an equation of the line is y — 1 — ix -1) 


=> у= іх +1. 
Yes; the derivative of —f is —f' so that # (хо) exists => -Ғ(хо) exists as well. 


Yes; the derivative of 3g is 3g’ so that 2'(7) exists => 3g'(7) exists as well. 


50) 


Yes, um, ва) Can exist but it need not equal zero. For example, let g(t) — mt and h(t) — t. Then g(0) — h(0) 
— 0, but lim 29 — jim ™ = lim m= m, which need not be zero. 

1-0 00 t>o t 1-0 
(a) Suppose |f(x)| < x? for —1 < x € 1. Then |f(0)| < 02 = КО) = 0. Then f'(0) = im, ео 


= lim ® = lim ©. For |h| < 1, —h? < fh) < h? > -h< ® <h f(0)— lim ® =0 
ћ— 0 ћ— 0 ћ— 0 


by the Sandwich Theorem for limits. 
(b) Note that for x > 0, |f(x)| = i| E 
f is differentiable at x = 0 and #(0) = 0. 


|x?| |sin x| € |x?| - 1 = x? (since —1 < sin < 1). By part (a), 


The graphs are shown below for h — 1, 0.5, 0.1. The function y — - is the derivative of the function 


у= x so that 22 = ніш, ы ах, ЕВИ . The graphs reveal that y = = = машаа gets closer to у = = 


E 


as h gets smaller and smaller. 


y y y 


] h 20.1 

һ= 0.5 
2! 2 

у = 1/(2./х) у = 1/(2./х) 

"di | 
| | 
M» 
у= 1 
х 
0 1 2 


The graphs аге shown below for В = 2, 1, 0.5. The function dn — 3x? is the derivative of the function y — x? so 


that 3x? = jim, oia, The graphs reveal that y = Gis х gets closer to y = 3x? ash 


gets smaller and smaller. 
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61. The graphs are (һе same. So we know that 
for f(x) = |х 


, we have f'(x) — м 


62. Weierstrass's nowhere differentiable continuous function. 


24! 2? гү! 
&(x) = cos(zx) + (5) cos(9z x) + (5) cos(9? rx) + (5) cos(nx) 


2 7 
Te (5) соѕ(9°лх) 


63-68. Example CAS commands: 
Maple: 
f := x -> x^3 + x^2 - X; 
х0 := 1; 
plot( f(x), x=x0-5..x0+2, color=black, 
title="Section 3.2, #63(a)" ); 
q := unapply( (f(x+h)-f(x))/h, (x,h) ); # (b) 
L := limit( q(x,h), h=0 ); # (c) 
m := eval( L, х-х0 ); 
tan line := Қх0) + m*(x-x0); 
plot( [f(x),tan line], x=x0-2..x0+3, color=black, 
linestyle=[1,7], titlez" Section 3.2 #63(d)", 
legend=["y=f(x)","Tangent line at x=1"] ); 
Xvals := sort( [ х0+2^(-К) $ К-0..5, x0-2^(-k) $ k=0..5 1): # (е) 
Yvals := map( f, Xvals ): 
evalf[4](< convert(Xvals, Matrix) , convert(Y vals, Matrix) >); 
plot( L, x=x0-5..x0+3, color=black, titlez" Section 3.2 #63"); 
Mathematica: (functions and x0 may vary) (see section 2.5 re. RealOnly ): 
<<Miscellaneous RealOnly” 
Clear[f, m, x, у, В] 
х0- т /4; 
f[x_]:=x? Cos[x] 
Plot[f[x], (х,х0 — 3, x0 + 3}] 
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а[х_, h_]:=(f[x + h] — f[x])/h 

m[x ]:-Limit[q[x, h], В — 0] 
ytan:=f[x0] + m[x0] (x — х0) 
Plot[(f[x], уп}, {х, x0 — 3, x0 + 3j] 
m[x0 — 1]//N 

m[x0 + 1]//N 

Plot[{f[x], m[x]},{x, x0 — 3, x0 + 3}] 


3.3 DIFFERENTIATION RULES 


1. 


10. 


11. 


12. 


13. 


14. 


15. 


у--х43- 2 = d (-х2) + 4 (3) = -2х+0=-2 = 4--2 


у= х2 +х+8 > ® =2х+1+0=2х+1 > 9-2 


3=58 —36 = & = 4 (58) — 4 (36) = 152-154 = $ = 4 (156) — 4 (150) = 30t — 608 


= 12675 — 427 + 42 


м = 327 — 728 +2122 => 48 = 2170 — 2122 +421 > © 


yes x = S = 4х2 1 = Фу = 8х 


d? 7 


9 
с. 
м 


y=ete tis ®=х?°+х+1 > 9 =2х+1+0=2х+1 


м=323— > м =—62 3 +z? = 56 + > Ч = 18274 – 2278 = 8-2 


8--221-422-Ы- 8-0202-8:3-2-3- 9 = 3 + 2405 = = + 5 


у = 6х? — 10x — 5x7? = Ë = 12х – 10 + 10x? = 12x – 10 + 10 = S3 = 12-0-30x-4 = 12 – 30 


у=4 2-х 8 > = 24 3х4 5-24 $ 5 8 = 0 125 = В 


1 5 dr 
3 2 ds — 


r— 120-1 — 40-3 + 74 — 4 = —120-2 + 12074 — 4075 = 2 + 5 4 > ot — 24973 — 480—5 + 200-6 


05 
24 
= 2 — 5+7 


(а) у= (3-х) (ё -х+1) > у=(3-х)- (%-ха)-(2-ха)-(3-х) 
= (3 — х?) (3х2 — 1) + (x? — x + 1) (-2x) = —5x* + 12x? — 2x - 3 
(b) y = —x? + 4x3 — x? – 3x +3 > у = —5x* + 12x? – 2х – 3 


(а) y = (2х + 3) (5х2 — 4х) = y! = (2х + 3)(10х — 4) + (5x? — 4x) (2) = 30x? + 14x — 12 
(b) y = (2x + 3) (5x? — 4х) = 10x? + 7x? — 12x = у’ = 30x? + 14x — 12 


(а) у= (2+1) (х+5+1) > у= (2+1): 2 (х+5+ 21) + (х+5 +21) -& (х2 41) 


= (x? + 1)(1—х 2) + "CN SR к -141-х22)-(2х2 +10 +2) — 324104421 
(D у= х? + 5х2 +2х+5+1 > у = 3х? + 10х +2 4 
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16. y = (1+ х2) (хз — x3) 
(а) y = (14-32) - (àx- V4 + 3x74) + (x ae (2x) = > + 3 + НА 1 
(b) ух gl = у = = мања 4 а ga 1 
17. у= #5; 2 = ш=2авау =3 > у = 57 
— 9х-2)0)-(Ох--5)3) _ 6х-4-6х-15 _ -19 
(3x — 2)? (3х — 2)? 77 Gx-2y 
18. y = pr suse the quotient rule: и = 4 — Зх and v = 3x? + x > и = –Запду = 6x 441 > у = wow 
— (Bx +x)(=3) – (4 = 3х)(6Х+1) _ -0х2-3х-418х2-021х-4 _ 9x3 - 24x —4 
(3x2 + х)? (3х2 + xy? (3х2 + х)? 
19. g(x) = 1. 4 u=x?—4andv=x+05 > ш =2xandv = 1 > g'(x)— WC 
— (х4:0.512х)-(х7-4) (1) _ 2?+х—х?+4 _ х?+х+4 
= x+05! +05 = 605 
_ 8-1 _ (4-16-11) 1-1 , (t-2)(0)-(t-D(1 | t+2-t-1 1 
20: 075427 eee) ua bo Е Н (27 7 ex 
— 271 _ I-t ду _ (140)-1-0-0409 _ -1–2–2+28  8-2-1 
21 v-0-0(1- 8) = 15 > # = 1356 жақын б-ша 
— x+5 — Ох-7)1)-(х-5)0) _ 2х—7—2х—10 _ -17 
22. w= ку > м = Qx— 3 = бк = Ох-7) 
"E | (Ув-)(:4)-(,%-) (55) (ива) (ув) i 
23. f(s) #'(8) 7 = roS 3 
vs (/s+1) 2/3 (уз +1) Vs (0+1) 
МОТЕ: 4 (vs) = 297 from Example 2 іп Section 3.2 
: u (2,/х) (5) - Gx + D = = 
24. u = ae = и = 4х (3) - Pe 
E = х(1--2-|-(1-х-4ү/х зон 
25. у НА = + ( al Е ae 1 
Мако) – 1 (55) 
Р 21 P. 2/0 1 
26. r=2 (3 + 0) = "= | 5 +57; dd. 
27. у = GT: use the quotient rule: и = 1 and v = (x? — 1) (x? +x +1) = и = 0 and 
v = (x? — 1) (2x + 1) + (x? + x + 1) (2x) = 2х3 + x? — 2x — 1 + 2х3 + 2x? + 2х = 4x3 + 3х? — 1 
dy уюшу. 0-13 -1) _ Ad 30241 
dx үз (2-1) (х2 +x41? (2-1) (х2 x41) 
_ (K+DK+2) _ х+3х+2 — (х2—3х+2)(2х +3) – (х2 +3х+2) (2х-3) _ -62412 _ -6(х2-2) 
28. Y = Da-3 © х®—зх+2 = у = (x— Пек 22 = D 28 = Ko ae 
20.y-ix!-ix!-x => у =2x3-3x-1 = у" = 6х? – 3 y" = 12x y® = 12 y = 0foralln > 5 
30. у= dx = у= ах y = 1х? у" = 1х? у = x уб) = 1 у“) = 0 for all > 6 
31, y = (x - 1) (X + 3x — 5) = х + 2х2 — 8x +5 > у = 3x? + 4x 8 у" 6x4 9 y" =6— y? = 0 for all 
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32. у = (4х3 + 3х)(2 — x) = —4х* + 8х3 — 3х2 + 6x => у = —16x? + 24x? — 6x +6 => у” = —48x? + 48x — 6 
=> у" = —96x + 48 уб -96 ҮШ) О for all n > 5 


Фу 


33. y = ÙH ЕЕ > ®—2х—7х? 9x15 %=2+14х%=2+Ы 


Us 


19501-02 > 8 = 0 512 + 2073 = —5r? + 209 = 55 + 2 


_ Ё+50-1 _ 5-1 
34. 4-32412--141-2 dt 


ds _ -3 —4 — 10 6 
= 48 = 1003 — 6074 = ő 


35. r= Ера ell 1 1 1-03 = и = 0+ 30-4 30-4 


Зе 
сіп. 

3 
<> 


36. u= = = В ee — ze ED = 1+ х 14x 
> № =0— 3x = -3x == ш 102—5 – 3 
37. w= (4%) G@-2) = (512! +1)(3—2)=2!—1+3—2=2! +85—7 > # =-z7?+0-1=-z?-1 


Фу = = 2 
===–1= A =223—0=223=—<4 


38. у = (2 + 1(2 — 1) (z? + 1) = (22 — 1) (22 + 1) = 27 — 1 dw — 478 — 0) =42 = 4% = 1222 


== 


2 3 4A __ - 344-3 a 6 di = = 
39. p= ($533) (222) = В 0 47241-14 > Фаг за = 29+ 0+ 


Фр 1114-4 –6 — 1 1 5 
> Tg ed - 54 ' —$—34— 9 
40 92 +3 = 4-3 _ 9+3 443 1 14-1 
SPS 77 ^ (9 — 342 + За – 1) + (47 +3q2+3q+1) 20-6а  2q(q-3) 24 6 29 
dp _ _ mu Фр -3. 1 
> dq — 59° 247 dq? —Ч Ф 


41. u(0) = 5, (0) = jos = "n v(0) = 2 


(a) 4 (uv) = = u(0)v/(0) + уОји (0) = 5 - 2 + (—1)(—3) = 13 
_ уш —uv u 2 С ош) оу _ (=1)(—3) – (5)(2) _ 
(b) m (% шин 39 х= (v(0)? (—17 =—7 
d (у) __ uv-w у — u0v(0-w0w(0 _ (512)-(-1Х-3) _ 7 
ХЕ > (|. (407 бу — 25 


(d) i ни = "T 


х=0 zx 7v'(0) ын 2и' (0) -7.2- 2-3) = 20 


42. u(1) = 2, 0(1) = 0, (1) = 5, (1)  -1 
(а) 4 (оу) = ШУ) уши) =2-(–1)+5-0 = –2 
(в) 2 (5)| = ам) 505250 — 2 


(с) а (5) xz (u(y = 9 2 
O 4 (7 – 20), = 70) – 2001) =7-(-1)-2-0=-7 


х=1 (а) 6 25 
— wxDvü)-wDwü) | 2(-D-50 _ _ 1 


43. у = x? — 4х + 1. Note that (2, 1) is on the curve: 1 = 23 — 42) + 1 
(a) Slope of the tangent at (x, y) is у’ = 3x? — 4 => slope of the tangent at (2, 1) is у'(2) = 3(2)? — 4 = 8. Thus the slope 
of the line perpendicular to the tangent at (2, 1) is — : = the equation of the line perpendicular to the tangent line at 
Q,Diy-1-2-i(x-2ory--i-i. 


(b) The slope of the curve at x is m = 3x? — 4 and the smallest value for m is —4 when x = 0 and y = 1. 
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44. 


45. 


46. 


47. 


48. 


49. 


50. 


51. 


52. 


53. 


Chapter 3 Differentiation 


(c) We want the slope of the curvetobe8 = у = 8 = 3х2 — 4 = 8 => 3х? = 12 > x? = 4 => x = +2. When x = 2, 
у = | and the tangent line has equation y — 1 = 8(х — 2) огу = 8x — 15; when x = —2, у = (-2? — 4(—2) + 1 


= 1, and the tangent line has equation y — 1 = 8(x + 2) ory = 8х + 17. 


(а) y = x3 – Зх – 2 = y! = 3х? — 3. For the tangent to be horizontal, we need m = у = 0 > 0 = 3х? — 3 > 3x? = 3 
=> х = +1. When x = —1, у = 0 => the tangent line has equation у = 0. The line perpendicular to this line at 


(—1,0)is x = —1. When x = 1, y = —4 = the tangent line has equation y = —4. The line perpendicular to this 
line at (1, —4) is x = 1. 

(b) The smallest value of y' is —3, and this occurs when x — 0 and y — —2. The tangent to the curve at (0, —2) 
has slope —3 = the line perpendicular to the tangent at (0, —2) has slope i > у+2= i (x — 0) or 


у= i x — 2is an equation of the perpendicular line. 


_ Ах ду _ (х2+1)04) – (4х)02х) | 44-8 _ 4(–х +1) = = ‚ _ 4040 _ 
урне = (ОГ ИСТ T wen When x = 0, у = 0 апау = ZE = 4, so the 


tangent to the curve at (0, 0) is the line у = 4x. When x = 1, y = 2 = y! = 0, so the tangent to the curve at (1, 2) is the 


line y = 2. 

2 = == 
у = = > у = © 0000 = OP. . When x = 2, y = 1 and y' = CRUEL = — 5, so the tangent 
line to the curve at (2, 1) has the equation y — 1 = — 1 (x — 2), ory = — 5 + 2. 


у = ах? + bx + c passes through (0,0) > 0 = a(0) + b(0) + с = с = 0; y = ax? + bx passes through (1, 2) 

=> 2 = a + b; у’ = 2ах + b and since the curve is tangent to у = x at the origin, its slope is 1 atx = 0 

=> у = 1 мһепх = 0 = 1—2a(0)-b = b= 1. Thena+b=2 = a= 1. Insummary а = b = 1 апіс = 0 so 
the curve is y — x? 4- x. 


y = cx — X? passes through (1,0) > 0 = 61) -1 = с=1 = the curve is y = x — х2. For this curve, 

y =1- 2х апах =1 => у’ = –1. Since y = x — x? and y = x? + ах + b have common tangents at x = 0, 

у = х? + ax + b must also have slope —1 atx = 1. Thus у 22x фа = —1=2-1+а > а= -3 

= у= х? — 3x b. Since this last curve passes through (1,0), we have 0 = 1 — 3 +b = b = 2. In summary, 


а = —3, b = 2 and c = 1 so the curves are y = x? — 3x + 2 and y = x — х2. 


у = 8х +5 = m = 8; f(x) = 3x? — 4x => f'(x) = 6x — 4; 6x — 4 = 8 > x = 2 = 62) = 3(2)? — 4(2) = 4 = (2,4) 


8х — 2y = 1 > y = 4x — і > m = 4; g(x) = 1х3 — 8х2 + 1 => g'(x) = х2 — 3х; x? — 3x =4 => х = Аогх = —1 
3 2 3 2 
= g(4) = 1) 30? +1 = -3 g1) = 100? - 3-1)? +1 = -3 = (4, -9) or (-1, -9) 
x х-2 -х RE 3 = 2 
у=2х+3 2 ш=2 5 m = у= әу = Кеа = =—}=4=(х—2) 


+2=х-2 5 х= 40х = 05 іх = 4,у = 115 = 2, апііх 20, y = 74, = 0 = (4, 2) or (0, 0). 


m = #=8; f(x) x? > f'(x) = 2x; m = f'(x) -— 2x = 2x > x? — 8 = 2x? — бх > x? — 6x +8 = 0 


x = 40r x = 2 => f(4) = 42 = 16, f(2) = 2? = 4 = (4, 16) ог (2,4). 


(а) у= х? –х = у = 3х? — 1. When x = -1, у =Oandy’ 2 2 = the tangent line to the curve at (—1, 0) is 
у = 2(х + 1) огу = 2х + 2. 
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(b) 


= хз -x 


| = х%—х=2х+2 > x-3x-2-—(x-2)x41? = 0 x = 2огх = —1. Since 
у = 2(2) + 2 = 6; the other intersection point is (2, 6) 
54. (а) у = x? — 6x? + 5х = у = 3х? – 12x +5. When x = 0, y = O and у’ = 5 => the tangent line to the curve at 


(0,0) is y = 5x. 
(b) 


у = х? — 6x? + 5х 
у = 5х 
Since у = 5(6) = 30, the other intersection point is (6, 30). 


(с) 


Jo -ве нэхэх = 2-62-05 2-9 0 x = Оогх = 6. 


55. lim, =! = 50x? ‚= 50 (1)? = 50 
56. lim S= = 277 2 -2 
Sy КТ 9 х= 9-1)/9 9 
57. g'(x) = ( о M since g is differentiable atx = 0 => lim (2х – 3) = —3 and lim а-а-а--3 
a х<0 х 0+ Х- 07 


58. f'(x) = а ши zd since f is differentiable atx = —1 => lim a=aand_ lim , (2bx) = —2b = a = —2b, and 
26х x«-1 Xo —1+ x > —1 


since Ё is continuous atx = —1 => Ши (ax + b) = та + band | lim ‚- (bx? — 3) =b-3=>-a+b=b-3 
ү фес йіне — – 


а-3-3--20-0-- 


NI 


59. P(x) = арх! + ар 1x1 + --- + ax? + ах + ао => Р (х) = пах! + (n — 1)ay 4x*? + +++ + 2аох + ay 


60. R =M? (С – М) = СМ? — 1 МЗ, where С is a constant => 4 = СМ – М? 


dc __ d 2 4с du _ du 4 
61. Let c beaconstant => 2-0 > р со=и-у с = 0 О+-ск = су. Thus when one of the 


functions is a constant, the Product Rule is just the Constant Multiple Rule = the Constant Multiple Rule is 
a special case of the Product Rule. 


62. (a) Weuse the Quotient rule to derive the Reciprocal Rule (with u — 1): Ч (1) = SS == 


Ww 
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(b) Now, using the Reciprocal Rule and the Product Rule, we'll derive the Quotient Rule: a (2) = 4 (u E 1) 


4х Ху ах У 
4“ 
=з 4 (1) +1 = еш (Product Еше) = u - (=) у + 1 du (Reciprocal Еше) = 2 (2) == aye dx 
du _ 
= 2-3 the Quotient Еше. 
63. (а) £ (ум) = € (uv) - w) = (uv) 55 + w - € (uv) = uv $ + w (и 9 +v 40) = uv 9 + wu 9 + wy Ш 
= uvw' + uv/w + u'vw 
(b) £ (МНЕ & ((ш из) u4) = (шота) s йм + uy 4 (110205) =>  (шшизш) 
= из ЕМ + u4 (uuz % T + ugu аш + 030 ші) (using (a) above) 
> 2 (шшизщ) = = 919213 өш + 911214 dus + 919304 duz + 920394 du 
= = циидизи, + 01120504 + иш + uj 12034 
(c) Generalizing (а) and (b) above, -4 (шы) = UU UnU + о -U, 21 145 +... + Uq 254, 
m. eK m- 
64. а(х") = 1 (1) = == ыг ) талы т. xm 1-28 = m x 
65. P= ШЕТ. - ут. Weare holding T constant, and а, b, n, R are also constant so their derivatives are zero 
dP _ (V-nb-0—(nRT)(1) | У2(0)— (ап?) QV) _ авт 2 
> v7 V nby (v2? mE San? T v 
h Б Ках m 2. 
66. А(а) = B + ст + = = (кт)! + ст + (8)а => B = –(кт)а 2 + (8) = — +? > ФА = ХЕтја = an 
3.4 THE DERIVATIVE AS A RATE OF CHANGE 
1. s=t?—3t+2,0<t<2 
(a) displacement = As = $(2) — (0) = Om — 2m = —2 m, Vw = AS = = = —1 пузес 
(b v= $ 22t-3 = |v(0)| = |-3] = 
а= | =2 > а(0) =2 d апа а(2) = 2 ш/вес? 
(с) v=0> 21-3 = 0 = t= 5. vis negative in the interval 0 < t < 5 3 and у 15 ровійуе when 3 5«t«2- the body 


changes direction at t — 3. 


2. s-26t-0,0«t«6 
(a) displacement = As = s(6) — s(0) = От, v,, = ne = = 0 m/sec 
(b v= & =6— 21 = |v(0)| = |6| = 6 m/sec and ме) = = |—6| = 6 m/sec; 
а = 45 = —2 = а(0) = —2 m/sec? and а(6) = —2 m/sec? 
(с) у =70=>6—2=0 = t= 3. vis positive in the interval 0 < t < З and v is negative when 3 < t < 6 => the body 


changes direction at t = 3. 


3. з= В+ 3Р — 360 «t «3 
(а) displacement = As = $(3) — s(0) = —9 m, у, = as = E = —3 m/sec 
(b) v= $ = –32 +6:—3 = |v(0)| = |-3| = 3 m/sec and |v(3)| = |-12| = 12 m/sec; а = es = —6t46 
= а(0) = 6 m/sec? and a(3) = —12 m/sec? 
(с) v=0 => – 32 + 6—3=0 > @-2+1=0 = (- 1)? =0 = t= 1. For all other values of t in the 
interval the velocity v is negative (the graph of v = —3t? + 6t — 3 is a parabola with vertex at t = 1 which 
opens downward => the body never changes direction). 
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4 st Ë+, 0<1<3 


(a) As = $(3) — $(0) = ?m, Vay = As = i = 3 m/sec 

(b у = 5 — 32 + 2t = [v(0)| = 0 m/sec and |v(3)| = 6 m/sec; а = 3? — 6t +2 = а(0) = 2 m/sec” and 
a(3) = 11 m/sec? 

(с) v=0 > -3 +2t=0 = tt—2)(t—1) 20 => t=0,1,2 = у t(t— 2)(t — 1) is positive in the interval 
for 0 < t < 1 and v is negative for 1 < t < 2 and v is positive for 2 < t < 3 => the body changes direction at 
t= landatt = 2. 


(a) As = 5(5) — s(1) = –20 m, v,, = 220 = —5 m/sec 

(b) v= -50 +5 = |v(1)| = 45 m/sec and |v(5)| = = 1 m/sec; а= 150 - 10 = а(1) = 140 m/sec? and 
а(5) = x n 

(с) у-0- XEM =0= –50 + 5t = 0 > t = 10 the body does not change direction in the interval 


6. s= 35,-4<t<0 


(a) As = s(0) – s(—4) = —20 m, у, = — 20 = —5 m/sec 


(b) v= ay = |v(—4)| = 25 m/sec and КҮТЕ = 1 m/sec; а = 255 = а(—4) = 50 m/sec? and 


a(0) = 2 m/sec? 

(с) у=0 = == = = 0 => vis never 0 => the body never changes direction 

7. s = 0 — 62 + 9t and let the positive direction be to the right on the s-axis. 

(а) у = 32 — 12t+9sothatv=0 > ?—4t4-3—(t-3)(t—1 202 t—10r3;a—6t— 12 = a(l) 
= —6 m/sec? and а(3) = 6 m/sec”. Thus the body is motionless but being accelerated left when t = 1, and 
motionless but being accelerated right when t — 3. 

(b) а=0= 6t — 12 = 0 > t = 2 with speed |v(2)| = |12 — 24 + 9| = 3 m/sec 

(c) The body moves to the right or forward on 0 < t < 1, and to the left or backward on 1 < t < 2. The 
positions are s(0) = 0, s(1) = 4 and s(2) = 2 = total distance = |s(1) — s(0)| + |s(2) — s(1)| = |4| + |-2| = 6 m. 


8 у =2—4+3 > a=2t-4 
(а v=0 > Р- 4+3 = 0 { = 1ог3 = a(1) = —2 m/sec? апа а(3) = 2 m/sec? 
(6) v>0 = (t-3(t-1) >20 = 0 <1 < 1огї > 3 and the body is moving forward; у < 0 = (t—3)(t— 1) <0 
= 1<t< 3 апа ће body is moving backward 
(c) velocity increasing > а>0 => 2t—4>0 = t»2;velocity decreasing => а < 0 => 2t-4<050<t<2 


9. s, = 1.860 = v, = 3.724 and solving 3.724 = 27.8 => t% 7.5 вес on Mars; $; = 11.440 = у; = 22.88 апа 
solving 22.881 = 27.8 = t~ 1.2 sec on Jupiter. 


10. (а) v(t) = s/(t) = 24 — 1.6t m/sec, and a(t) = У (0 = У (0 = —1.6 m/sec? 
(b) Solve v(t) =0 = 24- 1.66=0 = t= 15 sec 
(с) (15) = 24(15) — .8(15? = 180m 
(а 


(e) Twice the time it took to reach its highest point or 30 sec 


хи 


Solve s(t) = 90 = 24t—.8? = 90 => t= == кылып & 4.39 sec going up and 25.6 sec going down 


хий 


11. 5 = 151 — igt => v= 15 — 0,150 ћаѓу = 0 = 15 – 0= 0 => g= B, Therefore g, = 15 = = 0.75 m/sec? 
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12. Solving s, = 832t — 2.62 = 0 = (832 — 2.60) =0 = t —00r320 = 320 вес on the moon; solving 
s, = 832t — 162 = 0 = t(832— 169 = 0 = t=Oor52 = 52 вес оп the earth. Also, у„ = 832 — 5.24 = 0 
t = 160 and 5, (160) = 66,560 ft, the height it reaches above the moon's surface; у, = 832 — 321 = 0 


=> 
= t= 26 апа $.(26) = 10,816 ft, the height it reaches above the earth's surface. 


13. (а) s = 179 — 162 = у = —32t => speed = |v| = 32t ft/sec and a = —32 ft/sec? 
(b) s=0 = 179 – 162 =0 = t=4/42 z 3.3 sec 


(c) Whent = 4/ 12, v = —32,/42 = –8 179 = —107.0 ft/sec 


14. (а) lim v= lim, 9.8(sin 0) = 9.8t so we expect у = 9.8t m/sec in free fall 
0- 5 0— 5 р 


(b) а = 2 = 9.8 m/sec? 


15. (a) at 2 and 7 seconds (b) between 3 and 6 seconds: 3 <t <6 
(c) (d) 
lvl (m/sec) a 
_ ду 

4 шиг? 
3 о--0 
2 
ЇГ, орать, 

> t (sec) E 12345678910 
=2 — 
-3ро---о 
-4 


16. (a) Р is moving to the left when 2 < t < 3 or 5 < t < 6; P is moving to the right when 0 < t < 1; P is standing 
still when I <Е< 2073<1<5 


(b) v (cm/sec) speed (cm/sec) 
A 
4r 4 o_o 
velocity 
2-0 2 о-- 
5—5 oh l » (sec) 0--0-0---0- э» (сс) 
1 2 3 5 6 1 2 3 5 6 
-ар о--о 
17. (a) 190 ft/sec (b) 2 sec 
(c) at 8 sec, 0 ft/sec (d) 10.8 sec, 90 ft/sec 


(e) From t = 8 until = 10.8 sec, a total of 2.8 sec 
(f) Greatest acceleration happens 2 sec after launch 
Ш Ш MU : . _ v(10.8)— v2) „, 2 
(с) Fromt = 2 tot = 10.8 sec; during this period, а = —-04 z А —32 ft/sec 
18. (a) Forward: 0 << Land5 «t < 7; Backward: 1 < t < 5; Speeds up: 1 < t < 2and5< t< 6; 
Slows down: 0€t«1,3«t«5,and6«t«7 
(b) Positive: 3 < t < 6; negative: 0 < t < 2and 6 < 1 < 7; zero: 2<t<3and7<t<9 
(c) t=Oand2<t<3 
(d) 7<t<9 


19. s = 490t? v = 980t a = 980 
(a) Solving 160 = 490t? > t= 4 sec. The average velocity was sam sO = 280 cm/sec. 
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21. 


22. 


23, 


24. 


25. 


26. 
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(b 


хи 


At the 160 cm mark the balls are falling at v(4/7) = 560 cm/sec. The acceleration at the 160 cm mark 
was 980 cm/sec?. 


(c) The light was flashing at a rate of 17 


27 = 29.75 flashes per second. 


(а), 
^ 
(bt) . : 
А 
20 a=30-6t 
1 1 1 1 >! 
8 10 12 14 
Wo 720 
-40 
-60 
С = position, А = velocity, and В = acceleration. Neither А nor С can be the derivative of B because B's derivative 


is constant. Graph C cannot be the derivative of A either, because A has some negative slopes while C has only 
positive values. So, C (being the derivative of neither A nor B) must be the graph of position. Curve C has both 
positive and negative slopes, so its derivative, the velocity, must be A and not B. That leaves B for acceleration. 


C — position, B — velocity, and A — acceleration. Curve C cannot be the derivative of either A or B because 
C has only negative values while both A and B have some positive slopes. So, C represents position. Curve C 
has no positive slopes, so its derivative, the velocity, must be B. That leaves A for acceleration. Indeed, A is 
negative where B has negative slopes and positive where B has positive slopes. 


(a) с(100) = 11,000 = ca = 4° = $110 

(b) с(х) = 2000 + 100x — .1x? = c'(x) = 100 — 2x. Marginal cost = с'(х) => the marginal cost of producing 100 
machines is с'(100) = $80 

(c) The cost of producing the 101" machine is c(101) — c(100) = 100 — i — $79.90 

(a) r(x) = 20000 (1 - 1) = г(х) = 20000 , which is marginal revenue. г (100) = 20000 = 62. 

(b) г(101) = $1.96. 

(c) lim, r(x) = , jim, 


will approach zero. 


20000 = 0. The increase in revenue as the number of items increases without bound 


b(t) = 106 + 109 — 1082. = b(t) = 104 — (2) (103% = 103(10 — 20) 
(a) b/(0) = 104 bacteria/hr (b) b'(5) = 0 bacteria/hr 
(c) b'(10) = —10* bacteria/hr 


Q(t) = 200(30 — 92 = 200 (900 — 60t + 2) => Q'() = 200(—60 + 20) => Q'(10) = —8,000 gallons/min is the rate 


000) –00) _ 
10 ЕЕ 


the water is running at the end of 10 min. Then — 10,000 gallons/min is the average rate the water flows 


during the first 10 min. The negative signs indicate water is leaving the tank. 
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2 2 
т.а)у-ө(й-%)-ө(1-і%Ш)-%-і-! 


28. 


29. 


30. 


31. 


(b) Тһе largest value of ay is 0 m/h when t = 12 and the fluid level is falling the slowest at that time. The smallest 


value of y 15 —1 m/h, when t = 0, and the fluid level is falling the fastest at that time. 


(c) In this situation, ду < 0 = the graph of y is 
always decreasing. As 5 increases in value, 
the slope of the graph of y increases from —1 


to 0 over the interval 0 € t < 12. 


(а) У = і лг? dV = Алт“ ЧУ | -4(2)--16т8 ЗЛї 


dr dr 1г-2 
(b) Whenr — 2, ау = 167 so that when г changes by 1 unit, we expect V to change by approximately 167. Therefore 
when г changes by 0.2 units V changes by approximately (167)(0.2) = 3.27 ғә 10.05 f?. Note that 
V(2.2) — V(2) ~ 11.09 #8. 


200 km/hr = 55 3m/sec = 50 m/sec, and D = P? = У = 2t ThusV = 20 = (= 50 = (= 25 sec. When 
= — 10 2 _ 6250 


s = vot — 160 => у = У —32t;v=0 => t= % ; 1900 = vot — 162 so thatt = № = 1900 = Y — % 


327 32 32 64 
= у = \/(64)(1900) = 804/19 ft/sec and, finally, YP . 60зес , 60min | Imi. a 238 mph. 
| 
600 s = 200: – 162 


(а) у = 0 when t = 6.25 sec 

(b у > Омћеп 0 <Е< 6.25 = body moves right (up); у < 0 when 6.25 < t 12.5 = body moves left (down) 

(c) body changes direction at t — 6.25 sec 

(d) body speeds up on (6.25, 12.5] and slows down on [0, 6.25) 

(e) The body is moving fastest at the endpoints t = 0 and t = 12.5 when it is traveling 200 ft/sec. It's moving slowest at 
t — 6.25 when the speed is 0. 

(f) When t — 6.25 the body is s — 625 m from the origin and farthest away. 
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32. 


(а) v = 0 when t = 3 вес 

(Б) у с Омћеп0 €t « 1.5 = body moves left (down); у > 0 when 1.5 « t € 5 = body moves right (up) 

(c) body changes direction at t — 3 sec 

(d) body speeds up on (3, 5| and slows down on [0, 3) 

(e) body is moving fastest at t = 5 when the speed = |v(5)| = 7 units/sec; it is moving slowest at t — 3 when the 
speed is 0 

(f) When t = 5 the body is s = 12 units from the origin and farthest away. 


33. 


2 
10 ds – 32 12:47 
аг dt 


6+ ү/15 


(а) v = О when t = --- sec 


(b) v <0 when 28 ор УВ = body moves left (down); v > 0 when 0 < t < 55 Sg iB реа 


5 


= body moves right (up) 
+ /15 
3 


(c) body changes direction at t = 6 - sec 


(d) body speeds up on (ұз, 2) U (48,4) and slows down on р eis) U (2. өз) i 


6/15 


3 


(e) The body is moving fastest at t = 0 and t = 4 when it is moving 7 units/sec and slowest at t = sec 


(0) Whent = Su the body is at position s = —6.303 units and farthest from the origin. 


з-4-7/ 62 -P 


ds = 7+ 124-37 
dt 


6+ у15 
(а) у = 0 when t = кы 
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(D v«OwhenO << СЕ ог Em <t<4 = body is moving left (down); v > 0 when 


зан «t« кы => body is moving right (up) 
(c) body changes direction at t — кыш зес 
(d) body speeds up on (5,2) U (“ұза апа slows down оп р s5) U g | 
(e) The body is moving fastest at 7 units/sec when t = 0 and t = 4; it is moving slowest and stationary at t = шаар 
(Е) Whent = гэ the position is s ~ 10.303 units and the body is farthest from the origin. 
3.5 DERIVATIVES OF TRIGONOMETRIC FUNCTIONS 
1. y = –10х + 3 соѕх = чу = —10+3 Я (cos х) = —10 — 3 sin x 
В 4 = у = 
2. у= 2 +5 ѕіп х = = => + 5 4 (sin x) = => + 5 cos x 
3. y = x’cosx => ar = x?(—sinx) + 2xcosx = —x?sinx + 2x cos x 
4. у = МХ sec x + 3 = чу = МХ sec x tan x + DW +0 = МХ sec x tan x + 2x 
5. у = сѕсх – 4 /x +7 => ду = —cscxcotx — patis --08С X cot X — Л 
6 у-хісох-% > 9 = x? £ (cot x) + cot x · 4 (x?) + 3 = —x? esc? x + (cot х)(2х) + 5 
= -х? csc? x + 2х cot x + 5 
. f(x) = sinxtanx = f'(x) = sin x ѕес2х + cos x tan x = sin х sec?x + cos хх = sin x(sec?x 
7, fi t f 2х + t 2х + зах 2-1 
. g(x) = csc xcotx = g'(x) = csc x(—csce*x --08С xcot x)cot x = —сѕс?х — csc x cot^x = —csc x(csc^x + cot^x 
8. g t g 2х) + tx)cot 3 e ?x + cot? 
9. у = (sec x + tan x)(sec x — tan х) = ду = (вес x + tan x) а (sec x — tan x) + (sec x — tan x) 4. (sec x + tan x) 
= (sec x + tan x) (sec x tan x — sec^ x sec x — tan x) (sec x tan x + sec^ x 
+t t 2х) + t tan x + sec? 
= (sec? x tan x + sec x tan? x — sec? x — sec? x tan x) + (sec? x tan x — sec x tan? x + sec? x — tan x sec? x) = 0. 
(Note also that y = sec? х — tan? x = (tan? x + 1) — tax = 1 > ® = ) 
10. y = (sin х + cos x)secx => “% = (sin x + cos x) 4 (sec x) + sec x 4 (sin x + cos x 
y dx dx dx 
= (sin x + cos x)(sec x tan x) + (sec x)(cos x — sin x) = $2 аты S j cos x— sin x 
__ sin? x + cos x sin x + cos? x —cos x sinx __ 1 = 2 
= cos? x = gogx — SCC X 
(Note also that y = sin x sec x + cos х sec x = tan x + 1 = = = sec? x.) 
11 — хо ду _ (1 +cotx) £ (cot х) – (cot x) & (1 + согх) __ (1 + cot x) (—esc? x) — (cot x) (-свс? x) 
I= 1 + cot x dx — (1 + cot x)? m (1 + cot x)? 
__ —esc? х — esc? x cot x + сѕс2х cotx | — —esc?x 
= (1 + cot x? — (1 +cot x? 
12 __ cosx dy _ (1+sinx) “(сов x)—(cosx) 2 (1+sinx) __ (1 +sin x) (—sin x) — (cos x) (cos x) 
„у= 1--віпх ах — (1--віп x? m (1+ sin x)? 
__ —sin x —sin?x—cos?x |  —sinx-1 _ -(l-sinx) _ -1 
ны (1 + sin x)? 7 (1+sinx)? ~ (1--віп х)2 ~ 1+sinx 
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— _4 ШЕ а ду _ Ш 2 
13. у = aix + ах = 4 5есх сох => F = 4 secx tan x — csc" х 

— cosx х dy __ x(-sinx)-— (cos x)(1) (cos х)(1) — x(—sin x) __ —х sin x — cos x cos x-+x sin x 
14. y= "x + cos X = ах — x? T cos? x m x? Ар Cos? x 


15. y = х? sin x + 2х cos x — 2 sinx > 5 = (x? cos х + (sin х)(2х)) + (Qx)(—sin х) + (cos х)(2)) — 2 cos x 
= x° cos x + 2x sin x — 2x sin x + 2 cos x — 2 cos x = x? cos x 


16. у = х? cos x — 2x sin x —2cos x > 5 = (x?(—sin х) + (cos x)2x)) — (2x cos x + (sin х)(2)) — 2(—sin x) 
= —x? sin x + 2x cos x — 2x cos x — 2 sin x + 2 sin x = —x? sin x 
17. f(x) = x?sinxcosx = f'(x) = x?sinx(—sin x) + x3cos x(cos x) + 3x?sin x cos x = —x3sin?x + x?cos?x + 3x?sinx cos x 


18. g(x) = (2 — x)tan?x = g'(x) = (2 — х)(2 tan х ѕес2х) + (—1)tan?x = 2(2 — x)tanx ѕес2х — tan?x 
= 2(2 — x)tan x( sec?x — tan x) 


19. sc tant - t > € —sect-1 20. sc 2 – зес 1+1 > ® = 21 —secttant 
— l-csct ds _ (1 — csc t)(—esc t cot t) — (1 + csc 0)(сѕс t cot t) 
21. s— 1-сөсі => а (1 — све t)? 
csctcott--csc?tcott— csctcott— csc?tcott  —2 csc t cott 
(1 — csc t 77 (I-csct? 
22. s= sint = ds __ (1-сов t)(cos t)—(sint)(sint) __ cost—cos?t—sin?t _ _cost—1 _ 1 кей 1 
" ^ 1-со81 а (1 — cos t? m (1 — cos t? ^ (1— соѕ 0? ^ 1—cost ^ cost—1 


23. r— 4 — 0 sind = 4 = — (0? 4 (sin 0) + (sin 0)(20)) = — (0? cos 0 + 20 sin 0) = —6(0 cos 0 + 2 sin 0) 


24. r = 0 sin 0 + cos 0 = Ч = (0 cos 0 + (sin 0)(1)) — sin 0 = 0 cos 0 


25. г = sec 0 csc 0 = x = (sec 0)(—csc 0 cot 0) + (csc 0)(вес 0 tan 0) 
= (=) ( 1 ) (65) aet 1 Т 1 ) (558) = -1 4 l = sec? = csc? 0 


cos 9 sin 0 sin 0 sin 0 cos 9 cos 0 sin? 0 cos? 9 


26. r = (1 + sec 0) ѕіп 0 = йг = (1 + sec 0) cos 0 + (sin 0)(вес 0 tan 0) = (cos 0 + 1) + tan? 0 = cos 0 + sec? 0 


27. р=5+ — =5+tang > d = ес? а 


cotq 


28. р = (1 + сѕс q)cosq = g = (1 + csc q)(—sin а) + (cos q)(—csc q cot q) = (—sin а — 1) — cot? q = —sinq — csc? а 


29 - sin q4- cos а dp __ (cos q)(cos q — sin а) — (sin q + cos q)(—sin а) 
ер сов4 да cos?q 
2 : 229 А 
220008 q—cos q sin а-+ 510 9 -соѕ ааа __ 1 до 2 
нэн cos? q ^ сога 00 вес q 
30 — tang = др - (1 + tan а) (вес? q) — (tan а) (вес? а) = sec? а + tan q sec? а — tan а sec? а - sec? а 
OP 1 - tanq dq (1 + tan q}? (1 + tan а)? (1 + tan а)? 


31 р= qsinq = dp _ (q?—1)(qcosq+sing(1)) — (qsinq)(2q) E q? сова + q? sin q — q сова —sinq — 2q? sin q 


е (e – 1)" (e – 1)" 
__ qi cosq—q? sing — асова —sinq 
(42-17 
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32. p— За + tanq dp _ (узеса) (3 + sec?g) = (3q + tan q) (q sec q tan q + sec а(1)) 
qsecq dq (а веса)” 
__ Заѕеса +9 зесЗа — (За: вес q tan а + За sec q + q sec q tan?q + sec q tan q) __ qsec?q — 3q’sec q tan q — q sec qtan?q — sec q tan q 
а (qsecq)” Е (qsec а)” 


33. (а) y = сѕсх = y! = -сясхсогх = у" = — ((сѕс x) (—csc? х) + (cot x)(—csc x cot x)) = csc? x + csc x cot? x 
= (сөс x) (csc? x + cot? x) = (ese x) (esc? x + esc? x — 1) = 2 csc? x — esc x 
(b) y=secx = у' —secxtanx => у" = (sec x) (sec? х) + (tan x)(sec x tan x) = sec? x + sec x tan? x 
= (sec x) (sec? x + tan? x) = (sec x) (sec? x + sec? x — 1) = 2 sec? x — sec x 


34. (а) y = —2sinx = у = —2cosx = y" = —2(—sinx) =2sinx = y" =2cosx => у = —2sinx 
(b) y 29cosx = y' = —9sinx > у” = —9cosx = у" = —9(—sinx) = 9 sinx = у = 9 cos x 


35. у = sinx y = cos x slope of tangent at 
x = —7 is y'(—7) = cos(—7) = —1; slope of 
tangent at x = 0 is y'(0) = cos (0) = 1; and 


_ 37; 1 (Зту _ Зп 
slope of tangent at x = > is у (22) = cos > 


= 0. The tangent at (—7,0) is y — 0 = —1(x + 7), 
or y = —x — 7; the tangent at (0, 0) is 
у-0- Цх — 0), or y = x; and the tangent at 

(37, – ) isy = –1. 


/ 2 22 T 
36. y = tanx у = ѕес х slope of tangent at x = — 3 


is sec? (— 7) = 4; slope of tangent at x = 0 is sec? (0) = 1; 


and slope of tangent at x = 5 is sec? (3) — 4. The tangent 


at (— 5, tan( 1)) = ( 33 V3) isy V3 = 4( 9); 
the tangent at (0, 0) is y = x; and the tangent at (т, tan (3)) 


= (5, v5) isy —/3 =4(x-£). 


37. y=secx = у! =secxtanx = slope of tangent at 
х = — 5 15 sec ( т) tan ( т) = 23; slope of tangent 
at x = 1 is sec (4) tan (4) = V2. The tangent at the point 
(-3.8ес(-1)) = (-$2) isy -2 = 2/3 (x +3); 
the tangent at the point (5, sec (3)) = e №) is y — /2 


= V2(x-9). 


38. y=1+cosx = у --віпх = slope of tangent at 


х= — 515 sin ( т) — 6 ; slope of tangent at x = т 

is —sin (32) = 1. The tangent at ће point (т, 3/2) 
2 4 (32/2, 1) 

( 3,1 + cos (-3)) = ($3) 5 

is y — 5 = ын (x+ т) ; the tangent at the point y= 6.2. yar 55 

3 3 3 : 37 й 
(57,1 + сов (57)) = (5,1 ву-1-х-2 
39. Yes у = x + sinx = у’ = 1 + cos x; horizontal tangent occurs where 1 + cos x = 0 cos x = —1 х= 
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40. No, y = 2x + sinx = у = 2 + cos x; horizontal tangent occurs where 2 + cos x = 0 = cos x = —2. But there 


are no x-values for which cos x — —2. 
41. №, у= x—cotx = у’ = 1 + csc? x; horizontal tangent occurs where 1 + csc? x = 0 => csc?x = —1. But there 
аге no x-values for which csc? x = — 1. 


42. Yes, y = x + 2 совх => у = 1 —2sin x; horizontal tangent occurs where 1 — 2 sin x = 0 > 1 = 2 sin x 
1 5n 


2 6 


sinx > x—zorx 


43. We want all points on the curve where the tangent 
line has slope 2. Thus, y = tanx = у’ = sec? x so 
that y = 2 => sec?x = 2 = secx= + V2 


= x = +1. Then the tangent line at (т, 1) Баз 


equation y — 1 = 2 (x — 5) ; the tangent line at 
(- B -1) has equation y + 1 = 2 (х + т) | 


44. We want all points оп the curve у = cot x where 


the tangent line has slope —1. Thus у = cot x ^ | 

ob | 

=> y = —csc? x so that y = —1 > —csc?x = —1 
csc? x = 1 све х = +1 х=. The il: 


tangent line at (т, 0) ву=—х + 5. 


(т/2, 0) 


45. y = 4 + согх — 2 свех = y! = —csc? x + 2 csc x cot x = ( 1 ) (=) 


sin x sin x 
2 
(b) To find the location of the horizontal tangent set y’ = 0 => 1 —2cosx = 0 = х = 5 radians. When x = 5, 


(a) When x = 7, then у’ = —1; the tangent line is у = —x + abe. 


then y = 4 — /3 is the horizontal tangent. 


46. y = 1 + V2csc x + согх = у' = —y2 csc x cot x — csc? х = (= ) (4a) 


(а) If x = 1, then y’ = —4; the tangent line is y = —4x + т + 4. 


(b) To find the location of the horizontal tangent set у. = 0 = 422 cosx+1=0 > x= a radians. When 


х = Эт, then у = 2 is the horizontal tangent. 


47. lim, sin (t — 5) = sin ( 


48. lim, у1+ сов(л све x) = ү! + cos (т csc (—=)) = МЛ + cos (п - (—2)) = V2 


х 


49. lim S252 = 4 
т -і- 
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50. 


51. 


52. 


53. 


54. 


55. 


56. 


57. 


58. 


59. 


60. 


61. 


62. 


Chapter 3 Differentiation 
jim, WT = 4 (tan 8)| E sec? 0| E = sec? (1) 22 
Jim, sec [cos x + т tan (=) - 1] — sec [1 + 7 tan (zs) - 1] = = sec [т (ап (3)] = зесл = —1 
Jim dn( шт то аш) = 


Jim tan (1 — 525) = tan (1 — lim $) = шв – 0 =0 


ле У — : 0. 1 = ОЕ 
jn cos (25) = cos (т Jm x) — cos (s - он) = cos (т - 1) = —1 
A — ds — dy р р да прашта т 
5=2— 2510 (=> У = + = —2cost > а = 7 = 2501! => ] = + = 2 сов1. Therefore, velocity = v (т) 


= -42 m/sec; speed = ME ЇЇл = М2 m/sec; acceleration = а (1 je М2 m/sec’; ; jerk =] (7 ) = М2 m/sec?. 


Ч = cos t — sin t > а = & = sin t — cost > j = Ч = —с0$ t + sint. Therefore 


velocity = v (7 је = 0 пузес; speed = ШЕ )| = 0 пузес; acceleration = a (т) = d m/sec?; jerk =j (т) = 0 m/sec’. 


s = sin t + cos t > v = 


lim f(x) = lim 383 = dim 9 (5525) (758) = 9 so that f is continuous at x = 0 => lim, f(x) = f(0) > 9 = c. 
х—0 x20 х * х 0 


lim о(х)- lim (х+6) = Бапа Іш g(x) = lim cosx = 1 so that g is continuous atx = 0 => Іш g(x) 
х— 0 х— 0 х— 0" х— 0+ х— 0 
= Ші; g(x) => b= 1. Now gis not differentiable at x = 0: At x = 0, the left-hand derivative is 
Жэ» 


£ (x b)|. = 1, but the right-hand derivative is £ (cos x)| _ = —sin 0 = 0. The left- and right-hand 


derivatives can never agree at x = 0, so g is not differentiable at x = 0 for any value of b (including b = 1). 


999 . 4 . . . . 
dus (cos x) — sin x because G (cos x) = cos x = the derivative of cos x any number of times that is a 


> А ГЕН P 99 
multiple of 4 is cos x. Thus, dividing 999 by 4 gives 999 = 249 -4 +3 = m (cos x) 
аз [4244 d А 
= = ше (сов х) = да (cos x) = sin x. 
1 ду (cos х)(0) – (1)(—ѕіп х) _ sinx .. 1 sinx) — 
(a) y Sec x сов X dx (cos x)? ^ сох = (а x) (= х) = sec x tan x 
= ES (sec x) = sec x tan x 
dy (sin х)(0) — (1)(соѕ x) __ —cosx __ —1 cosx) __ 
(b) M CSC x sin x dx (sin x ~~ sin? x (= x) ( sin x ) = —csc x cot x 
= 2 (csc x) = —csc x cot x 
cos x dy (sin x)(—sin x) — (cos x)(cos х) _ —sin?x—cos?x | —1 _ 2 
(с) у cot x sin x dx (sin x)? sin? x = мех — ЗО X 
= £ (согх) = —csc? x 


(а) t= 0 —> х = 10cos(0) = 10cm; t = 
(b) t=0 > у = -10sin(0) = 0 2; (= 


sec? 


— x = 10cos(2) = 4... = –5 у 2 ст 


v = – 108 (5) = -5V3 @;t= > v = —105щ(3") = —54/2 9% 


моја ја 


(а) t — 0— x = 3cos(0) + Asin(0) = 3 ft; t = 7 — x = Зсов (5) + 4sin(Z) = 4 ft; 
t=T > х = Зсоч(л) + 45іп(л) = —3 ft 
(b с=0— у = —3sin(0) + 4cos(0) = e —-£—v--3sin(Z)-4cos(2)- —3 4; 


t—m— v = –3 ѕіп(л) + 4cos(1) = —4 Ë 


sec 
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63. 


As h takes on the values of 1, 0.5, 0.3 and 0.1 the corresponding dashed curves of y = шиг, get 


. А sin (x +h) — si 
closer and closer to the black curve y = cos x because ES (sin x) — Ши mG th) шх = cos x. The same 
-» 


is true аз h takes on the values of —1, —0.5, —0.3 and —0.1. 


As В takes on the values of 1, 0.5, 0.3, and 0.1 the corresponding dashed curves of y = coe (ED) — cos x get 


sin x. The 


closer and closer to the black curve y — —sin x because 2 (cos х) = шит, cose Е cU = 
— 


same is true as В takes on the values of —1, —0.5, —0.3, and —0.1. 


65. (a) 
The dashed curves of y = 9G pum =. are closer to the black curve y = cos x than the corresponding dashed 
curves in Exercise 63 illustrating that the centered difference quotient is a better approximation of the derivative of 
this function. 
(b) 


сок мэн — are closer to the black curve у = —sinx than the corresponding dashed 


curves in Exercise 64 illustrating that the centered difference quotient is a better approximation of the derivative of 
this function. 


The dashed curves of y — 


--h|-j0—h| _ jg, PMI 


66. lim 2h ==“ = lim 0 = 0 = the limits of the centered difference quotient exists even 
ћ—0 х— 0 ћ—0 


though the derivative of f(x) = |x| does not exist at x = 0. 
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? x, so the smallest value 


67. у ^ tanx = у' = sec 
y! = sec? x takes on is y' = 1 when x = 0; 
y’ has no maximum value since sec? x has no 

т T 


largest value оп (- 2 т) ; у is never negative 


since sec? x > 1. 


? x so y' has no smallest 


68. y = cotx = у = —csc 
value since —csc? x has no minimum value on 
(0, т); the largest value of y' is 21, when x = 9 : 


the slope is never positive since the largest 


value у' = —csc? x takes on is — 1. 

69. y — snx appears to cross the y-axis at y = 1, since у 
lim, мах = 1; y = 5125 appears to cross the y-axis 
a c 


vy = (sin 4х) /х 


at y = 2, since ни, sin 2x =2;у= біп 4х appears to 
X — 
cross the y-axis at y = 4, since lim “24 = 4, 
х = 0 


4 | L^ = (sin 2x)/x 
However, none of these graphs actually cross the y-axis 


since x = 0 is not in the domain of the functions. Also, y = (sinx)/x 


іш $5 — 5, lim 88239 — _3, and lim К 

x20 * х— 0 Ж х-0 Х 5 x 
= _ sin 5x __ sin(—3x) i 

=k = the graphs of y = “>, y = ===, and 


у = УИХ approach 5, —3, and k, respectively, as 


x — 0. However, the graphs do not actually cross the 


y-axis. 
70 (a) в san (зан) (мо) 
1 ‚017452406 | .9999492 
0.01 ‚017453292 | 1 
0.001 ‚017453292 | 1 
0.0001 .017453292 | 1 
: sin h? $ sin (h- 2 2 155 sin (h- 7 : 7 sin б т T 
im, шэн E Jim, @ ш) = im, 180 кеті) эр im, ын = 1; (0 =ћ- is) 
(converting to radians) 
cos h-1 
(D h —— 
1 —0.0001523 
0.01 —0.0000015 
0.001 —0.0000001 
0.0001 0 
m. cosh- = 0, whether h is measured in degrees or radians. 
(с) ІП degrees, 4 (sin x) = lim. sin FD) ерл = lim, {sin x cos h + cos x sin h) —sin к 


cos һ—1 sinh cos h—1 sinh 


= Шт (sin x - г ) + lim, (cos x - Ё ) = (sin x) - lim, (cosp—t) + (cos x) - lim, ( n ) 


= (sin x)(0) + (cos x) (25) = 180 COS X 
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cos (x +h) — cos x 


(d) In degrees, £ ac (cos x) = lim, = lim (cos со — sin x sin) cosx 
x ћ— 0 
= lim (eos (оова D= а = lim (cos x - 1-1) ш im, (sin x - sin ) 
ћ— 0 ћ— 0 

2 : созћ— 1 : : sinh T 2 

= (сов х) lim, ( e) — (sin x) iim, (зав ) = (со$ 40) — (sin x) (1s ) = на sin x 

d i d De og .d è d 2: y 3 . 
(е) ја (пх) = i (2; cos x) —— (25) sin X; дут (sin X) = 4, (- (25) sin x) -- (25) сов Х; 

d d Tog 2 .Ó d z y? 3 6 

әз (COS x) = а (- 18 sin x) = – (25) COS X; т (COS X) = Și (- (25) cos x) = (25) sin x 


3.6 THE CHAIN RULE 


ix g'(x) = 2х3; therefore Sy —f'(gxyg'(x) = 6 - 2х3 = 12x? 


1. К08)-би-9 = f'(u) = 6 = f'(g(x)) = 6; g(x) 


2. Ки) = 23 Ға) = би? f'(g(x)) = 6(8х — 1)”; g(x) = 8x — 1 = g'(x) = 8; therefore a = f'(g(x))g'(x) 
= 6(8х — 1? - 8 = 48(8х — 1)? 


3. Ка) = sinu f'(u) = cosu f'(g(x)) = cos (Зх + 1); g(x) = Зх + 1 = g'(x) = 3; therefore dy = f'(g(x))g’(x) 
= (cos (3x + 1))(3) = 3 cos (3x + 1) 


4. Ки) = cos u f'(u) = —sinu = Ї'(р(х)) = —sin (== ху; == > gas- 5; therefore ay = f(x)g'(x) 


= —sin (=) - (31) = 5 sin (=) 


5. f(u) =cosu f'(u) = —sinu = f'(g(x)) = —sin (sin x); g(x) = sin x = g'(x) = cos x; therefore 


5 = f'(g(x))g’(x) = —(sin (sin x)) cos x 


6. Ки) = sinu f'(u) 2 cosu f'(g(x)) = cos (х — cos x); g(x) = х —cosx = g'(x) = 1 + sin x; therefore 
5 = f'(g(x))g'(x) = (cos (x — cos x))(1 + sin x) 


7. Ка) = tan u Ға) = sec? и f'(g(x)) = sec? (10х — 5); g(x) = 10x — 5 = g'(x) = 10; therefore 
5 = f'(g(x))g(x) = (sec? (10x — 5)) (10) = 10 sec? (10x — 5) 


8. Ки) = —secu = Ғ' (и) = —вес и апи = f'(g(x)) = —sec (x? + 7x) tan (x? + 7x) i g(x) = х? + 7x 
=> g'(x) = 2х + 7; therefore 3 = f'(g(x))g(x) = —Qx + 7) sec (x? + 7x) tan (x? + 7х) 


9. Withu = (2х + D, y = u5: 9 = © d — 54.2 = 10(2x + 1)* 
10. With u = (4 — Зх), у = и9: 9 = & dw — цё . (3) = —27(4 — Зх)? 
11, Withu = (1—3),y =u: X= 9 = 78. (1) =(1—5) 


12. Withu = (& – 1), у= 0710: © = 8 & = 194-1. (1) = —5(Е— 1) 7 


; 3 
13. Wibu-($ex-i).y-w  - Rc Ar Gee) =4 ($+х-1) (414) 


: — 2,2 — 112. dy — dy du _ 1,,-1/2 "EN 3х-2 
14. With u = 3х2 — 4x + 6, y = ш: Е. (6x у= eae 
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15. Withu = tanx, y = secu: % = = ау шш = = (sec и (ап u) (вес? X) = (sec (tan x) tan (tan х)) sec?x 
16. Withu = т — 1, у = cotu: ¥ = 9 & = (сви) (4) = — 1 све (п — 1) 
17. With u = sin x, у = u: 9 = ® d = 3u? cos x = 3 (sin? x) (cos x) 
18. With u = cos x, y = 5074: & = ФУ dt = (—20u-5) (—sin x) = 20 (cos? x) (sin x) 
19. p= /35-i- G- 0? > $-1G-97?-20-9- -1G-97^ ы 
20. а= V2r- = Qr- P)? = 9 = (0110) "4 (т р) = } (0-02) O- 20 = „=й 
21. 5 = = sin 3t + = cos 5t > 48 = = cos 3t - 4 (30) + = (—sin 50) - d (50) = 4 со8 31 4 sin 5t 
= 4 (cos 3t — sin 50 
22. = sin (22) cos (38) => $ = cos (38) - (32) — sin (28) - (27) = 3E cos (29) — 3E sin (22) 
= 27 (cos 27* — sin 27) 
23. г = (esc 0 + cot ду“! > 4 = —(esc 0 + cot 0)? % (csc 9 + cot 0) = eben et = 8 — асбе ар 
24. т = 6(sec 0 — (ап 0)2/2 => Ф = 6. 3 (ѕес 0 — tan буу? 4 & (sec 0 — tan 0) = 9 /sec 0 — tan Ө(вес 0tan 0 — sec?0) 
25. у = x! sinx + х соѕ 2х = 9 = x? 4 (sintx) + sint x - $ (x?) + x $ (cos 2х) + cos? x 4 (x) 
= x? (4 sin? x 4 (sin x)) + 2x sin! x + x (—2 cos ? x - 4 (cos x)) + cos? x 
= x? (4 sin? x cos x) + 2x sint x + x( (C2 cos ? x) (—sin x)) + cos ?x 
= 4x? sin? x cos x + 2x sin! x + 2x sin x cos ? x + cos ? x 
26. y = sin->x — ž созЗх = y = 1 4 (sinx) + sinx- 4 (1) — х S (cos x) — co?x- & (х) 
= 1(—5 їп x cos x) + (sin ? x) (— 4) — 5 ((3 cos? x) (-sin x)) — (cos? x) (1) 
= — $ ѕіп бх cos x — $ DNE ни 1 cos? х 
-1 -2 
27. у= 48x- + (4-5) > 9 = 2 (3х – 2)6. 4 (3х – 2) +1) (4- z) ·5(4— 5) 
-2 
= HOx— 28-34 зы) (4) = @х-2%#— = 
(2 
28. у-(5-2х)3-1(2-1) = 4--3(5-2х)4(-2)44( 41) (- 2) = 6(5 — 2х) 1- (4) +)? 
3 
в _ G+) 
77 (5 – 2х) x? 
29. y = (4х -3!(x -1)? = ду = (4х + 3)*(—З)(х + 1) - € x + D + (х + 0-34 (4х + 3)3 - $ (4х + 3) 


= (4х + 3)*(—3)(х + IA) + (х + D? (4x + 384) = 


_ 0x43» 
— Ем 


(4x + 3 (4x +7) 
(х + 17 


[-3(4x + 3) + 16(x + 1] = 


—3(4x + 3) (х + D7* + 16(4x + 3?(x + 1)? 
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30. 


31. 


32. 


33. 


34. 


35. 


36. 


37. 


38. 


39. 


40. 


41. 


42. 


43. 


44. 


Section 3.6 The Chain Rule 


6 


у = (2х — 5) 1 (x? 5x)? > & = (2х — 5) 106) (x? — 5x) 2x — 5) + (x? — 5x) (- )Qx — 5) 200) 


5 2 (x? — sx? 
= 6 (x? — 5x)? — 26-9 


h(x) = x tan (2\/x) +7 = h(x) 2 x & (tan (2x!?)) + tan (2х 72) - 4 (x) +0 


= x sec? (2х/2). 4 (2х!/?) + tan (2х!/?) = x sec? (2,/x) - vA + tan (24/x) = \/x sec? (2,/х) + tan (24/x) 


k(x) = x? sec (1) = К(х) = x? 4 (sec 1) + sec (=) - 


х X X 


= x? sec (1) (ап (2) - (— 5) + 2х зес (2) = 2х зес (2) — зес (2) tan 1) 


ах (X?) = X sec (1) tan ($) а (5) + 2 sec (1) 


f(x) = у7 + хзесх = f'(x) = 1(7 + хзесх) Хх. (sec x tan x) + (sec x) - 1) = арх seex 


24/ T--xsec x 


tan 3x , (х--7) (sec?3x-3) - (tan 3x)4(x - 7-1 2 (x +7)? (3(x + 7)ѕес23х — Жап Зх) 
a(x) = Gant 809 [+T Е (сету 
__ (3(x  7)sec?3x — Жап 3x) 
иь (x 4-7? 


x 2 Е n 4 Ж сойы г 
К) = ( sin 0 ) = 70) = 2 ( sin 0 ) d ( sin 0 ј= 2880 _ (1--сов 0)(соѕ 0) — (sin 0)(—sin 0) 


1--сов 0 1 + сов 67 ` 40 ХГ--сов 6 1 + сов 0 (1 + cos 0)? 
__ (2 іп 0) (сов 0 + соѕ2 0 + ѕіп2 0) __ (2880)(со80-1) _ 2880 
нэ (1 + cos 0)? m (1 + cos 0)? “7 (1+ cos 0) 
_ (1-483ү7-1 _ 3-2 қау — (QE 3t)(—2) – (3 -20(3cos3t) _ —2 — 2sin 3t — 9cos3t + 6tcos 3t 
80 = ( 3-2 ) = прву 800 = (1--віп 31)? B (1--віп 30)? 


г = sin (92) cos(20) — 4 = sin (6?) (—sin 20) $ (20) + cos (20) (cos (02)) - 4 (02) 


= sin (0?) (—sin 20)(2) + (cos 20) (cos (0?)) (20) = —2 sin (0?) sin (20) + 20 cos (20) cos (0?) 


r= (sec У9) (ап (2) = x = (sec "7 ( sec? 1) (- 2) + tan (2) (зес Ув tan va) (25) 


_ _ 1 2 (1 1 1 2 tan уд tan (1) вес? (5) 
= — ф sec ү 0 sec (1) + 27 tan (7) sec y0 tan V = (sec У9) | 2/2 8 7 
— si t да _ t .d t 2 t | Vt 10)-t: & (V/t 1) 
Ч sin (751) dt cos (751) dt (ә) cos ( 71) (усаар 
ИТ - лат 2(t-1)-t 42 
ps (==) г = сов (гін) (шыла) - (жет) цаг (==) 


( сс? ЕЭ) (toin) 


а = cot ($) = = = esc? (шт) .d (sint) 
y = sin? (71-02) => > = 2 sin (лі — 2) - 4 sin (mt — 2) = 2 sin (лі — 2) - cos (t — 2) - 3 (nt 2) 
= 2m sin (лі — 2) cos (t — 2) 

dy 


у = sec? пі => ж = (2 sec ті)- i (sec mt) = (2 sec mt)(sec mt tan mt) - i (тї) = 2л sec? лі tan vt 


у = (1 + соѕ 20-4 = % = —4(1 + cos 2t) 5 - 4 (1 + cos 20) = —4(1 + cos 2t) *(-sin 20) - & (29 = TAY 


y-( CE = = —2 (1+ cot (5)) ^ - 4(1 + cot (5)) = –2(1 + cot (3)) *- (Ces (5)) - 4 (2) 


(1+ cot e 
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45. у = (ttant) = 5 = 10(ttant)?(t- sec?t + 1 - tant) = 108 tan?t(tsec?t + tant) = 1019 tan?t sec?t + 1019 tan!t 
46. у = (С Убу р = t^! (sing)? = 4у = !(4) (т t) P cost — t"? (sint)^? = a cost Е 
(віп 0) УЗ (4tcost — 3cos t) 
= 30 
3 2 (з 2(402 4( 4 La 2 (2 
2 е ‚ (2– 40020 -0(302-4) | a8 28—82—36+42 _ (8-40) _ 30 (2+4) 
кун (zx) zd E -3(85 27 (8 —49? ^ (B—4 (8 — 49? T ae- ~ (8-4у 
— (354 ду _ 3t-4)—©  (5t-2)3- Qt-4)5 _ 5t+2)6 156-15-20 _ GEHE 26 
48. y= Е > «= 362) ` (5t-- 2)? B (gaa) ` (52) =—5 (-4y ° (St- 2) 
_ —130(5t+ 2)* 
|^ Qt- 4p 
49. у = sin (cos (2t — 5)) > 2 = cos (cos (2t — 5)) - 4 cos (2t — 5) = cos (cos (21 — 5)) - (sin Qt — 5)) - 4 (2t — 5) 


50. 


51. у 


52. 


53. 


54. 


55. 


56. 


57. 


58. 


= —2 cos (cos (2t — stein (2t — 5)) 


у = cos (5 sin (4)) = % = —sin (5 sin (3)) - 4 (5 sin (5)) = —sin (5 sin (3)) (5 cos (3)) - $ (3) 
--3 sin (5 sin (1) (cos 1)) 


= [Let ЫГ = GE =S [1 wnt С)" 8 [Ltt] =з eant Cf) [Att $n) 
аа (Ры Ga) а (6) - Па (бе ы 


у = 2 [1 + сов 2070)? = Чу - 3 [1 + сов? cop - 2 cos (7t)(—sin (797) = —7 [1 + cos? (70 (cos (7t) sin (70) 


y = (1 + cos (8)? > 5 = 1 (1 + cos (8)? - 4 (1 + cos (2)) = 1 (1 + сов (6) (—sin (2) - 4 (2) 
-1/2 (4 sin (2 
— i (1 + cos (t?)) / (sin (2)) E Te ZEE 


у = аза (Ма + Vi) = в = аи ( 1+ Vt) -4 (y+ vi) ао (Ма 4): EG 4. (1 + уд 


pu mu 
Мауи үнэ 


у = tan? (8171) > ay = 2 tan(sin?t) - sec?(sin?t) - (3sin?t - (cos t)) = 6 tan(sin*t)sec?(sin*t)sin’t cos t 


у = cos^(sec?3t) > ау = 4cos? (sec? (3t)) ( ^sin(sec? (3t)) - 2 (sec(3t)) (sec(3t) tan(3t) - 3)) 
= —24 cos ascia eset (3t))sec?(3t) tan(3t) 


у = 322 —5)! > % = 3i. 4€ — 5) (a) + 3 · (22 — 5) = 3020 — 5) 162 +26 — 5] = 3(22 — 5) (188 — 5) 


у= Jn y2+ yi> exe eei) (3+ (3+ TERED ‚© > D) 


Е 1 34 1 Al E 1 124/1-424-/1-1-1 | _ 12,/1-1ү24-/1-1-1 
24/3t+4/2+/1-t 2 2e Tt 2/13 узуну AVI 2e Де: 8/12 | МЕ узе ү? Ут 
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59. 


60. 


64. 


65. 


66. 


67. 


68. 


69. 


70. 


Section 3.6 The Chain Rule 


БЕТЕГЕ ix) 
= (l= v9 b - vi) +1] 


| 
Jn мн 
к? 
кој 
= 

а! 
w 

— 

N 
"хань? 
- 

| 
D 
М. 
b 

+ 

> 
EN 
жет, 
= 
3 
М. 
ds 
Мы 

| 
dole 


· y = $ cot(3x—1) = y = – $ csc” (3х — 1)(3) = — 1 csc? (3х — 1) => у" = (— 5) (cse (3x — 1)- £ csc (3x — D) 


= – 2 csc (Зх — 1)(—сѕс (Зх — 1) cot (3x — 1) - 2 (3x – 1)) = 2 esc? (3x — 1) cot (3x — 1) 


‚ у=х(2х +1)“ = у’=х.4(2х + 1) (2) +1. (2x + 1)* = (2x + 1)3(8х + (2x + 1)) = (2x + 1) (10x + 1) 


= у" = (2х + 1y (10) + 3(2x + 1)2(2)(10х + 1) = 2(2x + 1)2(5(2х + 1) + 3(10x + 1)) = 2(2x + 1)! (40x + 8) 
= 16(2x + 1)?(5x + 1) 


131 


· y=9 tan (3) = у = 9 (вес? (3)) (5) = 3 sec? (5) > у” = 3-2 sec (3) (sec (5) tan (3)) (3) = 2 sec? (3) tan (3) 


у = х2(х? — 1)? => y =x. 5(x — 1) (3х2) +2x(x? — iP = x(x? — МЕЗ + 2(х3 —1)| = (x? – 1) (17595 — 2х) 


= y! = (x3 — 1)“ (68Х3 — 2) + 4(x3 — 1 (3х2) (17х4 — 2x) = 208 — 1) (Б — 1)(34%3 — 1) + 6х2(17х* — 2x) 
= 2(x3 — 1) (136х6 — 47x3 + 1) 


g(x) ух g'a) 25 g(1) = Тапа 2 (1) = 1; Ки) = и? +1 Ё'(и) = 545 f'(g(1) = Ра) = 5; 
therefore, (f o 2) (1) = f(d) - g(1) = 5- 5 = 


: 


g(x) = (1-х) = 6(5)--41-х)7(-1)- ас Ly = g(—1) = гапд2(—1) = 1; 
=> f@=4 = f'(g(-1)) =f" (1) = 4; therefore, (Ғов)(-І)-Ғ((-Іе(-)- 


u? 


g(x) = S/X => кб) = у5у => в) = Sand 1) = $; fa) = cot ($8) => Реј = ose? (8) (5) = 3 ese? (8) 
= Ғ(в(1))- #(5) = — 2 esc? (2) = ; therefore, (f o g)'(1) = f'(g(1)g (1) = — 4-3 


' (3) = п; f(u) = u + sec? u = f'(u) = 1 + 2 sec u - sec u tan u 
1 + 2 sec? 7 tan 7 = 5; therefore, (fo в) (1) = f'(g(1)) g (1) = 5r 


g(x) = пх > вбд=тп = g( 
= 1 4-2secutanu = Р (2 (1 


g(x) = IO? +х+1 = gx) = 20х + 1 => 800) = Land 200) = 1; Ки) = 2*5 f'(u) и 


= о = f'(g(0)) = f'(1) = 0; therefore, (f o g)'(0) = f'(g(0)g/(0) 20-120 


8(5)-02-1 gw=-3 gC-1) = 0 and g(—1) = 2; Ка) = (01)? => f'(u) = 2 (= 
= 2 (11). ео а - 5189 = -> ECD) =Р0) = —4; therefore, 
(fo g)'(—1) = f'(g(-1)g'C- 1) = (-4)(2) = —8 
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72. г = sin(f(t)), (0) = 5, Р(0) 24 => 4 —cos(i(0)-f'(0— | = 


73. (а) у = 200 => 8 -280)-0 | =20)=2() =} 


(b у = Ку) +26) = S = Род + р(х) = 2 


= (3) + #3) = 27 +5 
х=3 


(с) y = Кх) - вх) => @ = ОЕ + ЕЕ => #| | = OO OG) = 3-5 + (—4)(2л) = 15 – 8r 


_ gOfQ-f12gQ) _ (2) (4) - (8-3) _ 37 
- 22 нийг: 


а BOP 
(е) y = Кебд) > # =EN = 9 Ж f'(g(2))g/(2) = #23) = 3 (-3) = – 


= dy _ -1/ Ро) а Ро) (3) v2 
(0) y=)? = 9 = aT Р(х) ES m В RUE 25 Үс 


(8) y=@@)? = £--280)?-g0) > 3) = —2((3)) 3% (0)--Х-4)%-5-% 
(b) y = (E + (80) = 2-1 (оо) + (09) ^ Q6) -Ғ(х) + 2809 - ео) 


= @| „= 3 (G2)? (0) ADD 27020) = 3 (82-22) 7^ (2-8-1--2-2-0-3) = – 15 


(d) f(x) dy _ g(x)f"(x) — КЮ > dy 


У = ёо) dx СЕЗУ; dx 


74. (а) у = 5160 – 800 => 8 = 5760 – кб) = @|_ 


250 - #0) = 5 (5) - (3%) =1 


(b) у = fG)(gG) => E = х) BERLE) + («УР = 3 _ = 3600)(8(0)) g (0) + (е(0)уУ (0) 
= За) (5) + 065) = 6 
(с) у= d = dy E ора кюе) = d ат шаса 
- 4 (3)-9 С) _ у 
(C44 = 


(d) y = Кебд) = 2-1 (0) = $ 

(е) у = gfo)) = 2 = > (од) = 2 

O у= (х +6)? = 9 = —2 (x!! + х) 7 (11x! + f'()) = 9 
=-21 +3) 3 (11 - 3) = (-я) ($) =-з 

(в) у = Кх + g(x) > 2 = Р(х + 200) (1+ gG9) = dl. 


-(-0(0-- 


„= e» = 00) = 039 Q =-3 
= (КОЈЕ) = g(05 = (— 8) (5) = – 9 


= -20 + f)? (11 + Р) 


х-1 


= f'Q + g(0) (1+ 2/0) = Ра) (1+ 3) 


75. ds S. g, $ = cos 0 = & = —sin 0 = S| 2 = —sin (32) = 1 воћа $= 8. 4-1. 5-5 
76, 5 = 89. у=- 4 74 5 > 9 =2+7 = X = 9 so that ® = ЧУ. & —-9.1-3 


77. With y = x, we should get ас 4 — 1 for both (a) and (b): 


(a) y x +7 9 1 уо = 5х – 35 = du = 5; therefore, a = = у. i = i - 5 = 1, as expected 
(6) у-14, P -i;u-(-1)! & = —(x— 1) (1) = aa ; therefore я = = Чи 
ES rà : Gy = aren : E = (x к - сену = 1, again аз ока 
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78. 


79. 


80. 


81. 


82. 


83. 


84. 


Section 3.6 The Chain Rule 133 


With y = х?/?, we should get ay = 3 x!/? for both (a) and (b): 


3 dy 2. ди 1 у  dy.du 42. 1 — 2 1 _ 3 
(а) у=и d 3u^;u x вед! ; therefore, Y domu k= 3u DV m (үх) эк “©? ES 
as expected. 


= dy арас 9 du _ 2,2. ду dy du 1 ~,2— 1 (4,2 _ 31/2 
(b) у Ju > du 2A х ах = 3x therefore, $ = 117 dx зу 3х 28 3х 3X 


again as expected. 


у = (£l) aix 0o y = (El = (-D* = Ly = дан) аннан мел 2 = #55 


xl 0+1 x+1 (х--1) (х--1) (х+1)2 (x - 1)? 
40-1) _ 4 Ш 
о СҮҮГ T T 4-у-1 4(х — 0) = у = —4х+1 
у = үх? —х- 7апах = 2 > у = 1/(2 (2) +7 = 4/9 =3. у' = 102-х4-7) "Qx-1)- Rat, 
22) Э#=1=—>у-—3=4(х—2)>у=14х+2 
У => WIN EE 8-2 ы езгі. 


у =2tan(™) = Ф = (2 sec? 7) (т) = т sec? 1 


=5 sec? (5) = т = slope of tangent is 2; thus, у(1) = 2 tan (5) = 2andy'(1) = т = tangent line is 
=1 


р sabe 1 > y=7x+2-7 
(b у' = 7 sec? (= 1 x) and the smallest value the secant function сап have іп —2 < x < 2 15 1 = the minimum 


value p is 5 and that occurs when 5 = 7 sec? (=) = 1 = вес? ? (=) = = 1 = sec (=) = х=0. 


(а) у- віл2х = у' = 2сов2х = y'(0) = 2 cos Mc — 2 — tangent to y — sin 2x at the origin is y — 2x; 


y — —sin (3) = у= – i cos (5) => У(0) = – 5 соѕ0 = — i — tangent to y — —sin (3 ) at the origin is 
У-- 1 X. The tangents are perpendicular to each ин at the origin since the product of their slopes is —1. 
(b у = sin (тх) = у' = т cos(mx) = у’(0) = м cos 0 = т; у = —sin (X) > у= – 1. cos (+) 
= у'(0) = – 1 соѕ (0) = — 1 . Since т · (- 1) = —], the tangent lines аге perpendicular at the origin. 
(с) y = чп (тх) = у’ = m cos(mx). The largest value cos (mx) can attain is 1 atx = 0 => the largest value 
у! can attain is [m| because |y’| = |m cos (mx)| = |m] |cos mx| < |m| - 1 = |m|. Also, у = —sin (+) 
= у = – 1 cos (х) |у | = |= cos (х) | < |i] [cos (5) | < ia = the largest value y' can attain is ||. 


(d) y = sin (тх) = у' = т cos(mx) = y'(0) = m = slope of curve at the origin is т. Also, sin (mx) completes 
m periods on [0, 27]. Therefore the slope of the curve у = sin (mx) at the origin is the same as the number 
of periods it completes on [0,27]. In particular, for large m, we can think of “compressing” the graph of 
у = sin x horizontally which gives more periods completed on [0, 27], but also increases the slope of the 
graph at the origin. 


$ = А cos (2159 => у = = = —A sin (2rbt)(2rb) = —27bA sin (27bt). If we replace b with 2b to double the 
frequency, the velocity 55 gives у = —4rbA sin (Албе) => doubling the frequency causes the velocity to 
double. Also v = —2rbA sin (2rbt) = a= “ = —4q?b? A cos (2nbt). If we replace b with 2b in the 
acceleration formula, we get a = —167?b?A cos (4rbt) => doubling the frequency causes the acceleration to 
quadruple. Finally, a = —47?b?A cos (2150 => j = ® = 81?b?A sin (27). If we replace b with 2b in the jerk 


formula, we get j = 647 ЗА sin (4760 => doubling the frequency multiplies the jerk by a factor of 8. 


(а) у 237sin [27 (x — 101] +25 = у = 37 cos [27 (x — 101] (4) = 24 cos [25 (x — 101]. 


The temperature is increasing the fastest when y’ is as large as possible. The largest value of 


cos [27 (x — 101)] is 1 and occurs when 2 asm (x—101)20 x — 101 on day 101 of the year 


( April 11), the temperature is increasing the fastest. 
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(b) y'(101) = 28 cos [25 (101 — 101] = 255 сов(0) = 342 == 0.64 *F/day 


85. s= (1440? > v= 6 = 1 (1 +474) = 2(1--40-У2 = v(6) = 20 + 4 - 6) “УЗ = 2 msec; 
у = 20 +49 1? > а= + = – 1.2(1 + 4) У 34) = —4(1 + 4073/7 = a(6) = AA + 4-6) 2 = — 1% msec? 


ши de 4 — dv _ dv , ds dv _ а k dv | ds dv. 
86. We need to show a — ар 18 constant а = т = R T апа <= <= (к./5) IA а= Ф: dV 


k 2 к р А 
А” ks = 5 which is a constant. 


а 1 _ k dv — k dv dv _ ds dv. 
87. v proportional to МБ > у= 2 for some constantk > 4 = — 7. Тһиѕ,а = = зу = 9° У 
= к. (1 ) = acceleration is a constant times 4 so a is inversely proportional to s? 
297 "OU 2 19 si à sety prop . 


88. Let = f(x). Then, а = = 97. & = 47 . f(x) = 4 (9X) - fx) = 4 (#00) - 6) = Ғ(х)Қх), as required. 


z- = то. Therefore, ЧТ = ЧТ. d- т. kL = у: = 1. ag, fL 
syg VE 


L dT 
89. T = 2л,/ = ЯГ эа ар du ут Vg 2 g 


09 
р. 
[= 
| 
N 
=] 
Ке] 
<- 
оа | 
9a 1 


= sT ‚ as required. 

90. No. The chain rule says that when g is differentiable at O and f is differentiable at g(0), then f o g is 
differentiable at 0. But the chain rule says nothing about what happens when g is not differentiable at 0 so 
there is no contradiction. 


91. Ash — 0, ће graph of y = п 2+ sin 2x 


approaches the graph of y = 2 cos 2x because 
sin 2(x+h)—sin 2x 
h 


Қ а P 
Uim, = ду (sin 2x) = 2 cos 2x. 


92. Ash — 0, (ће graph of y = «екен ea) 
approaches the graph of y = —2x sin (x?) because 
Jim, 59 (хэн ВУТ-совӨ) _ 4 [cos (x2)] = —2x sin (х2). 
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93. (a) 


(b) a = 1.27324 sin 2t + 0.42444 sin 6t + 0.2546 sin 10t + 0.18186 sin 141 
(c) The curve of y = g£ approximates y = ЧЕ 


the best when t is not —7, — 2 0, 5i nor 7. 


94. 


(b 
(с) 


dh — 2.5464 сов (20) + 2.5464 cos (6t) + 2.5465 сов (100) + 2.54646 cos (140) + 2.54646 cos (180) 


wm 


dh/dt 


3.7 IMPLICIT DIFFERENTIATION 


1. хгу +xy? = 6: 
Step 1: (x? 8 c y-2x) 4(х-2у 8 e y 1) =0 


Step2: x? чу + 2ху ду = —2xy – y? 


Step3: $ (x? + 2xy) = —2ху — y? 


. dy, -2ху-у 
Step 4: iv 


2. x +y? = 18ху => 3х2 + 3y? 5 = 18у + 18x 2 > (3y? — 18x) Z = 18y- 33? => # = Gee 


3. 2ху + у? = х фу: 
Step 1: (2x g +2у) +2у 2 =1+ 8 


Step2: 2х 9 + 2у ду 9 = 2у 
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Ѕіер 3: 9 (2х +2у – 1) = 1 – 2у 
ау. 1-2у 


Step 4: dx | 2x+2y—1 


4. х? — ху + УЗ =1 => 3х? -у x 2 + 3y? % =0 > (Зу? – х) ® = у – 3х2 > 2 = 5—25 


5. xix – у)? = х? – у>: 
Stepl: x? ЁС — y) ( - :3] + (x — у) (2x) = 2х — 2y Ч 
Step 2: 2x?(x pg + 2у $ Чу — 2x — 2х2(х — у) — 2x(x — у)? 


d 
Step3: d [-2x?(x – у) + 2y] = 2x [1 — xx — y) - (х – у)? 
? ду  2x[lI-xx-y-(«x-y)]  хП-хх-у)-(х-у))| | x(1- xi +. xy х? +2ху- - y) 
Stp4 ах = —2x7(x — у) + 2y у-хХх-у) ху-хі--у 
_ x= 2x3 + 3х2у — ху? 
Т Мужу = 


6. (Зху +7)2 = бу = 2(3ху +7) - (3x $ Y4 зу) = =6% = 2(3ху + 7)(3х) € — 6 = —6y(3xy +7) 


а а Зху +7 3ху? +7 
= & [6х ху +7) – 6] = –бубху +7) = Z = – Bou = eee 
2. x-1 ду | (x-D-(x-1 2 dy 1 
7. y xil 2y dx G1 Gc DI dx — yc 1» 


ONE == E => x* + 3x3y = 2x — y > 4х3 + 9х2у + 3x3y’ = 2 — y' = (3х3+1)у' = 2 — 4xó — 9x?y 


/ = == 4x3 — 9х?у 


3301 
9. x = апу = 1 = (sey) її» 5 = gay = coy 
10. ху = cot (ху) = x y= —сзс%(ху)(х@ + у) = x? Е хсѕс2(ху)% = = –у све (ху) — у 
—y |свс“(х 1 

> хөхөх = суреда +1] > g = ee — —) 
11. x + ап (ху) = 0 = 1+ [sec? (ху)] (yx Э = 0 = xsec? (ху) ay = —1-— у sec? (ху) > у = ume 

= —1 y — сов? (ху) _ у _ _соѕ? (ху)— у 

“7 x sec? (xy) x x x x 
12. х^ + sin у = xy? > 4x? + (cos y) a = 3x2y? + x3 - 2y у => (сов у — 2х3у) 2 WY — 3х2у2 — 4x3 = 5 = ATA 


13. y sin (1) =1-ху = у [со (1)-0-0:5-8) +sin (1) = х5 у = 


4 1 Е ду _ = 
g [- 1 соз (1 КЕЛЕ ЁС Е у= dc = —}с%(1)+зш(1)+х ^ уза (2) —сов (5) +ху 


14. xcos(2x + Зу) = узшх = —xsin(2x + Зу)(2 + 3y’) + cos(2x + Зу) = ycosx + y'sinx 
= —2xsin(2x + Зу) — 3x y' sin(2x + Зу) + cos(2x + 3y) = y cosx + y’ sin x 


= cos(2x + Зу) — 2x sin(2x + Зу) — у cos x = (sinx + Зх ѕіп(2х + Зу)ју! => у’ = S Pao а 


15. 92 4 Pod ро SLLI-n$--i--X 


2/0 40 2/0 11) 


16. r- 2/0 = 3093 + 03/4 => ® — 0-19 = g-M3 4 0-14 => 4 = + 0-13 + 0-1/4 


Copyright О 2010 Pearson Education, Inc. Publishing as Addison-Wesley. 


www. гетепд. 15 


Section 3.7 Implicit Differentiation 137 


17. sin(r0) = 1- [cos (т 0)] (т +0 4) = =0> 5 4 [0 cos (r 0)] = —r cos (г0) = 4 = = Fae = — 3, cos(r0) £0 
18. cosr + cot = гд => (— іп г) 9 at _ esc? 0-т--05 йг =f [—sinr — 0] = r + esc? 0 => г = ее 
19. x? + у: = 1 > 2x 4 2yy =0 = 2yy = —2x ay у=-5 ; now to find 4 ту ‚4 (у) = £ ( 3) 
> y= Ed = Be J since y' = – 5 dy у” = x _ У a у) _ E! 
20. x23 + у2/8 =1 > 2-1/3 ЕЕ 2у-13 ду =0 > ду [og bs) = — 2х 13 > у = а = -Eis = ӨШ 
Differentiating again, у” = Eu Pe = 2 cm а 
=e dy = Їх73/Зу-1/8 + 1 y1/3x74/3 = т 4 ман : 


= ус (F 

21. y! 2 x! +2х => 2yy 22x 42 = у = 2522 = 541 епу" = УЗИ = л (5) 
ф T nu 
— d = у" = yori ot ) 


22. у —2х=1—2у > 2у-у-2--2у = у(2у +2) = 2 y EN (y + 1); then y" = -(y + 1) 2 - y 


2 
=-9+1)" gt) = R =y" = рту 


23. 2 у=х-у = у у =1-у = у (у? +1) 1 > 2 y c = ет we сап 
differentiate the equation у’ (у “72 + 1) = 1 again to find у": у (= 1у-3/2у/) + (y-!? + 1) y' 20 
1 -3/2 
= Dis d? 2 | -172 au 
> (у +1)у' = ЗУ” 2 врту = та JE TOS nay = 20307 


2 


24. xy cy! 21 = xy +у+2уу =0 => ху +2уу =-у > уху) =-у > у = су; У у 


H 


— –(к+2ују ty +2у) _ O73 2) [=> ry | 2 (6585) ] _ азы VE +2y) + у(х +2у) - 2у] 
ин (х+2у)? (x + 2y)? ЕЕ (х + 2у)? 

__ 2y(x+2y)—2y? | 2у?+2ху _ 2y(x+y) 

(х + 2у)% “7 (х+2у)9 ^ (х+2у) 


25. х? + уз = 16 = 3x? + 3y’y’ = 0 = Зугу' = —3x? у = – 5 ; we differentiate y?y’ = —x? to find y": 


24? 2x4 
2 2x -2y |- 5 2x — = 
yy ty 2у-у] = —2х = у?у' = —2х—2у[у] = y” = А 2 x 
—2xy? —2x d — -32-32 
© у: xdi ~ 23 2 


и (x 2y) (-y) - Gy) (1 - 2y) 
(x -2yy 


26. xy -y! 21 > xy +у+2уу' 20 > у(х+2у)=-у > y dg > у 


211 ЗЭР" _ ©2)(5)-MO) . 
о) = — 5 We obtain y losi == EE 


since у | 


27. y? +x? = y* — 2x at (-2,1) and (— 2,—1) > 2y 5 + 2х = 4y? 8 — 2 >» 2у%У 4y3 ЧУ = 2-2х 


— ду. хы ду s dy = 
= 9 (ду — 493) = 2—2х > KTFS? R "x ss Te 
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28. G2 +y? = (x — у)? at (1,0) and (1, –1) = 2(2- у?) (2х+2у x)= = 2(x – y) (1 E Э 


4 4 —2x (х Х- 4 
= ax РУ алысы аз ә d = А dx ao i 
de =1 
and 2 т 
29, x? +xy- y? =1 => 2х+у+ху'—2уу' =0 > (к—дују =—2х-у Ву = = 
(a) the slope of the tangent line m = y'| оз =] => the tangent line is y — 3 — 1(х-2) => у= Їх-4 
(b) the normal line is y — 3 = — $ (x — 2) = у--іх-% 
30. x? + у? = 25 = 2х +2уу -0->у--5; 
(a) the slope of the tangent line т = Vics = Б. = 3 — the tangent line is у + 4 = 3 (х – 3) = у= ix - 2 
G, Pi 
(b) the normal line is y + 4 = — 1 x—3) = у--іх 


31. y? = 9 => 2xy? +2х?уу = 0 = х?уу = –ху > у=-*; 


С ыу = 3 => the tangent line is y — 3 = 3(x + 1) =>y=3x+6 


(b) the normal line is y — 3 = — 1 (x + 1) = у--іх-% 


(a) Ше slope of the tangent line m = aes шт Y| 


32. y? -2x —4y - 12 0 2 2yy -2-4y 20 > 2Ху-2у-2->у- 


? 


= 
(a) the slope of the tangent line m = y’| = —] = the tangent line is y — Т =–—1Х+2) > у=-х-1 


(-2,1) 


(b) the normal line is y — 1 = 1(x +2) = y=x+3 


33. бх? + Зху + 2y? + 17у - 6 = 0 = 12x + Зу + Зху + 4уу' + 17у = 0 = y'(3x + 4y + 17) = —12x — Зу 


_ —12x-3y , 
и 
(a) the slope of the tangent line m = y'| ,, = е = $ = the tangent line is y — 0 = $ (х + 1) 
_ 6 6 
> y= 7х7 
(b) the normal line is y — 0 = —2(x+1) => у= -1х-2 


34. x! — УЗху  2y! = 5 => 2х- \/Зху' — УЗу +4yy =0 = у (4y - уз) = УЗу-2х = y = DR 
(a) the slope of the tangent line m = y’| (ма) = уз т Hos 


(via) = 0 = the tangent line is y = 2 
(b) the normal line is x — Уз 


35. 2xy + m siny = 27 = 2ху' + 2у + п(соѕ у)у = 0 = у'(2х + пл cos y) = —2y у = у 
(a) the slope of the tangent line m = у ‘la, = ох т ки = — 5 = the tangent line is 


У ар не 0-1)» ps 
(b) the normal line is y — 5 —2(x—1) > y-2x- 2-42 


п 


36. x sin 2y = y cos 2х = x(cos 2у)2у” + sin 2y = —2y sin 2х + у cos 2x = у'(2х сов 2y — cos 2x) 
sin 2у--2у sin 2x , 
сов 2x — 2x cos 2y ? 


= —sin2y —2ysin2x = у = 


sin 2y + 2y sin 2x 


(a) the slope of the tangent line m = y'| (; = $55 со 5 | 


= т = 2 = the tangent line is 
2 


у-1-2(х-1) => у= 2х 


(b) the normal line is y — 7 = 1 (x т) > у= 1х т 
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27 со8(тх-у) . 
1 +2 сов(лх — у) ? 


37. y = 2 sin (пх — y) > у = 2 [сов(лх — y)] - (т — y) => УП + 2 cos (rx — y] = 27 cos (Tx — у) > у = 


2r сов(лх — y) 


(a) the slope of the tangent line m = y'|uo = Тоа у) 


= 2m => the tangent line is 
(1,0) 


у — 0 = 27(х — 1) > у-2лх-2л 


ee шиг тээ 
(b) the normal line is y — 0 = - z & - 1) > y=- +5 


38. x? cos? у — sin y = 0 = x?(2 соз y)(—sin y)y’ + 2x cos? y — у’ cos y = 0 = y’ [-2х? cos y sin у — cos y] 
2x cos? y 
2x? cos y sin у + cos у? 


= —2х cos? y > у = 


2 2x cos? у 
(0,5)  2х7 сову sin y + cos y 


(a) the slope of the tangent line m = y’| = 0 = the tangent line is y = 7 


(0,7) 


(b) the normal line is x — 0 


39. Solving x? + xy + у? = 7andy = 0 х? = 7 X == V (-v7, 0) and (v7, 0) are the points where the 
curve crosses the x-axis. Now x? + xy +y? =7 = 2x фу+ху +2yy =0 = (х + 2у)у = –2х - y 


> у= – іу => ш=- c — the slope at (- 4/7, 7,0) ism = — == —2 and the slope at (v7, 0) is 
m= -— =: = —2. Since the slope is —2 in each case, the corresponding tangents must be parallel. 

40. xy + 2х -у=0 = х У+у+2—% ЧУ =0 = Фу - авж ; the slope of the line 2х + у = 0 is —2. In order to be 
parallel, the dd lines must also Ёс slope of —2. res a normal is perpendicular to a tangent, the slope of 
the tangent is 5. Therefore, у+2 _ = 5 => 2у+4=1—х => х= —3 — 2y. Substituting in the original equation, 


ар B= 29) 0 = y+4y+3=0 > у= -Зогу = —1. If y = —3, then x = 3 and 
у + 3 = —2(х — 3) > у= —2х +3. Ку = –1, then x = —landy+1=—2(x4+ 1) > у = —2x – 3. 


41. yt 2y? —х? = 4у?у = 2уу' -2x = 2(2у3-у)у =—2х = у = y— yr } the slope of the tangent line at 
уз 
1 


1 
4. = 515 = —1; the slope of the tangent line at (27, 3) 


42. y?Q - x) =x > 2yyQ — x) + y2(—1) = 3x? > y= T + 3х2 ; the slope of the tangent line is m = +3? 
ханын -=x | 1.1) 
= 4 = 2 > the tangent line is y — 1 = 2(x — 1) => у = 2x — 1; the normal шеїву-1--1(х-1)-у--1х-3 
43. y! — 4у? = x! — 9х? = 4у3у' — 8уу' = 4x? — 18x = у (Ay? — 8y) = 4x3 - 18x = у’ = ale = = 
= 2—9) =m; (– 3,2): m= CAP = :( 3, 2): m= 2; ; (3,2): m= 27; (3 -9): m--2Z 
9y — 3x? 2 Зу = x 


44. х? фу" — 9ху = 0 = 3x? + Зугу — Oxy’ — 9y = 0 = у (3y? — 9х) = 9y - 3х? > у = Ф = 3-3 
(а) y| (42) — 3 апа Yles = , 


3 
©) y 202 ЗЕ =0 > 3sy-x =0 yo = x (X) – (5) =0 = х0 540 =0 


= x? (x? 34) =0 х = Оогх = 4/54 =3 3/2 = there is a horizontal tangent at x = 3 4/2. To find the 


corresponding y-value, we will use part (c). 
: = == 3 
() = =0 > 0-5-0 у —3х =0 > у= + УЗх;у = У = x (38) — 9x /3x = 0 


= х3 — 6\/3х3/2 = 0 > xii? (x9/? — 6у3) =0 = x3? = 0 огх3/2 = 64/3 = x = богх = 4/108 = 34/4. 


Since the equation x? + y? — 9xy = 0 is symmetric in x and y, the graph is symmetric about the line у = x. That is, if 
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(a, b) is a point оп the folium, then so is (b, a). Moreover, if y’| ам = m, then У| ь = 2 . Thus, if the folium has а 


horizontal tangent at (a, b), it has a vertical tangent at (b, a) so one might expect that with a horizontal tangent at 
x = 4/54 and a vertical tangent at x = 3 3\/4, the points of tangency are (у 54,3 ya) and (3 V/A, у 54) А 


respectively. Опе can check that these points do satisfy the equation х? + y? — 9ху = 0. 


45. х? + 2ху – 3y? = 0 = 2x + 2xy’ + 2y – буу = 0 > у/(2х — бу) = –2х – 2y > у = | => the slope of the tangent 


5 БЕЗЕК __ x+y 
line m = у Їнэ =з 


= | => the equation of the normal line at (1, 1) is y — 1 = —1(x — 1) > у = -х + 2. To find 
ал) 


where the normal line intersects the curve we substitute into its equation: x? + 2х(2 — x) – 3(2 — x)? = 0 

=> x? + 4х — 2x? — 3 (4 — 4х + x?) = 0 => —4х? + 16x – 12 = 0 > x? - 4х +>3=0 > (х – 3)(х – 1) = 0 

— x = 3 and y = —х + 2 = —1. Therefore, the normal to the curve at (1, 1) intersects the curve at the point (3, —1). 
Note that it also intersects the curve at (1, 1). 


46. Let p and а be integers with а > 0 and suppose that у = 4/ x? = x?/4, Then у = xP. Since p and q are integers and 


| 1 : : : 4 | а -14у -1 Фу рх?! р x! 
assuming y is a differentiable function of x, 2; (у) = 1; (ХР) => ду! р = px? koy 
=P. x! pP, x7! __Р,хр—1-(р—р/д) — Р, x(p/g) - 1 
шилэн. x * 
47. у =x = ay = E . If a normal is drawn from (а, 0) to (xi, y1) on the curve its slope satisfies E = —2у! 
= у! = —2у1( — a) or a = x, + 5 . Since хі > 0 on the curve, we must have that a > 1 . By symmetry, the two 
points on the parabola are (хі, 4 /х1) апа (а, —4 /x1) . For the normal to be perpendicular, (2X) (22) == 


х o НЭЭРЭЭ: 2 l| 2 21 2 1 1 1 _ 3 
=> в =1 3 =(а хі) = x = (к +1 X1) = x; = j andy; = + +. Therefore, (1, = 1) anda = 3. 


48. 2х? + 3y? = 5 = 4х + буу = 0 y=- 2 У“ = 2 uh 4 and y"| у — — 5 "m 3 ; also, 
2 3 2 3х2 — 3x? 718 — 3x? = 3 
y X 2yy = 3х? = y E yas == "m 5 апа У an = => в - Therefore the 
tangents to the curves are perpendicular at (1, 1) and (1, —1) (i.e., the curves are orthogonal at these two points of 
intersection). 
49. (а) х2 +y? = 4, х2 = Зу? = y) + у? =4 > у2 = 1>у= +1. fy-21 x + (1)? =4 => x3 23 
=х= + уз.Њу=—1=~ХЖ -(-1-4-312-3-х- + УЗ. 
xX + у? =4 => 2х + 2у$ 0 => т ау т. and x? = 3y? => 2x 6у% mo iy зу 


3 5 3 
At (V3, -1):m = $ = – 5 = V3 and m a 4/5, Va mm -(V3)(-$ =-1 
-v3 
at (—V3, 1); пи = 5 = СҮ = УЗ алат 9 Зи уз mm = (v3) (-% =-—1 
-у3 -v3 
At (-V3,-1):m = = Бо V3 and m = = E L8 emm ( 3) (7) = 1 
2 
(b) х-1-у,х Ху? (iy?) 1-y? y-i у= БЭ у= X3 ox-i- (57) = 
3 3 У 1 2 ду ду 1 1,2 
у= = = х=1- (52) =>+ Х=1-у > 1 = —2ух >ш = хх = z andx = зу 
212: > m=% 


a (4 E п = = з) = уз and пр = ge = ACA E lm (5) (-%) E 
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Section 3.7 Implicit Differentiation 141 


; : : шаа 
50. у= –1х +b, y! = xi 8 = –1 and 2y% ax" Фу x = ( МЕЗ ће = у e =x 


> {=x = xt 453 = 0 = х3(х—4) 0->х-догх--А.Ғх-0->у (9 0 and (-4) 


indeterminant at (0,0). If x 24 = y ur 8. At (4, 8), y  —ix-b 8 = —1(4) += b = 2. 


51. ху? +x? y 26 = x (sy? 2) +y? +x? ay + 2ху =0 = ду (3xy? + x?) = —y? — 2ху > g = ~ == 


= – i2 ; also, xy? + xy = 6 = х (3у2) + y? T +x? +y (2x ix) =0 = x (y3 + 2xy) = —3xy? — x? 


dx _ 3xy? + x2 
dy — у? + 2xy 


1 


аг. The two different treatments view the graphs as functions 
dx 


=> ; thus T appears to equal 


symmetric across the line y = x, so their slopes are reciprocals of one another at the corresponding points 


(a, b) and (b, a). 


52. x3 + y? = sin?y > 3x? + 2y € = (2 siny)(cosy) € = € (2y — 2 sin y cos y) = 3x2 > % = мэт 


=. ax? A 3 DF, eit: 2 dx 2 : dx _ 2sinycosy-2y. dx 
= Zunycosy-3y > also, X + у? =ш^у = 3x d + 2у = 2 sin y cos y = m 3d ; thus dy 


appears to equal ES . The two different treatments view the graphs as functions symmetric across the line 


у = х зо their slopes are reciprocals of one another at the corresponding points (a, b) and (b, a). 


53-60. Example CAS commands: 


Maple: 
ql := x43-x*y+y43 = 7; 
pt := [x=2,y=1]; 
pl :=implicitplot( q1, х=-3..3, y=-3..3 ): 
pl; 


eval( ql, pt ); 
q2 := implicitdiff( q1, y, x ); 
m := eval( q2, pt ); 
tan line: y = 1 + m*(x-2); 
p2 := implicitplot( tan. line, х=-5..5, y=-5..5, color=green ): 
p3 := pointplot( eval([x,y],pt), color=blue ): 
display( [p1,p2,p3], =" Section 3.7 #57(c)" ); 
Mathematica: (functions and x0 may vary): 
Note use of double equal sign (logic statement) in definition of eqn and tanline. 
<<Graphics ImplicitPlot 
Clear[x, y] 
(x0, yO}={1, 7/4}; 
eqn=x + Tan[y/x]==2; 
ImplicitPlot[eqn,( x, x0 — 3, x0 + 3) (у, yO — 3, yO + 3}] 
eqn/.(x — x0, у — y0} 
eqn/.{ у = у[х]} 
D[%, x] 
Solve[%, y'[x]] 
slope=y'[x]/.First[%] 
m=slope/.{x — х0, y[x] — y0} 
tanline=y==y0 + m (x — x0) 
ImplicitPlot[{eqn, tanline}, (x, x0 — 3, x0 + 3},{y, yO — 3, yO+ 3}] 
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3.8 RELATED RATES 


2 dA dr 
І. A=ar е = 277 ў 


4. 2х +3у = 12, 9 2 —2 > 2% +3% 202 29 +3(-2) 202 ® = 3 


5. у=х?,®=—3 x 2x9 when x = —1 > 9 = (-1)(3) = ^6 


6 x=y — y, =5 = ® = 3у2% — Y, when y =2 => ® = 3(2) (5) — (5) = 55 


7. х2 p y? = 25, ® = —2 > 2x ® + 2y 9 = 0; when x = 3 and y = —4 = 2(3)(-2) -2(-4) = 0 > $ = —3 


dt 


8. xy = 4, у = = acy = + 2ху 4 = 0; when x = 2 = (2? y? = = — у = $. Thus 
2 (172(1 1)3 dx dx 9 
3(2) (5) (5) +20) (5) $702 =-— 
x2 4 y2 dx 4 х d x ru. 
9. L2 уху, ® --1,3-3- 4 шин (2$ +2у У) = ud ; when x = 5 and y = 12 
dL _ (5)(—1) + (12)(3) _ 31 
dt му 12) 13 


10. г+ $? +v = 12,4 = 4, $ 3 d + 25 8 + 392% = 0; whenr = 3 ands = 1 = (3) + (1) +v = 12 > v—2 


=> 4+ 2(1)(—3) + 3(2)2 205 # = 1 


11. (а) $ = 6х2, ® = —5.® = 8 — 12x ©; when x = 3 => $ = 12(3)(-5) = —180 ™ 


> dt min min 
(b) V=x3, S = —5m. => ЧУ — 32%; when x = 3 => W = 3(3) (–5) = —135 ™ 


12, S = 6х?, = 72 > 8 = 12x & > 72 = 12(3) ® > % =2 үгээ?» =, when x = 3 


? dt sec sec? 


= ¥ = 3(8) (2) = 54 № 


вес 


13, (а) У =тећ > Saar S (Б) У=тгһ = 4 = гл € 


ЕРЕК; dV 22 dh dr 
(c) V — пг > у —mr у t2arh & 


14. (а) У = Garth = Ẹ = ia? $ (b У-ілгһ > % = злт 4 


dV _ 17.2 dh |2 ы 
(с) т = 37r т ЗИ а 


15. (а) 9\ = 1 volt/sec (b) Ч = — 1 amp/sec 
© «=8В(%)+1(%) > пету - Ку > т =. 


(4) R -і [ — 1 (- 1)] = (5) (3) = 3 ohms/sec, В is increasing 


-- 2 dP 12 dR di 
16. (а) P-RP => Ф-рж gd 


2 dP 2 dR 4 ав Rda 2(j)a _ ора 
(b) P RI 0 dt I dt + 2RI dt => а P а j nii 
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17. 


18. 


19. 


20. 


21. 


22. 


23. 


24. 


25. 


26. 


Section 3.8 Related Rates 


1/2 š 
@ sc уха ry = (к ey)" = o р 
1/2 5 4 
(b) в = \/х? + уг = (x? y?) Е; d = ЖЕЙ ж + у а 
© ва уљу = 8 = х ty? = 2в -2х%342У2 => 28-0-2х%42уУ2 => 4 =-1 


a 
<< 


с. 
= 


é р 1 4 
(а) s= Vx +y +z => 8 = х? Ну +22 = 258 -2х%--2у% 422% 
ds __ x dx y dy 7 dz 
=> a у ну +z d + үх су +z d БИ үх су +2? d 
Ч dx — ds __ y dy | 7 dz 
(b) From part (a) with + = 0 d “утуу d утур? d 


(с) From part (а) with $ = 0 > 0 = 2х ® +2у 9 +22 > «ау аш = 0 


(а) А-іаһвіп0 = “ = {ab cos 0 @ (b) А = labsinü = “ = tab cos 0 ® + 15 sin 0 @ 


zd 1 dA _ 1 d | lp gp g dà lasing Œ 
(с) А = 5absinü > GF = 5 аб соѕ0 tr + 50 5100 у --5asin0 S 


Given A = mr’, 9: = 0.01 спузес, and r = 50 ст. Since ga = 271 d , then ЧА 


as = 27 (50) (1%) = т cm?/min. 


Given af = —2 cm/sec, ~ = 2 спузес, # = 12 стапа \ = 5 ст. 


(а) А = у => 48 = (36 ру 9 => ФА = 12(2) + 5(-2) = 14 сто/вес, increasing 


(b Р=26 + см > Ф =2 +2 4 = 2(–2) + 2(2) = 0 cm/sec, constant 


JV s -1/2 w wiped 
(© D= уме x = (wi 2)? > 0 = 1(у2 + 2)? (ду dw + 2196) > Ф — Tayr 


Е TD. = — Н cm/sec, decreasing 


(а) V = худ => %У = ух % әх ху 8 => d aay = DAD) + (902) +A) = 2 m/sec 


(b) S = 2xy + 2х2 + 2yz => % = (2y + 22) € + (2x + 22) % + (2x + 2y) € 
- 48 = (101) + (12)(—2) + (14)(1) = 0 m?/sec 


‘dt | (432) 


2 2 2 E 2 231/2 de _ х ах у ду 2 dz 
(с) C= yx + у? +22 = (х? + у? + 22) но 


S Haa = (5) mi (в) C+ (is) ome 


Given: ах = 5 ft/sec, the ladder is 13 ft long, and x = 12, у = 5 at the instant of time 
(a) Since x? + y? = 169 => Ẹ = —% & = — (12) (5) = —12 ес, the ladder is sliding down the wall 


(b) The area of the triangle formed by the ladder and walls is A — i Xy — ЧА = (1) (х Чу +y =) . Тће агеа 


is changing at 5 [12(-12) + 5(5)) = — ца = —59.5 ft?/sec. 


LUE 5 49 _ 1 dx dé — 1 dx — 1 un 
(с) cosó 2 5 > —sinü = 5794 > 00557 ana’ a = (5) (5) = -1rad/sec 


52 = у2 + х2 => 25 ® = 2х ®-+2у 9 5 8 =1 (x у у) 9 = —1— [5(—442) + 12(—481)] = —614 knots 


dt 


s 


169 


143 


Let s represent the distance between the girl and the kite and x represents ће horizontal distance between the girl and kite 


= 52 = (300)? +x? = $ = X = 005) = 20 ft/sec. 


When the diameter is 3.8 in., the radius is 1.9 іп. and # = зах in/min. Also V = блг => SY = 127r 4 


= ЧУ = 127(1.9) (зу) = 0.00767. The volume is changing at about 0.0239 in?/min. 
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144 Chapter 3 Differentiation 


27. У = im?hh = 3 (27) = > r— 9 = у = 1 т (4) = 1678 > ЧУ 168 dh 
(а) 9|, = (тет) 00) = 2 = 0.1119 m/sec = 11.19 cm/sec 
(b) r=% = == (2) = 15 = 0.1492 m/sec = 14.92 cm/sec 
= г — 158 1 15h) 2. _ 75лћа dV _ 225152 dh аһ 4-50) _ -8 
28. (а) У = з пгћапіг = 58 = У={т(5°) һ= ЭТ > бр = = т = 4 5 = 22516) = 2258 


~ —0.0113 m/min = — 1.13 cm/min 


Банана, (2) (ai) = t = -00М9 mec = -849 cm/sec 


T п п —1 
29. (а) У = £y? GR- у) = X = 7 ру(ЗВ – у) +y] ® = L = [1 (6Ву - 3у2)] 4 > at = 13 and 
у = 8 ме have ду = ait 6) = => m/min 


(b) The гоо is on the circle r? + (13 — y? = 169 -г--41/2бу-у m 
1/2 


- 2 1/2 а d _ 13-y а dr —. 189-8 fl 
(о) r= (26у – у?) => т-:(26у-у) "Q6-2p а = Ja F а: dily-s — 726.8 — 64 (58) 
= ggg; m/min 
30. If V = $ ar, S = Алт“, and 4 = KS = Аклт“, then 4У = 4n? € > Акті? = 4л? 9 = 4 = К, a constant. 


the radius is increasing at a constant rate. 


31. If V = $ mr’, г = 5, and 4У = 1007 f/min, then ЧУ = 4лг? E => 4 = 1 ft/min. Then S = 4n? > S 


= nr а = 8л(5)(1) = 40r ft?/min, the rate at which the surface area is increasing. 


32. Let s represent the length of the rope and x the horizontal distance of the boat from the dock. 


s ds _ 5 

x dt Vs — 36 Ф. 
10 u 

s = Ув (2) 2.5 ft/sec. 


_ 6 : ao — 6 dr ад 6 8 
(b cosü— ? > -вп0%--ра > G= mus Ч. Thus, г = 10, x = 8, and sin 0 = 16 


ад _ 3 
== в = TAE -( a 39 rad/sec 


(а) Wehave s? = x? + 36 = 


ах 
dt 


Therefore, the boat is approaching the dock at 


33. Let s represent the distance between the bicycle and balloon, h the height of the balloon and x the horizontal 
distance between the balloon and the bicycle. The relationship between the variables is s? = h? + x? 


> ж-1(һШ хе) = $ = 4 [68(1) + 51(17)] = 11 ft/sec. 


34. (a) Leth be the height of the coffee in the pot. Since the radius of the pot is 3, the volume of the coffee is 


dV dh пе ricino је dh — 1 dV — 10+, 
У = 9rh г = 97 а the rate the coffee is rising is G = ос Чг = от in/min. 


(b) Let h be the height of the coffee in the pot. From the figure, the radius of the filter r — В > V=; І тт°һ 


= a , the volume of the filter. The rate the coffee is falling i is = = др ау == == (-10) = 3 шон 


35. у= QD! = ¥ =D Q – QD? Ф = 4 (0) – 2% (-2) = GF L/min = increasing about 0.2772 L/min 


36. Let P(x, y) represent a point on the curve у = x? and 0 the angle of inclination of a line containing P and the 


T M хо 29 d0 _ dx 90 _ 2 dx dx — 
origin. Consequently, tan 0 = ~ tang = * =x sec^0 T= = ч = 208 0 бү. Since $ = 10 m/sec 
х? 32 


1 
yx 92-32 10? 


2 
and cos* 6]. . _, = 1 rad/sec. 
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37. 


38. 


39. 


40. 


41. 


42. 


43. 


44. 


Section 3.8 Related Rates 145 


The distance from the origin is s = 4/ x? + y? and we wish to find Ч шүр > (x? + y) ^? (2x & + 2y $ Э 


(5,12) 
— Gc-D-üü2c5 — 
У 25 + 144 эзер 
Let s = distance of car from foot of perpendicular in the textbook diagram tan 0 = 135 sec? 0 ші = iS g 


2 қ 
= dð | cos“ ds. ds _ 


264 and 0 = 0 = 4 = —2 rad/sec. A half second later the car has traveled 132 ft 


dt 132 dt? dt dt 
right of the perpendicular = (0| = 7, cos 20 = І, апа ЕН = 264 (since s increases) => 40 - 0) (264) = 1 rad/sec. 
Let s = 16 represent the distance the Бай has fallen, h the L 


: А Ва at time t = 0 
distance between the ball and the ground, and I ће distance 


between the shadow and the point directly beneath the ball. 
Accordingly, s + В = 50 and since the triangle ГОО and 


1/2 sec later 


triangle PRQ are similar we have I — zu = h = 50 — 162 
30 (50 – 162) _ 1500 dI __ __ 1500 а 
and I = КЕТЕ 168) = 162 — 30 > qp = — зв о А 
= d ‚ = —1500 ft/sec. 
= 
When x represents the length of the shadow, then tan 0 = 80 => sec? 0 36 — — 80 dx — dx — ок не M . We are 
х dt х? dt dt 80 
2 2 
iven that 9 = 0.27» = rad/min. At x = 60, cos 0 = = 3 => = = э ft/min 
5 4 2006 E: 8091 (а 35, and seco=3) 16 
= 0.589 ft/min = 7.1 in./min. 
The volume of the ice is У = 3 пг? — 1 74? ду = Arr? ч > Ч = = in/min when ФУ = —10 in?/min, the 
1-6 == 4 
thickness of the ice is decreasing at A in/min. The surface area is S = Алт“ > 48 = = 8nr 4 а => dle = 487 (=>) 


= – 1 9 in?/min, the outer surface area of the ice is decreasing at 10 in?/min. 


Let s represent the horizontal distance between the car and plane while r is the line-of-sight distance between the car and 


2 ds — r dr ds uL 
dt vm? -9 dt dt | r-5 vet 160) — 


= 200 mph = the speed of the car is 80 mph. 


plane > 9+s? =r —200 mph => speed of plane + speed of car 


Let x represent distance of the player from second base and s the distance to third base. Then бх = —16 ft/sec 


(a) s? =x? + 8100 28 4 2х ах 4 = ах . When the player is 30 ft from first base, х = 60 


=> s= 304/13 and $ = 95 | 16) = => жз —8.875 ft/sec 

(b) sin 0; = 20 => cos бі m = 20. 4 = о =-з 20. AC ds = 90.4 ds . Therefore, x = 60 and s = 30/13 
> Ge (% уз) m (==) = & rad/sec; сов 0; = 20 => —sin, 36 = — 20. 8 => № = .90 EC as 
= 99.4. Therefore, x = 60 ands = 304/13 = 38 = оу) ae (==) = – & rad/sec. 

О и Чи шыш ac Bm e 
= lim, (dg) C715) = фтаййсс: че = sip = (25) (2) (8) = (9) (%) 
= (==) ах = um im, oe == -i rad/sec 


Let a represent the distance between point O and ship A, b the distance between и О and ship B, and D нь distance 
between the ships. By the Law of Cosines, D? = а? + b? — 2ab cos 120° = ® = + [2a & s 2b P+aP+b #]. 


When а = 5, ба 14,5 = 3, апа Ф = 21, then а === where D = 7. The ships are moving 4 — 29.5 knots apart. 


Copyright О 2010 Pearson Education, Inc. Publishing as Addison-Wesley. 


www. гетепд. 15 


146 Chapter 3 Differentiation 
3.9 LINEARIZATION AND DIFFERENTIALS 


1, Кх) 2 xi -2x +3 > Ра) = 32 —2 = LR) РО —2) +2) = 10% – 2) +7 = L(x) = 10x – 13atx = 2 


2. fx) = Và +9 = (7 +9)!" = Р(х) = (4) 2+9) Пою = => LOD = Cc 4) + (74) 
=-#&+4 +5 => LG)--$xt$sx--4 


3. fx) =Х+1 2 Рб)=1—х > Га) = NHAR- ђ) = 2+0к— 1) 22 


4. Қх) = x? => f'(x) um L(x) = f'C-8(x – (-8)) + f(-8) = 5 3 +8) -2 = Цх) = рх + 


5. f(x) = tanx => f'(x) = sex => L(x) = Кл) + f'(2)(x ^») =0+ (хп) 2x— m 


6. (a) f(x) = sinx = f'(x) = cosx => L(x) = КО) + f'(0) 
(b) f(x) = cosx => f'(x) = —sinx = L(x) = f(0) + 
(с) f(x) = tanx = f'(x) = ѕес2х > L(x) = КО) + f'(0(x — 0) = x > L(x) = x 


7. Қх) = xi +=2х > f(x) 22x +2 = L(x) = f(x — 0) --f(0) = 2(x —0) +0 = L(x) 22xatx = 0 


8. fa) x! > РФ = x? > LG) ='(1)(х D--f0) = (-D(x- D41 = Li) = -x42atx =1 


9. f(x) = 2х2 + 4х3 > f'(x) = 4x +4 > LW = f'-D(x + D +ФК—1) = 0(x + D-4(—5) = L() = -5atx = —1 


10. fx) =1+х > Рбд=1 = LG) = f8)x — 8) + 68) = 1(x —8)--9 = L(x) =х +1их = 8 


ПЕ = xexU (х) = (1)x ?? 2 Lo) = f'8(x – 8) + 68) = 5(x-8 +2 = Гбдо= bxc ах = 8 


12. f(x) = 527 f'(x) UO = в = LG = РО) 0) +60) = (10) +5 


= L(x) = 1х+ тах =1 


13. f'(x) = ка +х)“ '. We have К0) = 1 and f'(0) = k. L(x) = 0) + f'(0)(x — 0) =1+к(х — 0) = 1 + kx 


14. (a) f(x) = (1-3) = [1 + (23)] ~ 1 + 6(—x) = 1 – 6x 
(b) f(x) = 12. =2[1+(—х)] &2[ + (-1)(—x)] = 2 + 2x 
(c) f(x = (x) 3 u1-4(-1 х-1-; 


(e) f(x) = (4 + 30) 73 = 493 (1 + 35) 73 1/31 


(х) 
(х) 
(х) 
(а) ва) = V2xxi = V2(14 $) а vai >) = уз (1+ $) 
(х) | 
(х) 


O f(x) = (1- 5) = [1+ (2545) 


15. (а) (1.0002)50 = (1 + 0.0002)50 ~ 1 + 50(0.0002) = 1 + .01 = 1.01 
(b) 4/1.009 = (1 + 0.009) 73 = 1 + (1) (0.009) = 1 + 0.003 = 1.003 


16. f(x) = yx +1 + зшх = (x + DU? + зах => Р(х) = (1) (х + 1772 + совх => Lx) = Р(ОХх — 0) + f(0) 
= 3(x—0)+1 = L(x) = ух + 1, the linearization of f(x); g(x) = Vx + 1 = (x + D! > р(х) 
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17. 


18. 


19. 


20. 


21. 


22. 


23. 


24. 


29; 


26. 


27. 


28. 


29. 


30. 
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= (1i) (х+ D7!7 = L,G9 = g(0)x — 0) + g(0) = $ (x —0) +1 = L,G) = 1х + 1, the linearization of g(x); 
h(x) 2sinx = h'(x) = cosx Їл (х) = h/(0)(x — 0) + h(0) = (D(x — 0) +0 = L,(x) = x, the linearization of 
h(x). L;(x) = 1,009 + L,(x) implies that the linearization of a sum is equal to the sum of the linearizations. 


y = x! - 34/х = x? — 3x1? = ду = (3x? — 8х 1/2) dx = ду = (52-25) ах 


yexV1-x! -х(1-320 7 => ау = [ay (1 – хг) 5 + бо (3) (1 х8) 17-209] ах 


= (1-х?) 1? [а = x?) – х2] ах = 9229 ах 


— 2x _ (0) +х)– (2х)02х) 2222-2х 
У = тег ER dy БЭ ( (1+ х2)? ) dx = (1 4x2)? 


_ __Сух _ xM _ (Т Q x2) 22x? (3712) Бх +3-3 
у = 3(1- x) — 3( xl?) => ду= ( 9(1+х1?)” dx = 9 (1-+x1/2) ах 


== 1 
TOS T i 


2y3/? + xy —x=0 > Зуу dy + ydx + хау — dx 20 = (Зуу +x) ду = (1 - y dx = dy = зох ах 


ху? — 4x3? — у =0 => у? іх + 2xy dy – 6x!? dx – dy = 0 = (2xy – 1) dy = (6x!/? — y?) dx 


=> dy = $5 Y dx 


y = sin (5/5) = sin (5x) => dy = (cos (591) (1737) dx => dy = RA dx 


у = cos (х?) = dy = [—sin (x?)] 2x) dx = —2x sin (x?) dx 


3 


y = 4tan (5) => ду=4 (sec? (%)) (x?) ах = ду = 4x? sec? (5) ах 
у = sec (x? — 1) = dy = [sec (x? — 1) tan (x? — 1)] (2x) dx = 2x [sec (x? — 1) tan (x? — 1)] dx 


у = 3 сѕс (1 = 24/Х) = 3 csc (1 = 25/2) => dy=3 (—cse (1 = 2х!?)) cot (1 = axl?) (–х“ 72) ах 


= ду = - csc (1 — 2,/x) cot (1 — 2,/x) dx 


f(x) = x? + 2x, хо = 1, ах = 0.1 f'(x) = 2x + 2 

(a) Af = f(xo + dx) — Ко) = f(1.1) — ©) = 341 — 3 = 0.41 
(b) df = f'(xy) dx = [2(1) + 2](0.1) = 0.4 

(с) |A£ — df| = [0.41 — 0.4] = 0.01 


f(x) = 2x? + 4х — 3, хо = —1, dx = 01 => f'(x) = 4х +4 
(a) Af = Қхо + dx) — Кхо) = К—.9) — К—1) = .02 

(b) df = f’(x9) dx = [4—1) + 4] (1) = 0 

(с) |Af — df| = |.02 — 0| = .02 
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31. 


32. 


33. 


34. 


35. 


37. 


38. 


39. 


41. 


42. 


43. 


44. 


Chapter 3 Differentiation 


f(x) = х? — x, хо = 1, dx = 0.1 (х) = 3х2 — 1 
(a) Af = f(x + dx) – ко) = #11) – 0) = 231 
(b) df = f'(xo)dx = BOY — 1101) = 2 

(с) |Af — 48] = |.231 — 2| = .031 


f(x) = x*, хо = 1, dx = 0.1 f'(x) = 4x? 

(а) АР = ху + = do 4541 
(b) df = f'G) dx = 4(1)3(.1) = 4 

(с) |Af — df| = |.4641 — .4| = .0641 


fx) = x7}, xo = 0.5, dx = 0.1 Оук" 
(а) Af = f(% + dx) — f(xo) = Кб) — #65) = — 1 
(b) df = f'(xo)dx = (—4) (5) = – 2 

(с) |At-at| = |- 1 +2| = 4 
f(x) = x? — 2х +3, хо = 2, ах = 0.1 f'(x) = 3х2 – 2 
(a) Af = f(x + dx) — f(xy) = 2.1) — 62) = 1.061 

(b) df = f'(xo) dx = (10010) = 1 

(с) |Af — а] = |1.061 — 1| = .061 


V = far = dV =4ar dr 36. У =x => dV = 3x7 dx 
$ = бх? = dS = 12х0 dx 


S = пту? +h? = лг( + 2) 2, h constant => 8 = л (P + А2)? + ar-r (e +h?) 7 


48 T(P +h?) + лг? т (2 +h?) 
dE — ae dS = Дан аг, h constant 
У = qr?h, height constant => dV = 2лтоһ dr 40. S = 2ліһ dS = 27r dh 


Givenr = 2m, dr = .02 т 
(а) А = ті? = dA = 2ar dr = 27(2)(.02) = .08т m? 
(b) (48) (100%) = 2% 


C = 22r and dC = 2 in. = dC = 27 dr dr i the diameter grew about 2 in; А = пг? dA = 2лт dr 
= 2165) (1) = 10 in? 


The volume of a cylinder is У = ar7h. When h is held fixed, we have ау = Әліһ, and so dV = 2лгһ dr. For h = 30 in., 
т = 6 in., and dr = 0.5 in., the volume of the material in the shell is approximately dV = 2лтһ dr = 27(6)(30) (0.5) 
= 1807 = 565.5 119. 


Let 0 = angle of elevation and В = height of building. Then ћ = 30tan 0, so dh = 30sec?0 40. We want |dh| < 0.04h, 
which gives: |30вес?0 d| < 0.04|30tan 0| => —4,|d6| < 9955 = |d| < 0.04sin Ө cos 0 = (40| < 0.04sin 57 cos 57 


со820 cos 9 12 


= 0.01 radian. The angle should be measured with an error of less than 0.01 radian (or approximatley 0.57 degrees), 
which is a percentage error of approximately 0.76%. 
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45. 


46. 


47. 


48. 


49. 


50. 


51. 


52. 


Section 3.9 Linearization and Differentials 149 


dr 
The percentage error in the radius is (a) x 100 < 2%. 


(a) Since C=27r=> ac = 27 Ч. The percentage error in calculating the circle's circumference is а) х 100 
= Gra) pee 100 « 2%. 


пт 


(b) Since А = тп > 9^ = =2тг% . The percentage error in calculating the circle's area is given by ^4 (ш) х 100 


2202 торња беле 


dx 
The percentage error in the edge of the cube is (a) x 100 < 0.5%. 


(2x0) x 100 


(a) Since S = 6х? > 48 = 12x ах, The percentage error in the cube's surface area is a x 100 = 


= 260 x 100 < 1024) = 1% 


(b) Since V = x? > ау = = 3х2 ах . The percentage error in the cube's volume is i) x 100 — (а) х 100 


= 3G). x 100 < 3(0.5%) = 1.5% 


У = тһ? = dV = 37h? dh; recall that АУ ~ dV. Then |AV| < (1%)(V) = пиш) = |ау| < Ша 
= [3mh? dh| < OC > јаћј < 
ofhis 1 3 96. 


чы h= (1 %) h. Therefore the greatest tolerated error in the measurement 


0 300 


(a) Let D; represent the interior diameter. Then У = лг = т (B Ју ћ= 10 у = 2" us 


dV = 57D; dD,. Recall that AV = dV. We want |AV| < (1%)(V) = pm € (5) ЕЗ esf 


=> 5D, dD; < m = ар; < 200. Тһе inside diameter must be measured to within 0.5%. 


(b) Let D, represent the exterior diameter, h the height and S the area of the painted surface. S = 7 D,h = dS = zhdD, 
=> 45 = Фр), Thus for small changes in exterior diameter, the approximate percentage change in the exterior diameter 


is equal to the approximate percentage change in the area painted, and to estimate the amount of paint required to 
within 5%, the tanks's exterior diameter must be measured to within 5%. 


Given D = 100 cm, dD = 1 ст, У = 24 (D)! = ЯУ > av = © D? dD = z (100)°(1) = 1%. Then 2 (100%) 


6 
іт 1067 
= [iz 00%) = || % = 3% 
шэн шэн 


V = {т = $n (2)? = 207 = dv = 1 dD; recall that ДУ ~ dV. Then |AV| < (90У = (т) (2) 


поз Л 
= 507 |av| < zb = 


шу ар < D = |dD| < È = (1%) D = the allowable percentage error in 


measuring the diameter is 1%. 


bdg 
М=а+ 2 =а +67! = dW = —bg? dg = P = и — : =l- (2) = 37.87, so a change of 
(2) 


gravity on the moon has about 38 times the effect that a change of the same magnitude has on Earth. 


(a) Т=2т (0 = dT = 27у (-1 gm dg = –пуГ g-?? dg 


(b) If g increases, then dg > 0 = dT < 0. The period T decreases and the clock ticks more frequently. Both 
the pendulum speed and clock speed increase. 
(c) 0.001 = —r y 100 (9807/7) dg => dg ~ —0.977 cm/sec? => the new g ~ 979 cm/sec? 
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53. E(x) = f(x) – g(x) = E(x) = f(x) — m(x —a) – c. Then E(a) = 0 = Ка) —m(a—a)—c—0 = с = Ка). Next 


we calculate m: lim E9 =0 = lim =a- () > lim, EE — m| = 0 (since c = Ка)) 


Xa ха xa x—a 
= f'(a)—m=0 = т = f'(a). Therefore, g(x) = m(x — a) + c = f'(a)(x — a) + Ка) is the linear approximation, 
as claimed. 


54. (a) i. С(а) = Ка) implies that bọ = Қа). 
ii. Since Q'(x) = b; + 2b2(x — a), Q'(a) = f'(a) implies that b; = f'(a). 
iii. Since Q"(x) = 265, Q"(a) = f” (a) implies that b; = а 


f'(a) 


In summary, бо = f(a), b; = f'(a), and b; = —=. 


(b) f(x) = (1 х) 75 Р(х) = Ц х) (—1) = (1-0)? f"(x) = -2a – x) %(—1) = 20 – х) 
Since f(0) = 1, Ғ(0) = 1, and f"(0) = 2, the coefficients are by = 1, b; = 1, b; = 2 = 1. The quadratic 
approximation is Q(x) = 1 +x + х?. 

(c) As one zooms in, the two graphs quickly become 

1 indistinguishable. They appear to be identical. 
y-lexexX! 
[-2.35, 2.35] by [-1.25, 3.25] 
(4) g(x) = x7}; g'(x) = -1x ^: =) = 2x? 


Since g(1) = 1, g'(1) = —1, and g"(1) = 2, the coefficients are б = 1, b; = —1, b; = 2 = 1. The quadratic 
approximation is Q(x) = 1 — (x — 1) + (x — 1). 
As one zooms in, the two graphs quickly become 
indistinguishable. They appear to be identical. 


[-1.35, 3.35] Бу [-1.25, 3.25] 

(еј h(x) = (1:3) 55 М(х) = 301 + x); М(х) = а $x)? 
Since h(0) = 1, h’(0) = 5, and h"(0) = — , the coefficients аге bọ = 1, bı 
approximation is Q(x) = 1 + 


21 
2, б = = -i. The quadratic 


2 9 
As one zooms in, the two graphs quickly become 
indistinguishable. They appear to be identical. 


(f) The linearization of any differentiable function u(x) at x = a is L(x) = u(a) + u'(a)(x — а) = bo + bi(x — a), where 
bo and b; are the coefficients of the constant and linear terms of the quadratic approximation. Thus, the linearization 
for f(x) at x = 0 is 1 + x; the linearization for g(x) at x = 1 is 1 — (x — 1) ог2 — x; and the linearization for h(x) at 
х= 0і81+ 5. 
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55-58. Example CAS commands: 


Maple: 
with(plots): 
а:= 1: f:=x ->x A 3 +x A 2 — 2%%; 
plot(f(x), x=—1..2); 
diff(f(x),x); 
fp := unapply (",x); 
L:=x -> Ка) + fp(a)*(x — a); 
plot({f(x), L(x)}, x=—1..2); 
err:=x -> abs(f(x) — L(x)); 
plot(err(x), x=—1..2, title = #absolute error function#); 
егт(— 1); 
Mathematica: (function, x1, x2, and а тау vary): 
Clear[f, x] 
(х1,х2) = (– 1,2; а=1; 
х |:Ех3 + x — 2x 
Plot[f[x], (x, x1, x2]] 
lin[x_]=f[a] + f[a](x — a) 
Plot[(f[x], lin[x]}, (x. x1, x2}] 
err[x_]=Abs[f[x] — lin[x]] 
Plot[err[x], (x. x1,x 2}] 
err//N 
After reviewing the error function, plot the error function and epsilon for differing values of epsilon (eps) and delta (del) 
eps = 0.5; del = 0.4 
Plot[(err[x], eps), (x. a — del, a + де1) ] 


CHAPTER 3 PRACTICE EXERCISES 


1. 


y = х — 0.125x? + 0.25х => Ẹ = 5x* — 025x + 0.25 

у=З- 0.7х3 03x! = $ = —2.1х2 + 2.158 

у = х3 — 3 (х2 +r) = % = 3x? — 3(2х + 0) = 3x? — бх = 3x(x – 2) 
yox + 7х = = €- ут 


y = (x + 1)? (х? + 2х) = x = (x + (2x + 2) + (x? + 2x) Q(x + 1)) = 2(x + 1) [(x + 1? + x(x + 2)] 


= 2(x + 1) (2x? + 4x + 1) 


у= @х- 594 – у > € = (2х -S(-D4 —3)*-D + (4 – ху-1(2) = 4 — х) [0х — 5) + 24 — x)] 
= 3(4 – x)? 


у = (02 + зесд + 1) = dy — 3 (0? + sec 0 + 1) (20 + sec Ө tan 0) 


2 2 2 
y-( 1 csc 3 = ӘУ = ( 1 csc 2) (fee 8) = (-1- 892 — £) (ese 9 cot 6 — 0) 
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М в ОМУ) O atv- vi 


= у = 


== 1 
9 SSRA O а= оу) Mi C NH 


EP a  (Vt-00-1(65) a 
10. s— Viel => ар = LAC = aft (у— 1). 


2х = % = (4 tan x) (sec? x) — (2 sec x)(sec x tan x) = 2 sec? x tan x 


11. y = 2 tan? x — sec 3 = 


12. y = ше - == = csc? x — 2 csc x > S = (2 csc x)(—csc x cot x) — 2(— csc x cot x) = (2 сѕс x cot x)(1 — csc x) 


13. s = cos*(1 — 2) = 4 = 4 cos? (1 — 20(—sin(1 — 2t))(—2) = 8 cos? (1 — 2t) sin (1 — 2t) 


14. s = cot? (3) > 48 = 3 cot? (2) (—csc? (2)) (=) = 8 соё (2) сөс? (2) 


15. s = (sect + tant)? = $ = 5(вес t + tan t)“ (sec t tan t + sec? t) = 5(зес t)(sec t + tan t)? 

16. s = csc (I t-- 30) > Ф = 5csc! (1 — t + 32) (-esc (1 — t + 312) cot (1 — t + 32)) (-1 + 60 
= —5(6t — 1) csc? (1 — t + 32) cot (1 — t + 30) 

17. r= у20 sin = (20 sin 0)? - $t = 1 (20 sin 0) 1" (20 cos 0 + 2 sin 0) = 2. 


18. г = 20\/соз 0 = 20 (сов 0)? = & = 20 (1) (cos 0)-1/? (—sin 0) + 2(cos 6)!/? = Ta + 2, cos 0 


— 2cos0 — 0 ѕіп 0 


cos 0 


19. т = sin 1/20 = віп(20)/2 => % = cos 28)? (1 (28) 1/2(2)) = == 


20. r=sin (9+ у +1) => # = cos (9+ УТ) (+5) = Weng cos (9 + VES 


21. у= $x? csc 2 > 5 = i x? (—csc 2 cot 2) (=) + (esc 2) (4 - 2х) = сөс 2 cot 2 + x све 2 


22. y - 2//xsin үх = #=2 (cos ух) (31) + (sin Vx) (52) = соз ух + BE 


23. y = x-V? sec (2х)? = у = х“1/2 sec (2x)? tan (2x)?(2(2x) - 2) + sec (2x)? (- $ x73/2) 


= 8х!/? sec (2х)? tan (2x)? — 1 х 3/2 sec (2x)? = 1 x!? sec (2х)? [16 tan (2x)? — x~?] or zinsec(2x)? [16x?tan(2x)^ - 1] 


24. y = үх csc (x + D? = x! сс (x + 1) 
ы ik = xl? (ese (x + 1 cot (x + 1)3) (3(x + 1)?) + ese (x + 1)" (1х-У2) 
= —3у/х(х + D? ese (x + D сох + IP + PET = з V ese «t D? [T — 6K + D* cot (x + 17] 
or TRES + 1)3[1 — 6x(x + 1)? cot (x + 1)8] 


25. у-5соғх? => % = 5(—csc? x?) (2х) = —10х esc? (x?) 


26. у = x? сог5х => 9 = x? (—сзс? 5х) (5) + (cot 5x)(2x) = —5x? сөс? 5х + 2x cot 5x 


Xx 
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27. у = x! sin? (2х2) = 9 = x? (2 sin (2x?)) (cos (2x2) (4x) + sin? (2x?) (2x) = 8x? sin (2х2) cos (2x?) + 2x sin? (2x?) 


28. y = x ? sin? (x?) = 9 = x-? (2 sin (x3)) (cos (x?)) (3x2) + sin? (x3) (2x?) = 6 sin (x) cos (x?) — 2x78 sin? (x?) 


_ ¢ A ds _ 4t 3 (t+ 06) - (490) жү 4 _ _ 6+0 
29, s- (5) > 8 = -2(8) (оо) = -2 (18) * etg = – s 


30. s— 


ast- D? > $--4(-3(5t- 705) = qi 


(х+ 1)? ~~ (0197 Q&I’ 


s yo (8) = Вобан хага ва 


25 у-( ЭГ: y " =2/ N ) (55 9 (+) - v9 (+) | _ ш — 


ууа (10) > 80) 4) 


м. уау co ax ox) эф = ax (2) (к +! Le bac? + Gee?) 
= (х+ x)” [x (1+ 2) а(х | = (x + Vx) 10 (ox + ИХ E Ax + 45) = қуа 


35. т==( біп 0 ) = dr =7( sin 0 Пин -2( sin 0 ) (setzen) 


cos 0 — 1 40 сов80-1 (сов 0-1) со80-1 (cos 0 — 1)? 
— (2 біп 0)(1 — cos 0) .. —2sinÓ 
(cos 0 — 1)? ^ (cos 0 — 1? 


cos? 0 — sin? 0 — sin 0) 


_ [fsin84142 dr __ зп 0 4-1 (1 — сов 0)(cos 0) — (sin 0 + 1)(ѕіп 0) | | 2(sin0 +1) 

36. r— (15840) => do ~ 20 on) | (1 — cos 0)2 | Т (1-сов 0)? (сов 0 
__ 2(sin 0 + 1)(cos 0 — sin 0 — 1) 

е (1-сов 0)3 


37. у = Qx e D ух +1 = Qx DS? = ® = 3 (2х + 1012) ЗУ +1 


38. у = 20(3х – 4)!/4(3х — 4) М5 = 20(3x — 4) = & = 20 (5) x — 4) 718/29 (3) = = Зузу 


39. у = 3 (5х? + sin 2x) = =: = 3 (— 3) (5x? + sin 2x) "10x + (cos 2x)(2)] = © 


08 5 и. 1 (3 + cos? 3x) 75 (3 cos? Зх) (—sin 3х)(3) = 2.208 3х зіп 3х 


40. у = (3 ял сов? 3х) ах (3 + cos? Зх)“ 


41. ху + 2х + 3у = 1 = (ху +y)+24+3y = 0 = ху +3у =-2-у = у(х+3) = –2-у > у = – 54 


42. xX + ху + у? — 5х =2 =>2х + (x # + у) +2y 2 -5-0-х%-2у%- 2х yo 2 (х + 2у) = 5 – 2х –у 


43. x5 + 4ху — 3yf/5 = 2х => 3х2 + (4x Z + dy) 4yl/3 Y= 2 => 4x 9 — 4у1/3 4 — 2 — 3x? — ду 


зо 
=> 5 (4x – 4у/8) =2- 3x? -4y = ФЕИ 
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44. 5x15 + 10y9/5 = 15 => Ax V5 + руб — 0 = 12у!/ 2 = —4 18 = SEL — у = Lu 


45. (xy)? 21 = 1 (хуу!!! (х 5 +y) =0 => хузу-1/2 a = –х-12у2 = ду = —х^!у > % = -1 


46. xy? =1 > x (ay 4 жу уох) =0 > 20у © = _2ху > 8 = – 


— x ду _ &+ DU) - G)(1) ду __ 1 
47. y! = dh 2у & (54-13 = = 2yG 4 DI 
р 242 Жақ Зай наст 
48. уз = (185) = у= BE = ays = Сана > Ёс Mc 
49. р? Ара — 34? = 2 => 3p? +4 (р+а 5) —6q=0 = 3p! № +44 = ба —4р => Ф (3p? +49) = ба — 4p 
а ба – 4 
= ар = арта 
50. а = (Sp? + 2p) У“ = 1= – 3 (sp! + 2р) 5? (тор 2 3 5 Э > — 2 (5p? + 2р)? = ® (10p + 2) 
dp _ _ (5р? + 2p) 
=> dq 7 3бр-1) 


51. гсоѕ 25 + ѕіп25 = т => r(—sin 2s)(2) + (cos 25) (£) +2sinscoss=0 = * (cos 28) = 2r sin 2s — 2 sins coss 


dr __ 2rsin2s—sin2s | (2r—1)(sin2s) __ 
цн COS 2s ин соя 28 = Qr — 1)(tan 2s) 


52. 2rs—r—s+s?=-3 > 2(r+s#)-#£-1428=0 => £Qs-1)=1-28-2r > 4 = 152-0 
d d 2 d? y?(—2x) – (=x?) 2у 43 
53. (а) х3--у3- 1 = 3х? +3у? Z = 0 z 5; dd y (8) 
= Фу _ —2xy? + (2ух?) (- =) u —2xy? — 284 (0 ~2xy? — 2x4 
d — у m yt mE y? 
2 2 d 2 d 1 d 23-1 Фу _ зүг? 24 
b) )-1-32-2у0 -3-0-4- 9 =(ух) = 95 =- (ух?) pewter 8 
Фу Ш —2xy- x? (55) -2ху!-1 
ах? — у2хї сан yi 


54. (а) x —уг =1 = 2х-2у 2 20 = —2у% =-2х > Y=? 


dy =: x 
dy _ x Фу _ y -x _ У х (5) 23-35 0-1 rs a _ 
(yl elc a=: хииж = eS ни на 


55. (a) Let h(x) = 6f(x) — g(x) => h(x) = 600) — р(х) > (1) = 61) – 21) = 6 (1) - (-4) =7 
(b) Let h(x) = f(x)g?(x) => Һ(х) = х) (2g(x)) (х) + 27001 (х) => h'(0) = 2f(0)g(0)g/(0) + 2 (0) (0) 
= 2(1)(1) (2) + 0)—3) = – 


Қ) , (g(x) + Df'(x) — Кое’ May еа) еа) кога) _ 6+0 -364 _ 5 
(с) Leth) = уут > h 09 (ex) + D? = 0) = (80) + 1? EE 5+1) = 12 


(d) Let h(x) = f(gG)) = Wa) = f'(gGo)g/G) => h'(0) = feg (0) = РО) (3) = (5) (5) = F 

(е) Let h(x) = g(f(x)) = h'(x) = g(fG))f'(x) => h'(0) = 2 (КОЈРО) = 2 (Р(0) = (74) (-3) = 12 

(f) Let h(x) = x +f => W(x) = $ (x + 100) 72 (1 + Р(х)) => ко) = $0 4 £012 (1 + f'(1)) 
= 2(1+ 3)? (1+1) 23 

(в) Let h(x) = f(x + g(x)) = h'(x) = Р(х + 200) (1 + g'G)) => h'(0) = f'(g(0)) (1 + 2'(0)) 


=o) =H =i 
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56. (a) Let h(x) = /xf(x) => Ю(х) = үх (х) + f(x) - s > В) = vifa) +61) - = = ++(-3)(4)=-# 
(b) Let h(x) = C => h'G) = $ (£69)! (f'G)) => h'Q) = $ 0)" '?f'() = 5 OY 7-2) = - 5 


(о) Leth(x) = f(y/x) = в = Р (V3) -z = ny -r( V1) uir -1-1-4 

(d) Let h(x) = 1 — 5 tan x) = h'(x) = #'(1 — 5 tan х) (-5 sec? x) = A — f'(1 — 5 tan 0) (—5 sec? 0) 
-fü)-5-1(0c05--1 

(e) Leth(x) — M = hx) = (2 + cos Sm SE sin x) 23 h/(0) = ce 0700 52) 2 : 

(f) Let h(x) = 10 sin (=) Ё (х) > h(x) = 10 sin (2 х) (2(0х)Ғ'(х)) + Е? м (10 cos (=)) (2) 
= Һ(1) = 10 sin (=) (2КОРО)) + f? (1) (10 cos (2)) (=) = 20-3) (1) + 0 = –12 


57. х= +т > “-26у-3віп2х = % = 3(cos 2х)(2) = 6 cos 2х = 6 cos (22 + 2m) = 6 cos (20) ; thus, 
€ = 8. — 6005 (20) .21 > 9 „= 608(0)-0=0 
1/3 -2/3 -2/3 


58. t= (u? + 20) " = 4 = 1 (u? + 2u) "(и +2) = $ (u +20) “и + 1); s=t+5t > ® = 21+ 5 
1/3 


= 2 (u? --2u) * + 5; thus ® = $. = [aq +2 es] (2) (из + 2u) а + 1) 


95 


= al» 


= [2 (2 +22) + +5] (2) (22 +20)) 72 + 1) = 2 (2-83 + 5) (8-2/3) = 2(2 -2 +5) (1) =? 


59. r= 8 sin (s + 2) = € = 8 cos (s+ 2) ; w = sin (y/r — 2) = 4% = cos (/r – 2) Е? 


та” ма 88(84-2)-2) 
; thus, 48. dr ds 2 /8 si T 
sin (5-2) 


dy _ cos (y s sin (3) - 2 :8 cos (ғ) a 0)(8) ( У) Ш уЗ 
(5) 


s=0 — 24/8 sin 2/4 


60. @%+@=1 = (P +1(20 #)) + 4 =0 = += = # = oP r= (eun)? 


E [8 cos (s + £)] 


20011 > 
= 4 = (0? +7) 2300) = 20 (62 +7) 75; nowt = бапдба + 0 =1= 0 = 1sothat | („= 5 ——1 
2 - 1 dr dr ад 1 1 
and $ д=1 = 30-7) з = 6 => dt - 7 TM dt t=0 (8) 0 = - $ 
61. у? + у = 2 совх > Зу? 2 + 9 = —2sinx > 9 (3y? +1) = -2sinx = ¥ = ey > % т 


_ —2sin(0) _ 0: Фу _ (Зу? + 1) (—2 cos x) — (—2 sin x) (бу 8) 


3+1 > dx? - (Зу? + 1)" 
Фу — (3--1)(-2 cos 0) — (—2 sin 0)(6-0) _ 1 
BE | on (З + 12 2 
1/3 1/3 _ 1.-2/2.,1,-2/3 dy ду уз ду — 1. ду _ 528 
62. x офу -=4 = 3X + Зу ак = 0 a m den ђе = 1273 
-1/ 4 / 21/ у 7 П 
ш. gy D) ой жеш. жел — pope ec + (8) (pe wm 
dx? 7 (x2/3)? dx? (8.8) m 84/3 
ала а 
= "gh = 4-6 
1 1 
1 f(tt+h)—f(t) _ 241 241. 2t+1-—(2t+2h+1) 
63. f(t) = ят and f(t В) = юг 77 h = h = Оре БОЕ Dh 


= f() = На “9-0 — lim 
ћ— 0 


2 2 -2 => 
= (2612 DOCE DR 7 @t+2h+ DNAD hoo @t+2h+Det+) 


= Qtr y 
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64. р(х) = 2x? + 1 and g(x + В) = 2(x +h)? + 1 = 2x? + Axh + 2h? + 1 => ӘКЕМЕ), (х ki ez e D Qe D 
65. (a) 


22 Aah 2h —4x4+2h = g'(x) = im, кти = im, (4х ER 2h) — 4x 


ra- х2,-1<х<0 


-х2, 0<х<1 


(b) 


lim (х) = lim x?=Oand lim f(x)= lim —x?—0 = lim f(x) = 0. Since lim f(x) = 0 = f(0) it 
х х— 0 x > 0+ х— 0+ х- 0 x0 

follows that f is continuous at x = 0. 
(с) lim 


lim f'(x)— lim (2х) = 0апд lim f'(x)— lim (—2x)=0 = lim f'(x) = 0. Since this limit exists, it 
х х= 0 x > 0+ х > 0+ x0 

follows that f is differentiable at x = 0. 
66. (a) 


f= 


x, -l<x<0 
(ап х, 0 <x < 7/4 


П 
-1 


>x 


EI 


lim Қх)- lim x=Oand lim f(x)— Ш tanx = 0 = lim f(x) = 0. Since lim f(x) = 0 = f(0), it 
х — 07 х — 07 х— 0+ х > 0" x0 х— 0 
follows that f is continuous at x = 0. 
: EUN oq: Ш | ЖЕТ 
(с) m. f'(x)— m. 1-1 апа. ий, Род = nun sec 
follows that f is differentiable at x = 0. 


2 
67. 


х=1 > lim, f'(x) = 1. Since this limit exists it 
X — 


lim х) = lim x= land lim f(x)— lim (2—x)=1 = lim f(x) = 1. Since lim f(x) = 1 = f(1), it 
x—1- xc x—1* х э 17 х- 1 х- 1 
follows that f is continuous at x = 1. 
: TE" Ш : ЈАК a НЭЭ 
(с) Bm. f'(x) = Bm. 1-1 and lim, f'(x) = lim, 1 
notexist — fis not differentiable at x = 1. 


х- 1 i 


1 = lim f'x)z Ш f'(x),so lim f'(x) does 
x х=» 17 х- 1 
68. (а) 
(b) 


lim f(x) = hm чп2х = Qand lim f(x) = lim mx —0 = Пт f(x) = 0, independent of m; since 
x—0- x—0- х— 0" х— 0" x0 
Қ0)-0- lim, f(x) it follows that f is continuous at x = 0 for all values of m. 
X —> 
0 


lim Ғ(х)- Іші (sin2x) = lim 2 соѕ 2х = 2 апа lim f'(x)— lim (пху = lim ш=ш > fis 
x х— 0 х— х— 0" х-» 0+ х > 0" 
differentiable at x = 0 provided that lim f'(x) = lim | f(x) > m=2. 

х— х— 
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2x — 4)? 


3 1 


3 
gg = 


i — 2(2x — 4)? ; the slope of the tangent is 
3 


69. у= х + = 5 кечу а = 1 
Ox aE voe aed = => 4х? — 16x + 16 = 1 => 4x? - 16x + 15 = 0 
1) are points on the curve where the slope is — 5 . 


= à--2Qx-4pimd-g 
= (2x — 5)(2x – 3) =0>x ри 8 = (3,3) and (3, - 1 
70. у=х- i $ =1+ gis = 1 + sy; the slope of thetangentis3 => 3=1+ z 2= d х? =1 
> х= ti => (3, — 1) and (-3, 1) are points on the curve where the slope is 3 
71. у = 2х3 — 3x? - 12x + 20 = у = бх“ — бх — 12; the tangent is parallel to the x-axis when | = 0 
=> 6x—6x—12-50 = x! -x-2-20 = (x-2)x-1) = 0 х=2огх = —1 (2,0) апа (—1, 27) аге 


2 
points on the curve where the tangent is parallel to the x-axis 


dy = 12; an equation of the tangent line at (C2, —8) is y 4- 8 = 12(x + 2) 
= (- 8,0) ; y-intercep: y = 12(0) + 16 = 16 = (0,16) 


72, Е = ЖУ 
y X dx 3x dx (-2,-8) 
=> у = 12x + 16; x-intercept: 0 = 12x + 16 => х-- 3 
73. у = 2х3 — 3x? — 12x +20 = € = бх? — бх – 12 
= X when 9 = (- 17) = 24; 6x? — 6x — 12 = 24 
4) 
х= -2огх- 3 = (-2,16) апа (3,11) are 


(а) The tangent is perpendicular to the line y = 1 
= Х2-х-2-4-> х-х-6=0 = Е 
points where the tangent is perpendicular to у = 1 — 5; » 
(b) The tangent is parallel to the line y — 2 — 12x when 4 . =-12 => 6x?-6x-12=-12 > х2-х-0 
(0, 20) and (1, 7) are points where the tangent is parallel to 


= xx—1)20 х= Оогх = 1 
у = /2 — 12x. 
т? -І and m, = Ẹ _ ша 


х(т cos х) — (т sin x)(1) 
Ши 4х 


— пеіпх ду _ xm 
+= «= x? 


1. Since m, = — Е е 


74. 
tangents intersect at right angles 


75. у = tanxX, - 5 <х< 5 > 9 = sec? x; now the slope 

of y= —5is -i — the normal line is parallel to 

у = — х when & = 2. Thus, se? x 22 => Б = 2 
п — mJ 

> х= – лапах = 1 


1 
-т/4 


1 
-т/2 


2 1 = 
=> сох = 5 соз х = > 
for етен T; 1) and 
where the normal is parallel to y = — 


2 1) are points 


(-т/4,-1) 


х 
2: 


У = 1 + с05Х 


--і 


(5.1) 


ду | _ ду 
ах = snx > Дд 


76. y = 1 + созх = 


=> the tangent at (5,1) is the line y — 1 = 
=> у=-х+ 5 + 1; the normal at (5,1) 15 
) > У=х-т+1 


у-1= (1) (х- = 
1 X i y 


= 2х апау =х = у = 1; the parabola is tangent to у = x when 2x 


y="+C>% 
кый ыр ыйы! 


2 2 


77. 
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78. 


79. 


80. 


81. 


82. 


83. 


84. 


85. 


86. 


87. 


Chapter 3 Differentiation 
= Z = 3x? 5 = За? = the tangent line at (а, а?) is y — а? = 3a?(x — а). The tangent line 


х=а 


intersects y = x? when x? — à? = За?(х — а) = (x – a) (x? + ха + a?) = За?(х - а) = (х- a) (х? + ха — 22?) 


= (х-а)?(х +2а = 0 = х = аогх = —2a. Now dy = 3(—2а)? = 12а? = 4 (3a7), so the slope at 
х---2а 


x = – а is 4 times as large as the slope at (а, а?) where x = a. 


The line through (0, 3) and (5, —2) has slope m — at — —] = the line through (0, 3) and (5, —2) is 


d = : 4 - 
у= -х+3;у = sh = & = wip 50 Ве curve is tangent to y = -x +3 > 22-5-15 ui 
=> (х+ 1)? -с,ху--іІ. Moreover, y = уут intersects у = -x +3 > і--х--3,хж-1 


=> с=(х + 1)(-х + 3), х # —1. Thusc=c = (x41? = (х + D(-x43) > (x4 D[x4 1 — (-x + 3)] 
= 0, х 4-1 = (х--1)2х-2)-0->» х=1 (зшсех 4-1) > с-4. 


: ЭР ЭРЭ» ду _ ду | x 
Let (b, + а? — b?) be a point on the circle x” + уз = а“. Тһепх? фу: =a? = 2x42y Z =0 = => 
а Зан —b 4 == a2 —ђа x 5 
=> Ф ee = normal line through Q Ма? — b?) has slope === = normal line is 


y (+ \/ a2 p") - tvb (х b) = yF a2 b2 Е ave XI / 42 — p? = y= + VEM € 


which passes through the origin. 


Loi ineisy = 2— Е (х — 
"анж = the tangent line is y = 2 — 4(х – 1) 


x2 + 2у? =9 => 2x+4y чу 0 Ју 5 dy 


— 1х + 3 and the normal line is y = 2 + 4(x — 1) = 4x 2. 


= —3 = the tangent line is y = 1 + == (x — 1) 
(1,1) 


у =2 => 32 +271 =0 = g—- = & 


3 5 TTE 2 2867 1 
= — 5х + 5 and the normal line is y = 1+5 (х – 1) = 1Хх + a. 


xy +2x—Sy=2 = (х@+у)+2-5#=0 = $6 5) = -y 22 = # 


= the tangent line is y = 2 + 2(x — 3) = 2х — 4 and the normal line is у = 2 + =} (х – 3)=—1х + 2. 


у—х#=2х+4 => 2у— 0 (8 -1)-2- у- ов =1фу- > P= э 5 


= the tangent line is y = 2 + 3 (x—6)— i x — 5 and the normal line is y = 2 — (х — 6) = — іх + 10. 


х+ү/ху=6 = 1+ zÀs (x +у) =0 > х 9 У +у=—2,/ху = fo => Фу 


=> the tangent line is y = 1 — $ (x — 4) = — 2 x + 6 and the normal line is у = 1 + (х — 4) = tx- LH. 


1/2 


82428) = 17 => 3 12 + 3 2 =0 = 9 = зу = 0 


= — 4 = the tangent line is 
ал у 


у=4 1(х—1)= 1х + 17 and the normal line is y = 4 + 4(x — 1) = 4x. 


хууз+ у? = х фу = Б (зу z) +y’ (3х2) +2у 9 =1+ 9 > ay? B+ 2у € — 8 = 1— 3х2у3 


4 4 1-3 4 
> # (3x3y? + 2у — 1) = 1 — Зх?у? > f= xt m 


d : : 
= —2 but 2 is undefined. 
(ы) 4 dx[q у 


Therefore, the curve has slope — 5 at (1, 1) but the slope is undefined at (1, — 1). 
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88. 


89. 


90. 


91. 


93. 


94. 


95. 


96. 


97. 


98. 


99. 


100. 


101. 


102. 


Chapter 3 Practice Exercises 


у = sin (х — sin x) = ay = [cos (х — sin x) (1 — cos x); y = 0 = sin(x—sinx) = 0 => x- sinx = Кт, 


К = —2, —1, 0, 1, 2 (for our interval) = cos (х — sin x) = cos (Кл) = +1. Therefore, Ч = 0 апа у = 0 when 
1 — cos х = 0 and x = Кл. For —27 < x < 2r, these equations hold when К = —2, 0, and 2 (since 

cos (—7) = cos 7 = —1). Thus the curve has horizontal tangents at the x-axis for the x-values —27, 0, and 27 
(which are even integer multiples of 7) => the curve has an infinite number of horizontal tangents. 


В = graph of f, А = graph of f’. Curve B cannot be the derivative of A because A has only negative slopes 
while some of B's values are positive. 


A — graph of f, B — graph of f'. Curve A cannot be the derivative of B because B has only negative slopes 
while A has positive values for x > 0. 


92. 


у=/о) (4,1) 


(а) 0,0 (b) largest 1700, smallest about 1400 


rabbits/day and foxes/day 


: sinx __ 1; sin x 1 = 1 EN 
Jim, ax? —x — im, ( х ) 7 xl =(1) (5) =al 
Н 3x—tan7x _ 1; 3x sin 7x == 3 1 1 біп 7х 1 — 3 BN 
Jim, 2х = im, (2 saan) = 2 im, (55 КЕРУЕН dy) — о (1 «1% 5) =—2 
: sinr _ qy sinr 2r 1%.-71 : cos2r _ [1 1] _ 1 
lim tan2r — lim ( г ^tan2r ^ 3) 25 (5) (1) Um, (32) ДЕ (5) 0) (1) —9 


2r 


lim 806120) — jim ку (544) = jim sinGin£ etx = sing, Thenx — базе — 0 
— 


0—0 9 0-50 біп 0 9 sin 0 
= lim sin (sin 0) = lim sin x — 1 
0-0 sin 0 х=» х 
1 1 
: 4 аа 0 + (ап 0+1 __ : (44+ dy + у) _ (4+0+0) _ 
4 lim _ мае =. lim (1%) = “тту 74 
= (ғ) 68- (5) tan? 0 
1 
Р — 2 cot? : coil -2) (0-2) 2 
lim 1—2cot^ 0 = lim (= в = = 2 
00+ 5 cot? 0 —7 cot — 8 0 0+ (5 ES =) (5-0-0) 5 
lim xsinx __ lim xsinx __ lim xsinx = lim 5% .Sinx| __ lim (5) . (5) . sinx 
х->0 2-2с08х x0 21-созх)  х-50 2 (2 sin? (3)) ^ х— 0 Lsi (5) х ^ x39 [sin (3) sin (3) x 
= ФА) = 1 
* —cos " 2 sin? (£) 2 sin (9) sin (9) 1 1 1 
lim 1-959 — lim 15) = dim | 2. 2° - >| = (1)(1) (5) = 5 
9-0 € 9-0 € 9-01 (5) (52 (00) (5) = 3 
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103. 


104. 


105. 


106. 


107. 


108. 


109. 


110. 


111. 


112. 


113. 


Chapter 3 Differentiation 


5 tanx _ È 1 sinxXY _ 1. = Р ац tan (tan x) 
Jim, x = Jim, (sk a ) = 1]; let 0 = tanx > 0 — 0ах— 0 = Jim, 80 = im, Tux 
— gim, x ? — 1. Therefore, to make g continuous at the origin, define g(0) = 1. 

— 

: cu ds tan(tanx) __ 1; tan (tan x) sin x 1 = 5 sin x 5 5 
Jim, f(x) = im, “71077: = im, | сат =] =1- lim, пш) (using the result of #105); 
letü —snx—0—0asx—0 = lim —@*— = lim -® = 1. Therefore, to make f continuous at the origin, 

х— 0 Sin(sin x) 0-0 sin 0 


дећпе КО) = 1. 


(а) $ = 2лт” + 2лтћ and h constant => 4 = 4лг + 2лћ € = (Алт + 2лћ) € 


(b) S = 2nr? + 2лгһ and г constant => 45 = 25r È 


(c) S = 2n? +2лћ > 8 = 4rr € + 2r (т È +h) = (Алт + 2лћ) $t + 2лт 48 


(d) S constant => 48-0 = 0-(4лг--2лһ) S + 2лт € = (2г+һ)#=—г > ЧЕ 


шор 
$ = пут +h = S=nr- қазыр + ту? +h? 4; 
dh 45 mi Dap. dr _ 2172 m | dr 
(a) h constant ч-0- & даты ТУТ + 6? = | түг +h’ + 257 | dt 


dr dS тіһ аһ 
(b) r constant a 7^0 d = (eae d 


(c) In general, 45 = БЕ +h? + 7x T + Jm dh 


Г 


А = т? = 9 = 2лг Ë; ѕог = 10 апі “ = — 2 m/sec => “А = (27)(10) (- 2) = —40 m?/sec 


"m dV __ 2 4 ds 1 dV. = ау _ 3 : ds __ 1 2 : 
У = $ = 55-539 a ; 50$ = 20 апа t = 1200 cm*/min => а = 3005 (1200) = 1 cm/min 


ав _ _ dRo _ : 1— 1 1 -1 dR _ —1 аш 1 ав; 2 
db = 1 ohm/sec, i = 0.5 оћпузес; апа RIR + RER” R? а RD Also, Ку = 75 ohms and 


В. = 50 ohms => Ё - = + E = R = 30 ohms. Therefore, from the derivative equation, 


-1 в _ -1 1 шул 1 ав _ 5000—5625) _ 9625) __1 _ 
Gor at = g CD - бор (0:5) = (5655 5000) => a =f 900) ( ) = 5005625) = 50 = 9-02 ohm/sec. 


5625-5000 
ав _ ах _ _ .7 — 2 2 dz _ RG+xX нэ 
ж = 3 ohms/sec and че = 2 ohms/sec; Z = yY R? + X ES VETE so that R — 10 ohms and 


= 47. _ (10)-Q0(-2 _ —1 „, 
X = 20 ohms ЯГ V +207 BO 0.45 ohm/sec. 


Given z = 10 m/sec and zi = 5 m/sec, let D be the distance from the origin = D? = x? + y? > 2D ар 
= 2х ® +2у% > р =х® ру. When (х,у) = (3, —4), D = 1/3? + (-4)? = 5 and 


5 а = (3)(10) + (—4)(5) = а = 10 = 2. Therefore, the particle is moving away from the origin at 2 m/sec 


(because the distance D is increasing). 


Let D be the distance from the origin. We are given that 4 = 11 units/sec. Then D? = x? + y? = x? + (x???) | 


=x? +x’ = 2D 4р =2x 4 + 3х2 ах = х(2 + 3х) ®;х=3 = D = \/32 + 33 = 6 and substitution in the 


derivative equation gives (2)(6)(11) = (32 + 9) & => 2 = 4 units/sec. 


(a) From the diagram we have 10 == = г= 2 ћ. 
лор 1, (2 үү. Ат dV Алће dh ау _ 2 dh _ 125 : 
(D V=qgrrPh=4r(2h) ї-- 9b = Ci 0.04 =-Sandh=6 = 4 = — 125 ft/min. 
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114. From the sketch in the text, s = rô = % = = do +0 а . Alsor = 1.2 is constant а —0 ds — г 9 — (1.2) а : 


dt dt dt 
Therefore, ds — = 6 ft/sec andr = 1.2 ft >% = 5 rad/sec 
115. (a) From the sketch in the text, 4 а = —0.6 rad/sec апа x = tan 0. Also x = tan 0 = ах = sec? 0 48. ;atpoint A, x = 0 
->0-0-» E = (sec? 0) (-0.6) = —0.6. Therefore the speed of the light is 0.6 = 3 km/sec when it reaches 
point A. 
(3/5) гаа | 1теу _ 60sec _ 18 H 
(b) sec 2лтада min т revs/min 
5 а b a b : 
116. From the figure, + = вс ХООР We аге given y 
that г 1$ constant. Differentiation gives, В с 
Vb? — 1?) (45) — o) (2) (d 
1. da — ( )-9 ( zz) Then, : 
b = 2r and Ф = —0.3r 
її ( ив | Я : "E 
=> aT (21) — г2 
rr T 
= x Vx) _ (37) ( олен 2) (0.31) _ ыз = 105 m/sec. Since йа 18 positive, the distance ОА is increasing 
when ОВ = 2r, and B is moving toward О at the rate of 0.3r m/sec. 
117. (a) If f(x) = tan x and x = — Z , then f'(x) = sec? x, 
ғ(- т) = = —] апа” (- ја = 2. Тһе linearization of i y=tanx 
f(x) is L(x) = 2 (x + 2) + (-D = 2x + 52. m 
та g 
(-т/4,-1) 
(b) If f(x) = sec x and x = — 4 , then f'(x) = sec x tan x, ; 3 
f(-2) = /2andf' (— 5 = —\/2. The | | 
linearization of f(x) is L(x) = =җ/2 (х + т) + /2 i | 
= ух + 4-2. | > | 
^ үз) у= 0х! 
ар 32 
-т/2 -т/4 0 т/2 


y =-\2х+ Vafa- aya 


118. f(x) = = Ё(х)- = X. The linearization at x = 015 L(x) = f'(0)(x — 0) + КО) = 1 — x. 


1 
1 + tan x (1 tan x)? 


119. f(x) = yx + 1 + sin x 0.5 = (x + D!2 + sin x 0.5 = Р(х) = (1) x + D^? + cos x 
=> L(x) = #'(0)(х — 0) + КО) = 1.5(x —0) +0.5 = L(x) = 1.5х + 0.5, the linearization of f(x). 


120. f(x) = + VI +х- 3.1 = 2(1 —x)! +] + х)? — 3.1 2 Р(х) = -20 = x) (70D 1 (1 4 x)? 
L(x) = f'(0)(x — 0) + f(0) = 2.5x — 0.1, the linearization of f(x). 


= ТЕТІ: + ee 
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121. $ = a rV/P + 2, r constant => dS = тг: 1012 +h?) 226 dh = а. Height changes from hy to Во + dh 


= 4$ = 7 r Во (В) 
+h? 


122. (а) $ = 6? = dS = 12r dr. We want |dS| < (2%)$ = |12r dr| < ыг = |dr| < туу. The measurement of the 


edger must have an error less than 1%. 
(b) When V = r^, then dV = 3r? dr. The accuracy of the volume is (4/) (100%) = (35%) (100%) 


= (2) (án (10096) = (3) (55) (100%) = 3% 


T 


123. С=2лг > r= £,S = Agr? = € , and V = $r = ©. It also follows that dr = + dC, dS = 2С dC and 
dV = 5, dC. Recall that = 10 ст and dC = 0.4 ст. 
(a) dr = 94 = 92 ст = (4) (100%) = (92) (35) (100%) = (.04)(100%) = 4% 


п 


(b) d$ = 29 (0.4) = 8 ст => ($) (100%) = (3) (4 5) (100%) = 8% 


(© dv = 19 (04) = 2 em = (%) (100%) = (22) (5%) (100%) = 12% 


124. Similar triangles yield 35 - 15 = h= 14%. The same triangles imply that Wta = > h= 120a! + 6 


= dh = –120а72 да = — 50 да = (- 2) (+ 4) = (- 20) (44) = = = ~ £0444 ft = + 0.53 inches. 


CHAPTER 3 ADDITIONAL AND ADVANCED EXERCISES 


1. (а) sin 20 = 2 sin 0 cos 0 = 4 (8ш 20) = i (2 sin 0 cos 0) = 2 cos 20 = 2[(sin 0)(—sin 0) + (cos 0)(cos 0)] 
= cos 20 = cos? 0 — sin? 0 
(b) cos 20 = cos? 0 — sin? 0 => 3 (сов 20) = E (cos? 0 — sin? 0) => -2 sin 20 = (2 cos 0)(—sin 0) — (2 sin 0)(cos 0) 
= sin 20 = сов 0 sin 0 + sin 0 cos 0 = sin 20 = 2 sin 0 cos 0 


2. The derivative of sin (x + a) = sin x cos a + cos x sin a with respect to x is cos (x + a) = cos х cosa — sin x sin a, which 
is also an identity. This principle does not apply to the equation x? — 2x — 8 = 0, since x? — 2x — 8 = 0 is not an identity: 
it holds for 2 values of x (—2 and 4), but not for all x. 


3. (a) f(x) 2 cosx f'(x) = —sinx = Р(х) = —cos x, and g(x) = а + bx + сх? = g'(x) =b+2cx => g"(x) = 2c; 

also, КО) = g(0) => cos (0) = a > а = 1; f'(0) = g'(0) = —sin(0) = b > b = 0; f"(0) = 2'(0) => —cos (0) = 2c 
= с = — 1. Therefore, g(x) = 1 — 5x’. 

(b) f(x) = sin (x + a) = f'(x) = cos (x + a), and g(x) = b sin x + с cos x => g'(x) = bcos x — c sin x; also, КО) = g(0) 
= sin (a) = b sin (0) + с cos (0) = с sina; f'(0) = 2'(0) = cos (a) = b cos (0) — c sin (0) => b = cos a. 
Therefore, g(x) = sin x cos a+ cos x sin a. 

(c) When f(x) = cos х, f"(x) = sin x and f! (x) = cos x; when g(x) = 1 — 1х2, g"(x) = 0 and g(! (x) = 0. Thus 
#"(0) = 0 = g” (0) so the third derivatives agree at x = 0. However, the fourth derivatives do not agree since 
£(9(0) = | but 24 (0) = 0. In case (b), when f(x) = sin (x + а) and g(x) = sin x cos a+ cos x sin a, notice that 


f(x) = g(x) for all x, not just x = 0. Since this is an identity, we have f (x) = g? (x) for any x and any positive 


integer n. 

4. (а) y = ѕіпх y = cos х y” = —sinx => у” фу = —зшх + sin x = 0; у = cos х y = —sinx 
= у” = —cosx = у! + у = –сов х + cos x = 0; у = acos x +b sinx = у’ = —a sin x + b cos х 
= у” = —a cos x — Бзшх = y” +y = (—a cos x — b sin x) + (a cos x + b sin x) = 0 
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(b у =sin(2x) = y' = 2 cos (2х) = y" = —4 sin (2x) = y" + 4y = —4 sin 2x) + Asin (2x) = 0. Similarly, 
у = cos (2х) and y = a cos (2x) + b sin (2x) satisfy the differential equation у” + 4y = 0. In general, 
y = cos (mx), у = sin (mx) and y = a cos (mx) + b sin (mx) satisfy the differential equation y" + m?y = 0. 


If the circle (x — h)? + (y — К)? = a? and у= x? + 1 are tangent at (1, 2), then the slope of this tangent is 
m = 2х|, 12) = 2 and the tangent line is y = 2x. The line containing (h, К) and (1, 2) is perpendicular to 


у=2х к= = —4 = ћ=5—2К = те location of the center is (5 — 2k,k). Also, (x — В)? + (у — К)? = а? 


= x—h+(y—by =0 = 14+ (у) + (у – Ку =0 = у" = nut At the point (1, 2) we know 


у’ = 2 from the tangent line and that y" = 2 from the parabola. Since the second derivatives are equal at (1, 2) 


we obtain 2 = L*O* > k= 2. Thenh = 5 - 2k = —4 = те circle is (x + 4)? + (у — 2)” =a’. Since (1,2) 


k-2 
lies on the circle we have that a — BS : 
: . : 2 
Тһе total revenue is the number of people times the price of the fare: г(х) = хр=х (3 — 5) , Where 


0 <x < 60. The marginal revenue is 1 = (3 - | + 2х (3 x) ( 2) = ІН 5 (3 ž) [(3 x) 2x] 


=3 (3 = x) (1 = x) . Then x =0 = х 40 (since x = 120 does not belong to the domain). When 40 people 


are on the bus the marginal revenue is zero and the fare is p(40) = (3 - 2) ^ — $4.00. 
x=40 


(a) y=uv > Ч = Чи v+u g = (0.04u)v + u(0.05v) = 0.09uv = 0.09y = the rate of growth of the total production is 


9% per year. 
(b) If шш = —0.02u апа бу = 0.03у, then Чу = (—0.02u)v + (0.03v)u = 0.0luv = 0.01у, increasing at 1% per year. 


When x? + y? = 225, then у = — 5. The tangent У 
line to the balloon at (12, —9) is y +9 = (х — 12) x? + у? = 225 
= у= їх – 25. The top of the gondola is 15 + 8 5 
= 23 ft below the center of the balloon. The inter- 

section of y = —23 and y = ix — 25 is at the far 
right edge of the gondola => —23 = 3 x — 25 
=> х= 5 . Thus the gondola is 2х = 3 ft wide. 
Suspension cables ———— 7 хн ЫШ 
Gondola N ZEUG ICD 
— | Width 


NOT TO SCALE 


Answers will vary. Here is one possibility. 


s(t) = 10 сов (t+ 7) = vO = “= —10sin(t-- 7) = at) = % = $$ = —10cos (t + 1) 
= ту _ 10 

(а) 500) = 10 cos (2) = “% 

(b) Left: —10, Right: 10 
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11. 


12. 


13. 


14. 


15. 


16. 


17. 


18. 


(c) Solving 10 cos (t + т) = —10 = cos (t + т) = -1 => t= E when the particle is farthest to the left. 
Solving 10 cos (t 4- т) = 10 = cos (t + т) =l1>t=—j7,butt>0 = (= 27 + 5" = E when the particle 
is farthest to the right. Thus, v (2) = 0, у (2 -0,а (2) = 10, апаа (2) = –10. 

(d) Solving 10 cos (t+ 2) 20 >= = у (2) = –10, [у (1) | = 10 anda (7) = 0. 


(a) s(t) = 64t — 162 = v(t) = ds = 64 — 32t = 32(2 — t). The maximum height is reached when v(t) = 0 


= t= 2 вес. The velocity when it leaves the hand is v(0) = 64 ft/sec. 


s(t) = 64t — 2.60 > v(t) = n = 64 — 5.2t. The maximum height is reached when v(t) = 0 = t ~ 12.31 sec. 


The maximum height is about s(12.31) = 393.85 ft. 


(b 


wm 


$1 = 38 — 12? + 18t + 5 and s = -t? +90 — 12t => у, = 92 — 24t + 18 and v = —3t? + 18t — 12; v4 = vo 
=> 9? — 24t + 18 = —32 + 18t — 12 > 22 -—7t+5=0 = (Е 1)(2t—5)=0 = t=1 sec andt = 2.5 sec. 


m(v? — vB) = кф – x2) > мб) =k (288) вш c k(-8) $ > m g = ka (D) $5. Then 
dx dv 


substituting | =v — ту = —kx, as claimed. 


(а) x = АФ + Bt - Con [1,6] = v= € =2At+B = у (545) = 2A ($22) +B =A (tı + t2) + Bis the 
instantaneous velocity at the midpoint. The average velocity over the time interval is v,, = ~ 


__ (АВ +Bt + С) – (АВ Bt +C) (6-0) [А (5 +) +В] _ 
= MO 1 = ; = A (to + tı) +B. 


5-1 т 
(b) On the graph of the parabola x = АР + Bt + C, the slope of the curve at the midpoint of the interval 
[6,6] is the same as the average slope of the curve over the interval. 


(a) To be continuous at x — 7 requires that. lim _ sin x — lim, (mx +b) > О= пл +b = m= -bi 
эл хәт 
cOSX,X<7. .. : | 

(b) Ну -| is is differentiable atx = 7, then lim. соѕх =m = т = -1andb- m. 

т, x>7 хәт 

: : : € : 2 : Ішек. () 

f(x) is continuous at 0 because lim. 122605 = 0 = f(0). Ғ(0)- lim ®-Ю = Jim х 
(х) x—0 х (0) (0) х-0 x-0 х--0 Е 


= і 1- соѕх 1--со8Хү — ү; sin x 2 1 шэн! , : 1 1 
= im, (==) (++ cosx) = im, ( ) (5) = 5. Therefore f (0) exists with value 5 . 


(a) For all a, b and for all x Æ 2, f is differentiable at x. Next, f differentiable at x = 2 = f continuous at x = 2 
= lim f(x) = К2) = 2a = 4a — 2b +3 = 2а- 2b +3 = 0. Also, f differentiable at x 5 2 
х— 


КЕ а,х-2 
Ki a ree Үү 


Then 2а — 2b + 3 = O and За =b = а = į апаь = 3. 


For x < 2, the graph of f is a straight line having a slope of 3 and passing through the origin; for x > 2, the graph of f 


In order that #'(2) exist we must have а = 2а(2)- b = a—4a— b = За =. 


(b 


wm 


is a parabola. At x = 2, the value of the y-coordinate on the parabola is 3 which matches the y-coordinate of the point 
on the straight line at x — 2. In addition, the slope of the parabola at the match up point is 3 which is equal to the 


slope of the straight line. Therefore, since the graph is differentiable at the match up point, the graph is smooth there. 


(a) For any a, b and for any x Z —1, g is differentiable at x. Next, g differentiable at x = —1 = g continuous at 
Х--і = limi; g(x) = #(—1) > —a— 1 +2b = —a +b = b= 1. Also, g differentiable at x Z —1 
х — – 


а, х< –1 


dk sep In order that g'(—1) exist we must have a = 3a(—1)? + 1 > а = За +1 


= р(х) = ( 
1 


=а=-:. 
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20. 


21. 


22. 


23. 


24. 


25. 
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(b) For x € —1, the graph of g is a straight line having a slope of -i and a y-intercept of 1. For x > —1, the graph of gis 
a cubic. At x — —1, the value of the y-coordinate on the cubic is 3 which matches the у-соогф паге of the point 
on the straight line at x = —1. In addition, the slope of the cubic at the match up point is -i which is equal to the 


slope of the straight line. Therefore, since the graph is differentiable at the match up point, the graph is smooth there. 


fodd = f(-x) = —fx) > £ Mx) = 4(-Қх)) = f'(-x)(-1) = —f'(x) = f(-x) = Ра) = f'iseven. 


feven > К—х) = f(x) > 4 (х) = (Қо) = f'(-x)(-1) = f'(x) = f(x) = —f'(x) = Р is odd. 


Let h(x) = (fg)(x) = f(x) g(x) => Во = lim, o — jig, ово бшім) 


X — Хо X— Xo 


— ]im ох) g(x) — F(X) g(xo) + f(x) g(xo) — f(xo) 260) _ im Ls БЕН те , lim, Ё (хо) БЕ 
— Хо — Хо 


X — Хо X — Хо Х— X0 


= Қа) lim, | Е] + (хо) (хо) = 0- lim, [892—262] + зб) (хо) = go) (а), if g is 


continuous at хо. Therefore (fg)(x) is differentiable at хо if (хо) = 0, and (fg) (хо) = g(xo) f'(xo). 


From Exercise 21 we have that fg is differentiable at O if f is differentiable at 0, КО) = 0 and g is continuous at 0. 

(a) If f(x) = sin x and g(x) = |x|, then |x| sin x is differentiable because f'(0) = cos (0) = 1, f(0) = sin (0) = 0 
and g(x) = |x| is continuous at x = 0. 

(b) If f(x) — sin x and g(x) — х2/3, then x?/? sin x is differentiable because f’ (0) = cos (0) = 1, КО) = sin (0) = 0 
and g(x) = x?/? is continuous at x = 0. 

(c) If f(x) 2 1 — cos x and g(x) — UA then xa — cos x) is differentiable because f'(0) — sin (0) — 0, 
К0) = 1 — cos (0) = 0 and g(x) = x!/? is continuous at x = 0. 

(d) If f(x) = x and g(x) = x sin (2 ), then x? sin (1 ) is differentiable because f'(0) = 1, КО) = 0 and 


1 
lim. x sin (1) = lim 216] = lim 8 =0 (so g is continuous at x = 0). 
х— 0 х х- 0 x соо t 


If f(x) = x and g(x) = x sin (2 33 then x? sin (1 ) is differentiable at x = 0 because f'(0) = 1, К0) = 0 and 
sin 1 
(3 


=, lim О (so 6 is continuous at x = 0). In fact, from Exercise 21, 
= оо 


Jim, х sin (1) = um : 


—0 
h'(0) = g(0) f'(0) = 0. However, for x Z 0, h'(x) = [e cos (2)] (- i) + 2х sin (1 ). Вш 


lim. h'(x) = lim, [- cos (1 ) + 2х sin (1 )] does not exist because ав (8 ) has по limit as х — 0. Therefore, 
х- 0 х— 


the derivative is not continuous at x = 0 because it has по limit there. 


From the given conditions we have f(x + h) = f(x) КВ), КВ) — 1 = hg(h) and эш. g(h) = 1. Therefore, 
Ny) — qm ХЮ) _ pn о) _ р и] — Е 
UI oo h к) ћ Nun Ка) | h | n | im, eq) Iden 


= f'(x) = f(x) and # (x)exists at every value of x. 


Step 1: The formula holds for п = 2 (a single product) since y = щш = йу = бшу +u 9ш : 
dx — dx dx 
Step 2: Assume the formula holds for n = К: 
= ду — du ди du, 
у = шшщ = л = | 1243. b m Ug Uk +... Ug? Uy Re 

2 m _ d(uiuo---u,) du; 
If y = шоо шш = (шоа) ба, then 9 = к» dia + аг, а 

du du Чик ди 

шээг и а 98) па + о и ы 


— du 


du» du du, 
= x Чәйз Ши TUL Ge РИМА а E c 912 Uy 4 de Uy, d Шо Uy, —-= 


Thus the original сайн holds for п = (k4-1) whenever it holds for n = К. 
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ту — т! ту __ т! 22 т m 2 т! т! 
26. КесаП Le = п E: Then (1) = irm-ij mand (2) + (ктт) = miu Т Е 
__ mi(k+1)+m!(m—k) _ т! (та + 1) 22 (m+ 1)! _ (m-l 
(к-ҒІЛ(т-Ю Кари Е кара Ер RFD — (i ). Now, we prove 


Leibniz's rule by mathematical induction. 


Step 1: Ifn = 1, then dw) =u у +v du . Assume that the statement is true for n = k, that is: 


d(uv) d du а кү du d k du d d 
ae = УТ Кас ыт (5) dx ge +... + ls ) yer 


—1/ dv ах“ ах” 
? == dav) _ d (4 у) _ Га Чи dv dtu dv du Фу 
Step 2: If n — К+ 1, then dx" 77 dx ( dx* ны ЇЕ: v+ dx* | + |k dx* dx +k dx! dx? 


+(() B+) Sle. + [Ok ) SS + (у) Е ВУ 
uid = фт У (+1) а (00) + (5)] а м +... 
ПӘЛЕНІ = Sve hey ба + (Ку!) Se... 


k+1) du ду ағу 
ЕСІ ae gens 


Therefore the formula (c) holds for n = (К + 1) whenever it holds for n = К. 


27. (а) P= => p = ТЕ => L UDG te) „ T a 0.8156 ft 


g 412 412 
2 _ 411, — 2 5 2. 27 1 Ix. : 22 T к 
(b Т 5 Т VE L;dT v zr dL Jr db dT ОБС (32:5 17:57) (0.01 ft) ~ 0.00613 sec. 


(c) Since there are 86,400 sec in a day, we have (0.00613 sec)(86,400 sec/day) == 529.6 sec/day, or 8.83 min/day; the 
clock will lose about 8.83 min/day. 


28. v = 8% > © = 3829 = —k(6s?) => & = —2k. If sọ = the initial length of the cube's side, then s; = sọ — 2k 


1/3 
= 2k = 50 — 51. Let = the time it will take the ice cube to melt. Now, t = $ = 20 = Tr y" 
^ vo)" = (1%) | 


1/3 
1- (3) 
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CHAPTER 4 APPLICATIONS OF DERIVATIVES 


4.1 EXTREME VALUES OF FUNCTIONS 


1. Anabsolute minimum at x = c», an absolute maximum at x = b. Theorem 1 guarantees the existence of such 
extreme values because h is continuous on [a, b]. 


2. Anabsolute minimum at x — b, an absolute maximum at x — c. Theorem 1 guarantees the existence of such 
extreme values because f is continuous on [a, b]. 


3. No absolute minimum. An absolute maximum at x — c. Since the function's domain is an open interval, the 
function does not satisfy the hypotheses of Theorem 1 and need not have absolute extreme values. 


4. No absolute extrema. The function is neither continuous nor defined on a closed interval, so it need not fulfill 
the conclusions of Theorem 1. 


5. An absolute minimum at x = a and an absolute maximum at x = c. Note that y = g(x) is not continuous but 
still has extrema. When the hypothesis of Theorem 1 is satisfied then extrema are guaranteed, but when the 
hypothesis is not satisfied, absolute extrema may or may not occur. 

6. Absolute minimum at x — c and an absolute maximum at x — a. Note that y — g(x) is not continuous but still 
has absolute extrema. When the hypothesis of Theorem 1 is satisfied then extrema are guaranteed, but when 
the hypothesis is not satisfied, absolute extrema may or may not occur. 

7. Local minimum at (—1, 0), local maximum at (1, 0) 

8. Minima at (—2, 0) and (2, 0), maximum at (0, 2) 

9. Maximum at (0, 5). Note that there is no minimum since the endpoint (2, 0) is excluded from the graph. 

10. Local maximum at (—3, 0), local minimum at (2, 0), maximum at (1, 2), minimum at (0, —1) 

11. Graph (с), since this the only graph that has positive slope at c. 

12. Graph (b), since this is the only graph that represents a differentiable function at a and b and has negative slope at c. 

13. Graph (d), since this is the only graph representing a funtion that is differentiable at b but not at a. 

14. Graph (a), since this is the only graph that represents a function that is not differentiable at a or b. 

15. f has an absolute min at x = 0 but does not have an absolute 
max. Since the interval on which f is defined, —1 « x « 2, Јо) = [х] 


is ап open interval, we do not meet the conditions of 
Theorem 1. 
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16. 


17. 


18. 


19. 


20. 


21. 


f has an absolute max at x = 0 but does not have an absolute 


min. Since the interval on which f is defined, —1 < x < 1, is 


an open interval, we do not meet the conditions of 
Theorem 1. 


f has an absolute max at x = 2 but does not have an absolute 


min. Since the function is not continuous at x = 1, we do 
not meet the conditions of Theorem 1. 


>< 


у= 8(0) 


f has an absolute max at x = 4 but does пої have an absolute 


min. Since the function is not continuous at x — 0, we do 
not meet the conditions of Theorem 1. 


f has an absolute max at x — 5 and an absolute min at 
х = ын Since the interval on which f is defined, 


0 « x < 27, is an open interval, we do not meet the 
conditions of Theorem 1. 


f has an absolute max at x = 0 and an absolute min at 

x — 5 and x — —1. Since f is continuous on the closed 
interval on which it is defined, —1 < x € 27, we do meet 
the conditions of Theorem 1. 


f(x) = 2х –5 = Ғ(х)- 2 = по critical points; 


К—2) = — о, 3) = —3 = the absolute maximum 
is —3 at x = 3 and the absolute minimum 15 — D at 
х==> 
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22. 


23. 


24. 


25. 


26. 


27: 


f(x) = —x—4 (х) = -1 
f(—4) = 0,61) = —5 
at x = —4 and ће absolute minimum is —5 at x = 1 


no critical points; 


the absolute maximum 1$ 0 


f(x) = x2 — 1 = Р(х) = 2х = a critical point at 

x = 0; f(—1) = 0, КО) = —1,f(2 = 3 = the absolute 
maximum is 3 at x = 2 and the absolute minimum is —1 
ах=0 


f(x) = 4 — х? f'(x) = —2х a critical point at 
x = 0; f(—3) = —5,1(0) = 4, f(1) = 3 = the absolute 
maximum is 4 at x = 0 and the absolute minimum is —5 


atx — —3 


F--i--x? Р(х) = 2x 3 = 4 however 


X = 015 not a critical point since 0 is not in the domain; 
Е(0.5) = —4, ЕО) = —0.25 = the absolute maximum is 
—0.25 at x — 2 and the absolute minimum is —4 at 

х = 0.5 


F(x) = – 1 = —x"! F'(x) 2 x? = 4, however 


х = 0 is not a critical point since 0 is not in the domain; 
ЕҚ -2)- 5 ‚ F(—1) = 1 = the absolute maximum is 1 at 


х = —] and the absolute minimum is i atx = —2 


h(x) Mx хуз h'(x) i x 2/3 > a critical point 
at x = 0; h(—1) = —1, h(0) = 0, h(8) = 2 = the absolute 
maximum is 2 at x — 8 and the absolute minimum is —1 


atx = —1 


Section 4.1 Extreme Values of Functions 


(4. 0) 


C2, 1/2) 


- 


D 


>x 
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28. h(x) = —3x?/? = h'(x) = —2x-!/? = a critical point at 
x = 0; h(—1) = -3, 00) = 0, h(1) = —3 = the absolute 
maximum is 0 at x = 0 and the absolute minimum is —3 
atx = l and at x = —1 


A(x) = 3, 


(-1,-3) | (1,-3) 


29. g(x) = /4 – х2 = (4 – х2)! 
=> кб) = 3 (4-2) (28) = сы 
= critical points at x = —2 and x = 0, but not at x = 2 
because 2 is not in the domain; g(—2) = 0, g(0) = 2, 
211) = V3 — the absolute maximum is 2 at x = 0 and the 
absolute minimum is 0 at x = —2 


30. р(х) = — 5 — х2 = — (5 — x2)? (5 — х?) (2х) 

g'(x) (2) = m critical points at x = —\/5 
and x — 0, but not at x — М5 because М5 is not in the 
domain; f (-v5) = 0, f(0) = —\/5 

=> the absolute maximum is 0 at x = — 423 and the absolute 
minimum is —\/5 ах=0 


5,0) 
1 


1 1 1 1 
-2.5 1-2 -15 -1 -05 0 


31. f(0) = sin 0 = Ғ(0)- cos 0 0 = 5 is а списа! point, : 
but 0 = =} is not a critical point because =" is not interior to 
the domain; f (52) = —1,f (3) = 1,£(%) = 1 


= the absolute maximum is | at 0 = Е and the absolute 


(77/2, 1) Abs max 


т/2 51/6 


у = sin 0, —п/2 < 0 € 5т/6 
minimum is —1 at 0 = = 
Abs min 


32. f(0) — tan 0 #'(0) = sec? 0 f has no critical points in 
(=, т). The extreme values therefore occur at the (84.1) 
endpoints: f (+) = —/3 and f (5) =1 = the absolute 
maximum is | аг0 = 7 and the absolute 


ЭГ : ИН 
minimum is 24/8 асд = = 


100) = tan 8 


Сар, -N3) 
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33. 


34. 


35. 


36. 


37. 


38. 


39. 


40. 


41. 


42. 


Section 4.1 Extreme Values of Functions 


g(x) = csc x g'(x) = —(csc x)(cot x) => a critical point : oem с ) 
үз) (2713, 205 
atx = т: (3) = 7 Е(2)-1,5(2)--5 = the 12 5 р 
2:813] = 73,842 (BS V3 : 
absolute maximum is — at x = Z and x = 27, and the 08 рр ш) 
us = 5 =F, 06| "73552173 Abs 
D A 0.4 min 
absolute minimum is 1 atx = 5 02 
0 ui ЯВ Wen 
g(x) = sec x g'(x) = (sec x)(tan x) = а critical point at А 
221 TY. = ту —_ 2 А 
х = 0; 2 (- т) = 2, 2(0) = 1,5 (ғ) 2 — the absolute 28,2) | 
maximum is 2 at x = — 5 and the absolute minimum is 1 
atx — 0 ir 


(т/б, 2/ V3) 


g(x) = sec x 


Kt) 22— |] 22— Ve =2- (2) 

= 0 = 1000) 10) = = 

=> acritical point at = 0; f(—1) = 1, 

КО) = 2, КЗ) = —1 the absolute maximum is 2 at = 0 
and the absolute minimum is —1 at t — 3 


f(t) = |t—5] = VE- 5) = (t-59)? > РО : 


=i (t-5 et- 5) = i E Le р 
= acritical point at = 5; 64) = 1, Қ5) = 0, {7) = 2 і ыы 


=> the absolute maximum is 2 at t = 7 and the absolute | i i 


minimum is 0 att = 5 -05 


f(x) = хУ3 f'(x) = 4x! = acritical point at x = 0; Қ-1)- 1, 0) = 0, 8) = 16 => the absolute 


maximum is 16 at x = 8 and the absolute minimum is 0 at x = 0 


f(x) = ХУЗ = Р(х) = 2x75 = acritical point at x = 0; f(—1) = —1, f(0) = 0, К8) = 32 => the absolute 


maximum is 32 at x — 8 and the absolute minimum is —1 at x — —1 


g(0) = 03/5 g(0) = 30795 => a critical point at 0 = 0; g( —32) = —8, g(0) = 0, g(1) = 1 = the absolute 


maximum is 1 at 0 = 1 and the absolute minimum is —8 at 0 = —32 


h(0) = 302/3 Һ(0) = 20793 = а списа point at Ө = 0; h(—27) = 27, 100) = 0, 168) = 12 = the absolute 
maximum is 27 at 0 = —27 and the absolute minimum is 0 at 0 = 0 


y = х2 — 6x +7 > у’ = 2х — 6 > 2x — 6 = 0 = x = 3. The critical point is x = 3. 


171 


f(x) = 6x? — x? > f'(x) = 12x 3х2 = 12x – 3х? = 0 > 3x(4 — x) = 0 > x = 0 or x = 4. The critical pointss are 


x = O and x = 4. 
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43. f(x) = x(4 — х) > f'(x) = x[3(4 — х) (—1)] + (4-х) = (4 - x [-3x + (4 - x)] = (4-х)? (4 — 4x) 
4(4 — x)! (1— x) => 4(4 – x (1 — x) = 0 > x = 1 or x = 4. The critical points are x = 1 and x = 4. 


44. g(x) = (x – 1 (x 2 3? => g'(x) = (x – 1? -2(x – 3)(1) + 2(х — 1)(1) - (x 2 3? 
= 2(x — 3)(х — 1)[(x— 1) + (х – 3)] 24(x-3)x- D(x-2) => 4x-3)x- 1(х– 2) 209 x = Зогх = lor 


X — 2. The critical points are x — 1, x — 2, and x — 3. 


45. у= x2 +2 => у/ 2x 5 n 22 0 2x? – 2=0 = x = 1; 7%-2 = undefined > x? = 0 > x = 0. 


х2 


The domain of the function is (—oo, 0) Ц (0, oo), thus x = 0 is not in the domain, so the only critical point is x = 1. 


Ed 1 (х= 2)2х—х (1) __ x?—4x х2-4х _ 2. .x-4x |. Я 
46, f(x) = 5 > f'(x) к=з! =з = Gom 0 = x^—4x—0—x-—0orx—4; Bu undefined 
= (x — 2)? = 0 = x = 2. The domain of the function is (-оо,2) U (2, оо), thus x = 2 is not in the domain, so the only 


critical points are x = 0 апах = 4 


47. y = x? — 32 ух = y! = 2х A = E 16 у = = 0 > 2Х/2 –16=0=х =4; 225-16 = undefined 


ух 0 = x = 0. The critical points are x = 4 and x = 0. 


48. g(x) = М2х – х2  g'(x) = а а 0=1-х=0=х = [; = = undefined => у 2х — x? = 0 


2x — х2 = 0 х = Оогх = 2. The critical points аге x = 0, x = 1, and x = 2. 


49. Minimum value is 1 at x = 2. 


Y 
a4 
у= 2х? -8х+9 
2 + 
р + + + + + > Xx 
-2 2 4 6 


50. To find the exact values, note that у’ = 3x? — 2, 


which is zero when x = + у . Local maximum at 
(- 2 44 зү) = (—0.816, 5.089); local 


minimum at (4/2, 4 — 498) ~ (0.816, 2.911) 


-6 -4 


[-&6] by [2,7] 
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51. То find the exact values, note that that у’ = 3x? + 2х — 8 


52. 


53. 


54. 


55. 


= (3x — 4)(x + 2), which is zero when x = —2 or x = 5. 


3 
Local maximum at (—2, 17); local minimum at (3, — 27) 


Note that y' 2 5x?(x — 5)(x — 3), which is zero at 

x = 0, x = 3, and x = 5. Local maximum at (3, 108); 
local minimum at (5, 0); (0, 0) is neither a maximum nor 
a minimum. 


Minimum value is 0 when x = —1 or x = 1. 


Note that y’ = Y 2 , Which is zero at x = 4 and is 


undefined when x = 0. Local maximum at (0, 0); 
absolute minimum at (4, —4) 


The actual graph of the function has asymptotes at x = 1, 


so there are no extrema near these values. (This is an 
example of grapher failure.) There is a local minimum at 
(0, 1). 


Section 4.1 Extreme Values of Functions 


-54 
[76,6] by [-5,20] 


125 у-х(х-5) 


[-2,6] by [-25,125] 


Y 

4 

| дез 
+ t + + +> х 
-2 2 4 


-2 
[-6,6] Бу [-2,4] 


-2 1 


-3 
[4.7.4.7] by [3.13.1] 
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56. Maximum value is 2 at x — 1; 


m Е Y 
minimum value is 0 at x = —1 and x = 3. 4 


-2 | 


-3 4 
[-4.7,4.7] by [-3.1,3.1] 


57. Maximum value is i ах= l; 


minimum value is -1 asx = —1. 


58. Maximum value is i atx — 0; 


minimum value is -i asx — —2. 


59. у = x? (1) + Bx N(x + 2) = 834 


crit. pt. | derivative | extremum | value 
х=—# 0 12103 = 1.034 
х = undefined 0 


local max 


local min 
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60. у = х?/3(2х) + 2x 1? — 4) = ES 


crit. pt. | derivative | extremum | value 


х=-1 0 minimum | —3 
х = undefined | local max 0 
х-1 0 minimum 3 


=x 
—х? + (4—x’) 4 — 2x? 
м4 х2 М4 х? 
crit. pt. | derivative | extremum | value 
х=- undefined | local max 0 


minimum | —2 
maximum 2 
х= undefined | local min 0 


—X + (4x)(3 - x) 5x? + 12х 
2/3-х 2/3 = х 
crit. pt. | derivative | extremum | value 
x=0 0 minimum 0 
х= 2 0 local max | 122151 ~ 4.462 
х = undefined | minimum 0 
—2, x«1 
Po , 
a= ( h xod 
crit. pt. | derivative | extremum | value 
x=1 | undefined | minimum | 2 
-1, х<0 
/ , 
цаг! -f 2-2х, x>0 


x=0 undefined | local min 3 
х = 0 local max 4 
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^3 
[74.4] by [3.3] 


4-2х, х<1 
у= 
x*l х»1 


Ел + ES + + 2 Р »-Х 
[-4.7,4.7] by [0,62] 
Y 
| Ш 3-х, х«0 
T Паша и x20 


+ x 


Ёл - + ] + : 
[-4.4] by [-16] 


Copyright © 2010 Pearson Education, Inc. Publishing as Addison-Wesley. 


www.semeng.ir 


176 | Chapter 4 Applications of Derivatives 


65. v = —2x -2, х<1 
„у Ts —2x +6, x>1 Е м х<1 


66. We begin by determining whether f'(x) is defined at x = 1, where f(x) = ( 


67. 


68. 


y y= 


crit. pt. | derivative | extremum | value 


х=-1 0 maximum 5 
х=1 undefined | local min 1 
x=3 0 maximum 5 


x? — 6x? + 8x, х»1 
Clearly, f'(x) = -ix — lifx < 1, and lim (1 +h) = —1. Also, f'(x) = Зх? — 12x + 8 if > 1, and 


2 


= +6х-4, х>1 


Ши +h) = —1. Since f is continuous at x = 1, we have that f'(1) = —1. Thus, 
1 1 
f'(x) = —3X — 5, х<1 
3х? – 12х +8, х»1 

Note that -ix — 1 = 0 when x = —1, and 3х? — 12x + 8 = 0 when x = 12+ TEN 2 шэн ЕО ve. 
But 2 — aa & 0.845 < 1, so the critical points occur at x = —1 and x = 2 + 2у3 ~ 3.155. 

crit. pt. | derivative | extremum | value 

х=-1 0 local max 4 J= -ix'-ix4B, х<1 

х = 3.155 0 local min | ~ —3.079 x -6x!/-8x, х»! 


Y 


[-4.6] by [-5.5] 


(a) No, since f'(x) = 2(x — ду-!%, which is undefined at x = 2. 

(b) The derivative is defined and nonzero for all x > 2. Also, f(2) = 0 and f(x) > 0 for all x Z 2. 

(c) No, f(x) need not have a global maximum because its domain is all real numbers. Any restriction of f to a 
interval of the form [а, b] would have both a maximum value and minimum value on the interval. 

(d) The answers are the same as (a) and (b) with 2 replaced by a. 


—х3 + 9х, х<-3ог0<х<3 
x? — 9х, —3«x«O0orx 23 
(a) No, since the left- and right-hand derivatives at x = 0, are —9 and 9, respectively. 


Note that f(x) — | Therefore, f'(x) = ( 


(b) No, since the left- and right-hand derivatives at x = 3, аге —18 and 18, respectively. 
(c) No, since the left- and right-hand derivatives at x = —3, аге 18 and —18, respectively. 
(d 


closed 


—3x? +9, x «—-3or0«x «3 
39—9, —3 <х С0огх> 3 


The critical points occur when f'(x) = 0 (atx = + \/3) and when f'(x) is undefined (at x = 0 and x = 4 
minimum value is 0 at x = —3, at x = 0, and at x = 3; local maxima occur at (- v. 6/3) and (v3, 6 


wm 
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69 


70. 


71. 


72. 


13: 


74. 


75. 


76. 


77. 
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-1/2 


Yes, since f(x) = |x| = \/х? = (х2)? = f'(x) = 5 (x?) (2x) = сау? = re 15 not defined at x = 0. Thus it is 


not required that f' be zero at a local extreme point since f' may be undefined there. 


If f(c) is a local maximum value of f, then f(x) < f(c) for all x in some open interval (a, b) containing c. Since f is even, 


f(—x) = f(x) < Кс) = f(—c) for all —x in the open interval (—b, —а) containing —c. That is, f assumesa local maximum at 


the point —c. This is also clear from the graph of f because the graph of an even function is symmetric about the y-axis. 


If g(c) is a local minimum value of g, then g(x) > g(c) for all x in some open interval (a, b) containing c. Since g is odd, 
g(—x) = —g(x) € —g(c) = g(—c) for all —x in the open interval (—b, —a) containing —c. That is, g assumes a local 


maximum at the point —c. This is also clear from the graph of g because the graph of an odd function is symmetric about 
the origin. 


If there are no boundary points or critical points the function will have no extreme values in its domain. Such functions do 


indeed exist, for example f(x) = x for —oo < x < оо. (Any other linear function f(x) = mx + b with m Z 0 will do as 
well.) 


(a) V(x) = 160x — 52x? + 4x? 

V'(x) = 160 — 104x + 12x? = 4(х — 2)(3x — 20) 

The only critical point in the interval (0, 5) is at x — 2. The maximum value of V(x) is 144 at x — 2. 
(b) The largest possible volume of the box is 144 cubic units, and it occurs when x — 2 units. 


(a) f'(x) = Зах? + 2bx + cisa quadratic, so it can have 0, 1, or 2 zeros, which would be the critical points of f. The 
function f(x) — x? — 3x has two critical points atx — —1 and x — 1. The function f(x) — x? — 1 has one critical point 


atx = 0. The function f(x) = x? + x has no critical points. 
у у у 


у=х3+х 


(b) The function сап have either two local extreme values ог no extreme values. (If there is only one critical point, the 
cubic function has no extreme values.) 


s = 380 + vot + so > $ = -gt + vo = 0 => t = №. Now s(t) = so > t(-$ + vo) =0&t=0ort zu. 


2 2 
Thus (2) = – ва (2) + мо (2) + 80 = 5 + so > So is Фе maximum height over the interval 0 € t < x 


d = —2sin t + 2cos t, solving 3 0 = tant = 1 > t = 1 + пл where n is a nonnegative integer (іп this exercise t is 


never negative) => the peak current is 2:/9 amps. 


Maximum value is 11 at x — 5; 


minimum value is 5 on the interval |-3, 2]; 12 1 
local maximum at (—5, 9) 10 
8 
: Р(х) = |x-2|*|x +3] 
4 
2 
x 
-6 -4 -2 2 4 6 


[-6,6] by [0,12] 
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78. Maximum value is 4 on the interval [5, 7]; 
minimum value is —4 on the interval |-2, 1]. 


79. Maximum value is 5 on the interval [3, oo); 


minimum value is —5 on the interval (—oo, —2]. 1 h(x) =|x+2|-|x-3] 


–6 і 
[-6,6] by [-6,6] 


80. Minimum value is 4 on the interval [—1, 3] 


-6 -4 -2 2 4 6 
1-6,6| by [0,9] 


81-86. Example CAS commands: 
Maple: 
with(student): 
f := x -> х^4 - 8*x^2 + 4*х + 2; 
domain := х=-20/25..64/25; 
plot( f(x), domain, color=black, title="Section 4.1 #8 1(а)" ); 
Df :- D(f); 
plot( Df(x), domain, color-black, title" Section 4.1 # 81(b)" ) 
StatPt := fsolve( Df(x)=0, domain ) 
SingPt := NULL; 
EndPt := op(rhs(domain)); 
Pts :zevalf([EndPt, StatPt,SingPt]); 
Values := [seq( f(x), x=Pts )]; 
Maximum value is 2.7608 and occurs at х=2.56 (right endpoint). 
Minimum value 3715 -6.2680 and occurs at х=1.86081 (singular point). 
Mathematica: (functions may vary) (see section 2.5 re. RealsOnly ): 
<<Miscellaneous `КеаОщу` 
Clear[f,x] 
a=—1;b=10/3; 
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|х ] 22 + 2x — 3 x8 

f'[x] 

Plot[(f[x], f[x]}, (x. a, b}] 

NSolve[f[x]==0, x] 

{ а], f[0]. f[x]/.%, f[b]//N 
In more complicated expressions, NSolve may not yield results. In this case, an approximate solution (say 1.1 here) 
is observed from the graph and the following command is used: 

FindRoot[f[x]==0, (x, 1.1}] 


4.2 THE MEAN VALUE THEOREM 
1. When f(x) = x? + 2x — 1 for0 € x € 1, then “Y= = f'(c) > 3=20+2 => c=} 


1-0 2" 


(1) - КО - 
2. When f(x) = x?? for0 < x < 1, then O = үс) => 1= (5) c i3 = pes. 


3. When f(x) = x + t for} <x < 2, then =) = (с) > 0-1- ioci. 


4. When f(x) = V/x — 1 for 1 <x < 3, then 9-4 = (ој => 25 1. > c=}, 


2 /c-1 
5. When f(x) = x — x? for —1 < x < 2, then 22-10 =f'(c) => 2 = 302 -2e>c= га, 
1 ~ 1.22 and хээ ~ —0.549 are both in the interval —1 < х < 2. 
х -2<х<0 g(2) – в(-2) , Й ‚ 2 , 
6. When g(x) = 221 then 5257 = 8 (c) > 3 =g'(c). If -2 € x < 0, then g'(x) = 3х > 3 = g'(c) 
3c? = 3 > с = +1. Опус = —1 is in the interval. If 0 < x < 2, then g'(x) = 2x > 3 = g'(c) > 2c =3 c 3. 


7. Does not; f(x) is not differentiable at x = Ош (—1, 8). 
8. Does; f(x) is continuous for every point of (0, 1] and differentiable for every point in (0, 1). 
9. Does; f(x) is continuous for every point of [0, 1] and differentiable for every point in (0, 1). 


10. Does not; f(x) is not continuous at x — 0 because lim f(x) = 1 z 0 = f(0). 
Жэ» 


11. Does not; f is not differentiable at x = —1 in (—2, 0). 
12. Does; f(x) is continuous for every point of [0, 3] and differentiable for every point in (0, 3). 


13. Since f(x) is not continuous on 0 < x < 1, Rolle's Theorem does not apply: lim _ f(x) = lim _ x=10= 1). 
х— х— 


14. Since f(x) must be continuous at x = 0 and x = 1 we have Lum f(x) 2 a — f(0) a — 3 and 
х— 
lim _ f(x) = шин f(x) > —1+З+а=ш-+Ь = 5 = т + 6. Since f(x) must also be differentiable at 
X — х 


х = 1 we have lim. f(x) = lim f(x) => —2x-3|. ==, => lum. Therefore, а = 3, m = 1 and b = 4. 
х— х— 77 
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15. 


16. 


17. 


18. 


19. 


20. 


21. 


22. 


23. 


24. 


29; 


Chapter 4 Applications of Derivatives 

(а) i 3 2 2 э 
i= > 
iii о ? ME 
iv ск ЕЕ 

(b) Let r; апа r be zeros of ће polynomial Р(х) = x" + а, ух"! +... + ах + ао, then Роу) = P(r;) = 0. 
Since polynomials are everywhere continuous and differentiable, Бу Rolle's Theorem P'(r) = 0 for some г 
between г! and го, where P'(x) = пх"! + (п — 1)a,4x"? +... +a. 

With f both differentiable and continuous on [a, b] and f(r,) = f(r2) = з) = 0 where гі, гә and гз are in [а, b], 


then by Rolle's Theorem there exists a сі between г! and го such that f’(c,) = 0 and a сә between го and гз 
such that Ё (сэ) = 0. Since f’ is both differentiable and continuous on (а, b], Rolle's Theorem again applies and 
we have a сз between c; and сә such that (са) = 0. To generalize, if f has n+1 zeros in [a, b] and f (») 18 


continuous on [а, b], then ЁО) has at least one zero between a and b. 


Since f" exists throughout (а, b] the derivative function f’ is continuous there. If f' has more than one zero іп [a, b], say 
f'(ry) = f'(r3) = 0 for r1 Æ гә, then by Rolle's Theorem there is a c between гү and гә such that f"(c) = 0, contrary to 
f" > 0 throughout [a,b]. Therefore f’ has at most one zero in (а, b]. The same argument holds if f" < 0 throughout (а, b]. 


If f(x) is a cubic polynomial with four or more zeros, then by Rolle's Theorem f'(x) has three or more zeros, f"(x) has 2 or 
more zeros and f" (x) has at least one zero. This is a contradiction since f" (x) is a non-zero constant when f(x) is a cubic 


polynomial. 


With f(—2) = 11 > O and f(—1) = —1 < 0 we conclude from the Intermediate Value Theorem that f(x) = x* + 3х + 1 
has at least one zero between —2 and —1. Then —2 < x < -1 > —8 < x? < —1 = –32 < 4x? < —4 

= —29 < 4x? +3 < —1 > f'(x) < 0 for —2 < x < —1 > f(x) is decreasing on [-2, —1] > f(x) = 0 has exactly one 
solution in the interval (—2, — 1). 


f(x) = x? + E +7 > Р(х) = 3х? – 3 > 0on(—co,0) = f(x) is increasing on (—оо, 0). Also, х) < Oif x < —2 and 
f(x) > 01-2 <x «O0 = f(x) has exactly one zero in (—oo, 0). 


8()-4/1441-1-4- g(0- T + NIE > 0 => g(t) is increasing for t in (0, оо); g(3) = УЗ — 2 < 0 and 
g(15) = у 15 > 0 = g(t) has exactly one zero in (0, оо). 


g(t) — = + У1+1— 3.1 = g(t) = а- ly + NIE > 0 = g(t) is increasing for t in (—1, 1); g(—0.99) = —2.5 and 
g(0.99) = 98.3 = g(t) has exactly one zero in (—1, 1). 


r(0) = 0 + sin? (9-8 = г(0) = 1 + 2 sin ($) cos (£ )=1+1 sin (2 2) > 0on(— со, со) => r(6) is increasing on 


(—оо, оо); (0) = —8 and r(8) = sin? (3) > 0 = r(0) has exactly one zero in (-оо, оо). 


г(0) = 20 — cos? 0 + /2 = r'(0) = 2--2 sin 0 cos 0 = 2 + з 20 > О оп (-оо,оо) => r(0) is increasing on (-оо, оо); 
т(—2т) = —4л — cos(—27) + /2 --47-1- У2 < Oandr(27) = 4r – 1 + 2 > 0 => r(0) has exactly one zero in 
(—оо, оо). 


г(0) = sec 0 — " +5 = r'(0) = (sec 0)(tan 0) +å т > Ооп (0, т) => 1(0)18 increasing on (0, т) ; r(0.1) = —994 and 
r(1.57) = 1260.5 => 1(0) has exactly one zero in (o т). 
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26. 1(0) = tan 0 — cot 0 —0 => г(0) = sec? 0 + csc? 0 — 1 = sec? + cot? 0 > 0 on (0,7) => r(0) is increasing on (0, 2); 
r (5) = — 7 < Oandr(1.57) ~ 1254.2 = г(0) has exactly опе zero in (0, т) : 


27. By Corollary 1, f'(x) = 0 for all x = f(x) = С, where С is a constant. Since К—1) = 3 we have С = 3 => f(x) = 3 for 
all x. 


28. g(x) = 2x + 5 > g'(x) = 2 = f'(x) for all x. By Corollary 2, f(x) = g(x) + С for some constant C. Then 
КО) = (0) -"С=<5 = 5 +С С = 0 > f(x) = g(x) = 2х + 5 for ай x. 


29. g(x) = х? = g'(x) = 2x = f'(x) forall x. By Corollary 2, f(x) = g(x) + С. 
(а) 0) =0 = 0=g(0)+C=04+C C=0 f(x) = x? f(2) = 4 
(b 11)-0 = 0=g1)+C=1+C > C=-1 > Щх)=х?—1 = 62) =3 
(су К-2)-43 > 3=р(—2)+С > 3=4+C > C=-1 > к) 2-1 => 125-3 


30. g(x) = mx = g'(x) = m, a constant. If f'(x) = m, then by Corollary 2, f(x) = g(x) + b = mx + b where b is a constant. 
Therefore all functions whose derivatives are constant can be graphed as straight lines y = mx + b. 


31. (а) у= ё +С (b у= +С (с) у= + +С 

32. (а) y 2x +С (D у-х-х-С (с) у= х? +х2 -x4C 
33. (a) y 2—x? = у= 1 + С (b у=х+1+С (с) у= 5х – і +С 
34. (а) у = 1х 2 > у=х +С > у= ух +С (b у=2\/х+С 


(с) y 22x! -2/x +С 


35. (а) y = — £ cos 2t + С (b у-2віһі--С 


1 | 
(с) у=- 5 сов2 + 251; + C 


36. (а) у = tan0 + C (b у =O? = у= 208 +С (с) у = 2 08/2 — tan +C 


37. fx) =x? - x С; 0=К0) = 20 -0+C => C=0 = х) = х2 -x 


38. gx) = - 1 +x? +С;1 = g(-D = – = +(-12+С С = –1 g(x) = — 1 +х2 – 1 


39. кб) = 80 + cot 0 +C; 0 — r(2) = 8 (7) + со (F) -C— 022r 1 -C— С = -20-1 
= r(0) = 80 + cot 0 — 27 — 1 


40. r(t) = sect — t + С; 0 = к(0) = sec (0) - 0 + C С = -1 r(t) = sect—t—1 
41. у = Š = 9.8t + 5 => s = 4.9? + 5t + C; ats = 10 and t = 0 we have С = 10 => s = 4.92 + 5t + 10 


42. v= $ = 32t — 2 > s = 168 — 2t + C; ats = 4 and t = 1 we have C = 1 => s = 162 —2t 41 


43. v= 8 =sin(at) > s 1 cos(mt) + С; ats = 0 and t = 0 we have С = 1 => s = oO) 


п п 


44. у = 48 = 2 cos(2:) = s = sin(2) +C; ats = 1andt = л? we have C= 1 = s =sin(#) +1 


п T 
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45. 


46. 


4T. 


48. 


49. 


50. 


51. 


52. 


53. 


54. 


99, 


56. 


57. 


58. 


а = 32 > у = 32t + С); at У = 20 and = 0 we have С, = 20 > у = 32t + 20 = s = 160 + 20t + Co; ats = 5 and 
t = 0 ме have Со = 5 => = 160 + 20t + 5 


а = 9.8 = v = 9.814 Сү; atv = —3 ава = 0 we have Су = —3 > у = 9.84 — 3 = s = 4.9? — 3t + Со; а s = 0 and 
t = 0 we have Co = 0 = s = 4.9? — 3t 


а = —4sin(2t) => v = 2cos(2t) + C1; at v = 2 and = 0 we have Сі = 0 => v = 2cos(2t) => s = sin(2t) + Co; ats = —3 
and t = 0 we have С, = —3 = s = sin(2t) — 3 


а= 5 сов (3) = у = 3sin(3) + Су; at v = 0 and t = 0 we have С, = 0 = у = 3sin(3) > $ = – сов (3) + С»; at 


$ = —1 and t = 0 ме һауе С = 0 = s = -сов(%) 
If T(t) is the temperature of the thermometer at time t, then Т(0) = —19° C and T(14) = 100? C. From the Mean Value 


тад) - T(Q) 
14-0 


changing at t = tọ as measured by the rising mercury on the thermometer. 


Theorem there exists а 0 < ty < 14 such that = 8.5? C/sec = T'(to), the rate at which the temperature was 


Because the trucker's average speed was 79.5 mph, by the Mean Value Theorem, the trucker must have been going that 
speed at least once during the trip. 


Because its average speed was approximately 7.667 knots, and by the Mean Value Theorem, it must have been going that 
speed at least once during the trip. 


The runner's average speed for the marathon was approximately 11.909 mph. Therefore, by the Mean Value Theorem, the 
runner must have been going that speed at least once during the marathon. Since the initial speed and final speed are both 0 
mph and the runner's speed is continuous, by the Intermediate Value Theorem, the runner's speed must have been 11 mph 
at least twice. 


Let d(t) represent the distance the automobile traveled in time t. The average speed over 0 € t < 2 is 210 The Mean 


Value Theorem says that for some 0 < ty < 2, d'(ty) = 25-29. The value d'(ty) is the speed of the automobile at time to 


(which is read on the speedometer). 


a(t) = v(t) = 1.6 = v(t) = 1.6t + C; at (0, 0) we have C = 0 => v(t) = 1.6t. When t = 30, then v(30) = 48 m/sec. 


1.1 
The conclusion of the Mean Value Theorem yields +—= = — i => с? (=æ) =а—Ь > c= yab. 
The conclusion of the Mean Value Theorem yields ү =2с=с= atb, 
f'(x) = [cos x sin (x + 2) + sin x cos (x + 2)] — 2 sin (x + 1) cos (x + 1) = sin (x + x + 2) — sin 2(x + 1) 


= sin (2x + 2) — sin (2x + 2) = 0. Therefore, the function has the constant value f(0) = —sin? 1 ~ —0.7081 
which explains why the graph is a horizontal line. 


(a) f(x) = (x + 2)(x + 1)x(x — 1)(x — 2) = x? — 5x? + 4x is one possibility. 
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(b) Graphing f(x) = x? — 5x? + 4х and f'(x) = 5x! — 15x? + Aon [-3, 3] by [—7, 7] we see that each x-intercept of 
f'(x) lies between a pair of x-intercepts of f(x), as expected by Rolle's Theorem. 


(c) Yes, since sin is continuous and differentiable on ( — oo, оо). 


59. f(x) must be zero at least once between a and b by the Intermediate Value Theorem. Now suppose that f(x) is zero twice 
between a and b. Then by the Mean Value Theorem, f'(x) would have to be zero at least once between the two zeros of 
f(x), but this can't be true since we are given that f'(x) Z 0 on this interval. Therefore, f(x) is zero once and only once 
between a and b. 


60. Consider the function k(x) — f(x) — g(x). k(x) is continuous 
and differentiable on [a, b], and since k(a) — f(a) — g(a) and 
k(b) — f(b) — g(b), by the Mean Value Theorem, there must 
be a point c in (a, b) where k'(c) — 0. But since 
k'(c) = f'(c) — g'(c), this means that f'(c) = g'(c), and c isa 
point where the graphs of f and g have tangent lines with the 
same slope, so these lines are either parallel or are the same 


line. 


61. f'(x) € 1 for1 <x € 4 = f(x) is differentiable on 1 < < 4 = fis continuous on 1 < x < 4 = f satisfies the 
conditions of the Mean Value Theorem — £9 - KD) = Р'(с) forsomecinl «x < 4 > (с) < 1 > шэг «1 
= 64) - КП <3 


62. 0 < f'(x) < 5 forall => f'(x) exists for all x, thus f is differentiable on (—1, 1) = f is continuous on |-1, 1] 


— f satisfies the conditions of the Mean Value Theorem — 6 = f'(c) for some сіп |-1, 1] = 0 < мэн < 


=> 0 < f(1) — f(—1) < I. Sincef(1) — К—1) < 1 2 f(1) < 1+ f(-1) < 2 + К—1), and since 0 < f(1) — f(—1) 
we have f(—1) < ҚТ). Together we have f(—1) < f(1) < 2+ f(—1). 


мін 


63. Let f(t) = cost and consider ће interval [0, x] where х is a real number. f is continuous on (0, x] and f is differentiable on 
(0, x) since f '(t) = —sint => f satisfies the conditions of the Mean Value Theorem => AL — f'(c) for somec in 
[0, х] => S= = —sinc. Since —1 < sinc < 1 > —1< -sinc< 1 > —1 < SS= < 1 Ifx 20, -1 < 98x < | 


= —х < cosx — 1 < x > |соѕх – 1| < x = | x|. Их < 0, -1< = < | -х> cosx— 1 >x 


= x < cosx — 1 < —x > —(—x) < cosx — 1 € —х = |cosx – 1| € —x = |х |. Thus, in both cases, we have 
[созх — 1| € |x |. If = 0, then |соѕ0 — 1| = [1 — 1| = [0] < [0], thus |cosx — 1| < |x | is true for all x. 


64. Let f(x) = sin x fora < x < b. From the Mean Value Theorem there exists a c between a and b such that 
snb=sina — cosc => —] < зараза c] = (ар-ар = Isinb — sina| < [b — al. 
—a b—a b—a 


65. Yes. By Corollary 2 we have f(x) = g(x) + c since f'(x) = g'(x). If the graphs start at the same point x = a, 
then Ка) = g(a) > с= 0 f(x) = g(x). 
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66. 


67. 


68. 


69. 


70. 


71. 


72. 


4.3 


Assume f is differentiable and |f(w) — f(x)| < |w — x| for all values of w and x. Since f is differentiable, Ғ”(х) exists and 


f'(x) = Jim. шин using the alternative formula for the derivative. Let g(x) = |x|, which is continuous for ай х. 


f(w) = f(x) | _ 


By 


= yim, 


№ = Хх 


Қх)| = м | f(w) — f(x) 


[f(w) — f(x)| < |w — х| forall w and x = Lu -- < 1 as long ав w Z x. Ву Theorem 5 from Chapter 2, 


|£^G)] = im. 2... Тэс лэн 


Ву the Mean Value Theorem we һауе К-а __ 


we have f(b) — Ка) < 0 = f'(c) < 0. 


= f'(c) for some point c between a and b. Since b — a > 0 and f(b) < Қа), 


The condition is that f should be continuous over [a, b]. The Mean Value Theorem then guarantees the 


m шал 


existence of a point с in (а, b) such that — f'(c). If f' is continuous, then it has a minimum and 


maximum value on [a, b], and min f’ < f’ о 2 max f', as required. 


f'(x) = (1 + x! cosx) = f"(x) = — (1 +x! cos x) ^ (4x? cos x — x! sin x) 

= —x? (1 + x* cos х) (4 cos x — x sin x) < Ofor0 < x 01 = f'(x) is decreasing when 0 € x < 0.1 
=> min f' ^ 0.9999 and max f’ = 1. Now we have 0.9999 < р < 1 = 0.09999 < КОЛ) -1< 0.1 
— 1.09999 < f(0.1) < 1.1. 


в: > 0 Рог 0 < х < 0.1 = РО is increasing when 


0<х< 0.1 = minf’ = 1 and max f' = 1.0001. Now we have 1 < (90-2 < 1.0001 
=> 0.1 < 60.1) – 2 < 0.10001 = 2.1 < Кол) < 2.10001. 


Род = (1 х2) ! 2 f") -(1- xf ? (-43) = 


кок 


(а) Suppose х < 1, then by ће Mean Value Theorem “ ) «0 = f(x) > f(1). Suppose x > 1, then by the 


Mean Value Theorem Ко - KD. 20 = f(x) > fd). идээг f(x) > 1 for all x since (1) = 1. 


(b) Yes. From part (a), шин ди KD. < 0 and im. 9-1) > 0. Since f'(1) exists, these two one-sided 
х— х— 


limits are equal and have the value f'(1) = f'(1) < Oand f'(1) > 0 = Ра) = 0. 


f(b) — f(a) 
b—a 


From the Mean Value Theorem we have = f'(c) where c is between a and b. But f'(c) = 2pc + а = 0 


has only one solution c — — a (Note: p = 0 since f is a quadratic function.) 


MONOTONIC FUNCTIONS AND THE FIRST DERIVATIVE TEST 


(a) f'(x) 2 x(x — 1) = critical points at 0 and 1 
(b) f = +++ | ——-— | +++ = increasing on (—oo, 0) and (1, oo), decreasing on (0, 1) 
0 1 


(c) Local maximum at x = 0 and а local minimum at x = 1 


(a) f'(x) = (x — D(x +2) = critical points at —2 and 1 
(b) f = +++ | ——— | +++ = increasing on (—oo, —2) and (1, oo), decreasing on (—2, 1) 
2 1 


(c) Local maximum at x — —2 and a local minimum at x — 1 


(a) f'(x) = (x — D? (x 4-2) => critical points at —2 and 1 
(b) f = ——— | +++ | +++ = increasing on (—2, 1) and (1, oo), decreasing on (—oo, —2) 
2 1 
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10. 


11. 


12. 


13. 


(b) 


(a) 
(b) 


(a) 
(b) 


(b) 


(a) 
(b) 


Section 4.3 Monotonic Functions and the First Derivative Test 


No local maximum and a local minimum at x — —2 


f'(x) = (x – 1) 


(х 4-2) = critical points at —2 and 1 


f' = +++ | +++ | +++ = increasing on (—оо, —2) U (—2, 1) U (1, oo), never decreasing 
-2 1 


No local extrema 


f'(x) = (x — 1)(х + 2)(х — 3) = critical points at —2, 1 and 3 


f! =——- | +++ | --- | +++ = increasing on (-2, 1) and (3, оо), decreasing on (—oo, —2) and (1,3) 
—2 1 3 

Local maximum at x = 1, local minima at x = —2 and x = 3 

f'(x) = (x — 7)(х + D(x +5) = critical points at —5, —1 and 7 


Б----|4441|---1-44 = increasing on (—5, —1) and (7, oo), decreasing on (—oo, —5) and (—1, 7) 
-5 -1 7 

Local maximum at x = —1, local minima at x = —5 and x = 7 

f(x) = eR = critical points at x = 0, x = 1 and x = —2 

f! = +++ ——- |--- | +++ = increasing on (-оо,-2) and (1, оо), decreasing on (—2, 0) and (0, 1) 
—2 0 1 

Local minimum at x = 1 


f'(x) = IE = critical points atx = 2, x = —4, x = —1, and x = 3 


f = +++ | ———)( +++ | —— СЕ = increasing on (—oo, —4), (—1,2) and (3, со), decreasing on 
—4 -1 2 3 


(—4, —1) and (2,3) 


Local maximum at x = —4 and x = 2 

#09 = 1— 5 == critical points at x = —2, х = 2 and x = 0. 

f = +++ | ———)(——— | +++ = increasing on (—оо, —2) and (2, оо), decreasing on (—2, 0) and (0,2) 
—2 0 2. 

Local maximum at x = —2, local minimum at x = 2 

f'(x) 23 - - ~ critical points at x = 4 and x = 0 


Е = E | +++ = increasing on (4, оо), decreasing on (0, 4) 


Local minimum at x = 4 


f'(x) = х-МЗ(х + 2) => critical points at x = —2 and x = 0 
f' = +++ | ---)(+++ = increasing on (-оо,-2) and (0, оо), decreasing on (—2, 0) 
—2 0 


Local maximum at x = —2, local minimum at x = 0 


f'(x) = x-?(x — 3) => critical points at x = 0 and x = 3 
Е’ = (——— | +++ = increasing on (3, оо), decreasing on (0, 3) 
0 3 


No local maximum апа a local minimum at x = 3 


f'(x) = (sinx — 1)(2cosx + 1), 0 < x < 2л = critical points at x = 1, x = 4, апах = 4 
Ғ-(--- | e +++ | ---] = increasing on (27, 4"), decreasing оп (0, 2), (7, 


2 


Pus Ат 2m 
3 3 
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186 


14. 


15. 


16. 


17. 


18. 


19. 


20. 


21. 


22. 


(с) 


(а) 


(5) 


(с) 


(а) 
(b 


хи 


(а) 
(b 


хи 


(а) 
(b 


хи 


(а) 
(b 


ши 


(а) 


(b 


wm 


(a) 


(b 


хи 


(а) 


(b 


wm 


(a) 


(b 


wm 


Chapter 4 Applications of Derivatives 


т 


Local maximum at x = = and x = 0, local minimum at x = E T and x = 27 
f'(x) = (sinx + cosx)(sinx — cos x), 0 € x < 2л = critical points atx = £, x = 22, x = 57, апах = 77 
f'2[-—— | +++ | === | +++ | ———] = increasing on (2, 22) and (57, 72), decreasing on (0, 7), 
T 37 57 Tr 2m 
4 4 4 4 
(4.7) and (2527) 


Local maximum at x = 0, x = x and x — m, local minimum at x = 2 x= эт апах = 2л 


Increasing on (—2, 0) and (2,4), decreasing on (—4, —2) and (0,2) 


Absolute maximum at (—4, 2), local maximum at (0, 1) and (4, — 1); Absolute minimum at (2, —3), local minimum at 
(-2, 0) 


Increasing on (—4, —3.25), (—1.5, 1), and (2,4), decreasing on (—3.25, —1.5) and (1,2) 
Absolute maximum at (4, 2), local maximum at (—3.25, 1) and (1, 1); Absolute minimum at (—1.5, — 1), local 
minimum at (—4, 0) and (2, 0) 


Increasing on (—4, —1), (0.5, 2), and (2, 4), decreasing on (—1, 0.5) 
Absolute maximum at (4, 3), local maximum at (—1, 2) and (2, 1); No absolute minimum, local minimum at 
(—4, — 1)and (0.5, —1) 


Increasing on (—4, —2.5), (—1, 1), and (3,4), decreasing оп (—2.5, —1) and (1,3) 
No absolute maximum, local maximum at (—2.5, 1), (1, 2) and (4, 2); No absolute minimum, local minimum at 
(—1, 0) and (3, 1) 


g(t) = —? — 3143 = #0 =-2-3 = acritical point att = — 3: g' = +++ | —--, increasing on 
—3/2 
(—oo, — 3) , decreasing on (- 2, =) 
local maximum value of g ( 3) = i att = 3, absolute Gemma 21 esas: = 3 
g(t) = —3°? + 9t +5 = g'(t) = —6t+9 = a critical point att = >; g' = +++ | ———, increasing оп (-оо,2), 
| 3/2 


decreasing on (3, oo) 


local maximum value of g (3) = ы att — 3, absolute maximum is 47 at = 3 


h(x) = —x? + 2х2 > h'(x) = —3x? + 4х = x(4 — Зх) = critical points at x = 0, 1 


> = –-- | +++ | ——-,increasing on (0, 5) , decreasing on (—oo, 0) and (3, со) 
4/3 


local maximum value of h (3 


) = 32 atx = 5; local minimum value of h(0) = 0 at x = 0, no absolute extrema 
h(x) = 2х3 — 18x = h'x)26x?—18—6 (x + v3) (x — v3) = critical points atx = + УЗ 


> h = +++ | ---| +++, increasing on (7o. -V5) and (v3. го) ‚ decreasing on (- v3, V3) 


-V3 v3 
a local maximum is h (-У3) = 123 atx = – УЗ; local minimum is В (v3) = —12y 3 at x = V3, no absolute 


extrema 
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23. (а) КӨ) = 30? — 463 = f'(0) = 60 — 120? = 60(1 — 20) => critical points at 0 = 0,5 = Р=---|+++| ---, 
0 41/2 


increasing on (0, +) , decreasing on (—oo, 0) and (1, оо) 
(b 


хи 


а local maximum 15 f (1) = 1 at 0 = 2, а local minimum is f(0) = 0 at 0 = 0, no absolute extrema 


24. (a) f(0) = 60 — 63 > f'(0) = 6 — 302 = 3 (v2 - 9) (+ ө) — critical points аё0 = + 1/2 = 


Р----| +++ | —-—-,increasing on (-У> v2). decreasing on (о, – 2) and (v2, x) 
-/2 ү 


а local maximum is f (v2) —4.2at0 = V2, а local minimum is f (-У2) = -442 at 0 = —\/2, no absolute 


(b 


хи 


extrema 


25. (a) f(r) = 3? + 16r => f'(r) = 9r? + 16 = по critical points => f’ = +++++, increasing on (—oo, oo), never 
decreasing 
(b 


хи 


no local extrema, no absolute extrema 


26. (а) h(r) =(r+ 7? = h'(r) = 3(7 + 7)? = acritical point atr = —7 = h = +++ | +++, increasing оп 
T 


(-оо,-7) U (—7, oo), never decreasing 
(b 


— 


no local extrema, no absolute extrema 


27. (a) f(x) = xt — 8x? + 16 = f'(x) = 4x? — 16x = 4x(x + 2)(x — 2) => critical points at x = О and x = +2 
=> Ғ----| +++ | --- | +++, increasing on (—2, 0) and (2, oo), decreasing on (-оо, —2) and (0, 2) 
—2 0 2 


(b 


хи 


а local maximum is КО) = 16 at x = 0, local minima are #( = 2) = 0 atx = + 2, no absolute maximum; absolute 


minimum is 0 atx = +2 


28. (a) g(x) = xt — 4х3 + 4x? = g'(x) = 4x? — 12x? + 8x = 4x(x — 2)(х — 1) = critical points at x = 0, 1, 2 
=> g = ——-— | +++ | ——-— | +++, increasing on (0, 1) and (2, oo), decreasing on (-оо, 0) and (1, 2) 
0 1 2 


(b 


wm 


a local maximum is g(1) = 1 at x = 1, local minima аге g(0) = 0 at x = 0 and g(2) = 0 at x = 2, no absolute 
maximum; absolute minimum is 0 at x = 0, 2 


29. (a) H(t) = 3t — 6 = H(t) = 68 — 66 = 680 + 90 — t) => critical points att = 0, +1 
=> H = +++ | === | +++ | ---, increasing on (—oo, —1) and (0, 1), decreasing on (—1, 0) and (1, oo) 
-1 0 T 


(b 


wm 


the local maxima are H(—1) = i att — —1 and H(1) — i att = 1, the local minimum is H(0) = 0 at t = 0, absolute 


maximum is 1 att = + 1; по absolute minimum 


Е 


30. (а) КО = 158 — t K'(t) = 450 — 58 = 50(3 + HG — t) = critical points att = 0, +3 


=> К=---| +++ | +++ | ---, increasing on (—3, 0) Ц (0, 3), decreasing on (—со, —3) and (3, оо) 
—3 0 3 
(b) alocal maximum is КО) = 162 att = 3, a local minimum is K(—3) = —162 at t = —3, no absolute extrema 
31. (а) fx) =х-6\/х-1 f(x) = 1 m = M = critical points at x = 1 and x = 10 
=> f’ = ( ——— | +++, increasing on (10, оо), decreasing on (1, 10) 
1 10 
(b) alocal minimum is f(10) = —8, a local and absolute maximum is f(1) = 1, absolute minimum of —8 at x = 10 
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32. 


33. 


34. 


35. 


36. 


37. 


38. 


39. 


(а) 


(b 


ши 


(а) 


(b 


— 


(a) 


(b 


— 


(a) 


(b 


хи 


(а) 


(b 


ме 


(а) 


(b 


wm 


(a) 


(b 


wm 


(a) 


Chapter 4 Applications of Derivatives 


g(x) = 4,/x — х2 +3 g(x) = ve 2х = LAT = critical points at x = 1 andx — 0 
= g' = ( +++ | ---, increasing on (0, 1), decreasing on (1, оо) 
0 1 


а local minimum is f(0) = 3, а local maximum is f(1) = 6, absolute maximum of 6 at x = 1 


g(x) = xV/8 — x? = x(8—x2) ^ = g'@) = (8—x5) +x (3) (8-32) "^ (2) = 21008 


= critical points atx = +2, Ж#Ж2/2 > 7 =( --- | +++ | ---) „increasing on (—2, 2), decreasing on 


-2/3 -2 2 2% 
(-22, -2) and (2.2/2) 


local maxima are g(2) = 4 at x = 2 and g (-2У2) = 0ах = —2\/2, local minima аге g(—2) = —4 at 


х = —2 and 2 (272) = Oat x = 24/2, absolute maximum is 4 at x = 2; absolute minimum is —4 at x = —2 


р(х) = x24/5 —x = x1(5 — x)? = g'(x) = 2x(5 — x)? + x? (1) (5 x) У2(—1) = 2 critical points at 
x=0,4and5 => 6 = ——- | +++ | ——- ), increasing on (0, 4), decreasing on (—oo, 0) and (4, 5) 
0 4 5 


a local maximum is g(4) = 16 at x = 4, a local minimum is 0 at x = 0 and x = 5, no absolute maximum; absolute 


minimum is 0 at x = 0,5 


f(x) = <=} = f'o) UN = “22020 => critical points at x = 1,3 
=> ['=+++|———)(——— | +++, increasing on (-оо, 1) and (3, оо), decreasing on (1, 2) and (2, 3), 
1 2 3 


discontinuous at x — 2 
a local maximum is f(1) = 2 at x = 1, alocal minimum is f(3) = 6 at x = 3, no absolute extrema 


x? , 3x? (3x? + 1) —х3(6х) __ 3х2(х2--1) 222 : 2 
Кх) f(x) CET. = зерт = acritical point at x = 0 


=> f’ = +++ | +++, increasing on (-оо, 0) Ц (0, оо), and never decreasing 
0 


3х2 +1 


no local extrema, no absolute extrema 


f(x) = x'/3(x + 8) = x1/3 4 8хуз = f'(x) = 4 18 4 8.2/8 = AL = critical points at x = 0, —2 


=> Р=---| +++)(+++, increasing on (—2, 0) U (0, оо), decreasing on (—oo, —2) 

—2 0 
no local maximum, a local minimum is f(—2) — —6 3/2 ~ —1.56 at x = —2, no absolute maximum; absolute 
minimum is —6 3/2 atx — —2 


р(х) = x?3(x + 5) = х5/ + 5х2/3 => g'(x) = 5 х2/8 + Юх 1 = EDS — critical points at x — —2 and 


х-0- g = ++ | ---)(+++, increasing on (—oo, —2) and (0, oo), decreasing on (—2, 0) 
—2 0 


local maximum is g(—2) — 3 3/4 & 4.762 at x = —2, a local minimum is g(0) = 0 at x = 0, no absolute extrema 
, 7x 4-2 Tx —2 
h(x) = x! (x? — 4) = x" — 4x13 = h(x) = 2x15 — 2x23 = pu 254 — critical points at 
x = 0, "Z => ћ = +++ | ---)---| +++, increasing оп (- 3) and (о) , decreasing on 


-2//70 2џт 
(2-9) ам (0, 5) 
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3 3 
(b) local maximum is В | = ) = ae = 3.12 atx = =, the local minimum is h | | = м? ~ —3.12, по absolute 
7 Ti ут v7 7! 


extrema 


40. (a) k(x) = ха (x? — 4) = x33 — 4x?/. > k(x) = g x5/3 – 8х1 = TIS — critical points at 


x=0, +1 > К=---| +++)(--- | +++, increasing on (—1, 0) and (1, оо), decreasing on (—oo, —1) 
—1 0 1 
апа (0, 1) 
(b) local maximum is k(0) = 0 at x = 0, local minima are ( + 1) = —3 atx = + 1, no absolute maximum; absolute 


minimum is —3atx = +1 


41. (a) f(x) = 2x — х? > f'(x) = 2 – 2x = а списа point atx = 1 = f' = +++ | ---] andf(1) = 1 апа f(2) = 0 
1 2 


a local maximum is 1 at x = 1, a local minimum is 0 at x = 2. 
(b) There is an absolute maximum of 1 at x — 1; no absolute minimum. 


42. (a) f(x) = (x + D? = f'(x) = 2(x + 1) = acritical point atx = —1 > # = ——— | +++] and f(—1) = 0, 60) = 1 
—1 0 


= a local maximum is 1 at x = 0, а local minimum is О at x = —1 
(b) no absolute maximum; absolute minimum is 0 at x = —1 


(с) 


fe) 


Јо) = (w+ 1): 


43. (a) g(x) =x? - 4х +4 = g'(x) = 2х—4 = 2(х – 2) = acritical point atx = 2 > g'—[-—--— | +++ and 
1 2 


8(1) = 1, g2) = 0 = a local maximum is 1 at x = 1, a local minimum is g(2) = 0 atx = 2 
(b) no absolute maximum; absolute minimum is 0 at x = 2 


(c) 


g(x) 


44. (a) g(x) = —х? — бх — 9 > g'(x) = –2х — 6 = —2(x + 3) => acritical point atx = —3 = р =[ +++ | ——- and 
—4 —3 


g(—4) = —1, g(—3) = 0 = alocal maximum is 0 at x = —3, a local minimum is —1 at x = —4 
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(b) absolute maximum is О at x = —3; no absolute minimum 


(c) 


g(x) 


45. (a) f(t) = I12t— > f(t) = 12 – 32 = 32 + 9(2 — 0) = critical points att — +2 > Р = L --- зайд | --- 
and К—3) = —9, f(—2) = —16, f(2) = 16 = local maxima are —9 at t = —3 and 16 at t = 2, a local minimum is 
—16att = —2 
(b) absolute maximum is 16 at t — 2; no absolute minimum 
(c) 
£(t) 


46. (a) КО) = 8-30 = f'(t) = 32 — 6t = 3t(t— 2) => critical points att = 0 and t = 2 
=> Ра +++ | ——— | +++] and КО) = 0,62) = —4, КЗ) = 0 = a local maximum is 0 att = 0 and t = 3, а 
0 2 3 


local minimum is —4 at t = 2 
(b) absolute maximum is 0 at = 0, 3; no absolute minimum 


(с) 


ко 


f028-3a8 


47. (a) h(x) = = — 2x? + Ах => h(x) = х? – 4х +4 = (х – 2)2 = acritical pointatx 22 = h' = [+++ | +++ and 
: 0 2 


h(0) = 0 = no local maximum, а local minimum is 0 at x = 0 
(b) no absolute maximum; absolute minimum is 0 at x = 0 


(с) 


h(x) 


e NU њ ла 
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48. (a) k(x) = x? + 332 + 3х +1 = k(x) = 3x? + 6x +3 = 3(x + 1)? = a critical point at x = —1 
=> К = +++ | +++] апа К(—1) = 0, К(0) = 1 = alocal maximum is | at x = 0, no local minimum 
1 0 


(b) absolute maximum is 1 at x — 0; no absolute minimum 


(с) 


k(x) 
^ 


2b 


K(x) = 43x74 3x41 


>x 


49. (a) f(x) = V25 – х? = f'(x) = UE critical points at x = 0, x = —5, and x = 5 
=> 1'=( +++|---), (-5) = 0, КО) = 5, 65) = 0 = local maximum is 5 at x = 0; local minimum of 0 at 
5 0 5 


х = —5 апах = 5 


(b) absolute maximum is 5 at x = 0; absolute minimum of 0 at x = —5 and x = 5 
(c) 
f(x) 
Ј (х)=/25—х 
-4 -2 2 4 Ы 


50. (a) f(x) = vx? – 2х – 3,3 < x < œ > f'(x) = a only critical point in 3 < x < oo isat x = 3 


>f’ = | +++, КЗ) = 0 = local minimum of 0 at x = 3, no local maximum 


(b) absolute minimum of 0 at x = 3, no absolute maximum 


(с) 


Јо) 


51. (а) g(x) = 5,0 <x < 1> = E m = only critical point in 0 € x < 1 is x = 2 — УЗ ~ 0.268 


>g =[ =, 177) e(2 = v3) = “Ес = 1.866 => local minimum of Es atx = 2 — 4/3, local 


maximum at x = 0. 


(b) absolute minimum of e 2 atx =2— УЗ ‚ no absolute maximum 
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(с) 


52. (а) 


(5) 


53. (а) 


(b 


wm 


54. (a) 


(b) 


Chapter 4 Applications of Derivatives 


g(x) = = 2<х<1=р'(х) = ат = only critical point in —2 < x < 1іѕх = 0 


=. — 
x2? 


=> 2' =( --- | +++], g(0) = 0 = local minimum of 0 atx = 0, local maximum of } at x = 1. 
—2 0 1 | 
absolute minimum of 0 at x = 0, no absolute maximum 


80) 


f(x) = sin 2x, 0 € x Сл => f'(x) = 2cos 2x, f'(x) = 0 = cos2x = 0 = critical points are x = 5 and x = 7 

=> Р=[+++|--- | +++], £(0) = 0,1(2) = 1, f(22) = —1 Кл) = 0 = local maxima аге 1 at x = Ẹ and 0 
0 Е a T 

at x = 7, and local minima are —1 at x = т and O at x = 0. 

The graph of f rises when f’ > 0, falls when f’ < 0, 

and has local extreme values where f^ = 0. The function 

f has a local minimum value at x — 0 and x — Эл, уућеге 

the values of f” change from negative to positive. The 

function f has a local maximum value at x — 7 and 

x = 7, where the values of f ‘change from positive to 


negative. 
f(x) = sinx — cosx, 0 < x < 27 > f'(x) = cosx + sinx, f'(x) = 0 => tanx = —1 = critical points are x = 37 and 
х= >f = [+++ | --- | +++] „КО) = –—1,1(32) = V2, (2)- — 4/2, К2л) = —1 = local maxima аге 
0 3т Tn 2r 
4 4 


\/2 at x = = and —1 at x = 27, and local minima аге ра atx = E and —1 at x = 0. 
The graph of f rises when f' > 0, falls when f' « 0, 
and has local extreme values where f' — 0. The function 


Их 
А 


f has a local minimum value at x = 0 and x = m, where 
the values of f' change from negative to positive. The 
function f has a local maximum value at x — 27 and 


х = т, where the values of f ‘change from positive to 


negative. 


Јо) = пп х – cosx, 05<х<2т 
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55. (a) f(x) = \/3cosx + sinx, 0 € x € 2r = f'(x) = —/3sinx + cosx, f'(x) = 0 => tanx T critical points are 


х = т andx = Ж > Р = [+++ | --- | +++] ,f(0) = V3, (=) 2 2, К) = –2, К2л) = УЗ = local 
0 z Im 27 
6 6 


maxima are 2 at x = г: and 4/3 at x = 27, and local minima аге —2 at x = и and 4/3 at x = 0. 
(b 


— 


The graph of f rises when f’ > 0, falls when f’ < 0, 


and has local extreme values where f’ = 0. The function 
Tt 

6 , 
the values of f' change from negative to positive. The 


. . 2 
f has а local minimum value at x = 0 and x = where (ЖД 
1 


function f has а local maximum value at x = 27 and 
х = 6, where the values of f'change from positive to /f (x) = (3 cosx+sinx 


negative. (%,-2) 


56. (a) f(x) = —2х + tanx, -Z < x < 1 => f'(x) = —2 + sec? x, f'(x) = 0 => sec? x = 2 => critical points are 
х=-–тапдх=т=Р = (deter Шан КО ,1(-1)-2-1,( )-1 
2 4 4 2 
maximum is 5 — | at x = — 2, апа local minimum is 1 — 5 at x = 4. 


> = local 


(b 


хи 


The graph of f rises when f’ > 0, falls when f’ < 0, 
and has local extreme values where f^ = 0. The function 


fœ Ше) 


f has а local minimum value at x = ЛЕ where the values 


of f' change from negative to positive. The function f 


has a local maximum value at x — — л» where the values Ed 


of f ‘change from positive to negative. 


57. (а) f(x) = 5 — 2 sin (х) = Ё(х)- i — cos (5) РГ) = 0 = сов (5) = І = acritical point at x = т 


> Ғ-|---| +++] andf(0 —0,f(22) = 5 — V3, Кот) = п => local maxima аге 0 at x = 0 and 7 
0 27/3 27 
at x = 27, a local minimum is 5 — V3 atx = т 
(b) The graph of f rises when f' > 0, falls when f' « 0, 
and has a local minimum value at the point where f’ 


changes from negative to positive. 


58. (a) f(x) = —2cosx — cos? x > f'(x) = 2 sin x + 2 cos x sin x = 2(sin х)(1 + cos x) => critical points at x = —7, 0, т 
=> f'=[ ——-— | +++] and f(—r) = 1, Ко) = —3, т) = 1 а local maximum is 1 at x = + 7, a local 
-T 0 T 


minimum is —3 at x = 0 
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(b) The graph of f rises when f' > 0, falls when f' « 0, 
and has local extreme values where f' — 0. The 
function f has a local minimum value at x = 0, where 
the values of f' change from negative to positive. T 

fx) = -2cos x – cos? Х,-т<х<т 
59. (a) f(x) = csc? x — 2cotx => f'(x) = 2(csc х)(-свс x)(cot x) — 2(—csc? x) = —2 (csc? х) (cot x — 1) > а critical 
pointatx = 7 = Р-(---| +++) and f (£) — 0 — nolocal maximum, a local minimum is 0 at x — 7 
п/4 Е 
(b) The graph of f rises when f' > 0, falls when f' < 0, Ба) = csc? x – 2с00х, 0<х<л 


and has a local minimum value at the point where 
f' = 0 and the values of f' change from negative to 


positive. The graph of f steepens as f'(x) — + oo. 


60. (a) f(x) = sec? x —2tanx = f'(x) = 2(sec х)(ѕес x)(tan x) — 2 sec?x = (2 sec? x) (tan x — 1) = a critical point 


ах= > f'=( == +++) and t (7) — 0 — nolocal maximum, a local minimum is 0 at x — 7 
-т/2 п/4А  m/2 
(b) The graph of f rises when f' > 0, falls when f' « 0, 


and has a local minimum value where f' — 0 and the 


values of f’ change from negative to positive. f) = sec? x - 2tan x, 


elm sd т 
ED 


1 1 1 
-L5 -1 -0.5 0 


61. (0) = 3 cos (8) = (0) = – ё sin ($) = ћ =[—--] ,(0,3) and (2л, —3) = a local maximum is Заг = 0, 
0 2m 


а local minimum is —3 at 0 = 27 


62. h(0) = 5 sin (5) = h'(0)— 5 cos (5) => ћ = [ +++1, (0, 0) and (7,5) = alocal maximum is 5 at Ó = т, a local 
0 T 


minimum is 0 at 0 = 0 


63. 
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64. (a) Қ (5) 


- 


(с) (4) 


65. (а) 


66. (а) (b) 


у= (х) 


67. The function f(x) = x sin( 1) has an infinite number of local maxima and minima. The function sin x has the following 


х 


properties: а) it is continuous on (-оо, оо); b) it is periodic; and c) Из range is 1-1, 1]. Also, for a > 0, the function 1 has 


a range of (—oo, —a] U (а, oo) on Е? 1] . In particular, if a = 1, then 1 < —1 or 1 > 1 when x is in [—1, 1]. This means 
sin(1) takes on the values of 1 and —1 infinitely many times in times on the interval [—1, 1], which occur when 

: = 2 эл, + A. ...=>"х= = 2, mE =, + =, 2... Thus sin(1) has infinitely many local maxima and minima 
in the interval [—1, 1]. On the interval [0, 1], —1 < sin(1) < 1 and since x > 0 we have —x < xsin(+) < x. On the 
interval [-1, 0], —1 < sin(1) < 1 and since x < 0 we have —x > x sin(1) > x. Thus f(x) is bounded by the lines y = x 
and y — —x. Since sin(1) oscillates between | and —1 infinitely many times on [— 1, 1] then f will oscillate between у = x 
and y — —x infinitely many times. Thus f has infinitely many local maxima and minima. We can see from the graph (and 
verify later in Chapter 7) that lim x sin(1) = 1 and lim x sin(1) = 1. The graph of f does not have any absolute 


maxima., but it does have two absolute minima. 
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68. 


69. 


70. 


4.4 


Chapter 4 Applications of Derivatives 


f(x) = ах? -bx +Фс=а (х? + Вх) + с = a(x? +?х+ =) - - + с=а(х + 2. - Увс | а parabola whose 
vertex is at X = — i. Thus when a > 0, f is increasing on ( 52, оо) and decreasing on (—oo, 52): ућепа < 0, 
fis increasing on (- со, =) and decreasing on ( 58, со) . Also note that f'(x) = Јах + b = 2a (x + 2) = for 


а>0,Р=---| +++; оа<0,# = +++| ---. 
—b/2a —b/2a 


f(x) = ах? +bx > f'(x) = ах +b, f(l) =2 >a+b=2,f'(1) =0 = 2a+b=05a=-2,b=4 
= f(x) = —2x? + 4x 


f(x) = ах? + bx? + сх +d => f'(x) = Зах? + 25х + с, (0) = 0 > d = 0, f(1) = —1>а+ђ +с+4 = –1, 
f'(0) =0>c=0,f'(1) =0 = За +2b +c = 0 > a = 2, b = —3, c = 0, d = 0 > f(x) = 2x3 — 3x? 


CONCAVITY AND CURVE SKETCHING 


у= => — 241 => y-x-x-2-(x-2)x-1) у" -2x-1-22(x- 1). The graph is rising on 


(—со, —1) and (2, oo), falling on (—1, 2), concave up оп (1, oo) and concave down on (—oo со, 2). Consequently, 
a local maximum is 3 atx — —1,alocal minimum is —3 at x = 2, and (5, - 3) is a point of inflection. 
у= E — 2х2 +4 = y =x — 4x =x(x =х(х+2)(х—2) > у" = 392-4 (Узх+2) СЕ -2). Тће 
graph is rising оп (—2, 0) and (2, оо), falling on (—oo, —2) and (0, 2), concave up on (- —À) an а (> 5, оо со) апа 
concave down on (- - 5 3) . Consequently, а local maximum is 4 at x = 0, local minima are 0 at x = +2, and 
(- =. 3 ie) and (+ у 1) are points of inflection. 
2/3 1/3 -1/3 
у= (2-1) = у = (3) (2) (0 – 1) х) = (к – туђу = ЕЕ 


=> the graph is rising on (—1, 0) and (1, оо), falling on (—oo, —1) апа (0, 1) = а local maximum is 5 at x = 0, local 
minima are 0 at x = + 1; у" = (x? — 1) 7“ + (x) (-1)02-1): ох) = == 


4? 
х2-1 


à 


у" = ци, A X 2277 => the graph is concave up on (7o. -43) апа (МЭ, оо), сопсауе 
– уз Е 3 


down on (-у3 j V3) => points of inflection at ( == МЗ, 1) 


у= 3х1 (х2 — 7) = у = их 213 (х2 – 7) + ХУ (2х)-3х-23(52-1),у-4441---20(---144-4 
-1 0 1 
=> the graph is Эн, оп (—oo, — 1) and (1, оо), falling on (—1,1) = a local maximum is 5 at x = —1, a local 
minimum is — 27 atx = 1; y" = —x 5/3 (x? — 1) + 3x!/8 = 2х1/3 + x 9/3 = x 5/3 (2x? + 1), 
у" =———)( 26 => the graph is concave up on (0, oo), concave down оп (—со, 0) => a point of inflection at (0, 0). 
0 
у=х- за 2х > y —142cos2x,y' = [-—— || +++| ---] = the graph is rising on (- a т) ‚ falling 
—2n/3 —n/3 п/3 27/3 
on ( a, т) апа (т, 2) = local maxima аге 2 + Vi atx — 2 and 5 + уз at x = 7, local minima are 
– 5 — У дк — 5 and 27 — У ах = злу" = —4 sin 2х, у" = [ ———| +++ | --- | +++] = the 
—2n/3 -т/2 0 п/2 27/3 
graph is concave up on (- 0) and (2, х), concave down оп (- a, = т) апа (0, т) = points of inflection at 


T 

PE 
" 
2 


(-5,-5) (0,0), and (5, $ 


2 


) 
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у =tanx—4x => у —se?x—4,y = ( +++] ---| +++) = the graph is rising on (— 2, — 7) and 
—п/2 -т/3  m[3 п/2 

(т, т), falling on (- сү т) => alocal maximum is V3 + ат atx = — $,alocal minimum is \/3 — ж at x = =; 

у” = 2(sec х)(ѕес x)(tan x) = 2 (sec? x) (tan x), y" = (——— | +++) = the graph is concave up on pn т) : 


-т/2 0 п/2 


concave down оп (- ы 0) = a point of inflection at (0, 0) 


If x > 0, sin |х| = sin x and if x < 0, sin |х| = sin(—x) 


— —sin x. From the sketch the graph is rising on 
(— 32, — 4), (0, £) and (#2, 27) , falling on (-2л,- 52), 


y = sin|x|, -2m x x 2v 


(-= 25 0) and (5, ат) ; local minima are —1 atx = + ын сто) 
and 0 at x = 0; local maxima are 1 at x = + л and 0 at 2 


X = + 27; concave up on (—27, —7) and (т, 27), and 
concave down on (-т,0) and (0,7) => points of inflection 
are (-т,0) and (т, 0) 


у = 2 созх — V/2x > y = 2sinx— УЂУ = [ ---1| +++ |] === | +++] = 0908 оп 
B -ӛт/4 -т/4 57/4 Зт/2 
( Эл, +) and (Z, эт), ~ on ( T, эт) апа ( 2 эт) = local maxima аге —2+т\/2 atx — —m, 4/2 хиа 
atx = — т and — mA at x = 37, and local minima are —\/2 + куз at x = — 32 and 4/2 куз atx= 29; 
у" = —2 cos x, у” = [ +++ | ——— | +++] => concave up on ( T, т) апа (т, э), concave down on 
Б -т/2 п/2 3т:/2 


(-2,2) = points of inflection at ( 2 S) and @ ул) 


When у = х? — 4x + 3, then y’ = 2x — 4 = 2(x — 2) and 
y" = 2. The curve rises on (2, со) and falls on (-оо, 2). 
At x = 2 there isa minimum. Since у" > 0, the curve is 
concave up for all x. 


When у = 6 — 2x — x?, then у’ = —2 — 2x = —2(1 + x) and 


y" = —2. The curve rises on (—oo, —1) and falls on Abs. max. (-1, 7) 


»- 


(—1, оо). At x = —1 there is a maximum. Since y" < 0, the 
curve is concave down for all x. 
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11. 


12. 


13. 


14. 


15. 


Chapter 4 Applications of Derivatives 


When у = x? — Зх + 3, then y = 3x? — 3 = 3(x - 1)(х + 1) 
and у” = бх. The curve rises on (—oo, — 1) Ц (1, oo) and 
falls on (—1, 1). At x = —1 there is a local maximum and at 
x = 1 alocal minimum. The curve is concave down on 
(—со, 0) and concave up on (0, со). There is a point of 
inflection at x = 0. 


When y = x(6 — 2x), then у = —4x(6 — 2x) + (6 — 2х)? 
= 12(3 — x)(1 — x) and y" = —12(3 — x) – 12] — x) 
= 24(х — 2). The curve rises on (—oo, 1) U (3, oo) and 
falls on (1, 3). The curve is concave down on (—oo, 2) and 


concave up on (2, со). At x = 2 there is a point of 
inflection. 


When у = —2x? + 6x? — 3, then у’ = —6x? + 12x 

= —6x(x — 2) and y" = —12x + 12 = —12(x — 1). The 
curve rises on (0, 2) and falls on (—oo, 0) and (2, оо). 
At x = 0 there is a local minimum and at x = 2 a local 
maximum. The curve is concave up on (—oo, 1) and 
concave down on (1, со). At x = 1 there is a point of 
inflection. 


When y = 1 — 9x — 6x? — x3, then у’ = —9 — 12x — 3x? 
= —3(x + 3)(z + 1) and y" = —12 — 6x = —6(х + 2). 
The curve rises on (—3, —1) and falls on (—oo, —3) and 


(—1, оо). At x = —1 there is a local maximum and at 
x = —3alocal minimum. The curve is concave up on 
(—оо, —2) and concave down on (—2, оо). Atx = —2 


there is a point of inflection. 


When y = (x — 2)? + 1, then y’ = 3(x — 2)? and 

y" = 6(x — 2). The curve never falls and there are по 
local extrema. The curve is concave down on (-оо, 2) 
and concave up on (2, со). At x = 2 there is a point 
of inflection. 


Copyright O 2010 Pearson Education, Inc. 


(1,1) 


(2, 5) Loc max 


У 
А 


(0,-3) 
Loc min 


y=1-9x- 6x7 -x 


Гос. max. (-1, 5) 


Loc. min. (-3, 1) 


2 А 


X 
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16. 


17. 


18. 


19. 


20. 


When у = 1 — (x + 133, then y’ = —3(x + 1)? and 

y" = —6(x + 1). The curve never rises and there аге 

no local extrema. The curve is concave up on (—oo, —1) 
and concave down on (—1, со). Atx = —1 thereisa 


point of inflection. 


When y = х* — 2х?, then у’ = 4x? — 4x = 4х(х + 1)(х — 1) 
and у” = 12x? — 4 = 12 (x + 5) (x 5) . Тће сигуе 


rises on (—1, 0) and (1, oo) and falls on (—со, —1) and (0, 1). 


Atx = + 1 there аге local minima and at x = 0 a local 


maximum. Тһе curve is concave up on (- = 5) апа 
1, со] and concave down on (---,--). Atx = +4 
үз” V3? СУДИ ГЕ 


there are points of inflection. 


When y = —x* + 6x? — 4, then у = —4x? + 12x 

—4х (х + v3) (x — v3) and y” = —12x? + 12 

= —12(x + 1)(х — 1). The curve rises on (ә, УЗ) 
апа (0. v3) , and falls on (-v3, 0) and (v3. го) . At 


х= + \/3there are local maxima and at x = 0 а local 


minimum. The curve is concave up on (—1, 1) and concave 


down on (—оо, —1) апа (1, оо). Atx = + 1 there are points 
of inflection. 


When у = 4x? — хе, then у’ = 12x? — 4x? = 4x?(3 — x) and 
у” = 24x — 12x? = 12x(2 — x). The curve rises on (-00,3) 
and falls on (3, со). At x = 3 there is а local maximum, but 

there is no local minimum. The graph is concave up on 

(0, 2) and concave down оп (-оо, 0) and (2, со). There аге 
inflection points at x = 0 and x = 2. 


When у = xt + 2x3, then у’ = 4x? + 6x? = 2x?(2x + 3) and 
у” = 12x? + 12x = 12x(x + 1). The curve rises on 

(- 3, со) and falls оп (—oo, = 3) . There is a local 
minimum at x = — 3, but по local maximum. The curve is 
concave up on (—oo, —1) and (0, oo), and concave down on 
(—1,0). At x = —1 and x = 0 there are points of inflection. 
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Section 4.4 Concavity and Curve Sketching 


-2 


Loc min 


C1, -D 
(Сз, –5/9) 
Infl 


| 


(уз, –5/9) 


Infl 


Abs. max. 


(уз, 5) 


Abs. max. 


(5.3) 


>x 


у= ax + 62-4 


(0, -4) Loc. min. 


(-3/2,-27/16) 
Abs. min. 
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21. When y = x? — 5х4, then у’ = 5x* — 20x? = 5x?(x — 4) and 
у” = 20x? — 60x? = 20x?(x — 3). The curve rises on 
(—оо, 0) and (4, оо), and falls on (0, 4). There is a local 
maximum at x = 0, and a local minimum at x = 4. The 
curve is concave down on (—oo, 3) and concave up оп 
(3,00). At x — 3 there is a point of inflection. 


22. When y = x (5 —5) „епу = (3 —5)*+x(4)(§ — 5) (1 


2 2 

-(1-5) ($-5.aay' = 3 (5 —5) (5) (5 - 5) 

+ (5 - 5) (5) =5 (5 - 5) (х - 4). The curve is rising 
on (—oo, 2) and (10, оо), and falling on (2, 10). There is a 
local maximum at x — 2 and a local minimum at x — 10. 
The curve is concave down оп (-оо, 4) and concave up on 
(4, со). At x = 4 there is a point of inflection. 


23. When y = x + sin x, then y’ = 1 + cos x and y" = —sin x. 
The curve rises on (0,27). At x = 0 there is a local and 
absolute minimum and at x — 27 there is a local and absolute 
maximum. The curve is concave down on (0, 7) and concave 
up on (7,27). At x = m there is a point of inflection. 


24. When y = x — sin x, then y' = 1 — cos x and y" = sin x. 
The curve rises on (0,27). At x — 0 there is a local and 
absolute minimum and at x — 27 there is a local and absolute 
maximum. The curve is concave up on (0, 7) and concave 
down on (т, 27). At x = 7 there is a point of inflection. 


25. Wheny — Узх — 2 совх, then y' = V3 + 2 sin x and 
у" = 2 созх. The curve is increasing on (0, 4) and 
(=, 2л), апа decreasing on (=, БЭ? At x = 0 there 
18 а local and absolute minimum, at x = їт there is a local 
maximum, at x — эл there is a local minimum, апа and at 


X — 2m there is a local and absolute maximum. The curve 


T 


is concave up on (0, т) апа (3, 27) , and is concave 


down оп (2, Эт), Atx = 5 and x = т there аге points 


of inflection. 


Abs. max. 
(2,512) 


00M 
THEN 
»-«(-5) 


Infl. (10, 0) 


> x 


^ Max 
2т | (2т, 2т) 


y=x+sinx 


(т, т) 


> ~ 


Abs. max. (277, 27) 


Abs. 2 
min. | 
(0, 0) - 
y 
Loc max 
ОЕ (даз, 4032/3 + 1) (л,248т -2) 
8 s max 
6 тн / (57/3, 5У37/3 – 1) 
4 (3712, 3\3т/2} Гос min 
2 (т/2, 3212) 
1 1 1 i 
0 т2 т Зт2 2m 
(0,-2) 
Abs min у = Зх - 2cos x 
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26. 


27. 


28. 


29. 


30. 


— ѕес x and 


—4 14 2 
When у = 5х — tanx, then y = 5 


у” = —2 вес? x tan x. The curve is increasing on (- 


and decreasing on ( Е т) апа (т, т). Atx = — 


there is a local minimum, at x = Е there is а local 


maximum,there are no absolute maxima or absolute minima. 


п 
=z 


down on (0, т), At x = 0 there is а point of inflection. 


The curve is concave up on ( 0) ‚ and is concave 


When y = sin х cos x, then у’ = —sin? x + cos? x = cos 2x 

and y" = —2 sin 2x. The curve is increasing on (0, 7) and 
3 : 3 : 

(27, т), and decreasing on (т, 38), At x = О there is a 


local minimum, at x — A there is a local and absolute 


maximum, at x = a there is a local and absolute minimum, 


and at x = 7 there is a local maximum. The curve is concave 


т 
2 
there is a point of inflection. 


, and is concave up оп (2,7). Atx = 5 
) р оп(5, т) 


down on (0 7 


When у = совх + v/3sin x, then y' = —sinx + УЗсов x 


and у" = —cosx — М За X. The curve is increasing on 
(0, т) апа (=, 21), and decreasing on (т, 41), At 


x = 0 there is a local minimum, at x = a there is a local 
and absolute maximum, at x — x there is a local and 
absolute minimum, and at x — 27 there is a local maximum. 
The curve is concave down on (0, эг) апа (5, 27) : 

: 5т 11т — 5n — Ил 
and is concave up on (=, Ha), Atx = © and x = c 


there are points of inflection. 


When у = x5, then у’ = 1 x 4/3 and y" = — & х 925. 
The curve rises on (-оо, оо) and there are no extrema. 
The curve is concave up on (—oo, 0) and concave down 
on (0, оо). At x = 0 there is a point of inflection. 


When у = х?/5, then у’ = 2 x 9/? and y" = — & x 9/5, 
The curve is rising on (0, оо) and falling on (—оо, 0). At 
х = 0 there is a local and absolute minimum. There is 
no local or absolute maximum. The curve is concave 
down on (—оо, 0) апа (0, оо). There are no points of 
inflection, but a cusp exists at x = 0. 


Section 4.4 Concavity and Curve Sketching 


v 


^ 


y-sinxcos x 
Abs max 
(т/4, 1/2) Infl Loc max 


(т/2, 0) (т, 0) 
1 1 >x 
(0, 0) т/4 m2 Зт/4 т 
Гос тїп 


(31/4, –1/2) 
АБ; шт 


-1р 


Е 2 Abs. max. 
у =со5х + N3 sin x 


5т т 
аде Un 
Ps 
127 т 
(uz, ој Infl. 


(=. 2) Abs. min. 


(Ст, 1) Loc. тах. 
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31. 


32. 


33. 


34. 


35. 


Chapter 4 Applications of Derivatives 


When y — 


"= _~3x__ The curve is increasing on (—оо, оо). 
(x? +1)” 


There are no local or absolute extrema. The curve is 


x ДЕН 1 
vei then y wap? and 
у 


concave up оп (-оо, 0) and concave down on (0, со). 
At x = 0 there is a point of inflection. 


У1-х2 
2-1, 


—(x+2) 


ME пазе 


then у’ = апа 


у" = а The curve is decreasing оп 

(-1, - 1) апа (5, 1). There аге по absolute extrrema, 
there is a local maximum at x — —1 and a local minimum 
at x = 1. The curve is concave up on (—1, —0.92) and 
(-і, 0.69), and concave down оп (—0.92, -i) and 
(0.69, 1). At x = —0.92 and x z 0.69 there are points of 


inflection. 


When y = 2x — 3x?/3, then у’ = 2 — 2x-!/? and 

у" = 2х 43. The curve is rising on (-оо, 0) and 

(1, со), and falling on (0, 1). There is a local maximum 
at x = 0 and a local minimum at x = 1. The curve is 
concave up on (—oo, 0) and (0, oo). There are no 
points of inflection, but a cusp exists at x = 0. 


When у = 5х2/5 — 2x, then у’ = 2x 3/» – 2 = 2 (х-3/5 _ 1) 


and у" = — 6 x-5/5, The curve is rising on (0, 1) and 
falling on (—oo, 0) and (1, со). There is a local minimum 
at x — 0 and a local maximum at x — 1. The curve is 
concave down on (—оо, 0) and (0, оо). There are по 
points of inflection, but a cusp exists at x = 0. 


2/3 — ах — х) апа 


When у = x? (5 — x) = $ x?/? — x9/, then 
5 
хэ 3 
-4/3 _ 10 ,-1/3 — 
AL xis 


у= ёх — 8х #3(1 + 2x). 
The curve is rising оп (0, 1) and falling оп (-оо, 0) and 


(1, со). There is a local minimum at x = 0 and a local 


maximum at x = 1. The curve is concave up on (—oo, Е i) 
1, 0) and (0, oo). There is a point 


of inflection at x = — 1 and а сизр at x = 0. 


апа concave down оп (- 
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1 
р 
1 -- 
| у= Ма 22 
i 2x + 
1 
Loc. max. ! (0.69,0.30) Infl. 
C1, 0) 1 
: >x 
(-0.92,-0.48) р а, а 
Infl. ! oc. min. 
р 
П 
1 
р 
1 
р 
р 
y 
^ 


Г у-2х-3х23 
| Cusp, Loc max 


(0, 0) 


(1,3) Loc. max. 


у= 5326 оқ 


>x 
Abs. min. 
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36. 


37. 


38. 


39. 


When у = х?/З(х — 5) = ee 5x?/5. then 

y= х2/3 — ох —1/3 — 5х-1(х—2) апа 

у” = Г x 3 + 10 у = 2x x4/3(x + 1). The curve 
is rising on (—oo, 0) and (2, оо), and falling on (0, 2). 
There is a local minimum at x — 2 and a local maximum 
at x = 0. The curve is concave up on (—1, 0) and (0, оо), 
and concave down on (—оо, —1). There is a point of 
inflection at x — —1 and a cusp at x — O. 


When y = xy 8 — х? = x (8 — x7. then 

y = (8-2)? (к) (1) (8 — х2) С 

—(8— 1/2 8—2 2 20-х0--х 4 
( х 20 ( X 2) ТІРЕ и ап 


y” = (—4) (8 – х2) 208 – 22) + (8 — х2) -49) 
— 2х(х — 12) 
(8 = х2)? 


n (222, -2) апа (2,2,2) . There are local minima 


. The curve is rising on (—2, 2), and falling 


x = —2 and x = 2/2 and local maxima at x = —2\/2. апа 


х = 2. The curve is concave up on (222, 0) and 


concave down on (o. 2/2) . There is a point of inflection 


atx = 0. 


When у = (2 — x?" then y = P Q x)" (2x) 
= –Зху 2 – х? = ax (У x) (/2 +«) апа 
у” ЭР (-3) Go xi? jets 3x) (1 ) (= xj m Эх ) 


—6(1 — х)(1 + x) 


(= +») 
(-у2, 0) and falling on (o. у2) . There is а local 


maximum at x = 0, and local minima at x = = 4/2, Тһе 


. The curve is rising on 


curve is concave down on (—1, 1) and concave up on 


(-v2, -1) апа (1. у2) . There are points of inflection at 


х= +1. 


When у = y 16 — x?, then y' = Ев and 


у" = ИР The curve is rising on (-4,0) and falling 


on (0, 4). There is a local and absolute maximum at x = 0 
and local and absolute minima at x — —4 and x — 4. The 
curve is concave down on (—4, 4). There are no points 

of inflection. 


Section 4.4 Concavity and Curve Sketching 


(0,0) 
>x 


y= LPa -5) 


(2.0,-4.76) 


(-1,-6) 


Loc тах 


(252.0) 


– N 0 ы 


С. 2%, j 

Loc min 

yzxN8- x 
(-2, -4) 
Loc min 


(0, 4) Abs max 


(-4, 0) (4, 0) 
Abs min Abs min 
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40. When у = x? + 2, then y’ = 2х – 5 = aum and 
у'=2+ = +4 Тре curve is falling on (—оо, 0) 
and (0, 1), and rising оп (1, со). There is a local minimum 


at x = 1. There are no absolute maxima or absolute minima. 
(1,3) 


Тһе сигуе 15 сопсауе ир оп (- -1/2) and (0, со), and 


1 >x 


concave down on (- 2, 0) . There is a point of 


inflection at x = —4/2. 


_ х2-3 и _ 2x(x-2)- (62-3) (1) 
41. When у = 5-5, then y = ZEE => cL 
_ x-3G«-1 
~ 4-20 
и _ Qx-A)(x-2y-(9-4x-32(«-2) _ 2 
y — х2) = «FF 


The curve is rising оп (-оо, 1) апа (3, oo), and falling оп 


and 


(1,2) and (2, 3). There is a local maximum at x — 1 anda 
local minimum at x — 3. The curve is concave down on 
(—со, 2) and concave up on (2, oo). There are no points 


of inflection because x — 2 is not in the domain. 


42. When y = Y x? + 1, then y' = urn and 


2x . . 
wa The curve is risng on (—oo, —1), 


(—1, 0), and (0, со). There is are no local or absolute 


у” = 


extrema. The curve is concave up on (—oo, —1) and 


(0, со), and concave down on (—1, 0) . There are points of 
inflection at x = —1 and x = 0. 


43. When y — zs then y' — P and 


Ho 16x (x? - 12) 
(0 2+4 
апа (2, oo), and is rising on (—2,2). There is alocal and 


. The curve is fallng on (—oo, —2) 


absolute minimum at x — —2, and a local and absolute 
maximum at x — 2. The curve is concave down on 


(- -2//3) апа (0. 243) , and concave up оп 


(-2V3, 0) and (2v3, оо). There are points of inflection at x = —2\/3,х = 0, and x = 23. 


у = O is a horizontal asymptote. 


44. When y = a4, then y, = 20°, and 


x* 45? (x4 +5)" 7 
Л 100х2 (x - 3) Тһ io. а 
— Эг гэ. е curve 15 11515 on | — 
(x4 ES 5) 5 ( oo, 0), 


and is falling on (0, оо). There is alocal and 
absolute maximum at x = 0, and there 15 no local or 


aboslute minimum. The curve is concave up on = 1 


(- – 3) апа (48. x) , and concave down on (-45. 0) and (o. УЗ). There are points of inflection at x = — 4/3 


and x — з. There is a horizontal asymptote of y = 0. 
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45. 


46. 


47. 


48. 


49. 


Section 4.4 Concavity and Curve Sketching 


y-1 2x, |x| > 1 аду = 5 |x| > 1 | Тће 


curve rises on (—1, 0) and (1, oo) and falls on (—со, —1) 


and (0, 1). There is a local maximum at x = 0 and local 


minima at x = + 1. The curve is concave up on (—oo, — 1) 


2 (1,0 0,0) 2 
and (1, oo), and concave down on (—1, 1). There are no Loc min Loc min 


points of inflection because y is not differentiable at x = + 1 (so there is no tangent line at those points). 


x? — 2x, х<0 


When у = |x? — 2х| = 4 2x —x?, 0 < x <2, then 
x? = 2х, х > 2 у= 22-21] 
2х — РА х < 0 2, х < 0 (1, 1) Гос. тах. 
у= 4 2 – 2х, 0 <х < 2, апау" = { -2,0<х<2. 1 Lx 
2x—2,x>2 2,x>2 с aoe 


Abs. min. Abs. min. 


The curve is rising on (0, 1) and (2, со), and falling on 


(—со, 0) and (1, 2). There is a local maximum at x = 1 and local minima at x = 0 and x = 2. The curve is concave up 


on (-оо, 0) and (2, оо), and concave down оп (0, 2). There аге по points of inflection because у is not 
differentiable at x = 0 and x = 2 (so there is no tangent at those points). 


ЕТЕ А , then 


ух, х<0 
1 —_х-3/2 
/ 2/х хад 0 и 4 „Х> 0 
Y93 xL. egt У. | ein i 
2,/-х” == хе 0 
Since іт у = —ooand іт у’ = со there isa 
x0 x—0* 


cusp at x = 0. There is a local minimum at x = 0, but no local maximum. The curve is concave down on (—oo, 0) 


and (0, oo). There are no points of inflection. 


VX—4,x24 y 


When у = y |х — 4| = : , then 
МА—Х,Х <4 
1 —(x — 4)-3/2 

1 gp ау” р „Х>А4 
а Е ын -(4-ху3/2 | 

212357 gz > X<4 
. . Pol : ГЕНА : Abs. min. 
Since lim y = coand Шш у = oo there is а cusp 8.0), С за 


1 
atx = 4. There is а local minimum at x = 4, but no local a 5 5 i 


maximum. The curve is concave down on (—со, 4) and (4, со). There are no points of inflection. 


y =2 +x- x? = (1+ Х)(2 – х), у = ——- | +++ | --- 
—1 2 


= rising on (—1, 2), falling on (—со, —1) апа (2, oo) 


— there is a local maximum at x — 2 and a local minimum 
ах = –; y” = 1 — 2x, y" = +++ | --- 
1/2 


х=-1 


1 


— concave up оп (—oo, 1) ‚ concave down оп (1, оо) => a point of inflection at x = 5 
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50. y =x? — x-6— (x – 3x + 2), у = +++ | --- | +++ 
—2 3 


— rising on (—oo, —2) and (3, oo), falling on (—2,3) 
— there is a local maximum at x — —2 and a local 
minimum at x = 3; y” = 2x — 1, y” = ——— | +++ 


=> concave up on (1, оо) ‚ сопсауе down on (—oo, 1) 


= а point of inflection at x = 5 


51. y = xx — 33, у = --- | +++ | +++ = rising on 
0 3 


(0, oo), falling on (-оо,0) => по local maximum, but there 


is а local minimum at x = 0; y" = (x — 3)? + x(2)(x — 3) 
= 3(x — 3x — 1), y" = +++ | ——— | +++ = concave 
1 3 


up on (—oo, 1) and (3, оо), concave down on (1,3) = points of inflection at x = 1 and x = 3 


52. у = x* Q - х), у = +++ | +++ | --—= = rising on 
0 2 


(—со, 2), falling on (2,00) => there is a local maximum at 
x = 2, but no local minimum; у” = 2x(2 — x) + x (- 1) 


= х(4—3х),у” = ——-— | +++ | ——— = concave up 
0 4/3 


on (0, 5) ‚ concave down on (-оо, 0) and (3, oo) = points of inflection atx = 0 and x = 5 


53. y = x(x? — 12) =x (x - 2/3) (x23). ay 
1 Infl x= 2 


y = === | +++ | SS | +++ = rising on Loc min T Loc min 


28.24 0 2/3 me x22 
(-2V3, 0) and (2v3, со) ‚ falling on (7o. -2//3) 


and (o. 243) = alocal maximum at x = 0, local minima at x = 2/3; у” = 1 (x? — 12) + x(2x) = 3(x — 2)(х + 2), 


y” = +++ | === | +++ = concave up on (-оо, —2) and (2, оо), concave down on (—2, 2) => points of inflection 
—2 2 
atx = +2 
54. у = (х—1)°(2х+3),у' =--- | +++ | +++ 


| 
—3/2 1 
— risin => i M NA 
в on (— 3, оо), falling on (-оо,- $) = no local 
3. 
55 
у” = 2(х — 1)(2х + 3) + (x – 1)? (2) = 2(x — DGx + 2), 
у = +++ | 
—2/3 
2 


(-оо, Е 2) and (1, оо), concave down оп (- 2, 1) = points of inflection at x = — 2 апах- 1 


maximum, а local minimum at x = — 


--- | +++ = concave up on 
1 


х=-3/2 
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55. у = (8x — 5x?) (4 — x = x(8 — 5х)(4 — x)’, . 
у=---|+++| ---|--- = rising on (0,7), 
0 8/5 4 


falling on (—oo, 0) and (3, оо) = alocal maximum at 
8 
5? 


y" = (8 — 10x)(4 — x)? + (8x — 5x?) (2)(4 — x) - 1) = 4(4 — x) (5x? — 16x + 8), 


у” = +++ | ——— | +++|--- = concave up on (- 5-2,6) апа (5496,4) ‚ concave down оп 
8-26 8426 4 
5 5 


х= a local minimum at x = 0; 


(=, d) апа (4, со) => points of inflection at x = 8246 and x = 4 


56. у = (x? — 2x) (x — 5)? = x(x — 2)(x — 5), 
y = +++ | --- | +++ | +++ = rising on (-оо, 0) and 
0 2 5 


(2, оо), falling on (0,2) => a local maximum at x = 0, а local 
minimum ах = 2; 

y" = (2x — 2)(х — 5)* + 2(x? — 2x) (x — 5) 

= 2(x — 5)(2x? — 8x + 5), 

у = === | +++ | === | +++ > concave up on 


2 


(=, чу?) and (5, oo), concave down оп (7o. уч) апа (4, 5) = points of inflection atx = eve and x = 5 


57. y = se x, y, = ( +++) = rising on (- 25 т) Я 


-т/2 п/2 
never falling = по local extrema; y" = 2(sec x)(sec x)(tan x) Іші 
= 2 (вес? х) (ап х), y” = ( --- | +++) = concave х-0 
-т/2 0 п/2 
up оп (0, т) ‚ concave down оп (-8, 0), 0 is a point of 
inflection. 
58. y = (апх,у = ( ——— | +++ = rising on (0, 2) , 


-т/2 0 т/2 
falling on (- 25 0) — no local maximum, a local minimum 


atx = 0; у” = sec? х,у" = ( +++) = concave up 
—п/2 п/2 


т) — по points of inflection 


Loc max 


59. y'= cot £, у= (+++ |——-) = rising on (0,7), д=т 
у 0 T 2л 


falling on (7,27) => a local maximum at 0 = т, no local 


minimum; y" = — $ csc? 2 y" -(---) = never 
0 2m 


concave up, concave down on (0, 27) => по points of 
inflection 
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60. y = сс? £, y = (+++) = rising on (0, 27), never 
0 27 


falling => по local extrema; 


у” = 2 (esc 4) (-свс 4) (cot 5) (5) 
NEN 20 бү у”-(--- 
= - (esc? 5) (cot $), у ( МУН 


= concave up оп (т, 27), concave down on (0, т) 
— a point of inflection at 0 — 7 


61. у’ = tan? 0 — 1 = (tan 0 — 1)(tan 0 + 1), 


y=( +++] === | +++) = risingon 
-т/2 --т/4 т/4 т/2 
(— 2›— 4) and (1,5) » falling on (— 2, 2) 
= alocal maximum at 9 = — 7, а local minimum at 0 = 7; 
у” = 2 (ап Ө sec? 0, у" = ( ——— | +++) 
—п/2 0 п/2 


т 
92 
= a point of inflection at 9 = 0 


— concave up on (0 ) ‚ concave down on (- 2. 0) 


62. y = 1 — cot? 0 = (1 — cot 0) + cot 0), 


у-(---і| +++| ---) = rising on (2, 2), 
0 п/4 37/4 T 
falling on (0, т) апа (27, т) => alocal maximum at 
9 = ал, а local minimum at 0 = +; 
у” = —2(cot 0) (—сзс? 0), y" = (+++ | ---) 
0 п/2 Ш 


т 
ДЕ 
— a point of inflection at 0 = 5 


— concave up on (0 ) ‚ concave down on (5, п) 


2 


63. у’ = cost, y = [+++ | ——— | +++] = тпісіпе оп (28 9 
0 т/2 31/2 2т dta ge» 
(0, т) апа (2, 27) ‚ falling on (т, зт) = local maxima at a ind 
t= Z and t = 27, local minima at = 0 and = 27 ; ir 


у” = —sin t, y" = [ 2 | 441 
0 T 27 
= concave up on (т, 21), concave down 


on (0,7) => a point of inflection at = 7 


64. у = sint, y =[+++|---] = rising on (0, т), 
0 T 27 


falling on (7,27) => а local maximum at t = т, local m t232[ 
minima at t = 0 and t = 27; y" = cos t, 


y’=[+++| === | +++ = concave up on (0, 2) pun t=2n 
п/2 31/2 2m 

and (27, 2л) , concave down оп (2,32) => points 

of inflection att = 5 and t — т 


Copyright © 2010 Pearson Education, Inc. Publishing as Addison-Wesley. 


www. гетепд. 15 


65. 


66. 


67. 


68. 


69. 
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y = (x4 0-21, у’ = +++) (+++ = rising on 
—1 


(-оо, со), never falling => по local extrema; 


y" =- a+ DS, y" = +++ jp 

= concave up on (—oo, — 1), concave down on (—1, оо) 

— a point of inflection and vertical tangent at x — —1 

у = (х —2)15, y =---)(++-+ = rising оп (2, оо), 
2 

falling on (oo, 2) => по local maximum, but a local 

minimum at x = 2; у” = — 1 (x — 2) 5, 

у” = ———)(——-— = concave down on (-оо, 2) and 


(2,00) => по points of inflection, but there is a cusp at 
х-2 


y= х-2/3(х — 1), у----)2-- | +++ > rising on 
0 1 


(1, oo), falling on (-оо,1) = по local maximum, but a 
local minimum at x = 1; у" = i x 23 + 2 х—5/3 


mgx Ce 2), y" =+++| ———)(+++ 
-2 0 


Loc min 


= concave up on (—oo, —2) and (0, со), concave down on 
(-2,0) = points of inflection at x = —2 and x = 0, anda 
vertical tangent at x = 0 


y =х f (x--1) y = ——— | +++)(+++ > rising on 
==] 0 


(—1, 0) and (0, оо), falling on (—оо, —1) = по local 
maximum, but а local minimum at x = — 1; 
у” = lx-4/5 2 zx 9/0 - lx (x — 4), 


y! = +++)(—-- | +++ = concave up on (-оо, 0) and 
0 4 


(4, оо), concave down оп (0, 4) = points of inflection at 


X = 0 and x = 4, and a vertical tangent at x = 0 


= 2% Х50 у=—+++|+++ = risingon 
Y=) ox,x>0°% 7 0 Е 
2 2 0 Іші 
u LH I —^, X 
(-оо,оо) => по local extrema; у -| 3 xx x-0 
y! = ——— )( +++ = concave up on (0, со), concave 
0 


down on (—оо, 0) = a point of inflection at x = 0 


„_Ј-х,х50 = ——— | +++ = rising оп 
Nu xjx»0 сан 0 E 
(0, oo), falling on (-оо,0) => по local maximum, but a 
- —2x, x <0 
-- — LR ? -- 
local minimum at x = 0; у” = | 2х,х>0' өс 


y" = +++ | +++ = concave up on (-оо, ос) 
0 


= no point of inflection 
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7]. The graph of y — f"(x) — the graph of y — f(x) is concave 
up on (0, oo), concave down on (-оо,0) = а point of 


y 
Loc max А 


inflection at x — 0; the graph of y — f'(x) 
=> y = +++ | --- | +++ = the graph у = f(x) has 
both a local maximum and a local minimum 


Loc min 


> х 


72. The graph of y = f"(x) = y" = +++ | ——— = the 
graph of y = f(x) has a point of inflection, the graph of 
у= (х) = y =---|+++|--- = the graph of 


у = f(x) has both а local maximum and а local minimum 


73. The graph of y = f"(x) = y" = ——— | +++ |--— 
— the graph of y — f(x) has two points of inflection, the 
graph of y = f(x) = у = ——— | +++ = the graph of 


y — f(x) has a local minimum 


74. The graph of y = f"(x) = y" = +++ | --- = the , 
graph of y = f(x) has a point of inflection; the graph of A 
y=f(x) => у =--- | +++ |--- = the graph of 
у = f(x) has both а local maximum and а local minimum 7х 
Р " 
2 4х1 49 002 5 
75. у= "y 76. Ум =! х-2 
„2-49 
х7 + 5x-14 


(-7, 14/9) 
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5х--7 


х-х2 


у” 


Point 


93. 
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97. Graphs printed in color can shift during a press run, so your values may differ somewhat from those given here. 

(a) The body is moving away from the origin when |displacement| is increasing as t increases, 0 « t « 2 and 
6 « t « 9.5; the body is moving toward the origin when |displacement| is decreasing as t increases, 2 « t « 6 
and 9.5 «t « 15 

(b) The velocity will be zero when the slope of the tangent line for y — s(t) is horizontal. The velocity is zero 
when t is approximately 2, 6, or 9.5 sec. 

(c) The acceleration will be zero at those values of t where the curve y — s(t) has points of inflection. The 
acceleration is zero when t is approximately 4, 7.5, or 12.5 sec. 

(d) The acceleration is positive when the concavity is up, 4 « t « 7.5 and 12.5 « t « 15; the acceleration is 
negative when the concavity is down, 0 < t < 4 and 7.5 < t < 12.5 


98. (a) The body is moving away from the origin when |displacement| is increasing as t increases, 1.5 < t « 4, 
10 « t « 12 and 13.5 « t « 16; the body is moving toward the origin when |displacement| is decreasing as t 
increases, 0 < t < 1.5,4 < t < IlOand 12 < < 13.5 


(b) The velocity will be zero when the slope of the tangent line for у = s(t) 18 horizontal. The velocity is zero 


— 


when t is approximately 0, 4, 12 or 16 sec. 
(c) The acceleration will be zero at those values of t where the curve y — s(t) has points of inflection. The 
acceleration is zero when t is approximately 1.5, 6, 8, 10.5, or 13.5 sec. 
The acceleration is positive when the concavity is up, 0 < t 1.5, 6 «t < 8 and 10 < t < 13.5, the 
acceleration is negative when the concavity is down, 1.5 «t < 6,8 «t < 10 апа 13.5 < t < 16. 


(d 


хий 


99. Тһе marginal cost is ШЕ which changes from decreasing to increasing when its derivative vs is zero. This is a 


point of inflection of the cost curve and occurs when the production level x is approximately 60 thousand units. 


: . d EE 5 5 Қ 5 Фу. dy : 
100. The marginal revenue is d and it is increasing when its derivative ds is positive — the curve is concave up 


2 
=> 0<t<2and5 < t « 9; marginal revenue is decreasing when 54 « 0 = thecurve is concave down 


= 2«t«5and9«t« 12. 
101. When у’ = (x — 1)?(x — 2), then y" = 2(x — 1)(х — 2) + (х — 1). The curve falls on (—oo, 2) and rises on 


(2, со). At x = 2 there is а local minimum. There is no local maximum. The curve is concave upward on (—oo, 1) and 


(5, oo) ‚ and concave downward on (1, 5) . Ах = Тогх = 3 there are inflection points. 
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102. When у’ = (x — 1)?(x — 2)(x — 4), then y" = 2(x — 1)(х — 2)(х — 4) + (x — D? (x — 4) + (x – D?(x — 2) 
= (x – 1) [2 (x? — 6x + 8) + (x? — 5x + 4) + (x? — 3x + 2)] = 2(x — D (2x? — 10x + 11). The curve rises оп 
(—со, 2) and (4, оо) and falls on (2, 4). At x = 2 there is a local maximum and at x = 4 а local minimum. The 


: – y3 3 = 
curve is concave downward оп (-оо, 1) and (54, м) and concave upward оп (1, : 25) and 


(4, 00) . Ах = 1, зан апа зав there аге inflection points. 


103. The graph must be concave down for x > 0 because y 
(х) = — 5 < 0. 


104. The second derivative, being continuous and never zero, cannot change sign. Therefore the graph will always 
be concave up or concave down so it will have no inflection points and no cusps or corners. 


105. The curve will have a point of inflection at x = 1 if 1 is a solution of y" = 0; y = x? + bx? + ex +d 
= y = 3х2 + 2х + с => у” = бх + 2band 6(1) +26 =0 => b= —3. 


106. (а) f(x) = ах? + bx +e =a(x?+2x) cea (++) — É +с=а(х+ 2)? — 54 a parabola 


. 5 2 44 
whose vertex is at X — — 2. — the coordinates of the vertex аге (- ББ іс) 


(b) The second derivative, f"(x) = 2a, describes concavity => when а > 0 the parabola is concave up and 
when a < 0 the parabola is concave down. 


107. A quadratic curve never has an inflection point. If y = ax? + bx + c where а > 0, then у’ = 2ах + b and 
у” = 2a. Since 2a is a constant, it is not possible for y" to change signs. 


108. A cubic curve always has exactly one inflection point. If y = ax? + bx? + cx + d where а Z 0, then 
y! = 3ax? + 2bx + c and у" = бах + 2b. Since x is a solution of y" — 0, we have that y" changes its sign 
atx = — 2 and у’ exists everywhere (so there is a tangent at x = — 2). Thus the curve has an inflection 


point at x = — 2 . There are по other inflection points because y" changes sign only at this zero. 
a 


109. y" = (x + 1)(х – 2), when y” = 0 > x = –1 or x = 2; y" = +++ | ——— | +++ = points of inflection at x = —1 
-1 2 


and x = 2 
110. y" = х2(х — 2) (x + 3), when y” = 0 > x = -3,x = 0, orx 22; y" = +++ | ---|---| +++ = points of 
= 0 2 
inflection at x = —3 andx = 2 


111. у = ax? + bx? + cx = y'= Зах2 + 25Х + c and y" = бах + 2b; local maximum at x = 3 
= За (3)? + 2b(3) + с = 0 => 27a + 6b + c = 0; local mimimum at x = —1 => 3a(—1)? + 2b(-1) +c =0 
= За — 2b + с = 0; point of inflection at (1, 11) => a(1)? +Ъ(1)? + с(1) = 11 = а+ь+с = 11 and 
6a(1) + 2b = 0 = ба + 2b = 0. Solving 27a + 6b + с = 0, За — 2b + с = 0, a + b + c = 11, and ба + 26 = 0 
> а = —1 = 3, and c = 9 => у = —x? + 3х2 + 9x 
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— х2 +а ” Ъх2 + 2сх- аы. : 2 b(3) +2с(3) -ab = 2 — о E 
112. у= кс Фу = exis > local maximum at x = 3 => "GRO 7 0 = 9b + 6c — ab = 0; local minimum at 
b(=1)? 4-2c(-1) - ab 2 2 и n (21) +a 2 2 А 
(-1,-2) > Че, = 0 => b-—2c—ab=Oand en = 2 => –а + 2b — 2c = 1. Solving 
9b + 6c — ab = 0, b — 2c — ab = 0, and —a + 2b — 2c = 1 = a=3,b=1,ande=-1 > y = 33, 


113. If y = x? — 5x* — 240, then у’ = 5x3(x — 4) апа 
y" = 20x?(x — 3). The zeros of y’ are extrema, and 
there is a point of inflection at x — 3. 


114. If y = x? — 12x?, then у’ = 3x(x — 8) and 
у" = 6(x — 4). The zeros of у' and y" are 


extrema and points of inflection, respectively. y = 3x(x - 8) 


115. If y = $ x? + 16x? — 25, then у’ = 4x (x? + 8) and 
y" = 16 (x? + 2). The zeros of у' and y" аге 
extrema and points of inflection, respectively. 


у" 2160842) 


116. Ну- < — © — 4x? + 12x + 20, then Y'zGxe4Q-2 —, 
y = х9 х2 — 8x 412 = (x + 3) — 2). -ai 12 + 20 
So y has a local minimum at x = —3 as its only extreme 
value. Also y" = 3x? — 2x — 8 = (3x + 4)(x — 2) and there 


are inflection points at both zeros, -$ and 2, of y". 


y «(x-2)x«3)x-2) -10 


117. The graph of f falls where Ғ” < 0, rises where f’ > 0, 
and has horizontal tangents where f' — 0. It has local 
minima at points where f’ changes from negative to 
positive and local maxima where f' changes from f(x) = 2x4 -4x* +1 

positive to negative. The graph of f is concave down 


where f" < 0 and concave up where f" > 0. It has an 22 
inflection point each time f"changes sign, provided а 
tangent line exists there. 


Copyright О 2010 Pearson Education, Inc. Publishing as Addison-Wesley. 


www. гетепд. 15 


216 Chapter 4 Applications of Derivatives 


118. The graph f is concave down where f" < 0, and concave 
up where f" > 0. It has an inflection point each time 
f" changes sign, provided a tangent line exists there. 


4.5 APPLIED OPTIMIZATION 


1. Let £ and w represent the length and width of the rectangle, respectively. With an area of 16 in.?, we have 
that (б) = 16 => м = 167! => the perimeter is P = 20 + 2w = 20 + 3207! and P(() 22 2 = 2019. 
Solving P'(£) 20 — 01000 =0 = l= —4, 4. Since £ > 0 for the length of a rectangle, / must be 4 and 


w —4 = the perimeter is 16 in., a minimum since Р”(6) = 19 > 0. 


2. Let x represent the length of the rectangle in meters (0 < x < 4) Then the width is 4 — x and the area is 
A(x) = x(4 — x) = 4x — x’. Since A'(x) = 4 — 2x, the critical point occurs at x = 2. Since, A'(x) > 0 for 0 «х < 2 and 
Ах) < 0 for 2 «х < 4, this critical point corresponds to the maximum area. The rectangle with the largest area measures 
2 m by 4-— 2 = 2 m, so it is a square. 
Graphical Support: 


3. (a) The line containing point P also contains the points (0, 1) and (1,0) = the line containing P is y = 1 — x 
= a general point on that line is (x, 1 — x). 
(b) The area A(x) = 2x(1 — x), where0 < x < 1. 
(c) When A(x) = 2x — 2х2, then A(x) 20 > 2—4х=0 > x= 5 . Since А(0) = 0 and А(1) = 0, we conclude 


that A (1) = i sq units is the largest area. The dimensions are 1 unit by i unit. 


4. The area of the rectangle is A — 2xy — 2x (12 — x?), y 
where 0 < x < 1/12. Solving Ах) = 0 = 24—6x? = 0 
=> x= —20r2. Now —2 is not in the domain, and since 


A(0) = 0 and А (У 12) = 0, we conclude that A(2) = 32 , 


square units is ће maximum area. The dimensions аге 4 units 
by 8 units. 


5. The volume of the box is V(x) = x(15 — 2x)(8 — 2x) 
= 120x — 46x? + 4х3, where 0 < x < 4. Solving V'(x) = 0 
= 120 — 92x + 12x? = 4(6 — x5 — 3х) 20 = х-2 
or 6, but 6 is not in the domain. Since V(0) = У(4) = 0, 
V(3) = 222 = 91 in? mustbe the maximum volume of 


the box with dimensions 5 x 5 


х 5 inches. 
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6. The area of the triangle is A — i Ба = Р y 400 — b? , where у 
ЧА _ 1 ПЕСИ b? 0,5) 
0<b< 20. Then G = 5 /400— b Е ( 
|. 200-b _ | А 9% "P 2 20 
A00 i 0 the interior critical point is b — 10/2. | 
(а, 0) 


10. 


When b = 0 ог 20, the area is zero > А (10/2) 15 (һе 


maximum area. When а? + b? = 400 and b = 10/2, the 


value of a is also 10/2 = the maximum area occurs when 
а = b. 


The area 18 А(х) = х(800 — 2x), where 0 “х < 400. river 


Solving А’(х) = 800 — 4x = 0 = x = 200. With x ШИГ х 


А(0) = A(400) = 0, the maximum area 15 


A(200) — 80,000 m?. The dimensions are 200 m by 400 m. ae 

The area is 2xy = 216 => у = 108 . The amount of fence x 2 
needed is P = 4х + Зу = 4х + 324х7!, where 0 < x; у у 
ар -4- => =0 = х? – 81 = 0 = the critical points are 

О and + 9, but 0 and —9 are not in the domain. Then x x 


Р'(9) > 0 = atx = 9 there is a minimum => the 
dimensions of the outer rectangle are 18 mby 12 т 


— 


(a) 


(b 


— 


(a) 


(b) 


772 meters of fence will be needed. 


We minimize the weight — tS where S is the surface area, and t is the thickness of the steel walls of the tank. The 
surface area is S = x? + 4ху where x is the length of a side of the square base of the tank, and y is its depth. The 
volume of the tank must be 500f? — y — 500. Therefore, the weight of the tank is w(x) = t(x? + 2000), Treating the 
thickness as а constant gives м (х) = t(2x — 2000) . The critical value is at x = 10. Since w"(10) = t(2 + 290) > 0, 
there is a minimum at x — 10. Therefore, the optimum dimensions of the tank are 10 ft on the base edges and 5 ft 
deep. 

Minimizing the surface area of the tank minimizes its weight for a given wall thickness. The thickness of the steel 
walls would likely be determined by other considerations such as structural requirements. 


The volume of the tank being 1125 #3, we have that yx? = 1125 > у = цэ. The cost of building the tank is 
c(x) = 5x? + 30x (222), where 0 < x. Then c'(x) = 10x — 977° = 0 = the critical points are 0 and 15, but 0 is not 


x? x? 


in the domain. Thus, c"(15) > 0 => at x = 15 we have a minimum. The values of x = 15 ft and y = 5 ft will 
minimize the cost. 

The cost function с = 5(х? + 4xy) + 10xy, can be separated into two items: (1) the cost of the materials and labor to 
fabricate the tank, and (2) the cost for the excavation. Since the area of the sides and bottom of the tanks is (x? + 4xy), 
it can be deduced that the unit cost to fabricate the tanks is $5/ft?. Normally, excavation costs are per unit volume of 
excavated material. Consequently, the total excavation cost can be taken as 10xy — (10) (x?y). This suggests that ће 


$10/f£ 
х 


unit cost of excavation is where x is the length of a side of the square base of the tank in feet. For the least 


: 4 7 s 10/ft2 т 
expensive tank, the unit cost for the excavation is нэ = = 50.67 


$3375, which is the sum of $2625 for fabrication and $750 for the excavation. 


= zr The total cost of the least expensive tank is 
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11. 


12. 


13. 


14. 


15. 


16. 


The area of the printing is (y — 4)(x — 8) — 50. 
50 
х-8 
A(x) = x (2% + 4) , where 8 < x. Then 

x— 8) – 
Ах) = (5% Еј 4) Х (s 5-1 = х x — = 0 


=> the critical points are -2 and 18, but —2 is not in the 


Consequently, y — ( ) 4-4. The area of the paper is 


domain. Thus A"(18) > 0 => at x = 18 we have a minimum 


Therefore the dimensions 18 by 9 inches minimize the 
amount minimize the amount of paper. 


The volume of the cone is V — i nr? h, where г = x = \/9 — y? and h = y + 3 (from the figure in the text). Thus, 
М(у) = $(9 – y) (y + 3) = § (27 + ду – 3y? – y?) = V'(y) = $ (9 — бу — Зу?) = п(1 — y)G + y). The critical 
points are —3 and 1, but —3 is not in the domain. Thus V"(1) = 3 (—6 — 6(1)) < 0 = at y = 1 we have a maximum 


volume of V(1) — 3 (8X4) = ae cubic units. 


The area of the triangle is А(0) = ab sing , where0 < 0 Ст. 3 
Solving А(0) = 0 — #2586 =0 > 0 = F, Since A"(0) P dim 


= – shan => А" (4) < 0, there is a maximum at 0 = 


п 
2 27 


А volume У = лг = 1000 ћ 1000 . The amount of 

material is the surface area given by the sides and bottom of h 
the can => $ = 2zrh + лг? = 200 + rr’, 0 < г. Then 

48 == 2090 +27 = 0 = zr — 1000 — 0. The critical points 

are 0 and Ta , but 0 is not in the domain. Since 


2 . . 
45 - 300 0 4.27 > 0, we have а minimum surface area when 
r= Wr cm and h = 1090 = re cm. Comparing this result to 


the result found in Example 2, if we include both ends of the 
can, then we have a minimum surface area when the can is 
shorter-specifically, when the height of the can is the same as 
its diameter. 

1 


With a volume of 1000 cm and У = zr?h, then h = 1000 . The amount of aluminum used per can is 


А = 812 + 2лтћ = 812 + 2000, Then A'(r) = 16r — 2999 = 0 => #10 — () = the critical points are 0 and 5, 


but r = 0 results іп no can. Since A” (r) = 16 + 1000 > 0 we have a minimum atr = 5 = h = 5 and h:r = 8:7. 


п 


15-2 x? — 25x? + 75x. 


(b) We require x > 0, 2x < 10, and 2x < 15. Combining these requirements, the domain is the interval (0, 5). 


(a) The base measures 10 — 2x in. by x 02x) 15 72x) =2 


in., so the volume formula is У(х) = 


>< 


(1.9618739, 66.019118) 
60 |- 


40r 


20r 
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(с) 
(4) 


ү” (х) 


V'(x) = 6x? — 50x + 75. The critical point occurs when V'(x) = 0, at x = ———— = 


Section 4.5 Applied Optimization 219 


The maximum volume is approximately 66.02 in.? when x ~ 1.96 in. 


50 + 4/ (—50)? — 4(6)(75) 


+5/7 


2 г t that is, x ~ 1.96 or x ~ 6.37. We discard the larger value because it is not in the domain. Since 


сл 


= 12x — 50, which is negative when x z 1.06, the critical point corresponds to the maximum volume. The 


Y 25— 3 à ` 
maximum volume occurs when x = = А 1.96, which comfimrs the result in (с). 


17. (a) 


The "sides" of the suitcase will measure 24 — 2x in. by 18 — 2x in. and will be 2x in. apart, so the volume formula is 


V(x) = 2x(24 — 2x)(18 — 2x) = 8x? — 168x? + 862x. 


(b 


wm 


1400 
1200 
1000 
800 
600 
400 
200 


(c) 
(d) 


We require x > 0, 2x < 18, and 2x < 12. Combining these requirements, the domain is the interval (0, 9). 


Maximum 
X = 3.3944487 Y = 1309.9547 


ЕЕ БР Gl Без пе и пи пи 


1 1 1 1 
2 4 6 8 


Тһе maximum volume is approximately 1309.95 in.? when x ~ 3.39 in. 


4+ —14 — Е 
V'(x) = 24x? — 336x + 864 = 24(x? — 14x + 36). The critical point is atx = “УСМ – 40080) _ ма ул 


2(1) 2 


= 7+ y 13, that is, x ~ 3.39 or x ~ 10.61. We discard the larger value because it is not in the domain. Since 


V" (х) = 24(2x — 14) which is negative when х = 3.39, the critical point corresponds to the maximum volume. The 


maximum value occurs at x = 7 — 4/13 ~ 3.39, which confirms the results in (c). 


(e) 


8x? — 168x? + 862x = 1120 => 8(x? — 21x? + 108x — 140) = 0 = 8(х — 2)(x — 5)(x — 14) = 0. Since 14 is not in 


the fomain, the possible values of аге x = 2 in. or x = 5 in. 


(f) 


The dimensions of the resulting box are 2x in., (24 — 2x) in., and (18 — 2x). Each of these measurements must be 


positive, so that gives the domain of (0, 9). 


18. 


If the upper right vertex of the rectangle is located at (x, 4 cos 0.5 x) for 0 < x < 7, then the rectangle has width 2x and 


height 4 cos 0.5х, so the area is A(x) = 8x cos 0.5x. Solving A'(x) = 0 graphically for 0 < x < т, we find that 
x & 2.214. Evaluating 2x and 4 cos 0.5х for x ~ 2.214, the dimensions of the rectangle are approximately 4.43 (width) by 
1.79 (height), and the maximum area is approximately 7.923. 


19. 


Let the radius of the cylinder be r cm, 0 « r « 10. Then the height is 24/ 100 — 1? and the volume is 


V(t) = 217/100 — 12 сш. Then, У'(г) = 2m? (=) (—2r) + (27100 = =) (21) 


__ —2nP? + Anr(100 — г) 


__ 2nr(200 — 312) 


. The critical point for 0 < г < 10 occurs at r = \/ 220 = 104/2. Since V'(r) > 0 for 


100 – r? 100 – 12 


0<г< 10/2 and V'(r) « 0 for 10/2 « r « 10, the critical point corresponds to the maximum volume. The 


dimensions are r — 10/2 ~ 8.16 cm and h = 29 


ТЕ 


= 11.55 cm, and the volume is 20007 ~ 2418.40 cm?. 
33 


Copyright О 2010 Pearson Education, Inc. Publishing as Addison-Wesley. 


www. гетепд. 15 


220 


20. (а) 


Chapter 4 Applications of Derivatives 


From the diagram we have 4х + # = 108 and У = x?£. 


The volume of the box is V(x) = x?(108 — 4x), where ! 
0 € x « 27. Then x 

V'(x) = 216x — 12x? = 12x(18 — x) = 0 

= the critical points are 0 and 18, but x = 0 results in 

по box. Since V"(x) = 216 — 24x < дах = 18 we 

have a maximum. The dimensions of the box are 

18 x 18 x 36 in. 


In terms of length, V(£) = x?t = (8) 2. The graph 


indicates that the maximum volume occurs near ¢ = 36, 


(b 


wm 


10000 
8000 
6000 
4000 
2000 | 


which is consistent with the result of part (a). 


20 40 60 80 100 


21. (a) From the diagram we have 3h 4- 2w — 108 and 
У = ту = V(h) = i? (54 - 3h) = 54h? — 8 hè. 
Then V'(h) = 108h — 3h? = 3 (24 — В) = 0 
=> h=0Oorh = 24, but h = 0 results in по box. Since 
V"(h) = 108 — 9h < O at h = 24, we have a maximum 
volume at h — 24 and w — 54 — 2h — 18. 3 


(5) 


v (24, 10368) 
Abs max 


0 = 54? - inj) 


Joy ү 1 1 1 iW >, 
5 10 15 20 25 30 35 


22. From the diagram the perimeter is P = 2r + 2h + zr, 
where r is the radius of the semicircle and h is the 
height of the rectangle. The amount of light transmitted 
proportional to 
А = 2rh + i п? = ҚР — 2r — т) + ілі? 

= IP — 212 — nr’. Then 4 = P - 4r- Злт= 0 


2P 2h P 4P 24P (4-7) 


Т 


8437 8-37 8-37 8-37” 
Therefore, x — ТЕ gives the proportions that admit the 
: : ФА _ 3 
most light since <> = —4— 57 < 0. 
23. The fixed volume is У = ле? В + 2 т? > h= > = i , Where h is the height of the cylinder and r is the radius 


of the hemisphere. To minimize the cost we must minimize surface area of the cylinder added to twice the 


surface area of the hemisphere. Thus, we minimize C = 2zrh + 4nr? = 2ar (35 — a) +4rr = AN + 5 тї?. 
dC _ _2У | 16 8 3 зу 1/3 ; _ У _ 2 
Then d = a ИШ! 0 У 3 ПГ r (ЗУ) . From the volume equation, В = E 5 
4У1/3 2-31/3.V1/3 __ 


3/3.2.4./3- 2.31/З.у1З _ үзүү1/3 о. ФС _ ау | 16 
32775 3341/5 = (32) 7. Since $$ = $ + Фл > 0, these 


dimensions до minimize the cost. 


— qi3:33/ 


Copyright О 2010 Pearson Education, Inc. Publishing as Addison-Wesley. 


www. гетепд. 15 


24. 


25. 


26. 


27. 


28. 


Section 4.5 Applied Optimization 


The volume of the trough is maximized when the area of the cross section is maximized. From the diagram 
the area of the cross section is А(0) = cos 0 + sin 0 cos 0, 0 < 0 < 5. Then A'(0) = —sin 0 + cos? 0 — sin? 0 

— (2 sin?0 + sin 0 — 1) = —(2 sin 0 — D)(sin 0 + 1) so A(0) = 0 = sind = i ог sin 0 = —1 = 0 = = because 
sin 0 5 —1 when0 < 0 < 5. Also, A'(0) > Ofor0 < 0 < § and A'(0) < 0 for c < 0 < 5. Therefore, ы =: == 


there is а maximum. 


(a) From the diagram we have: АР = x, ВА = VL — х2, 
РВ = 8.5 — x, CH = DR = 11 — ВА = 11 — у x?, 4 gH 
ОВ = x? — (8.5 – x», НО = 11 — CH – QB 
= += Е Lae + х2-(85- ху! 
= V/L-x? – уха — (8.5 - x, RQ = RH + HQ 2 
— 2 б 
= (8.5)? + (v х2 4/2 (85 x») E ^ i 
Р 2 
follows that ЕР? = РО: + КО? > 12 = + ( І2-х2-,/х2- (к 859) + (8.5)2 
= L? =x? +L? — x? – 24/12 — x? \/17x — (8.5? + 17x — (8.5? + (8.5? 


= 17252 = 4 (13 — x’) (17x - (8.5)?) > 12 = ж? + те 2 т 5 — Ux sy = nD 


— 48 — w 
oe 85" 


If f(x) — is minimized, then L? is minimized. Now f'(x) — AU = f'(x) < 0 when x < X 


(b 


хи 


217 
and f' “ > Т when x > x . Thus L? is minimized when x — x. 


(c) When x = 51, then L © 11.0 in. 


PHN шо C9 


(a) From the figure in the text we have P = 2х + 2у > у = Ё — x. ПР = 36, then y = 18 — x. When the 
cylinder is formed, x = 27r => r= з andh — y => В = 18 — x. The volume of the cylinder is V = ah 
=> V(x) = ЗЕ Solving V'(x) = с = 0 => х = бог 12; but when x = 0, there is no cylinder. 
Тһеп У”(х) = = (3 - 5) => V"(12) < 0 = Шеге is a maximum at x = 12. The values of x = 12 cm and 

y = 6 ст give the largest volume. 

In this case V(x) = 7x?(18 — x). Solving V'(x) = Злха2 — x) = 0 => х = 0 ог 12; but x = 0 would result in 
no cylinder. Then V"(x) = 61(6 — x) = V"(12) < 0 = there is a maximum at x = 12. The values of 

x = 12 cm and y = б cm give the largest volume. 


(b 


wm 


Note that h? + г? = З and sor = y 3 — h?. Then the volume is given by У = £r^h = £(3 — h?)h = тһ — Zh? for 
0«1« V3, and so у = T — Tr? = п(1 — 12). The critical point (for В > 0) occurs ath = 1. Since ЧУ У > 0 Тог 


0 « h < 1, and у <Oforl<h< V3, the critical point corresponds to the maximum volume. The cone of greatest 


5 5 27. 3 
volume has radius V2 m, height 1m, and volume ^am. 


Letd — y - 0 + (у – 0): = x? + y? and ž + = 1 = у = – 2х + b. Ме can minimize d by minimizing 
р = (t + уг)? = х? + uel => D! =2х+2(-Вх + b)(-b) = 2x + х кыш 


2 2, 
= 2(x - € эх — =) = =0>x= fe is the critical point > y = -325) +b= za. 
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29. 


30. 


31. 


32. 


33. 


34. 


35. 


= 2b? ab? = 
р”=2+Ж +p" (2 ) 


2b? 
+b? a? 


ақа „2 р . 
(255. 2-3 is the point on the 


line * + 2 = 1 that is closest to the origin. 


a 2-1 g'(x) 0 х =] 0--х2-1-0->х- + 1. Since x > 0, 


х 


1 5 
we only consider x = 1. S"(x) = 2 = S"(1) = = > 0 = local minimum when x = 1 


Let S(x) = 1 + 4x?, MG ) = -4 +8x = 8071 $/(х) =0 > 1 =05 83 —-1=05х=1. 
$"(х) = 5 +8 = 5"(1) = то? + 8 > 0 => local minimum when x = 1. 
The length of the wire b = perimeter of the triangle + circumference of the circle. Let x = length of a side of the 


b—3x 


2 Тһе area of 


equilateral triangle => P = Зх, and let r = radius of the circle => С = 22r. Thus b = Зх + 27 r => г = 


the circle is 7 r? and the area of an equilateral triangle whose sides are x is 3(х) ( Wx) = аа х2. Thus, the total area is 


ae УЗ? + пр 2 = УЗ x? + т (5555) = үз 2+ - > А = v3x = (b зх) = УЗх m bx 


=0= Ух - 2b + 2х = =0=>х = пе . А” = ха + i > 0 => local minimum at the critical point. 


Р= ын 3b js 23 = m is the length of the trianglular segment and С = 2 т (5 3x) = —b-—3x 


= 9 _ _ уЗлђ 
МЗт+9 М3т+9 


m is the length of the circular segment. 


The length of the wire b = perimeter of the square + circunference of the circle. Let x = length of a side of the square 
= P = 4х, and let г = radius of the circle => С = 2zr. Thus b = 4х + 27 rt => r= A Тһе area of the circle is 


тт? and the area of a square whose sides аге x is х2. Thus, the total area is given by A = x? + тг? 


пи Етін x (b А = 2x— A(b—4x) 22x — 2 8х, A! 09 2x 20 + х =0 


=> х = iL A" —2 +8 > de => local minimum at the critical point. P = 445) = itc m is the length of the square 
segment and C — 2 "(55 x a) —b—-4x-b- е = = Pk m is the length of the circular segment. 


Let (x, у) = (x, ах) be the coordinates of the corner that intersects the line. Then base = 3 — x and height = у = 3х, thus 
the area of therectangle is given by A — (3 — х) (1 x) =4х— $x? ,0<х<3.А/-4- 8х, А -0->х 3. А” -4 
= А" (3 ) < 0 = local maximum at the critical point. The base = 3 — 5 = =$ and the height = +(3) = 2: 


Let (x, y) = (x. у9- x?) be the coordinates of the corner that intersects the semicircle. Then base — 2x and height — y 


= y 9 — х2, thus the area of the inscribed rectangle is given by A = (2x) у 9 — x2, 0 € x < 3. Then 
ба HE -х _ 2(9-x)-2X 18-42 Ar. EPI зу? ШЕ 

А -2/9-х + (2x) Fs Faz a ,А/-0->18-4х“-0->х- + ‚ only x = lies in 

0 < x < 3. A is continuous on the closed interval 0 € x < 3 = A has an absolute maxima and absolute minima. 


A(0) = 0, A(3) = 0, and A(33) = (s у2) (52) = = 9 = absolute maxima. Вазе of rectangle is 272 and height 


(a) f(x) = x? +* = f'(x) = x^? (2x? — a), so that f'(x) = 0 when x = 2 implies a = 16 
(b) f(x) = х + * = f"(x) = 2x (x? +a), so that f"(x) = 0 when x = 1 implies a = —1 
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36. 


37. 


38. 


39. 


40. 


Section 4.5 Applied Optimization 223 


If f(x) = x? + ax? + bx, then f'(x) = 3x? + 2ax + b and f"(x) = 6x + 2a. 

(а) A local maximum at x = —1 and local minimum at x = 3 = f'(—1) = 0 and f'(3) = 0 = 3 – 2а + b = 0 and 
27+6a+b=0 = а= —3andb = —9. 

(b) А local minimum at x = 4 and a point of inflection at x = 1 = f'(4) = 0 and f"(1) = 0 = 48 + 8а +ђ = 0 
апа 6 + 2а= 0 => а= —3and b = —24. 


(a) s(t) = —16t? + 96t + 112 = v(t) = 


s'(t) = —32t + 96. At = 0, the velocity is v(0) = 96 ft/sec. 
(b) The maximum height ocurs when v(t) = 


0, when t = 3. The maximum height is s(3) = 256 and it occurs at t = 3 
sec. 

(c) Note that s(t) = —16t? + 96t + 112 = —16(t + 1)(t — 7), sos = 0 att = —1 ort = 7. Choosing the positive value 
of t, the velocity when s = 0 is v(7) = —128 ft/sec. 


I— —— 6 ті — — — 
Ex 2— 6 - x ——3 Village 


ШЕ 
Ї Муд + х2 miles 
њ 
Let x be the distance from the point on the shoreline nearest Jane's boat to the point where she lands her boat. Then she 


needs to row 4/4 + x? mi at 2 mph and walk 6 — x mi at 5 mph. The total amount of time to reach the village is 
f(x) = У + 6-5 hours (0 < x < 6). Then f'(x) = 


"pm ETT (2x) i = ИЕ 2. Solving f'(x) = 0, we 


have: SUE = + > 5х = 2\/4 + xX? > 25х? =4(4-- x”) > 21х2 = 16 > x= + Ta 


value of x because it is not in the domain. Checking the endpoints and critical point, we have f(0) = 2.2, 


We discard the negative 


(4) = 2.12, and f(6) ~ 3.16. Jane should land her boat Ju = 0.87 miles down the shoreline from the point 


nearest her boat. 


2 
м h? + (x + 27) 


= = У 8-28) + (х+ 27)? when x > 0. Note that L(x) is L 
minimized when f(x) — (8 4- 216)? + (x + 27): is 


minimized. If f'(x) = 0, then p di 
2(8 + 28) (22) + 2(x +27) = 0 


х 27 
= (х+27) (1 — +48) = 0 = x = –27 (not acceptable 


since distance is never negative or x = 12. ThenL(12) = \/2197 ~ 46.87 ft. 


(а) 81 => > sint = sin (t + ©) > sint = sin t cos + + sin 3 cost > sint = 5 1 sint+ V3 cost => tant = Уз 


An 


= t= тог Ta 


(b 


хи 


The distance between the particles is s(t) = |51 — $2| = |sin t — sin (t + т) 
(sin t— МЗ cos t) (cos t+ 3 sin 9 
2 ШЕГЕСІ 

then s(0) = 3,8 (5) = 0, s (57) = 1, s (£) = 0,5 (15) = 1, s27) = Y? => те i 
=> „(ај = 0,8 (к) = 1$) 90, ES greatest distance between the 


particles is 1. 


- 


=> [sin t- УЗ cos | 


эл ап, Ш Эл, 


/ хэт 
= s(t) = 236 


since 4 х |х| = a (= critical times and endpoints are 0, 5, 


(sin - V3 cos 9 (сов t+ УЗ sin 9 
2 Е УЗ cos t| 


between the particles is changing the fastest near these points. 


(c) Since s'(t) = 


we can conclude that at t — з апа =. s'(t) has cusps and the distance 
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41. 


42. 


43. 


44. 


45. 


[= EA let x — distance the point is from the stronger light source — 6 — x — distance the point is from the other light 


source. The intensity of illumination at the point from the stronger light is I; — к, and intensity of illumination at the 
point from the weaker light is I; = е Since the intensity of the first light is eight times the intensity of the second 
light => kı = 8ko. = I; = 52. The total intensity is given by I = I; +h = $ + m Bao = —1$2 + | 
-16(6-х) ko + 2х3 —16(6 — xk; + 2х3 3 48k 6k 

= Sa and I’ = 0 s SCR = 0 = —16(6 — x) + 2х3 =0 x = 4m. 1" = Se + а 
= 1'(4) = е + 2. > 0 => local minimum. Тһе point should be 4 m from the stronger light source. 
R = Üsin2a => JR = Ticos 2a and ЧЕ -0- 2 с052а = 0 => а 25 aR — sin 2a => € *% sin 2(®) 

g a g a g a g a [az g 
= -% < 0 = local maximum. Thus, the firing angle of a = 1 = 45° will maximize the range К. 
(a) From the diagram we have d? = 4r? — w?. The strength of the beam is S = kwd? = kw (4? — w?). When 


г = 6, then 5 = 144kw — kw?. Also, S'(w) = 144k — 3kw? = 3k (48 — w?) so S'(w) 20 = w= +4473; 
5" (4 v3) < 0 and -4ү3 is not acceptable. Therefore S (4 v3) is the maximum strength. The dimensions 


of the strongest beam are 43 Бу 46 inches. 


(b) (c) 
60 600 
50 500 
400 400 
300 300 
200 200 в = d^ N144 - d? 
10 100 


12" 


4 6 8 10 2 4 6 8 10 12 


Both graphs indicate the same maximum value and are consistent with each other. Changing К does not 
change the dimensions that give the strongest beam (i.e., do not change the values of w and d that produce 
the strongest beam). 


(a) From the situation we һауе w? = 144 — 42. The stiffness of the beam is S = kwd? = kd? (144 — d2)?, 


where 0 < d < 12. Also, S'(d) = 09-4) > critical points at 0, 12, and 6/3. Both d = 0 and 


V144- d? 
d = 12 cause S = 0. The maximum occurs at d = 6/3. The dimensions are 6 by 6/3 inches. 
(b) (с) 
6000 
5000 
4000 


в = V144- d? 


6 8 10 12 


Both graphs indicate the same maximum value and аге consistent with each other. The changing of k has 


no effect. 
(а) 8 = 10 соѕ (лї) => у = —10r sin (mt) => speed = |10т sin (л0)| = 107 [sin (t| = the maximum speed is 
10т ~ 31.42 cm/sec since the maximum value of |sin (7t)| is 1; the cart is moving the fastest at = 0.5 sec, 1.5 sec, 


A 


2.5 sec and 3.5 sec when |віп (7t)| is 1. At these times the distance is $ = 10 cos (5 


а = —107? cos (7t) = |а| = 107? |со8(70| = |а| = 0 cm/sec? 
(b) |а| = 107? |сов(т4)) is greatest at = 0.0 sec, 1.0 sec, 2.0 sec, 3.0 sec and 4.0 sec, and at these times the 


) — 0 cm and 


magnitude of the cart's position is |$| = 10 cm from the rest position and the speed is 0 cm/sec. 
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46. (а) 2sint = sin 2t > 2 sin t — 2 sin t cos t = 0 > (2 sin t)(1 — cost) = 0 => t = Кл where К is a positive integer 
(b) The vertical distance between the masses is s(t) = |81 — 521 = ((si — 82) ) цаг” ((sin 2t — 2 sin 02)? 


= s(t) = (1) (sin 2t — 2 sin 9?) 2 (2)(віп 2t — 2 5100 cos 2t — 2 cos t) = 2952 imm 
pi РОНЕ аа сып DMcost-D L critical times at 0, 2 A. т, т, = , 2т; Шеп s(0) = 

s (27) = |sin (£) — 2 sin (27) | = 32 (л) = 0, s (45) = [sin (37) — 2 sin pA = 358, (2m) = 0 

=> the greatest distance is ыг att = = and 5 ёл 


47. (а) в = /А2 — 120? + (80? = ((12 — 120? + 642)? 


8 1/2 Е s 
(b) $-1(02-120?-642) Pals: — 120)(—12) + 128] = JI E 617 $| _, = —12 knots and 
" „ы = 8 knots 
(c) The graph indicates that the ships did not see (d) The graph supports the conclusions in parts (b) 
each other because s(t) > 5 for all values of t. and (c). 
s 
s „Ма 2-120? + 642 
пој ^ 95 = 2081 144 
E t -=-= e Vazia? + 642 
9. 
(5-4) 
ds : (208: — 144»? : (208-18) Е шү 
(e) hm. wc Um. тат = (лт, ма (пуан М таға = V208 = 413 


which equals the square root of the sums of the squares of the individual speeds. 


48. The distance OT + TB is minimized when OB is 
a straight line. Hence Za = 20 = 0, = 0). 


49. If v = Ках — kx?, then у’ = ka — 2kx and v” = —2k, sov =0 = x= 5. At x = 5 there is a maximum since 
v" (2) = -2К < 0. The maximum value of v is А 


50. (a) According to the graph, у (0) = 0. 
(b) According to the graph, y'(—L) = 0. 
(c) y(0) = 0, so d = 0. Now у (х) = 3ax? + 2bx + с, so у (0) = 0 implies that c = 0. There fore, y(x) = ax? + bx? and 
у'(х) = Зах? + 2bx. Then y(—L) = —aL? + bL? = Н and y'(—L) = 3aL? — 2bL = 0, so we have two linear 
equations in two шигээ a and b. The second equation gives b = за, Substituting into the first equation, we һауе 


—aL? + Заг = Н, or “> = Н, so a = 25 H Therefore, b = ЗІ Н and the equation for у is 


en ee uio не +3(f)’]. 
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51. 


52. 


53. 


54. 


55. 


56. 


57. 


58. 


59. 


The profit is р = nx — nc = n(x — с) = [a(x — c) ! + b(100 — x)] (x — с) = а + 50000 — x)(x — с) 
= а + (bc + 100b)x — 100bc — bx?. Then p'(x) = be + 100b — 2bx and р'(х) = —2b. Solving p'(x) = 0 > x = 5 + 50. 
At x = 5 + 50 there is a maximum profit since р”(х) = —2b < 0 for all x. 


Let x represent the number of people over 50. The profit is p(x) = (50 + x)(200 — 2x) — 32(50 + x) — 6000 
= —2x? + 68x + 2400. Then p'(x) = —4x + 68 and p" = —4. Solving p'(x) = 0 > x = 17. Atx = 17 there is a 
maximum since p”(17) < 0. It would take 67 people to maximize the profit. 


(a) A(q) = Кта“! + ст + à 4, where а > 0 = A'(q) = —Кта-? +3 = кт and A"(q) = 2kmq~*. The 


critical points are — 4 / 2km ‚ О, and 4/ 2km , but only 4/ 2km is in the domain. Then A” ( / 24m ) > 0 > at 


9 = 4/ =" т there is a minimum average weekly cost. 


(b) А(д) = ‘on + ст + B 2 а = kmq ! + bm + ст +i 24, where q > 0 Ад) = Oatq = 1/ 2km as in (a). 


2km 


Also A” (q) = 2kmq 3 > 0 so the most economical quantity to order is still q = ni which minimizes the 


average weekly cost. 


сю) 


We start with с(х) = Ше cost of producing x items, х > 0, and — the average cost of producing x items, assumed to 


be differentiable. If the average cost can be minimized, it will be at a production level at which ES (4%) =0 


> хеб) е) — = 0 (by the quotient rule) = x c'(x) — с(х) = 0 (multiply both sides by x?) => c'(x) — e where c'(x) is 
the marginal cost. This concludes the proof. (Note: The theorem does not assure a production level that will give a 
minimum cost, but rather, it indicates where to look to see if there is one. Find the production levels where the average cost 


equals the marginal cost, then check to see if any of them give a mimimum.) 


The profit p(x) = r(x) — c(x) = бх — (x? — 6x? + 15x) = —x? + 6x? — 9x, where x > 0. Then p'(x) = —3x? + 12x — 9 
= —3(x — 3)(x — 1) and p'(x) = —6x + 12. The critical points аге 1 and 3. Thus р"(1) = 6 > 0 = atx = I there isa 
local minimum, and р”(3) = —6 < 0 = at x = 3 there is a local maximum. But p(3) = 0 = the best you can do is 


break even. 


The average cost of producing x items is c(x) — сю) = x? — 20x + 20,000 = с(х) = 2х — 20 = 0 = x = 10, the 


only critical value. The average cost is c(10) = $19, 900 per нет is a minimum cost because c"(10) = 2 > 0. 


Let x = the length of a side of the square base of the box and h = the height of the box. V = x?h = 48 => ћ 3. The 
total cost is given by C = 6: х + 4(4- xh) = 6x? + 16х (28) = 6x? + 78, x > 0 > C' = 12x – 2% = шин 

С'=0 = 10768 —0 > 12? — 768 = 0 > x = 4; С" = 12 + 136 > С'(4) = 1536 
x=4=>h= $ = 3 and C(4) = 6(4)? + 768 = 288 => the box is 4 ft x 4 ft x 3 ft, with a minimum cost of $288 


Let x = the number of $10 increases in the charge per room, then price per room = 50 + 10x, and the number of rooms 
filled each night = 800 — 40x => the total revenue is R(x) = (50 + 10x)(800 — 40x) = —400x? + 6000x + 40000, 

0 € x € 20 = R'(x) = —800x + 6000; R'(x) = 0 => —800x + 6000 = 0 > x = 5; В”(х) = – 800 

= R"(4) = —800 « 0 = local maximum. The price per room is 50 + 10(5) = $125. 


We һауе $ = СМ – М. Solving JR -C-2M = 0 > М = С. Also, = 2<0=>atM= С there is a 


maximum. 
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60. (a) If v = cror? — cr’, then у = 2cror — 3cr? = cr (2т) — 3r) and v" = 2сго — бег = 2c (ro — 3r). The solution of 
v = Озг=0ог ?^ , but 0 is not in the domain. Also, v' > О forr < d and v’ < 0 гг > n = atr = n 
there is a maximum. 


(b) The graph confirms the findings in (a). 


0.3 0.2 0.3 0. 0. 


61. Ifx > 0, then (x – 12 > 0 = x? + 1 >2х = EH 2 2. In particular if a, b, c and d are positive integers, 
then Є 3 Є ) (= 1) Є 1) > 16. 
2 х — +? (ај — a+- — a 
62. (a) f(x) таи f'(x) ) — je m CET = ауар > 0 


=> f(x) is an increasing function of x 


2 21/2 | 2 (2 _ yy2)71/2 
(b) g(x) = оо T ё (х) _ —(b?+(d—x)’) = E = +(а—х)) 
ах +(84–х) _ —b? : : : 
= (ay? = Bia wy” <0 = g(x) is a decreasing function of x 


(с) Since сі, сә > 0, the derivative a is an increasing function of x (from part (a)) minus a decreasing 


function of x (from part (b)): a = 2 f(x) - 2 gx) = a = = f'(x) 2 g (x) > 0 since Ғ(х) > 0 and 


g(x)«0-2 и is an increasing function of x. 


63. Atx — c, the tangents to the curves are parallel. Justification: The vertical distance between the curves is 
D(x) = f(x) — g(x), so D'(x) = f'(x) — g'(x). The maximum value of D will occur at a point c where О’ = 0. At 
such a point, f'(c) — g/(c) = 0, or f'(c) = g'(c). 


64. (a) f(x) = 3 + 4 cos x + cos 2x is a periodic function with period 27 
(b) No, f(x) = 3 + 4 cos x + cos 2х = 3 + 4 cos + (2 cos? x — 1) = 2(1 + 2 cos x + cos? x) = 2(1 + cos x? > 0 
= f(x) is never negative. 


65. (a) Шу = cot x — 1/2 csc x where 0 < x < m, then у = (csc x) (V2 cot x — ese x). Solving у’ = 0 = cos x = vs 


= x = 1, For0 <x < $ we have y' > 0, and y' < 0 when 1 < x < т. Therefore, at x = 7 there is a maximum 
value of y = —1. 


(b) 


у = cotx - V2 cscx 


-4 
-6 


-8 


The graph confirms the findings in (а). 
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66. (а) 


(5) 


67. (а) 


(5) 


68. (а) 


Chapter 4 Applications of Derivatives 


If y = tan x + 3 cot x where 0 < x < т then y' = sec? x — 3 csc? x. Solving y' = 0 tan x = + уз 


Е зн but 3 is not in the domain. Also, y” = 2 sec? x tan x + 6 csc? x cot x > 0 for all 0 < x < = : 


х= dd 


Therefore at x = 5 there is а minimum value of y = 24. 3. 


y=tanx+3cotx 


x 


0.25 0.5 075 1 1.25 15 


The graph confirms the findings in (a). 


The square of the distance is D(x) = (x — 3)? + (4/х + 0) = х? — 2x + 1, so D'(x) = 2х — 2 and the critical 
point occurs at x = 1. Since D'(x) « 0 for x « 1 and D'(x) > 0 for x > 1, the critical point corresponds to the 
minimum distance. The minimum distance is 4/ (1) = ын 


> ро) D(x) =2-2х+ 3 


2.5 


Ds] 


The minimum distance is from the point (2, 0) to the point (1, 1) on the graph of y = \/х, and this occurs at the 
P 2 P grap y 


value x = 1 where D(x), the distance squared, has its minimum value. 


Calculus Method: 
The square of the distance from the point (1. v3) to (x, v 16 – x? is given by 
2 
D(x) = (x – 1? + (vie -x - уз) =x? -2x +1 +16 — x? — 24/48 — 3x3 + 3 = — 2x + 20 — 24/48 — 3x2. 
Hy) — 1. 2 = бх : НЭХ — . 6x = 94/48 — 3x2 
Then D'(x) = —2—5 Te- il бх) = – 2 + Ls Solving D'(x) = 0 we have: 6x = 24/48 — 3x 


=> 36x? = 4(48 — 3x?) => 9x? = 48 — 3x? => 12x? = 48 > x = +2. We discard x = —2 as an extraneous solution, 
leaving x = 2. Since D'(x) < 0 for —4 < x < 2 and D'(x) > 0 for 2 < x < 4, the critical point corresponds to the 


minimum distance. The minimum distance is y (2) = 2. 
Geometry Method: 


The semicircle is centered at the origin and has radius 4. The distance from the origin to e v3) is 


2 
12 + (v3) — 2. The shortest distance from the point to the semicircle is the distance along the radius 


containing the point (1. v3) . That distance is 4 — 2 = 2. 
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(b) 


The minimum distance is from the point (4 v3) to the point (2, 2/3) оп the graph of y = у 16 — x?, and this 


occurs at the value x = 2 where D(x), the distance squared, has its minimum value. 


4.6 NEWTON'S METHOD 


2 
_ y2 1 ж+ж -1. 141-1. 2 
1 у=х +х—1 > у =2x+1 Хан = Xn x +1 :х=1 х =1- эт = $ 
4 2 
222 9+3-1 _ 2 446-9 _ 2 КОШЕДЕ 2200 257. 2155 — 6. 
=> X2= 3 түү 7 Х2— 3 — 1939 —3 эт = 1 ~ 61905; xo = -1 м ер =—2 
E 4-03-50- 02 x 
= Хо--2 “үүү = – 3 ~ — 1.66667 
3 
— “3 | дұ? 22 х, 3Х, 41 , 1 1 
2 у=х -3x +1 > у = Зх +3 > хы = х — Эру 5 XO 0 х=0-3= — 3 
1 
с а -z5-ltl | 1 1 lL2x29 ду 
> Х=—-а m3 = з + 99 = — 90 = 032222 
3 -хЭрРх-3-у-42-1- хх — RES y =1 > х= 1- H23 = 6 
= y= у = n+l — An 4х3-1 > *0 — p= 441 5 
1296 6 
_ 6 0505-3 _ 6 _ 1296+750—1875 _ 6 _ 171 _ 5763 „, 2. шээг? 
= х= Sul 5 43301625 = 5 4945 = 4945 © 1.16542; Хо = 1 => x = -l - Gq 
al E 16-2-3 _ Q1. 50,4 
=—2 = х = -2 “eat = —2 + з = — 31 € —1.64516 
2 
и 2 1 M 2% —х +1. _ 22 0-0-1 1 
4. у=2х—х +1 > у=2—2х > Xei =X% ge, ВЕ оке г оо 
ТЕ den de 55x "TEN _ >» _4–4+1 _ 5 225. 5-32-41 
=> Хо = 5 2+1 5+ 15 = 12 ~ 41667; xo = 2 > x, = 2 2-4 =5 > №=5 2-5 
_ 5 20-2544 5 1 29 4, 
=> Tp = — 15 = 12 ~ 241667 
4 625 
yi 0 3 х-2, 1-2 _ 5 — 5 _ 25872 _ 5 _ 625-512 
5. y=x*-2 у = 4х ХЕ aa 3X0 = 1 Хх=1- = =4 > х=] “hs == 5000 
— 5 113 _ 2500-113 _ 2387 „, 
774 2000: 200 2000 ^ 1.1935 
4 625 
: -2 2 625 2) 
6. From Exercise 5, хы =X, — “=~ ; x9 = -l > x = 1 12 — 1-1--5 = ху--2 256 (5 
4х3 4 4 4 ы 
_ _ 5 _ 625-52 | 5 13 „, 
770274 22000: = — 4 + 2000 ^ 1.1935 
7. Кхо) = O and f' Гол) gj for all n > 0. That is, all of 
. #00) = Оапа (хо) £ 0 Хы = - руу IVES X1 = Хо Хо = Xo X, = хо for all n > 0. а is, all о 


the approximations іп Newton's method will be the root of f(x) = 0. 


8. It does matter. If you start too far away from x — 5 , the calculated values may approach some other root. Starting with 


= as the root, not x = 7 


хо = —0.5, for instance, leads to x = — on 
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9. 


10. 


11. 


12. 


13. 


14. 


15. 


Chapter 4 Applications of Derivatives 


f f(h 
fx =h>0 > x =x- S =h- рр 


=h- ЕЗ =h- (vh) (2) = =; 


ifxo = -h < 0 => x = Xo Fon = PC | >x 
=-h- = -h (У) (2v) =h. 12 
ва) “82 


1/3 
n 
(5) xa 


= –2х,) Хо = 1 X, = —2, Хо = 4, хз = —8, and 


f(x) = х = Род = (3) х 7? => жа = Xa — 


x4 = 16 and so forth. Since |x,| = 2|x,_,| we may conclude 


thatn — oo = |x,| — ос. 


i) is equivalent to solving x? — 3x — 1 = 0. 
ii) is equivalent to solving x? — 3x — 1 — 0. 
iii) is equivalent to solving x? — 3x — 1 — 0. 
iv) is equivalent to solving x? — 3x — 1 — 0. 
АП four equations are equivalent. 


f(x) = х = 1— 0.5 ах > (х) = 1 – 0.5 созх > а =x, — 0590, if xy = 1.5, then x, = 1.49870 


tan (Xn) — 2Xn 
sec? (Xn) 


f(x) 2 tanx — 2х = f'(x) = sec? 


=> Хә = 1.155327774 = хіб = Ху = 1.165561185 


х-2-» X =X — ;х0 = 1 = xı = 1.2920445 


хі — 2x3 — x? — 2x +2, 
4x3 — 6x? — 2xn -2 ^" 


f(x) = x* — 2х3 — x? — 2x +2 = f'(x) 24x? — бх? — 2х 2 => хи = Xn 
if хб = 0.5, then x4 = 0.6301 15396; if хо = 2.5, then х = 2.57327196 


(a) The graph of f(x) = sin 3x — 0.99 + x? in the window y 
—2 < x < 2, —2 < y < 3 suggests three roots. 3| y = sin(3x) – 0.99 + x 
However, when you zoom in on the x-axis near x = 1.2, 


2 


you can see that the graph lies above the axis there. 
There are only two roots, one near x = —1, the other 
near x = 0.4. 

(b) f(x) = sin Зх — 0.99 + x? = f'(x) = 3 cos Зх + 2x 


sin (3xn) = 0.99--x2 
3 cos (3x4) + 2Xn 


are approximately 0.35003501505249 and 
—1.0261731615301 


=> хи = Х, and the solutions 
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< 


16. (a) Yes, three times as indicted by the graphs 
(b) f(x) = cos 3x- x = f'(x) 
= —3 sin 3x — 1 > Хи 


cos (3Xn)— Xn . 
п —3sin(3x,) - 1 " at 


approximately —0.979367, 
—0.887726, and 0.39004 we have 
cos 3x = x 


-0.84 


4 ду? 
17. f(x) = 2х4 — Ax? + 1 = f'(x) = 8x? — 8x x = A тан ; хо = —2, then x; = —1.30656296; if 


Хо = —0.5, then хз = —0.5411961; the roots are approximately + 0.5411961 and + 1.30656296 because f(x) is 
an even function. 


tan (ха) 
sec? (Xn) 


18. f(x) = tan x f'(x) = sec? x Хы = Xn Хо =3 ху = 3.13971 = x» = 3.14159 and we 


approximate 7 to be 3.14159. 


19. From the graph we let хо = 0.5 and f(x) = cos x — 2x 
cos (Xn) — 2Ха 


RIO => хі = 45063 


=> хә = 45018 = atx ғ 0.45 we have cos х = 2x. 


=> Хан = XQ — 


20. From the graph we let хо = —0.7 and f(x) = cos x + x 


Xn + cos (Xn) 
Хан = Xn 1— sin (ха) X] = —.73944 


=> Хә = —.73908 = at x ~ —0.74 we have cos x = —x. 


21. Тһе x-coordinate of the point of intersection of y = х?(х + 1) and y = + is the solution of х?(х + 1) = + 


=> х? + x? — 1 = 0 => The x-coordinate is the root of f(x) = x? + x? — 1 => f'(x) = 3x? + 2х + 4. Let xp = 1 


Засгийг 
ХР 


"мг => ху = 0.83333 > x = 0.81924 = хз = 0.81917 => x; = 0.81917 => г ~ 0.8192 


3х2 + 2x, + = 


=> Хин = Xn — 


22. The x-coordinate of the point of intersection of y = x and y — 3 — x? is the solution of ух -3-х2 
= Vx — 3 + x! = 0 = Тһе x-coordinate is the root of f(x) = \/x — 3 + x? > f'(x) = 57 + 2x. Let xp = 1 


VX = 3 +X? 
=> Хан = Xn — то ХІ 1.4 


Tra 


Хә = 1.35556 => хз = 1.35498 => ху = 1.35498 = r ғ 1.3550 
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23. If f(x) = x? + 2x — 4, then f(1) = —1 < 0 and f(2) = 8 > 0 = by the Intermediate Value Theorem the equation 


3 2 
x? + 2x — 4 = 0 has a solution between 1 and 2. Consequently, f'(x) — Зх? + 2 апіх —x,— A 
Then хо = 1 x; = 1.2 Хә = 1.17975 = хз = 1.179509 = x4 = 1.1795090 = the root is approximately 


1.17951. 


24. We wish to solve 8x* — 14x? — 9x? + 11x — 1 = 0. Let f(x) = 8x* — 14x? — 9x? + 11x — 1, then 


4 3 2 
/ 2 з 2-2 8x; — 14x; — 9х, + Их, — 1 
f'(x) = 32x? — 42x 18x + 11 Хан = Xn 333 — A3] — 18x, + 11 


Хо | approximation of corresponding root 
—1.0 —0.976823589 
0.1 0.100363332 
0.6 0.642746671 
2.0 1.983713587 


25. f(x) = 4х* — 4x2 = Р(х) = 16x3 — 8х = ха = x ШЕ 


З 
i 


“цайг ==. Iterations are performed using the 


: =x 
procedure in problem 13 in this section. 

(a) For xo = —2 or Xp = —0.8, х; — —1 as i gets large. 

(b) For xo = —0.5 or хо = 0.25, x; — 0 as i gets large. 


(с) For xo = 0.8 or Xo = 2, x; — 1 as 1 gets large. 


(d) (If your calculator has a CAS, put it in exact mode, otherwise approximate the radicals with a decimal value.) 
For хо = — ыг Or Xp = аа, Newton's method does not converge. The values of x; alternate between 
21 ОЛ +з 
хо = —У=— or Xp = = as i increases. 


26. (a) The distance can be represented by 
D(x) = үс — 2) + (x? + 1)? , where x > 0. The 
distance D(x) is minimized when 
f(x) = (х – 2)? + (x? + 1)” is minimized. If 
f(x) = (x — 2)? + (x? + 4)’, then 
f'(x) = 4 (x? + x — 1) and f"(x) = 4 (3x? + 1) > 0. 
Now (х) 20 = х"+х–1=0 = x(x +1) =1 


И 
> X = ви. 


(b Let g(x) = ут х = (61) -x 9 &(х) = – (2 1) О) -1= с 1 


— X 
| ; хо = 1 = x4 = 0.68233 to five decimal places. 


40 
27. Қх) = (x – D9 = f(x) = 40(х — 19 2 ха = х, 71 = ы! = Sat) , With хо = 2, ош computer 


gave Хат = Хад = Хз9 = +++ = Хә = 1.11051, coming within 0.11051 of the root x = 1. 


28. Since s = г0 > 3 = г0 => 0 3, Bisect the angle 0 to obtain a right tringle with hypotenuse г and opposite side 


3 

of length 1. Then sin 5 = E => sin © = E => біп (5) = 1 — sin x = 1 = 0. Thus the solution г is a root of 
э”” T NE. 3 шш. Е 8п(5:)-1 = 

f(r) = ѕіп(2) P —f (r) = – = 208 ( =) + (25 10 =1= Ip] = fn — – Поов (+ 1 => гр = 1.00280 


= m = 1.00282 = r3 = 1.00282 > г & 1.0028 => 0 = то = 2.9916 
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Section 4.7 Antiderivatives 


1. (a) x? фу = (с) -x +x 

2. (a) 3x? ых (с) $ — 3х2 + 8x 
3. (a) x3 (b – == (с) — =“ + х2 + Зх 
4. (а) —x? (6) -= += () £ + Е =x 

5. (а) d ( = (с) 2x + 5 

6. (а) 5 ыш © 5 + oe 
280272 (в) Ух (с) $ vx +24/х 
8. (а) хуз (b) 1х2/3 (с) $x!3 + 3х2/3 
9. (a) х2/3 (b) х1/3 (c) х 1 

10. (а) x!/? (b) x- 12 (c) x-32 

11. (a) cos(zx) (b) —3 cos x (c) 200805) + cos (3x) 
12. (а) sin (7x) (b) sin (=) (с) (2) sin (75) +7 sin x 
13. (a) tan x (b) 2tan (5) (c) — 2 tan (2х) 
14. (a) —cotx (b) cot (3) (c) x + 4 cot 2x) 
15. (a) —csc x (b) 1 csc (5x) (c) 2 csc (55) 

16. (а) зесх (b) $ sec (3x) (с) 2 вес (15) 

17. [œ+ Ddx2 £ -x4C 18. | (5 — бх) ах = 5x – 3x? + С 

19. f (38 - )à-8£4c 20. | ($46) a = $e tc 

21. | (2х3 – 5х +7) dx 1x* — 52 7x C 2. [ü0-xi - 35) à =х – 1 - 1x64 C 

23. Ге 1) dx = [ (202 1) ак 0 -—1x40=-1-8-240€ 

24. | (2 2 + 2х) ах = f (32x 42x) dx = 1 - ( ) +22 +C + 2 +С 
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25. fx dx = + С= 3х2 + С 


27. | (Vx € Sx) ах = f (x? x15) ах = 5 


31. Гк (1-х) ак = f (2x 2х2) dx = 28 -2 (57) +050 


ЈУРА а = fe 
Ја а= (5 


35. | —2 cos t dt = —2 sin t + C 


01/2 


37. | 7 віп 8 40 = —21 cos ? +С 


39. 1-3 csc? х dx = 3 cot x + С 


А fr (x+1)dx = | (x? + x3) dx 
+ ғ) dt — 1 (772 +6 3/2) dt = 


+ E) dt — f (403 + t-5/?) dt = 4 (5) 4 (=) +C=-3 


Chapter 4 Applications of Derivatives 


x A 


26. fx dx = 


Лове) cm seme) ac L() ea (52) eco pet ec 
2 


= 2 (20) сдуг – вуна с 
1 E 
= у= (| оС 
=a) -i 17 уу4 
-1-С 


0/2 


12 = 2 
Z (Er) +c=2vt-34¢ 


2 
= — sm +С 


36. | —5 sin t dt = 5 cos t +C 


38. f3 соз 50 40 = 3 sin 50 +C 


40. f зох ах — == + С 


41. | 589? ag = — 1 csc 0 +C 42. J 2 зес 0 tan 0 40 = 2 seco + С 

43. | (4 sec x tan х — 2 sec? х) dx = 4 sec x — 2 tan x + С 

44. || 4 (све? x — све x cot x) dx = — 1 cot x + 1 csc x + С 

45. f (sin 2x — csc? x) dx = — 1 cos 2х + cot x + С 46. (ГС cos 2x — 3 sin Зх) dx = sin 2x + cos 3x + С 
47. | Hest at= | (54 1 сова) dt = 111 (94) C t еј) С 

48. | =t at= | (4 — 1 соб) а = It- 2 (556) –-"С= 1 – мчс 


49. Га + tan? 0) 40 = | sec? 0 40 = tan 0 + C 


50. f (2 + (ап? 0) 40 = | (1 + 1 + ап? 9) 40 = | (1 + зес? 0) 40 = 0 + tan 0 +C 
51. | cot x ах = f (esc? x — 1) dx = —cot x — x + C 
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55. 


56. 


57. 


58. 


59. 


61. 


62. 


63. 


64. 


65. 


66. 


67. 


68. 


Section 4.7 Antiderivatives 


; ГА – co x) dx = f (1 — (csc? x — 1)) dx = f (2 — csc? x) ах = 2х + cot x + С 


: J cos 0 (tan 0 + sec 0) 40 = f (sin 0 + 1) 40 = —cos 0 + 0 +C 


Setmata) (284) 98 = [сы dO = 7 с 40 = f sec? 9 40 = tan + С 


(252 2% +C) 2 dos n = (7x — 2) 


&le 


a (- Ss" + с) = – (- +) = (3x 5)? 


4 (2 tan(5x — 1) + C) = 1 (sec? (5х — 1)) (5) = sec? (5х — 1) 


i (-3 cot (5 


) +6) = 3 Ce (59) (1) = es C) 


d —1 2 D 1 d x — &+)D0)—-xd) . 1 
dx fex +С) = (—1)(—1)(х +1) — KIR 60. dx e +C) = (x+ 17 T (x41 


2 
(a) Wrong: ш (= sinx + С) = ?* sin x + © cos x = x sin x + © cos x # x sin x 


(b) Wrong: i (—x cos x + C) = —cos x + x sin x Æ x sin x 


(c) Right: & (—x cos x + sin x + C) = —cos x + x sin x + cos x = x sin x 


(a) Wrong: 4 (= + с) = =. sec? 8 (sec 0 tan 0) = sec? 0 tan 0 = tan 0 sec? 0 
(b) Right: 4, (2 tan? 0 + С) = 1 ie tan 0) sec? 0 = tan 0 sec? 0 
(c) Right: i 1 sec? Ө + С) = 5 (2 sec 0) sec 0 tan 0 = tan 0 sec? 0 


: g (SFE +c) = 218 — 20x + 10 Qx + 1) 
(b) Wrong: E (Qx + 1? + С) = 3(2x + 1 (2) = 62x + 1 = 3Qx + 1)? 
(c) Right: S (Qx + 9 + С) = 62x + 1) 


1/2 -1/2 


= }(x?+x+C) (2х + 1) = LXI 
Gà x) +C) = LG ex)" Qx 1) =; ы Ten VEI 


(c) Right 4 (3 (va) +c) = 3 (1 2x + 1) + С) = died DO) = уох 1 


(a) Wrong: 4 (x? +х +С) 
4 
ах 


(b) Wrong: 


юн 


sony 4 [(х+3\3 — а/х+3\2 (х= 2)-1 - (+3): _ 2 (x43 -5 _ —15(х+з)? 
ое +0) = аи = зар = М 


Wrong: d (28 + с) = x:cos (x?) (2х) — ѕіп(х2)-1 2 2x? сов(х2) — ѕіп(х2) + x cos(x?) — sin(x?) 


х2 ши 2 
Graph (b), because d —2y > у = x? + С. Then y1)24 = C=3. 


Graph (b), because & = —а => у = – ix^ + C. Тһепу(—1)=1 > C=} 
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236 Chapter 4 Applications of Derivatives 
69. 2 22x 7 = у= х? – 7х + С; atx = 2 апа у = 0 we have 0 = 22 — 7(2) + C С = 10 у= х? — 7х + 10 
70. € = 10 — x = у = 10x — 5 +С; at x = 0 and y = —1 we have —1 = 10(0) - € + C >С--і->у 10х – = – 
7, Z= 2 хех +x > y=-x +Ë Сах = 2 апау = 1 wehavel =-2747%4C > C=-} 
= у--кіз5-ішу--1-5-4 
72. ЧУ = 9х2 — 4х + 5 = у = 3х3 — 2х? + 5х + C; at x = —1 and у = 0 we have 0 = 3(—1)3 — 2(—1)? + 5(-1) + C 
C=10 = у = 3х3 — 2x? + 5х +10 
73. 5 = 3х 2/3 > у = = + С = 9; atx = 9x!/3 + С; atx = —1 and y = —5 we have —5 = (—)УЗ+-С = С=4 
3 


74. 


75: 


76. 


77. 


78. 


79. 


80. 


81. 


82. 


83. 


84. 


> у= 9х/34-4 


ds 
dt 


1 =1х-1? = у=х!/?-+С; ах = 4 апа у = 0 we have 0 = 41/2 + C С--2 


Зу 


= ] +cost > $ = ЕЕ sint + С; att = 0 апа s = 4 we have 4 = 0 + sin 0 + C С= 4 


5 


t+sint+4 


= cos t + sin t > s = sin t — cos t + C; at t = m and s = 1 we have 1 = зал — cost +C > C=0 


=> s = sin t — cost 


dv 
dt 


dv 
dt 
— 


dy 
dx? 
= 
= 


Фу 
dx? 


= —T sin Th = г = cos (10) + C; atr = 0 and 0 = 0 we have 0 = cos (10) + C C 


—1 


Т 


= cos tT = po sin(70) + C; atr = 1 and 9 = 0 we have 1 = + sin (70) + C C 


cos (10) — 1 


i sin (70) + 1 


= 1 secttant = у = 1 sec t + C; atv = 1 and = 0 we have 1 = 1 sec (0) + C С 


2 


п 


T 
2 


= 8t+ese?t > v = 40 — cot + C; atv = —7 and = © we have —7 = 4 (1) 


у = 40 —cott-7 — л? 


cot ( 


Nile 


V 


1 1 
5 Sect+ 5 


)+C = С--7-л? 


=2—6х > % = 2x — 3x? + С1; at = 4 and x = 0 we have 4 = 2(0) — 3(0)? + C, > С =4 


а 


% —2x — 3х +4 => у= х? — x’ + 4х + Со at y = Land x = 0 we have 1 = 0? — 03 + 40) + Сә => С = 1 


у= х? — х? + 4Х +1 


=0 = 9 =C; at = 2 and x = 0 we have С, 2 dy _2 у = 2х + C3; at y = 0 and x = 0 we 
have 0 = 2(0) + С, Co = 0 у = 2х 


—t? +2 


d — 2-3 > 4 = 072 + Са 8 = 1 andt=1wehavel = —(1) 2 +C > С 222 & 

= г= (146206 Со; аг = 1 апа = 1 wehavel = 171 +—20)+ О => C = —2 >r =t! + 22 2 ог 
1=1+2—2 

Ps — 456-3 4 Са = 3 and t = 4 we have 3 = 30 + С, С =0 йз x 8 


$ = 4 апд ( = 4 we have4 = £ + С» С =0 s= Ë 


16 
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85. 0 —6 = dy = 6x + Су; at Фу — _8 and x = 0 we have —8 = 6(0) + С; С 8 гу 6x — 8 


d dx — 


= % = 3x? — 8х + Co; at € = 0 and x = 0 we have 0 = 3(0)? — 80) + С; > С =0 > % = 3x? — 8x 


= у= х? — 4х? + Сз; at y = 5 and x = 0 we have 5 = 0? — 4(0)? + C; C3 =5 у= х? – 4х2 + 5 


86. сер = “0 = Cy; at ©? = —2 and t = 0 we have шав 2- 4 = 2t + Ср; at = — 1 and t = 0 we 
have — i = —2(0) + С C» i 4 1-1 = 0 = —? — 11 + Сз; at 0 = \/2 and t = 0 we have 


У2--0-10)--0 = 0-22 09--à-1t- V2 


87. у® = —sin t + cos t > y" = cos t + sint + Су; at y" = 7 and = 0 we have 7 = cos (0) + sin (0) + С => С = 6 
= y" = cost 4-sint-- 6 = y” = sint — cost + 6t + Co; at y” = —1 and t = 0 we have 
—1 = вїп (0) — cos (0) + 6(0) + С» С» = 0 = y" = sint — cos t + 6t > y! = —cost — sint + 3t? + C3; at 
y’ = —1 and = 0 we have —1 = —cos (0) — sin (0) + 3(0)? + Сз Сз = 0 > у’ = —cost — sin t + 3C 
> y = —sin t + cos t + В + Cy; at y = 0 and = 0 we have 0 = —sin (0) + cos (0) + 0? + С, > С, = —1 
= у = —sin (+ сов 1 + t — 1 


88. уб) = —cos x + 8 sin (2х) = y" = —sin x 4 cos (2х) + Сі; асу” = 0 and x = 0 we have 
0 = —sin (0) — 4 cos (2(0)) + Cy С =4 y" = —sinx — 4 cos (2х) +4 = у" = созх — 2 sin (2х) + 4x + Со; 
at y” = 1 and x = 0 we have 1 = cos (0) — 2 sin (2(0)) + 4(0) + С) = С = 0 у" = cos x — 2 sin (2х) + 4х 
= y! = sin x + cos (2х) + 2х? + Сз; at y = 1 and x = 0 we have 1 = sin (0) + cos (2(0)) + 2(0)? + Са = Сз = 0 
= у’ = sin x + cos (2х) + 2х? > у = —cosx + i sin (2x) + 2х3 + C4; aty = 3 and x = 0 we have 
3 = —cos (0) + 1 sin (2(0)) + 2 (03 + С, > Cy =4 у = —cos x + 1 sin (2х) + 2 x? + 4 


89. m = у = 3/x = 3х? = у = 28? + С; at (9, 4) we have 4 = 2(9)3/2 + С => С = –50 = у = 2х3/? — 50 


90. Yes. If F(x) and G(x) both solve the initial value problem on an interval I then they both have the same first derivative. 
Therefore, by Corollary 2 of the Mean Value Theorem there is a constant C such that F(x) = G(x) + C for all x. In 
particular, F(xo) = С(хо) + C, so С = F(xo) — G(xo) = 0. Hence F(x) = G(x) for all x. 


91. 4 — 1 — #хуз = y= Ј(1– 2x9) dx = x — x1? + C; at (1,0.5) on the curve we have 0.5 = 1 — 14/3 + С 
C=05 > у=х—х3+1: 


92. $-x—-I1-y-f(x-Ddx- = —х+ Са (1, 1) on the curve we have 1 = С - (21) + > C=-} 


~ 1 
=> у= 5 7X75 


93. ду —sinx—cosx => у = | (sin x — cos x) dx = —cos x — sin x + С; at (—7, —1) on Фе curve we have 


1 = —cos(—7) — sin(—7) +-С => С--2 y = —cos х — sin x — 2 


94. ЈУ = туу +T sin пх = 5x 1/2 + тіп тх = y = f (1х 1/2 + sin zx) dx = x!/? — cos 7x + С; at (1,2) on the 


curve we have 2 = 11/2 — cos ла ) + С С-0 у-а/х-совлх 


95. (a) $ =9.8t—3 = s = 4.90 — 3t + С; (i) ats = 5 and t = 0 we have C = 5 > s = 4.90 — 3t + 5; 
displacement = s(3) — s(1) = ((4.9)(9) — 9 + 5) — (4.9 — 3 + 5) = 33.2 units; (ii) ats = —2 and t = 0 we have 
С--2 = s= 4.92 — 3t — 2; displacement = s(3) — s(1) = ((4.9)(9) — 9 — 2) — (4.9 — 3 — 2) = 332 units; 
(iii) ats = sy and = 0 we have C = sọ => s = 4.9 — 3t + so; displacement = s(3) — s(1) 


= ((4.9)(9) — 9 + so) — (4.9 — 3 + so) = 33.2 units 
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96. 


97. 


98. 


99. 


Chapter 4 Applications of Derivatives 


(b) True. Given an antiderivative f(t) of the velocity function, we know that the body's position function is 
s = f(t) + C for some constant C. Therefore, the displacement from t = a to t = b is (f(b) + C) — (Ка) + C) 
— f(b) — f(a). Thus we can find the displacement from any antiderivative f as the numerical difference 
f(b) — f(a) without knowing the exact values of C and s. 


a(t) = v(t) = 20 = v(t) = 20t + C; at (0,0) we have С = 0 => v(t) = 20t. When t = 60, then v(60) = 20(60) = 1200 25. 


& = —kt + Су; at © = 88 and t = 0 we have C; = 88 => ® = —kt+ 88 => 


Step 1: ds — k > 
s = —k (5) + 88t + Cy; at s = 0 and t = 0 we have C; = 0 => s = — {È + 88t 
Step2: $ —0 = 0=-—kt+88 => t= € 


242 = SÈ > k=16 


к (88)? 
Step 3: 242 = =) + 88 (55) = 242 = — 887 + 887 88) 


ds ——k = $ = | —kdt=—kt+C; at $ = 44 when t = 0 we have 44 = -Қ(0)--С = С = 44 
=> % = —kt + 44 => s = — E + 44t + Су; at s = 0 when t = 0 we have 0 = — © + 440) + C => С =0 


KG) 4 44 (4) = 45 


->8-- +444 Then $ 20 > —kt+44=0 > (= 4 ands (44) = 


p 


=> — 968 4 1936 — 45 > 968 — 45 => k= 968 л 21508 


k sec? * 


(a) у = fadt = Ј (se? – 30712) dt = 108/2 — 62 + С; $ (1) 24 > 4-100)? – 60) 2 +C => C=0 
= у = 1013/2 — 60/2 

(b s= fvdt= f (1008? — 60/2) dt = 40/2 — 49? + C;s(1) 20 = 0 = 40)/2 —40)7 +С > C=0 
> s = 40/2 — 48/2 


100. Ë$ = —52 > & = —52t + Cı; at = O and t = 0 we have C; =0 > $ = —52t > s = 2.60 + Co; ats = 4 
and t = 0 ме һауе С) = 4 = s = —2.62 +4. Thens=0 = 0 = —2.60 +4 = t= Vs дш 1.24 sec, since t > 0 
101. ds a > & faat at +C; ® = vo when t 0 C = vo ds at-- vy => s= Ë + vot + С: s = 80 
when t — 0 = $0 = a + vo(0) + Cy С: = 80 8 = + vot + So 
102. The appropriate initial value problem is: Differential Equation: ds = —g with Initial Conditions: ds = vo and 
s = So when t = 0. Thus, “ = f —gdt = —gt-- Ci; © (0) = vo > vo = (-8)(0) +C > Cr vo 
= 4 = —gt + vo. Thus $ = ПЕЕ vo) dt = — 1 gt? + vot + Co; s(0) = so = — 1 (g)(0)? + vo(0) + Сә => С» = so 
Thus s = — 1 gt? + vot + so, 
103 — 106 Example CAS commands: 
Maple: 
with(student): 
f := x -> cos(x)^2 + sin(x); 
ic := [x=Pi,y=1]; 


Е := unapply( int( f(x), х) + C, х); 
eq := eval( y=F(x), ic ); 
solnC := solve( eq, {C} ); 
Y := unapply( eval( F(x), solnC ), x ); 
DEplot( diff(y(x),x) = f(x), у(х), x=0..2*Pi, [[y(Pi)21]], 
color=black, linecolor=black, stepsize=0.05, titlez" Section 4.7 #103" ); 
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Mathematica: (functions and values may vary) 
The following commands use the definite integral and the Fundamental Theorem of calculus to construct the solution 
of the initial value problems for exercises 103 - 105. 
Clear[x, y, yprime] 
yprime[x_] = Cos[xP? + Sin[x]; 
initxvalue = 7; inityvalue = 1; 
y[x_] = Integrate[yprimel[t], (t, initxvalue, х |] + inityvalue 
If the solution satisfies the differential equation and initial condition, the following yield True 
yprime[x]==D[y[x], x] //Simplify 
y[initxvalue]--inityvalue 
Since exercise 106 is a second order differential equation, two integrations will be required. 
Clear[x, y, yprime] 
y2prime[x ] = 3 Exp[x/2] + 1; 
initxval = 0; inityval = 4; inityprimeval = —1; 
урпте[х ] = Integrate[y2prime[t], (t, initxval, x}] + inityprimeval 
y[x_] = Integrate[yprime[t], (t, initxval, x}] + inityval 
Verify that y[x] solves the differential equation and initial condition and plot the solution (red) and its derivative (blue). 
y2prime[x]==D[y[x], (х, 2}]//Simplify 
y[initxval]==inityval 
yprime[initxval]==inityprimeval 
Plot[{y[x], yprime[x]}, {x, initxval — 3, initxval + 3}, PlotStyle — {RGBColor[1,0,0], RGBColor[0,0,1]}] 


CHAPTER 4 PRACTICE EXERCISES 


1. 


No, since f(x) = х? + 2x + tanx = f'(x) = 3х? + 2 + sec? x > 0 = f(x) is always increasing on Из domain 


No, since g(x) = csc x +2 cotx => g'(x) = —csc x cot x — 2 csc? x = — 28% 2 = 1— (cosx + 2) < 0 


1-2 1-7 7-2 
sın? x 5 x sın? x 


=> g(x) is always decreasing on its domain 


No absolute minimum because , lim. (7 + x)(11 — 3x)! = —oo. Next f'(x) = 


1/3 -2/3 — 01-39-07 +x) _ 40-» = — ll ЭР : 
(11 — 3x) / = (7 + х)(11 — 3х)-2/3 = d1-335 из X= 1 and x = = are critical points. 


Since f' > Oif x < Тапа f’ < Oif > 1, f(1) = 16 is the absolute maximum. 


f(x) = SEP o Рх) = HE = = Кю); (Зу 0. — (да +6р + а) = 0 => 5a + 3b = 0. 


We require also that f(3) — 1. Thus 1 — Aib => За + b = 8. Solving both equations yields а = 6 and = —10. Now, 


f'(x) = -28x- 06-9) so that Р = ——— | === | +++ | +++ | ---. Thus f’ changes sign at x = 3 from 
3 1 3 


(2-1) и 


positive to negative so there is а local maximum at x = 3 which has a value КЗ) = 1. 


Yes, because at each point of [0, 1) except x — 0, the function's value is a local minimum value as well as a 
local maximum value. At x = 0 the function's value, 0, is not a local minimum value because each open 
interval around x = 0 on the x-axis contains points to the left of 0 where f equals —1. 


(a) The first derivative of the function f(x) = x? is zero at x = 0 even though f has no local extreme value at x = 0. 


(b) Theorem 2 says only that if f is differentiable and f has a local extreme at x = c then f'(c) = 0. It does not 
assert the (false) reverse implication f'(c) = 0 = f has a local extreme at x = c. 
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7. No, because the interval 0 « x « 1 fails to be closed. The Extreme Value Theorem says that if the function is continuous 
throughout a finite closed interval a € x < b then the existence of absolute extrema is guaranteed on that interval. 


8. Тһе absolute maximum is |—1| = 1 and the absolute minimum is (0| = 0. This is not inconsistent with the Extreme Value 
Theorem for continuous functions, which says a continuous function on a closed interval attains its extreme values on that 
interval. The theorem says nothing about the behavior of a continuous function on an interval which is half open and half 
closed, such as [—1, 1), so there is nothing to contradict. 


9. (a) There appear to be local minima at x — —1.75 Y 
and 1.8. Points of inflection are indicated at 
approximately x = 0 and x = +1. 
i о 
f(x) = x58 = хб/2 – x9 + 53 
(b) f(x) = x! — 3х5 — 5x! + 15x? = x? (x? — 3) (x? — 5). The pattern y = —— | +++|+++ | --- | +++ 
—\/3 0 4/5 3 
indicates a local maximum at x — v5 and local minima at x = + уз | 
(с) 
y 
7.0179 
7.0178 
7.0177 
7.0176 
7.0175 у= X8 – x52 2x9 + 5х3 
7.0174 
7.0173 


1.72 1.74 1.76 1.78 


10. (a) The graph does not indicate any local 


extremum. Points of inflection are indicated at 
approximately x — -3 and х = 1. 
а-я sa 11 
(b) Р(х) = x? — 2x! 5 + В =х 3 (х? — 2) (х? — 5). The pattern fr = ———)(+++ | ——— | +++ indicates 
0 7 


уз V2 


a local maximum at x — 2: апа a local minimum at x = ya. 


(с) 


1.07437 


8 25 5 
Р) = 2 - 2. –51– 3411 
8 5 32 


1,2585 1.2599 
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11. 


12. 


13. 


14. 


15. 


16. 


17. 


18. 


19. 


20. 


21. 


22. 
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(a) g(t) = sinà?t — 3t > g(t) —2sintcost—3— sin(2t) – 3 > g <0 = g(t) is always falling and hence must 
decrease on every interval in its domain. 


(b) One, since sin? t — 3t — 5 = 0 and sin? t — 3t = 5 have the same solutions: f(t) = sin? t — 3t — 5 has the same 


хи 


derivative as g(t) in part (a) and is always decreasing with f(—3) > 0 and КО) < 0. The Intermediate Value Theorem 
guarantees the continuous function f has a root in [—3, 0]. 


dy _ 


aa ѕес20 > 0 => у = tan 0 is always rising оп its domain => у = tan 0 increases on every interval 


(а) угтаад = 


in its domain 
(b 


wm 


The interval (т, x] is not in the tangent's domain because tan 0 is undefined at 0 = 5. Thus the tangent need not 


increase on this interval. 


(a) f(x) = х + 2х2 — 2 = f'(x) = 4x? + 4x. Since f(0) = —2 < 0, КІ) = 1 > 0 and f'(x) > 0 for 0 < x < 1, we 
may conclude from the Intermediate Value Theorem that f(x) has exactly one solution when 0 < x < 1. 


(b) х2 = 222418 > 9 = x? = /3— Landx 20 = x ~ \/ 7320508076 ~ 8555996772 


(а) у-н > y= ж i Е > 0, for all x in the domain of ~~ => у = — is increasing in every interval in its domain. 


(5) y 2x! + 2х > y = 3х2 +2 > О Гога х = the Meet ын = х? + юм is always increasing and can never һауе а 
local maximum or minimum 


Let V(t) represent the volume of the water in the reservoir at time t, in minutes, let V(0) = ао be the initial amount and 
V(1440) = ag + (1400)(43,560)(7.48) gallons be the amount of water contained in the reservoir after the rain, where 
24 hr — 1440 min. Assume that V(t) is continuous on [0, 1440] and differentiable on (0, 1440). The Mean Value Theorem 


says that for some tọ in (0, 1440) we have У (0) = Уи vO = EU (4009 5607 48) =а = 486 160320 gal 


= 316,778 gal/min. Therefore at { the reservoir's volume was increasing at a rate in excess of 225,000 gal/min. 


Yes, all differentiable functions g(x) having 3 as a derivative differ by only a constant. Consequently, the 


difference Зх — g(x) is a constant К because g'(x) = 3 = 4. (3x). Thus g(x) = 3x + К, the same form as Е(х). 


Мо, == = 1+ E = i differs from , = Бу the constant 1. Both functions have the same derivative 
d ( x үг (х41)-х0) 1 _ а (= 

dx (сут) = (х+ 1)? ^ (+12 ах (554) 

Ё (х) = gx) = mei = f(x)— g(x) = С for some constant С => the graphs differ by a vertical shift. 


The global minimum value of i Occurs at x — 2. 

(a) The function is increasing on the intervals [—3, —2] and [1, 2]. 

(b) The function is decreasing on the intervals [—2, 0) and (0, 1]. 

(c) Тһе local maximum values occur only at x = —2, and at x = 2; local minimum values occur at x = —3 and at x = 1 
provided f is continuous at x — 0. 


(a) t — 0,6, 12 (b) (=3,9 (c) 6«t« 12 (d 0<1<6, 12 <1< 14 


(а) 1= 4 (b) at no time (c) O<t<4 (4) 4«t«8 
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23. | 24. 
А 


X 
25. | 26. 
у= —х3 + 6x? – 9x + 3 
> х 
27. 28. 
4 
А 
5001- (6, 432) 
у= х8 л) 
> х 
EP 
29. | 30. 


31. | 32. 
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33. (a) 


(b) 


34. (a) 


(b) 


35. (a) 


(b) 


36. (a) 


(b) 
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y = 16-х? > у---- | ----|--- = the curve is rising on (—4, 4), falling on (–оо, —4) and (4, со) 
—4 4 
= a local maximum at x = 4 and а local minimum at x = —4; у" = —2х = у” = +++ | --- = the curve 


is concave up on (-оо, 0), concave down оп (0, оо) => a point of inflection at x = 0 


х=4 


Гос тах 


Loc min 


х=-4 


у= х? —х-— 6 = (х – 3)(х +2) > у=+++| ——— | +++ = the curve is rising оп (—oo, —2) and (3, оо), 
-2 3 


falling on (– 2,3) = local maximum at x = —2 and а local minimum at x = 3; у” = 2x — 1 


= у’=---| +++ = concave up on (5, 
1/2 


oo) , concave down on (—oo, 5) = а point of inflection at x = i 


х--2 


y = 6x(x + 1)(x — 2) = бх? — 6х? — 12x > у=---| +++ | --- | +++ = the graph is rising on (-1,0) 
—1 0 2 


апа (2, oo), falling on (—со, —1) and (0,2) = а local maximum at x = 0, local minima at x = —1 and 


x = 2; у” = 1852 — 12x — 12 = 6 (3x? — 2x — 2) =6 (x 57) (х ут) > 


у= +++ | === | +++ = thecurve is concave up on ЄЗ 157) апа (7, со) р ИН 
1-ү7 14-17 
3 3 
ын (=, en) = points of inflection at x = = 210 
1-47 Т.ос тах 
3 


х=-1 х-2 


y —x*(6—4x) = 6x? — 4x? = y = +++ | +++ | --- = the curve is rising оп (-оо, 3), falling оп (3, оо) 
0 3/2 à 


= a local maximum at x = 3; y” = 12x — 12x? = 12x(1 — х) = y" = ——- | +++ | --- = concave up on 
0 1 


(0, 1), concave down оп (—оо, 0) and (1, оо) = points of inflection at x = Oandx = 1 


х= 3/2 
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37. (a) y 2x! 2x? = х? (х – 2) > y = +++ | ---|--- | +++ > the curve is rising on (oo, - 2) and 
— 3 0 ,/2 
(v2, 00) , falling on (-v2, v2) => a local maximum at x = 412 and a local minimum at x = V2; 
у” = 4х3 — 4x = 4х(х – D(x + 1) = y" = ——- | +++ | --- | +++ = concave up оп (—1, 0) and (1, оо), 
—1 0 1 


concave down on (—oo, —1) and (0,1) = points of inflection at x = О and x = +1 


(b) 


Loc max 


х=1 


Гос тіп 


38. (а) у = 4х2 – х? = х? (4 х?) > у=---| +++| +++ | --- = the curve is rising оп (—2, 0) and (0, 2), 
—2 0 2 
falling on (-оо,-2) and (2,00) = a local maximum at x = 2, a local minimum at x = —2; y" = 8x — 4x? 
= 4х (2 — х?) = у= +++ | --- | +++ | --- = concave up on (--У2) апа (o. у2) ‚ сопсауе 


= /2 0 ,/2 
down оп (-у2, 0) апа (v2, со) = points of inflection at x = 0 and x = + /2 
(b) 


39. The values of the first derivative indicate that the curve is rising on (0, oo) and falling on (—оо, 0). The slope of the curve 
approaches —oo as x — 07, and approaches oo as x — 0" and x — 1. The curve should therefore have a cusp and 


local minimum at x = 0, and a vertical tangent at x = 1. 
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40. The values of the first derivative indicate that the curve is rising on (0, 1) and (1, оо), and falling on (-оо,0) 
and (5, 1) . The derivative changes from positive to negative at x = І, indicating a local maximum there. Тһе 


slope of the curve approaches —oo as х — 07 andx — 17, and approaches oo as x — 07 andasx — 17, 
indicating cusps and local minima at both x — 0 and x — 1. 


4]. The values of the first derivative indicate that the curve is always rising. The slope of the curve approaches oo 
asx — Oandasx — 1, indicating vertical tangents at both x = 0 and x = 1. 


42. Тће graph of the first derivative indicates that the curve is rising on (o. шигээ) апа (43, х) , falling 


= 4/3 \/ | => 3. = 
on (—со, 0) and (=Z, шигээ) = alocal maximum at x = = 16 3 а local minimum at 


лэн 17 + 33 


1. The derivative approaches —oo asx — 0” andx — 1, and approaches oo as x — 07, 


indicating а cusp and local minimum at x = 0 and a vertical tangent at x = 1. 
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х--5 


51. (а) Maximize f(x) = \/x — ү36-х-х/2-(36- x)? where 0 < x < 36 
=> Род = Ах 12 — 1(36—х) УХ—1) = У pue derivative fails to exist at 0 and 36; КО) = —6, 


2 /x /36 х 
and f(36) = 6 = the numbers are 0 and 36 
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53. 


54. 


55. 


56. 


Chapter 4 Practice Exercises 


(b) Maximize g(x) = /x + у36 — x = x!? + (36 — x)!? where 0 < x < 36 


= g(x) = 4x71 + 1 (36 —x)/(-1) = EN: AS critical points at 0, 18 and 36; g(0) = 6, 


g(18) 22/18 = 6/2 and g(36) — 6 — the numbers are 18 and 18 


(a) Maximize f(x) = „/х Q0 — x) = 20x17? — x3? where 0 < x < 20 = f'(x) = 10х71 — 2x12? 
227, =0 = х= бапйх = Ẹ are critical points; КО) = Қ20) = 0 and f (7) = y 5 Q0 - 3) 
_ 40/20 


20 40 
п => the numbers аге 3 and a 


(b) Maximize g(x) = x + /20 — x = x + (20 — x)!/? where 0 < x < 20 > g/x) = =. -0 


=> ү20-х- 5 => х= 2 . The critical points are x = 2 and x = 20. Since g (2) = » and g(20) = 20, 


the numbers must be D and i . 


A(x) = 1 (2х) (27 — x”) for 0 < x < \/27 

=> А’(х) = 3(3 +х)(3 — x) and A"(x) = —6x. y-27-x? 
The critical points are —3 and 3, but —3 is not in the 

domain. Since A"(3) = —18 < 0 and A (v27) =0, 


the maximum occurs at x = 3 — the largest area is 
A(3) = 54 sq units. 


y 
The volume is V = x?h = 32 > h = 22, The 
surface area is S(x) = x? + 4x (32) = х? + 28 ; 
where x > 0 = S(x) = 28-9679 119 Es = 
=> the critical points are 0 and 4, but 0 is not in the n 
domain. Now S"(4) = 2 + 256 >0 = atx = 4 there 2 
x 
Y 


is a minimum. The dimensions 4 ft by 4 ft by 2 ft 
minimize the surface area. 


2 
From the diagram we һауе (5) : +1? = (v3) 


> ү? = 


2 po . The volume of the cylinder is 


V nh = т (25!) в = 2 (12h — h?) , where 


0xhx2/3. Then V'(h) = 27 (2 + h)2 — В) 

— the critical points are —2 and 2, but —2 is not in 
the domain. At h — 2 there is a maximum since 
V'"(2) = —3« < 0. The dimensions of the largest 


cylinder are radius — 5/2 and height = 2. 


From the diagram we have x — radius and 

y — height — 12 — 2x and V(x) — i nx? (12 — 2x), where 
0<х<6 = V'(x) = 2nx(4 — x) and V'(4) = —8z. The 
critical points are 0 and 4; V(0) — V(6) — 0 x=4 
gives the maximum. Thus the values of r = 4 and 


h = 4 yield the largest volume for the smaller cone. 
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57. The dd Р = 2px + ру = 2px + p (20-10%) , where р is the profit on grade B tires and 0 < x < 4. Thus 
P'(x) = ын (x? — 10x +20) => the critical points аге (5 - 5), 5 5, апа (5 + v5). but only (5- v5) isin 
the domain. Now Р(х) > 0 for 0 < x < (5 - v5) апа Р(х) < 0 for (5 - v5) <х<4 = ах = (5 - v5) there 
is a local maximum. Also P(0) — 8p, P (5 - v5) — 4p (s 5 v5) = Ир, and P(4) = 8p = atx = (5 z v5) there 


is an absolute maximum. The maximum occurs when x = (5 = v5) апау = 2 (5 = v5) , the units are 


hundreds of tires, i.e., x ~ 276 tires and y ~ 553 tires. 


58. (а) The distance between the particles is |f(t)| where f(t) = —cos t + cos(t + 7). Then, f'(t) = sint — sin(t + 7). 
Solving f'(t) = 0 graphically, we obtain t ~ 1.178, t ~ 4.320, and so on. 


1.1780972,0 


-2 4 


Alternatively, f'(t) = 0 may be solved analytically as follows. f'(t) = sin[(t +1) – d = біп (1 +1) + d 


= [sin(t + £)cos т — cos(t + т) sin d - ЕХ + т) cos 7 + cos(t + түзіп 4 = —2sin Zcos(t + т) 


so the critical points occur when cos(t + т) = 0, огі = Эл + Кл. At each of these values, f(t) = + cos зт 


& + 0.765 units, so the maximum distance between the particles is 0.765 units. 
Solving cos t — cos (t + т) graphically, we obtain t ~ 2.749, t ~ 5.890, and so on. 
4 
2 


(b 


хи 


(2.7488936,0.9238795) 


-2 4 


Alternatively, this problem can be solved analytically as follows. 
cos t = cos (t+ т) 


cos|(t+ 8) = §] = eos[ 8) + 8] 
cos(t + т) cos or sin(t 4- т) іп 7 = cos(t + £)cos 7 - sin(t + т) іп 7 
2511 (t + £)sin т =0 
sin (t + т) -0 
= т + Кт 
The particles collide when t — т & 2.749. plus multiples of 7 if they keep going.) 


59. The dimensions will be x in. by 10 — 2x in. by 16 — 2x in., so V(x) = x(10 — 2x)(16 — 2x) = 4x? — 52x? + 160x for 
0 <x < 5. Then У (х) = 12x? — 104x + 160 = 4(x — 2)(3x — 20) , so the critical point in the correct domain is x = 2. 
This critical point corresponds to the maximum possible volume because V'(x) > 0 for 0 < x < 2 and V'(x) < 0 for 


2 <x < 5. The box of largest volume has a height of 2 in. and a base measuring 6 in. by 12 in., and its volume is 144 in.’ 
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Graphical support: 


160! (2,144) 


60. The length of the ladder is d; + do = 8 sec 0 + 6 сс 0. We 
wish to maximize 1(0) = 8 sec 0 + 6 csc 0 => І(0) 
= 8 sec 0 tan 0 — 6 сөс 0 cot 0. Then [(0) = 


=> 8511030 — 6 cos? 0 = 0 => tan 0 < 


d; = 44/4 + \/36 and d; = 4/36 1/4 + 4/36 


=> the length of the ladder is about 
3/2 
(4 + 36) y4 + 36 = (4+ /36) ~ 1978. 


61. g(x) = Зх — x? +4 > g2) = 2 > 0 and g(3) = —14 < 0 = g(x) = 0 in the interval [2, 3] by the Intermediate 


3 AT 
-- ху —2 xı = 2.22 Хә = 2.196215, and 


8 sec 0 = d, 
6 csc 0 = d, 


Value Theorem. Then g'(x) = 3 — 3x? => ха =X, — 
so forth to x5 = 2.195823345. 


62. g(x) = x — x! — 75 = g(3) = —21 < 0 and g(4) = 117 > 0 = g(x) = 0 in the interval [3, 4] by the Intermediate 


xt — x3 — 75 


Value Theorem. Then g'(x) = Ax? — 3x? Хэрэг, "EAS Хо = 3 хі = 3.259259 
= Хә = 3.229050, and so forth to x5 = 3.22857729. 


4 


63. f(x? + 5х — 7) dx = X + - 7x + C 


64. Ї(88-544) 8-4 -10-5 Ф0-20-54-540 


65. [Gt 4) а= f (902 4c) а = ©) алтын iye 


66. J (25-8) «= f (3012 — зе) a= (i) - +С = унф +С 


67. Геи =г+5 = du = dr 
-2 Es -1 = 1 
Дх = f ® = Га du — E +C=-u Өй gig C 


68. Letu 2 r— V2 > du- dr 
6dr ;—6 ЗЕ жина, 8-6 -34 =6 C=-3 EDI omo 3 : С 
Гея Гел pea ned анин У“ 
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69. 


70. 


71. 


72. 


73. 


74. 


75. 


76. 


77. 


78. 


79. 


80. 


81. 


Chapter 4 Applications of Derivatives 


Letu = 6+1 = ди = 20 d0 idu 0 ад 


|»увтте- f fada) =} fut? au à (5 


\+с=м+с= (02 + 1? +C 


Letu =7+ 02 = ди = 20 40 1 du = 0d0 


J ee 98 f Je G аи) ЕГУ У +С=ш?+С= /7+6@ +С 


1 
2 


Lettu=1+x* = du = 4х3 dx = idu = x? ах 


[90x a fea du) = 1 узап} (%) се анс da exo ec 
4 


Letu=2—x = du = – dx — du = dx 
fe-w" a= Гаа) = fu аа Fy eco — ful +O =~ FQ-w С 


Таи = $ = ди = $ ds > 10du=ds 


J sec? = ds = | (sec? и) (10 du) = 10 f ес? и du = 10 tan u + С = 10 tan 5 + С 


Let u = 7s du = z ds 1 du = ds 


T 


fosc? тз ds = f (све? и) (1 du) = 1 f csc? и ди = – 1 со а + С = – 1 cot ms + C 


Letu = V20 = du = у2 00 = Jj; du = db 


J ese 20 cot \/20 48 = | (esc u cot ш) (4; du) = J (ese u) +C = — јр све у20+ С 


Letu = $ = ди = 1 40 > 3ди = 40 


Бес £ tan 2 ад = f (sec u tan и)(3 du) = 3 sec и + С = 3 sec 2 + С 


Геи 1 > du т dx 4 du = dx 
2 


зи? х ах = | (sin u) (4 du) = [4 ( zr 
= 2u — sin 2u + C = 2(3) -sin2(1) + ca 


du = 2f (1 — соз 2u) du = 2 (u — 312) +C 


юм ДУ 


Let u 5 ди 1 dx 2 du = dx 


Т cos? ¥ ах = f (cos? ш) (2 ди) = [2 (iss) du = f (1 + соз 20) du = u + 5229 +C = х + isinx4 C 


у= ах = f (4x?) аххх сех 1+ С; у = 1 whenx=1 э1-14-0--1 
С--1 у х-1-1 


у= f (к+ 1) ё-ЇГ(6-2-4) dx = f од +2+х-2) dx =" 2х xt С S e2x- 14 C 
х3 
у= 1 жћепх= 1 ->1-2-1-С 1 С – 1 у + 2х 1—1 


= f (Isi 3) 4- (150/2 +3512) dt = 108? + 600 + С; $ = 8 whent = 1 


=> 10072 +61)? +C=8 > С=-8. Thus 4 = 108/2 + 68/2 -8 = r= f (1002/2 + 6t!/? — 8) dt 
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= 415/2 + 403/2 — 8t + С; г = О мће (= 1 = 4(1)5/2 + 4(1)3/2 — 8(1) + С, = 0 = С; = 0. Therefore, 
г = 405/2 + 4(3/2 — 81 


82. $1 = f —cos tdt = —sin t +C; r” = 0 whent -0 = —sin0+C=0 = C=0. Thus, Ф = —sint 
& = f —sint dt = cos t + C1; r = О when t = 0 > 1+С=0= Сі--і1. Then € = cost — 1 
r= | (cost 1) dt = sin t — t + C2; r = —1 when t = 0 => 0- 0+ С = —1 = С» = —1. Therefore, 
r—sint—t—1 


CHAPTER 4 ADDITIONAL AND ADVANCED EXERCISES 


1. If M and m are the maximum and minimum values, respectively, then m < f(x) < М for all x € I. If m = M 
then f is constant on I. 


3x +6, –2 С х < 0 
9—х?, 0<х<2 


maximum value of 9 at x = 0, but it is discontinuous at x = 0. 


2. No, the function f(x) = | has an absolute minimum value of 0 at x = —2 and an absolute 


3. Onan open interval the extreme values of a continuous function (if any) must occur at an interior critical 
point. On a half-open interval the extreme values of a continuous function may be at a critical point or at the 
closed endpoint. Extreme values occur only where f’ = 0, f' does not exist, or at the endpoints of the interval. 
Thus the extreme points will not be at the ends of an open interval. 


4. The pattern | = +++ | -——-— | ^——- | ++++ | +++ indicates a local maximum at x = 1 and a local 
1 2 3 4 


minimum айх = 3. 


5. (a) If y' = 6(x + 1)(х — 2)’, then y’ < 0 forx < —1 and y > 0 for x > —1. The sign pattern is 
f! ---- | +++ | +++ = fhasa local minimum at x = —1. Also у” = 6(x — 2)? + 12(x + 1)(х - 2) 
1 2 


= 6(x — 2)8x) > y” > 0forx «Oorx > 2, while y" < 0%ог0 <x < 2. Therefore f has points of inflection 
at x = 0 and x = 2. There is no local maximum. 

(b) Пу’ = бх(х + 1)(х — 2), then y’ < 0 for x < —1 and 0 < x < 2; y > 0 for —1 < x «O0 and > 2. The sign 
sign pattern is у = ——— Lope | --- | +++. Therefore f has а local maximum at x = 0 and 


local minima at x — —1 and x — 2. Also, y" — 18 Е (57) | Е (552) ,so y” < 0 for 


тал <х< vr and y" > 0 for all other x = f has points of inflection at x = БИ : 


6. The Mean Value Theorem indicates that "02:47 — Р(с) < 2 for some c in (0, 6). Then Кб) — КО) < 12 indicates the 


most that f can increase is 12. 


7. If fis continuous on [a, c) and f'(x) < 0 on [a, c), then by the Mean Value Theorem for all x € (а, c) we have 
Қе)- 14) <0 = Қс)- f(x) < 0 = f(x) > f(c). Also if f is continuous on (c, b] and f'(x) > 0 on (с, b], then for 
all x € (c, b] we have feo - fo) >0 = f(x)—f(c) 20 = f(x) > Кс). Therefore f(x) > Кс) for all x € [a,b]. 


8. (а) Foralx, -(x 1)? <0< (х- 1? => - (1+2) <2х< (14x) => -i< xl. 


< 


(b) There exists с Є (а, b) such that > = ҚЫ- Қа) = е 


=> Ы) – f(a)| < t |b — al. 


1 
= | ird | 2> from part (а) 
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9. 


No. Corollary 1 requires that f'(x) = 0 for all x in some interval I, not f'(x) = 0 at a single point in I. 


10. (a) h(x) = fG)g(x) = h'(x) = f’(x)g(x) + f(x)g'(x) which changes signs at x = a since f'(x), g'(x) > 0 when 


11. 


12. 


13. 


14. 


15. 


16. 


x <a, f'(x), g'(x) < 0 when x > a and f(x), g(x) > 0 for all x. Therefore h(x) does have a local maximum at x = a. 
(b) No, let f(x) = g(x) = x? which have points of inflection at x = 0, but h(x) = хб has no point of inflection 
(it has a local minimum at x — 0). 


.. 22 -1-а ғ. ЭР 2 ... . 2 . 22 . . 
From (ii), К—1) = агг аж 0 = а = 1; Кот (iii), either 1 = , lim. f(x) or 1 = x lim. f(x). In either case, 
=. 5 х-1 = 1+; eS . = 
нэ Ко) = то wee = jim | сат =1= b=0 апас = 1. For if = 1, then 
1 1 
lim 1% іт = O and с = 0, then. lim сан NO lim Iti — ay ай аг 1, b =0, ando. 
x Жоо X+C+ 5 +оо +; хә too $ 


бу = 3x2 + 2kx +3=0 = x = 22084036 2 x has only one value when 4k? — 36 0 k? =9ork = 3. 


The area of the ДАВС is A(x) = 1 (2) V1 х2 = зуд у 

where 0 € x < 1. Thus AG) = 7 = Оапа p (.1->2)с 2 
critical points. Also A ( 1) = 0 so А(0) = 1 is the И 
maximum. When x = 0 the ДАВС is isosceles since 

АС = ВС = V2. х 
Шин, Perneta f” (с) for e = 2 [f"(c)| > 0 there exists a 6 > 0 such that 0 < |h| < 6 


=> |Н) pc) < FIE]. Then © - 0 = Е] < ČH Рози 

=> f"(c)- 5 [£"(c)| < Por) < f"(c) + i ЈЕ" (с)|. If f"(c) < 0, then |f"(c)| = —f"(c) 

- Зс) < Et 2187) < 0; likewise if f"(c) > 0, then 0 < 1f"(c) < "№ < 3 Ре). 

(a) If f"(c) < 0, then -ó <h «0 = f'(c--h) > OandOch« ó = f'(c4- h) < 0. Therefore, Кс) is a local 
maximum. 


(b) If f"(c) > 0, then -ó <h «0 = Ғ(с--Һ) <Oand0<h<6é = Р(с+ћ) > 0. Therefore, Кс) is a local 
minimum. 


The time it would take the water to hit the ground from height y is 4/ 2 ‚ Where g is the acceleration of gravity. The 


product of time and exit velocity (rate) yields the distance the water travels: 
ру) = J 2 уу) = ч <y<h = ру) = -4 цай y?) —2у) = 0, ^ andh 


1/2 
are critical points. Now D(0) = 0, D( —8 у (80) - (3) Э = Аћ, / = = and D(h) = 0 = the best place to drill 


the hole is at y — : : 


From the figure in the text, tan (8 + 0) = bta, tan (8 + 0) = gi ; and tan 0 = è. These equations 
b+a _ tanĝ+i _ htang+a ; : = 
give 21° = т 5 тап б = ада) Solving for tan 8 gives tan 8 = ај ог 


(h? — a(b + a)) tan 8 = bh. Differentiating both sides with respect to В gives 
2h tan В + (b? + a(b + а)) sec? В $ = b. Then 4 = 0 = 2htang =b > 2h (s 
=> 2bh? = bh? + ab(b + а) = h? = аб +a) = ћ = y/a(a + b). 


tt) = b 
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18. 


19. 


20. 
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The surface area of the cylinder 18 S = 2лг? + 27rh. From 
H-h 


the diagram we һауе в = ^q^ => h= RH IH and = 
Џ 
50) = 2лта + В) = 27r (+Н-гН) x 
= 2r (1 — E) г + 27Нг, where 0 < r < В. H 
Case 1: Н< К = 50) is a quadratic equation containing h 


the origin and concave upward = S(r) is maximum at — 
r=R. R 
Case 2: H=R = 50) is a linear equation containing the 
origin with a positive slope = S(r) is maximum at 
r=R. 
Case 3: Н> К = 50) is a quadratic equation containing the origin and concave downward. Then 


45 = 4r (1 — #)r+2nHand $ 20 = 47 (1– B) r-2:H20 => r= For simplification 


RH 
2(H—R) · 
x _ _ RH 

we Је r* = XH-R : 
(а) НК < H < 2R, then 0 > H —2R => Н> XH – К) = r= та o 
right endpoint К of the interval 0 < г < В because S(r) is an increasing function of r. 


(b) ЕН = 2R, then г = R в > S(r) is maximum atr = R. 


> R. Therefore, the maximum occurs at the 


2R 
(с) ЕН > 2R, then 2R +H < 2H => H< XH -R) = мэ «12 Hg <В = r < В. Therefore, 
S(r) is a maximum at r = r* = нк) E 
Conclusion: If H € (0,2R], then the maximum surface area is atr = К. ЁН € QR, oo), then the maximum is at 
* ВН 
== = 


f(x) = mx — 1 + 1 > f'(x-—m- + and f"(x) = E > О when x > 0. Thenf'(x) 20 > x= a yields a minimum. 


I£ (35) > 0, then /m — 1+ \/m=2\/m—1>0 = m> 1. Thus the smallest acceptable value for m is 1. 


(a) The profit function is P(x) = (c — ex)x — (а + bx) = —ex? + (c — b)x — a. P(x) = —2ex +c -b = 0 
c—b 
267 


= х = 5 2 .Р(х)--26-01е» 0 so that ће profit function is maximized at х = 


(b) The price therefore that corresponds to а production level yeilding a maximum profit is 


p „=с – е(5=> 2) = ctb dollars. 


=$ 
2e 


(c) The weekly profit at this production level is Р(х) = -е(< zd + (c—b)(Sz5) -a= бв ed. 


2e 4e 


(d) The tax increases cost to the new profit function is F(x) = (c — ex)x — (a+ bx + tx) = —ex? + (c — b — t)x — a. 
Now F'(x) = —2ex + c — b – t = 0 when x = 0-6 = €—-!. Since F'(x) = —2е < 0 if e > 0, Fis maximized 
when x = == ъ= t units per week. Thus the price per unit is p = c e(£—2-1) = = dollars. Thus, such а tax 


increases the cost per unit by S+2+! — ex 


= 5 dollars if units are priced to maximize profit. 


(a) 


-8'- 


Тһе x-intercept occurs when i —3=0 1 jex-l. 
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1-3 Р 
(b) By Newton's method, хинт = Xn — e ы. Here f'(x,) = —x;? = =. So хи = Xn — ES = а + (2 - 3) х 


= ха + Xn — 3x? = 2x, — 3х2 = ха (2-Хд). 


(хо) х-а _ аха – хе +a ха (а а—1)+а q-1 4 1 А 
21. х =x = х = = = ХІ = | so that x; is a weighted average of x 
1 0 Р (хо) 0 аха! ач” I ач” T 0474 + хаг! 4 1 в 5 0 
апа aA with weights то = 4-1 and m, = 1. 
Xo q q 
= а 1 а 4-1 1 а 
In the case where хо = -& we have ха = a and x, = -& | 2 = | == i] = . 
0 xi I 0 1 xr q йн хал а хе 4 F q хе 


22. We have that (x — h)? + (y — h)? = 12 and зо 2(x — h) + 2(y — 1) 2 = 0 and 2 + 2% + 2(y — n)23 = 0 hold. 
х+у® 
іта 


) = 0. Dividing by 2 results in 1 + E: + уз (509) -0. 


Thus 2х + 2улу Чу —2h4- 2h 4 , by the former. Solving for h, we obtain h = . Substituting this into the second 


d 
x+y 
1+2 


equation yields 2 + 25 + 2y23 у :( 


23. (a) a(t) = s"(t) = —k (к> 0) = s'(t) = —kt+ Ci, where s'(0) = 88 = C, = 88 = s'(t) = —kt + 88. So 
s(t) — == + 88t + Сә where 5(0) = 0 = a = 0 so s(t) = = + 881. Now s(t) = 100 when 
= + 88t = 100. Solving for t we obtain t = ФУ == sm -200К At such t we want 8/(4) = 0, thus 
x (8/5 у 88° — 200k E) + 88 = 0 or k(&- у выд - 4- 88 — 0. In either case we obtain 88? — 200k — 0 


88? 
so that k — 200 © 38.72 ft/sec?. 


(b) The initial condition that s'(0) = 44 ft/sec implies that s'(t) = —kt + 44 and s(t) = =k? + 44t where k is as above. 
The car is stopped at a time t such that s'(t) = —kt + 44 = 0 > t = iz At this time He car has traveled a distance 
(2) == E (4) = 44 ( м) = “= = ын = 968 (207) = 25 feet. Thus halving the initial velocity quarters 
stopping distance. 
24. h(x) = £(x) + g?(x) => М(х) = 2Қх)Р(х) + 2g(x)g'(x) = 2|Қх 8(5)8 (5)| = 2[f(x)g(x) + g(x e 


= 2.0 = 0. Thus h(x) = c, a constant. Since h(0) = 5, h(x )=5 E | x in the domain of h. Thus h(10) = 


25. Yes. The curve y — x satisfies all three conditions since a — ] everywhere, when x — 0, y — 0, and 41 = 0 everywhere. 


26. y = 3x? + 2 for all x > у = х? + 2x + С where -1-1%--2.1-С->С--4->у-х%--2х-4. 


276 ()=а=-рР > v = s'(t) + + C. We seek vo = s'(0) = C. We know that s(t") = b for some t* and s is at a 
maximum for this t*. Since s(t) = 6 + Ct + К and 5(0) = 0 we have that s(t) = € + Ct and also s'(t*) = 0 so that 


© = (3C), so 891 У с(ас)У“ = b = (ac)! (c — 39) = b = (ac)! (36) = b > 33C = Ф 
= С = 9 Thus vo = (0) = SÙ = psr, 

28. (a) s"(t) = 02 — 1712 = v(t) = s'(t) = 20/2 — 20/2 + k where у(0) =k = $ => v(t) = 38/2 — 203 + 3 
(b) s(t) = 6/2 — 36/2 + $t + Ко where s(0) = ko = — $. Thus s(t) = 40? — $072 + $t— 4. 


29. The graph of f(x) = ax? + bx + c with a > 0 is a parabola opening upwards. Thus f(x) > 0 for all x if f(x) = 0 for at most 


25 j- 95 — 4 
one real value of x. The solutions to f(x) = 0 are, by the quadratic equation —— = = 


(2b)? — 4ac € 0 => b? — ac < 0. 


. Thus we require 
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30. (a) Clearly f(x) = (ах + bi)? +... + (anx + bn)? > 0 for all x. Expanding we see 


(b 


— 


f(x) = (ax? + Зајбух + b?) +... + (a2x? + 2anbnx + b?) 
= (a? + a2 +... + a2)x? + 2(а1 61 + аб + ... + anbn)x + (b? + b2 + ... + 52) > 0. 
Thus (a,b, + а265 +... + азр)? — (а? + ad +... + а2)(2 + b3 + ... + b2) < 0 by Exercise 29. 
Thus (аЬ + азо +... Ба)? < (a + a2 +... + а2)(Ь2 +2 +... + 2). 
Referring to Exercise 29: It is clear that f(x) = 0 for some real x <> b? — 4ас = 0, by quadratic formula. 
Now notice that this implies that 
f(x) = (aix + bi)? +... + (anx + Ба) 
= (a? + ad +... + a2)x? + 2(ajbi + agbo +... + anbn)x + (b? + b2 + ... +b?) =0 
& (aibi + аЬ + ... + аЬ)? — (a? +a? +... + a2)(b2 +b? +... +52) = 0 
& (aibi + аЬ + ... + anbn) = (а? +a? +... + a2)(b2 + 62 + ... + 2) 
But now f(x) = 0 = ах + bi; = 0 for all = 1, 2,..., n & ax = —b; = 0 for all i = 1,2, ...,n. 
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NOTES 
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CHAPTER 5 INTEGRATION 


5.1 AREA AND ESTIMATING WITH FINITE SUMS 


1. 
-х 
(а) Ax = 150 5 and x; = iAx = i 
(b) Ax = 150 = 1 andx, =iAx =i 
(с) Ax = 150 = 1 adx =iAx = i 
(d Ax = 150 = 1 апдах =iAx = і 
2. dx pex 
y 
4 
% >x 
1 
(a) Лх = 50 = 1 апах; =1Дх = 5 
(b) Ax = 15° 1 and x; = iAx = i 
(с) Ax um 18 5 and x; = iAx = i 
(d Ax = 150 2landx =iAx =i 


Since f is increasing оп |0, 1], we use left endpoints to obtain 
lower sums and right endpoints to obtain upper sums. 


1. 
=> a lower sum is х . 
1-0 
З о 
= a lower sum is У) (+) 
1-0 


1-1 


1-1 


NI= 


E 


2 
i : i2 
5 => an upper sum is У (5) . 


: AM 
д => ап upper sum is nr . 


жі 


„е 
001-4 


(0-8 


Since f is increasing оп (0, 1], we use left endpoints to obtain 
lower sums and right endpoints to obtain upper sums. 


- 
— alower sum is v . 
i=0 
EINE 
= a lower sum is У (+) 
i=0 


мн 


EE 


2. 
— ап upper sum is x) . 


1-1 


4. 
=> ап upper sum is SH 
ігі 


(e+= 
(Oo) = = в 
(G^) =з = 

+((3)° + (3) + (0) 818) = = = 
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3. f(x) = 1 Since f is decreasing on [1, 5], we use left endpoints to obtain 
upper sums and right endpoints to obtain lower sums. 


2 
(a) Ax = 331 = 2and x; = 1-F iAx = 1 + 2i = a lower sumis У, -2 = 2(5+ 5) = 1$ 


4 
(b) Ax = 55 = 1 ап x; = 1 +1Дх = 1 +i = alowersumis$;1.1—1(lo 5 + i-41) = 1 
i=1 
1 


(с) Ах = 35 = 2and x; = 1+iAx = 1 + 2i => an upper sum is >, = - 2 = 2(1 + 1) == 
i=0 ^ 


3 
(а) Ах-" = 1 and x; =1+iAx = 1+1 => ап upper зат 15 У; = -1=1(1+2 + 5 + 1) = 5 


4. f(x) = 4 — х? Since f is increasing оп [—2, 0] and decreasing оп |0, 2], we use 
left endpoints on [-2, 0] and right endpoints on [0, 2] to obtain 
Y lower sums and use right endpoints on [—2, 0] and left endpoints 
on [0, 2] to obtain upper sums. 


+ > х 
-2 2 


(a) Ax = 2= = 2 and х = —2 +іЛх = —2 + 21 > a lower sum is 2. (4 — (-2)?) +2. (4-22) = 0 


1 4 
(0) Ах = 2- (2) = land x, = —2+iAx = —2+i > a lower sum is У (4 — (xi)*) 1+ (4- (ж)“) 1 


1=0 
=1((4- (-27) + (4—(–1)) + (4-12) + (4-25) = 6 
(с) Ах = 2- C9 = 2 and x; = —2+1Ах = —2 + 2i => а upper sum is 2. (4 — (0)?) +2. (4 — 02) = 16 


2 
(d Ax = 2-03) = l and x, = –2 + 1Дх = –2 + i => a upper sum is У; (4 — (xi)*) -1+ (4- (х:)?) 1 
1-1 1-2 


-1(4-(-17) + (4 - è) + (4— 02) + (4- 12)) = 14 


5. f(x) =x? Using 2 rectangles > Ax = 150 = 1 > $(f(4) + £(3)) 
= 5 


2 312 
y -307-0у))-8-4 
1 


-| 4 rectangles > Ax = 1-0 = =. 


> (++ +1) 
-i( «Qe +’) = 8 


4 
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6. Using 2 rectangles => Ax = 150 = 1 = 4(f(4) + 1(3)) 
= +G) = 24 = 2 
Using 4 rectangles => Ax = 10 = 1 
= (f(s) + 65) 44) 4569) 
_ 1 (Ester) _ 496 _ 124 _ 31 
774 83 ^48 85 ^ 128 
7. f(x) 21 
Using 2 rectangles > Ax = 25+ = 2 => 2(f(2) + f(4)) 
| -xbep-i 
1 
] Using 4 rectangles => Ax = xd =1 
| = (65) + 65) + (5) + EG) 
| ir bebe = fts o ит = 8 
+ x 
1 2 3 4 5 
8. Қх)-4-х Using 2 rectangles => Ax = 2- (2) = 2 > 2(f(-1) + f(1)) 


= 2(3 +3) = 12 


Using 4 rectangles = Ax = 2-03) —1 


лар) + C) +G) 
Alco ecas («- 9) +(4– 0) 


=16- (3.2+1.2) =16- £ =11 


9. (a) D ғ (0)(1) + (1230) + 02701) + (100) + 520) + (03)0) + ADC) + (600) + 230) + (670) = 87 inches 
(b) D ~ 1200) + 220) + (000) + 530) + (13)(1) + (11)(1) + (600) + 220) + (600) + (000) = 87 inches 


10. (а) D ez (1)(300) + (1.2)(300) + (1.7)(300) + (2.0)(300) + (1.8)(300) + (1.6)(300) + (1.4)(300) + (1.2)(300) 
+ (1.0)(300) + (1.8)(300) + (1.5)(300) + (1.2)(300) = 5220 meters (NOTE: 5 minutes = 300 seconds) 

D ~ (1.2)(300) + (1.7)(300) + (2.0)(300) + (1.8)(300) + (1.6)(300) + (1.4)(300) + (1.2)(300) + (1.0)(300) 
+ (1.8)(300) + (1.5)(300) + (1.2)(300) + (0)(300) = 4920 meters (NOTE: 5 minutes = 300 seconds) 


(b 


хи 


11. (а) D ~ (000) + (4900) + (1500) + (3510) + (30)(10) + (44)(10) + (3510) + (15710) + (22)(10) 
+ (3510) + (4410) + (3010) = 3490 feet ~ 0.66 miles 

D = (4410) + (15)(10) + (35)(10) + (3010) + (44)(10) + (35)(10) + (15X10) + (22710) + (35)(10) 
+ (44)(10) + (3010) + (3510) = 3840 feet = 0.73 miles 


(b 


— 


12. (a) The distance traveled will be the area under the curve. We will use the approximate velocities at the 
midpoints of each time interval to approximate this area using rectangles. Thus, 

D ға (20)(0.001) + (50)(0.001) + (72)(0.001) + (90)(0.001) + (102)(0.001) + (112)(0.001) + (120)(0.001) 
+ (128)(0.001) + (134)(0.001) + (139)(0.001) z 0.967 miles 

Roughly, after 0.0063 hours, the car would have gone 0.484 miles, where 0.0060 hours — 22.7 sec. At 22.7 
sec, the velocity was approximately 120 mi/hr. 


(b 


хи 
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13. 


14. 


15. 


16. 


17. 


18. 


Chapter 5 Integration 


(a) Because the acceleration is decreasing, an upper estimate is obtained using left end-points in summing 
acceleration - At. Thus, At = 1 and speed ~ [32.00 + 19.41 + 11.77 + 7.14 + 4.33](1) = 74.65 ft/sec 


(b) Using right end-points we obtain a lower estimate: speed ғ: [19.41 + 11.77 + 7.14 + 4.33 + 2.63](1) 
— 45.28 ft/sec 

(c) Upper estimates for the speed at each second are: 
t | 0 1 2 3 4 5 


M | 0 32.00 5141 63.18 70.32 74.65 
Thus, the distance fallen when t = 3 seconds is s ~ [32.00 + 51.41 + 63.18](1) = 146.59 ft. 


(a) The speed is a decreasing function of time = right end-points give an lower estimate for the height (distance) 


attained. Also 
t | 0 1 2 3 4 5 
M | 400 368 336 304 272 240 
gives the time-velocity table by subtracting the constant 2 = 32 from the speed at each time increment 
At = 1 sec. Thus, the speed ~ 240 ft/sec after 5 seconds. 
(b) A lower estimate for height attained is В ~ [368 + 336 + 304 + 272 + 240](1) = 1520 ft. 


Partition [0, 2] into the four subintervals [0, 0.5], [0.5, 1], [1, 1.5], and [1.5, 2]. The midpoints of these 
subintervals аге m, = 0.25, тә = 75, m3 = 1.25, and ‚| = 1.75. The heights of the four approximating 
ар Кио) = (0.75)? = Z, Киз) = (1.25)? = P2, and Қам) = (1.75? = 38 


64 
Notice that the average value is approximated by 1 5 102)" (1) + (ay (1) + Cy (5) + Cy ()| = 1 


rectangles аге f(m;) = (0. 25)? = 27, 


1 approximate area under 


= LA * 3 . We use this observation in solving the next several exercises. 
length of [0,2] curve f(x) =x 


Partition [1,9] into the four subintervals [1, 3], [3, 5], [5, 7], and [7,9]. The midpoints of these subintervals аге 
m; = 2, m» = 4, ms = 6, and my = 8. The heights of the four approximating rectangles аге Ёт) = 2, 


т») = 1, Қапа) = 1, апа f(m4) = i The width of each rectangle is Ax — 2. Thus, 
A _ 2 AX area = 5 — 2 
Area 2() +2 (1) +2 (5) 42(1) = 5 = average value = Lu; = G) = 2. 


Partition (0, 2] into the four subintervals (0, 0.5], [0.5, 1], [1, 1.5], and [1.5,2]. The midpoints of the subintervals 
are m, = 0.25, m, = 0.75, mg = 1.25, and m, = 1.75. The heights of the four approximating rectangles are 


2 
fm) =} sin? $= 444 1, fma) = $ + sin? F = ру = оц) = +? = 1 + (—-—) 


2 
= 1+1 = 1, and пц) = 1 + sin? Z = 1 + (- 5) = 1. The width of each rectangle is Ax = 2. Thus, 
Area ~ (1+1+1+1) (5) 22 = average value ~ а = се 


Partition [0, 4] into the four e [0, 1], (1, 2, ], [2,3], and [3,4]. The midpoints of the subintervals 


1 3 
5, M2 = 5, M3 5, and my = 


f(m,) = 1 = (cos cp) = 1 — (cos (2))* = 0.27145 (to 5 decimal places), 


1 
2° 
( 
Қаш) = 1 – (cos (23) = 1 – (cos (32))* = 0.97855, тз) = 1 — (cos (08 )) = 1 (соз (5=))* 
| 


аге mj 


The heights of the four approximating rectangles are 


(3) 
2 


4 
= 0.97855, and тц) = 1 — (cos (= ј = -1- (сов (=i) = 0.27145. The width of each rectangle is 
Ax = 1. Thus, Area © (0.27145)(1) + (0.97855)(1) + (0.97855)(1) + (0.27145)(1) = 2.5 = average 


value ~ 2.5 


са = 
inm a [D4] 4 


col 
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19. Since the leakage is increasing, an upper estimate uses right endpoints and a lower estimate uses left 
endpoints: 
(a) upper estimate = (70)(1) + (97)(1) + (136)(1) + (190)(1) + (265)(1) = 758 gal, 
lower estimate = (50)(1) + (70)(1) + (97)(1) + (136)(1) + (190)(1) = 543 gal. 
(b) upper estimate = (70 + 97 + 136 + 190 4- 265 + 369 + 516 + 720) = 2363 gal, 
lower estimate = (50 + 70 + 97 + 136 + 190 + 265 + 369 + 516) = 1693 gal. 
(с) worst case: 2363 + 720 = 25,000 = t = 31.4 hrs; 
best case: 1693 + 7201 = 25,000 = t ~ 32.4 hrs 


20. Since (һе pollutant release increases over time, an upper estimate uses right endpoints and a lower estimate 
uses left endpoints: 
(a) upper estimate = (0.2)(30) + (0.25)(30) + (0.27)(30) + (0.34)(30) + (0.45)(30) + (0.52)(30) = 60.9 tons 
lower estimate = (0.05)(30) + (0.2)(30) + (0.25)(30) + (0.27)(30) + (0.34)(30) + (0.45)(30) = 46.8 tons 
(b) Using the lower (best case) estimate: 46.8 + (0.52)(30) + (0.63)(30) + (0.70)(30) + (0.81)(30) = 126.6 tons, 
so near the end of September 125 tons of pollutants will have been released. 


2 
21. (a) The diagonal of the square has length 2, so the side length is 1/2. Атеа = (v2) =2 
(6) Think of the octagon as a collection of 16 right triangles with a hypotenuse of length 1 and an acute angle measuring 
2m | т 
16 8' 


Area — 16(1) (sin т) (соз т) = 4ш 1 = 2/2 = 2.828 


(c) Think of the 16-gon as a collection of 32 right triangles with а hypotenuse of length 1 and an acute angle measuring 
2n — т 
32 16. 


Area — 32(3) (біп 5) (сов =) = 8 sin § = 2/2 = 3.061 


(d) Each area is less than the area of the circle, 7. As n increases, the area approaches 7. 


22. (a 


ми 


Each of the isosceles triangles is made up of two right triangles having hypotenuse 1 and an acute angle measuring 


x = a The area of each isosceles triangle is Ay = 2(1) (sin т) (соз т) = i sin x. 

4 sin 27 

= lim п: + = т 
noo (25) 


Qn 
n 


Qn 
n 


(b 
(c 


wm 


i — — ма : n. 
The area of the polygon is Ap = ПАт = 5 sin +, so lim 2 sin 


хи 


Multiply each area Бу г. 


27. 
n 

— Hain 27 
Ар = 5r^sin = 


2 


Ат = $r’sin 


lim Ap = ar 
23-26. Example CAS commands: 


Maple: 
with( Student[Calculus1] ); 
f := x -> sin(x); 


а := 0; 

b := Pi; 

plot( f(x), x=a..b, title="#23(a) (Section 5.1)" ); 

М :=[ 100, 200, 1000 1, # (b) 


for nin N do 
Xlist := [ a+1.*(b-a)/n*i $ i=0..n |; 
Ylist := map( f, Xlist ); 
end do: 
for n in N do # (с) 
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Avg[n] := evalf(add(y,y=Ylist)/nops(Ylist)); 

end do; 

avg := FunctionAverage( f(x), x=a..b, output=value ); 

evalf( avg ); 

FunctionAverage(f(x),x=a..b,output=plot); # (d) 

fsolve( f(x)=avg, х=0.5 ); 

fsolve( f(x)=avg, х-2.5 ); 

fsolve( f(x)=Avg[1000], x=0.5 ); 

fsolve( f(x)=Avg[1000], х=2.5 ); 
Mathematica: (assigned function and values for а and b may vary): 
Symbols for т, — , powers, roots, fractions, etc. are available in Palettes (under File). 
Never insert a space between the name of a function and its argument. 

Clear[x] 

f[x_]:=x Sin[1/x] 

{a,b}={7/4, т) 

Plot[f[x],(x, a, b}] 
The following code computes the value of the function for each interval midpoint and then finds the average. Each 
sequence of commands for a different value of n (number of subdivisions) should be placed in a separate cell. 

n =100; dx = (b — a) /n; 

values = Table[N[f[x]], {x, a + dx/2, b, dx}] 

average-Sum([values[[1]], (i, 1, Length[values]}]/n 

n 2200; dx = (b — a) /n; 

values = Table[N[f[x]], (x, а + dx/2, b, ах}] 

average-Sum([values[[1]], (i, 1, Length[values]]] / n 

n 21000; dx = (b — а) /n; 

values = Table[N[f[x]], (x, a + dx/2, b, ах 

average-Sum([values[[1]], (1, 1, Length[values]]] / n 

FindRoot[f[x] == average, {x, а) ] 


5.2 SIGMA NOTATION AND LIMITS OF FINITE SUMS 
2 Bk _ 60) 1080). 6: 8 — 

1 en Ре тут 5:15:131 =7 
3 1 Tod А р ЗЕ 12227 

2. 2, тај ас лээ Бал ас р 


4 
3. У; cos Кт = cos (17) + cos (27) + cos (Зл) + cos (47) = —1+1—1+1=0 


к=1 


5 
4. X` зїп Кт = sin (1r) + sin (27) + sin (37) + sin (Ат) + sin (57) =0+0+04+0+0=0 


k=1 


3 


5. 9; (-1)! sin = (- 1) sin + (-1?* sin £-E(-19*! sin 2 20— 14. УЗ = 3-2 


2 2 
К-1 


6. У (—1)* cos Кт = (— 1)! cos (17) + (— 1)? cos (27) + (—1)? cos (377) + (—1)* cos (Ат) 


k=1 


--(-1)-1-(-1)-1-4 
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10. 


11. 


14. 


17. 


(а) 
(5) 


(5) 


(а) 


(b) 


Section 5.2 Sigma Notation and Limits of Finite Sums 


6 

У 21 = 21-1 E 2271 + 2871 + 2271 422—1 4 2871 =1+2+4+8 + 164 32 
k=1 

у; 2 = 20421422 + 23 + 24 + 25 = 1424448416432 

К-0 

à 

b» gett — 27181 42041 4 21+1 | 22+1 45391 4 2441 — 74944484 16 + 32 


к--1 


АП of them represent 1--2--4--8--16--32 


6 

Y; CD = (–2)!-! + (-2Y.-1 + (–2)571 + (-2)*! + (-2)5-1 + (22571 = 1 - 244-84 16—32 
k=1 

5 

Y^ (-1)2* = (—1)929 + (—1)121 + (122 + (—1)323 + (—1)424 + (—1)525 = 1-24 4-8 + 16 32 
k=0 

У (-І)еі2е2 = [1j 919 90 + (—1) 12-122 4 (—1)0*150*2 + (-і1) 12142 + (—1)2+122+2 


к--2 


+ (— 1)3+123+2 2 —1 +2 — 4 + 8 — 16 + 32; 
(а) and (b) represent 1 — 2 4- 4 — 8 + 16 — 32; (c) is not equivalent to the other two 


4 
(=). cp (iy CD __ 1 1 

Lou ag" ов. 
2 

за _ 1 (=)! Cy — 1 1 
- per — pup Т тїт oer =1 3*3 

1 

< (1 cnp! (-1» (И _ 1 1 
У, 65 = 11327 0127 11:17 1+ 3 


(а) and (с) are equivalent; (b) is not equivalent to the other two. 


Y &-19-ü-1!*«- 0-1? 4G-1? «4-1? 20414449 


k=1 


3 
УК 1? = (-14+ 1? +04 12 +0412 + (2 + 1)? + (3+1) =0+1+4+9+16 


к--і 


Y k-( 3)? + (—2)? -(-1? = 9+4+1 


к--3 


(а) and (с) are equivalent to each other; (b) is not equivalent to the other two. 


4 4 
k 12. У\К? 13. У ж 
kel k=1 
5 5 k 
2k 15. 55 (–1ун 1 16. У (-D* E 
k=l k=1 
У За = 3 Уа = 35) = –15 
k=1 k=1 
У вео (6-1 
= =1 
У (а +b.) = >, а + У ђр=—5+6=1 
k=1 k=1 k=1 
> (а –б)о= >, а — Уб, = –5 – = —11 
k=1 k=1 k=1 
$ (b, — га) = У b, —2 у а = 6 — 2(—5) = 16 
k=1 


k=1 
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18. (a) YR = 8} а = 80) = (b) } 250b, = 250 © b, = 25001) = 250 
к=1 k=1 
Уа) Уа Удаа (а) х-0-уь- spoon 
k=1 = k=1 k=1 
19. (a) Sok = 10003055 (b) Y^ k? = 10005000 D _ 385 
k=1 k=1 


10 2 
е) ok = |19020) = ss? = 3025 


k=1 


13 13 
20. (а) k= БО +5 = 91 (b) Y; k? = 1303+ D0U9+) _ 819 


13 2 
© De = [8] = 912 = 8281 


7 7 5 5: 
21. X -2k = -2 X k = -2 (1950) = -56 22. у а= куке в (550) = 


k=1 k=1 


6 6 6 
= — 6(6 + DO + 1) _ 
Ве 3 =36) LOCO TD = —73 
6 6 6 
: ER 2 _ 6(6+1)(2(6) + 1) 22 
24. э ы и зс ol 


5 
25. Y k(3k --5) = У) Bk? + 5k) — ЗУ + 5 У k — (36-0995) + 5 (sexo) — 240 


k=1 k=1 k=1 k=1 


7 7 
26. У) КОК + 1) = У“ (2k? +k) =2 + >k = 2 (1720002) + 0+0 = 308 


к=1 k=1 k=1 k=1 


5 5 3 5 5 3 3 
27. У; 55 + (хк) =a LR + (хк) = 25 (ay + (H) =3376 


2 Lo “ы ы; 1 уч үз = 7+)? _ 1 (70+)? _ 
ВЕ, = Ех zl (25) = 588 


29. (a) 323 =3(7) -21 (b) 327 = 7(500) = 3500 


k=1 


264 262 
(с) 161) =k—-25>k=j4+2;ifk=3 = j= Тапа НК = 264 > j = 262 > У; 10 = У: 10 = 10(262) = 2620 


k=3 j=l 


36 28 28 28 
30. (а) еј =k-8 >k=j+8ifk =9>j=landifk=36>j=28> Ук— У (1+8) = У] + У 
k=9 је! j= j= 
= 805-7 + 8(28) = 630 
17 15 
(b Тец=к-2-к=]+2;Ик=з = ј = 1апдик=17 >] = 152 УК = У (0+2)? 
k-3 j=l 
Е ы 2(15 5(15 
= +4544) = у: j ES ај+ У 4 = 55+ YEO) 4+) 4 4, IT D + 4(15) 
m 


j=l j=l 


= 1240 + 480 + 60 = 1780 
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71 
(с) еј =k- 17 > К=]- 17; ШК = 18 >j = Гапаик = 71 > j = 54 УК(К — 1) 
К-3 
54 54 54 54 
= У) (1+17(4+17)—1)= У (2 + 33] + 272) = 21 > 33] + 57 272 
j=l j=l j=) іі j=l 
= HGH UGO0*D | 33. 545441) | 272(54) = 53955 + 49005 + 14688 = 117648 
31. (а) У 4 = 41 (0) У с = сп 
k=l к 
© 3(k-1)-Xk-Y1-3-m»a- 0° 
К-1 К-1 К-1 
32. (а) > + 2n) = ( + 2n)n = 1 + 2n (b) = = 6 
=1 К-1 
(с) У) 5 = "© = "+! 
К-1 
33. (а) (b) (c) 
^ y y 
"d 0,3) s Жон " (2,3) 
Дх) =х?-1, 1 fe)2xi-a! Жод-х2-1, 1 
0<х<2 | 05х52 | 0<х<2 ! 
5l: Left-hand t | Right-hand | Е Midpoint i 
it ! І | 
| | > Х x | >x 
сі-0 со сі-1 с 2 0 сі су=1 су сұ-2 0 
-1 - л -1 L^ -1 
34. (а) (b) (c) 
y 02 и 
1 1E 
0.5 0.75 1 0.25 0.5 0.75 
>х г i > х 
f(x) = 
= | 
35. (а) (b) (c) 
y 7 у 
Јо) = sin а; f(x) төш Ж; Ло) = ын X; 
Lect hand. А Right-hand, Midpoint 
>х >x г >х 
Сүэ-7 т -T с=т = 1 3 сд п 
21 | 
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36. (a) (b) (c) 


>x 
T т тоот 
—0.5 - 2 2 


т 


т 
2 


Е f()ssinx4l m f) = sin xl == 


Јо) = ѕіпх+ 1 


37. |i — хој = [1.2 — 0| = 12, [хо — xi| = |1.5 — 1.2| = 0.3, 
X5 — | = [3 — 2.6] = 0.4; the largest is |Р| = 1.2. 


X3 — х2| = [2.3 = 1.5| = 0.8, [ха = X3| = [2.6 ын 2.3] = 0.3, 
апа 


38. [x — хој = |—1.6 - (-2)| = 0.4, 
[x4 — хз| = [0.8 — 0] = 0.8, and 


Хә х! | = | 0.5 ( 1.6)| = 1.1, [Хз = X9| = [0 = (-0.5)| = 0.5, 
X5 — X4| = |1 — 0.8| = 0.2; the largest is |Р| = 1.1. 


39. f(x) = 1—хг Let Ax = 1-9 = 1 and а =1Дх = i. The right-hand sum is 
n Р n ЯГ n | . 
y xa-ei-ix(-y)-ixe-:$ 
ігі i=l i=l 
1 n 2 
= 
244 n 
=1- y tai Thus, lim 3:(1—c2)1 
| ОЕ 
z 2-44 | — 1_ 2 
+ : -х lim ( ) = 3-3 
40. Кх) = 2х Let Ax = 5—0 = 3 апіс =1Дх = ©. The right-hand sum is 
n n. n 
r P»()-YXs4-8Yi- peH anm 
А 1=1 1=1 1=1 
1 "d 
Thus, lim 379 . 3 = lim “4 — jim (9 + 2) — 9. 
п— о 1=1 noo noo 
> xX 
41. f(x) = х? +1 Let Ax = 5—0 = 3 апіс =1Дх = ©. The right-hand sum is 
n n 2 n :2 
у X +18 = > (8) 1) =8 > (8 +1) 
4 i=] i=1 i=1 
n 
= rod wee (новини 43 
= 
2,19 
= ma Ue) 4g = ке 3, Thus, 
n 27,9 
lim У (се +1)? = lim (= +3) =9+3=12. 
+ + + -х noo 1=1 П-200 
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44. f(x) = 3x + 2x? 


Section 5.2 Sigma Notation and Limits of Finite Sums 


Let Ax — 1—0 = 1 and c; = iAx = 1. The right-hand sum is 
z — 4 гү? 2 D: = п(п + 1)(2n + 1) 
Fas) DGG) = 3 Dr = a (зена) 

2 зеца) = 236) (в) = a UP = 5 


— 208 +3 +n _ 23152 Thus. lim 3^3c? 1 
ЕЕ 2n? ш 2 у | i\n 


noo i=l 
3 1 
= ну | === | = 2==1 
1—00 2 2 ` 


— = „ and с; =1Ах = 1. Тһе right-hand sum is 


i 9 n цэн 
Gy p= не >», 
1= 1= 


1 
__ 1 f n(n4 1) 1 fn(n+1)(2n+1))\) _ cn Qn? + 302 + n 
Е 2( 2 + п? б = + 
3 


2n? би? 
141 24844 ; 2 
= №. Thus, lim > (а + c?)} 


— : 
noo 1-1 


— = = апас =iAx = i, The right-hand sum is 
n n . n 
У (ва +21 = (3 «2(0))1- 251+ iyw 
i=l i=l i=l ігі 
2 2 

2 3 (xe) + 3 (settee) - au 3n ak 2n а 

3-3 24845 "E 21 
= = и Тїш», lim 2 (Зо + 207) = 

= 


3+2 21% 3,2. 13 
= ви | (552) + ( 3 ЕЕЕ 


1 iAx = i, The right-hand sum is 
i п п 5 
уш) = D(A) = aye = а (5560) 


2 


noo 1-1 


n 2141 
Thus, lim (22): = lim E 
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46. f(x) = х? - x Let Ax — 0- C3) = 1 and с = —1 +i^x = —1+ 1. The right- 
A hand sum is 2-9 = > ((-1+5) - (-1+9): 
п : n "E 
а с» ус и 
1 “32 буч. у 45420 1553 
Уз тэ иг gut 
i=l i=l i=l 


| 21604 ? L2n4 5+5 
—2 Snt5 4 án +6112 п Ев 1 ==). + 


. 5 44642 Zi 
-jmp- 5i. 5 8-05831-2-141-1-4 

5.3 THE DEFINITE INTEGRAL 

2 0 5 
1 1 х? ах 2, f 2x dx 3. | (x? — 3x) dx 

4 3 
4 fim 5. |, тэ, dx 6 Ју 

0 п/4 
7. f „бес х) ах 8. Ї (tan x) dx 

2 1 5 

9. (a) Ї g(x) dx 20 (b) Í. g(x) dx = — f g(x) dx = —8 


2 2 5 5 2 

(c) f 3f(x) dx — s f, f(x) dx = 3(—4) = —12 (d) Í. f(x) dx = 1 #00 ах — f. f(x) dx = 6 – (—4) = 10 
5 5 5 

(е) f [f(x) — g(x)] dx = 1 f(x) dx — f. g(x) dx = 6 — 8 = —2 
5 5 5 

(7) f [4f(x) — g(x)] dx = 4 f f(x) dx — f. g(x) dx = 4(6) — 8 = 16 


9 9 
10. (a) f —2f(x) ах = —2 Í f(x) dx = -2(-1) = 2 
9 9 9 
(b) Г [f(x) + h(x)] dx = Т f(x) dx + f. h(x) dx =5+4=9 
9 9 9 
(c) | [2f(x) — 3h(x)] ах = 2 f. f(x) dx – 3 ЇЇ h(x) dx = 2(5) — 34) = —2 
1 9 
(а) 1 f(x) dx = — f. f(x) dx = -(-D = 1 
7 9 9 
) fiwa f f(x) dx — | f(x) dx = -1 — 5 = —6 
7 9 9 9 
(f) f, [h(x) — f(x)] dx = Ї [f(x) — h(x)] dx = f. f(x) dx — JT (х) 4х-5-4-і1 


( 


о 


> 


2 2 2 2 

› / fu) du = |, Қх) ах = 5 (b) f. Узда = V |, f(z) dz = 53 
1 2. 2 2 

) fiwa- f f(t) dt = —5 (d) f. [—f()] ах = – [foo ax = —5 


11. ( 


( 


e 
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Section 5.3 The Definite Integral 


2. ® f soa - | коа = - v2 Ф f sau f eas v2 
© f soas- fumo --v2 0 Ја воа (%) (v2) =1 


4 4 3 
13. (a) [ков = |, код: – f (0) 2-7-3-4 
3 4 
(b) Ї f(t) dt = — Ї f(t) dt = —4 


3 3 1 
14. (a) Ј ко а= | noa- f, h(rndr-6—0-6 


1 3 3 
(b) Гмәш--(-/ 22 =f, h(u) du = 6 


15. The area of the trapezoid is A = i (B + b)h 


4 
= 2(5+2%6) =21 = f. (5 +3) dx 


— 2] square units 


16. The area of the trapezoid is A — 5 (B + b)h 


3/2 
=1(3+ 0) =2 = (—2х + 4) ах 
1/2 
= 2 square units 
17. The area of ће semicircle is А = 1 пг? = 1 (3)? AX 


3 
— 9 2 — 9 - 
= 5т => f. У9-х dx = 5 7 square units 


-3 -2 =1 1 2 3 
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270 Chapter 5 Integration 


18. The graph of the quarter circle is А = 1 mr? = 1 7(4)? 


0 
= 47 = Ё, 16 — x? dx = 4r square units 


19. The area of the triangle on the left is А = 1 bh = 2 (272) 
— 2. The area of the triangle on the right is A — i bh 
= 1 (10) = 1. Then, the total area is 2.5 


1 
= Í, |x| dx = 2.5 square units 


20. The area of the triangle is A = i bh — i (231) = 1 7 
1 
= | (1 — |х|) dx = 1 square unit 
ES f(x) 21 - |] 
x 
-1 1 
21. The area of the triangular peak is A = : bh — 5 (211) = 1. " 


The area of the rectangular base is 5 = бу = (2)(1) = 2. f(x) -2-11| 


1 
Then the total area is 3 = Та - |x|) dx = 3 square units 


А Ро 


22. у=1+М1-х? > у-1= ү1- х? 


> (у = )2 = 1 — x? => х? + (у – 1)? = 1, a circle with 
center (0, 1) and radius of 1 > у= 1 + y 1 — x? is ће 
upper semicircle. The area of this semicircle is 


А = 5 лт? = 5 m1)? = on The area of the rectangular base 
is A = (м = (2)(1) = 2. Then the total area is 2 + 5 


1 
= UM (1 +М1- ха) dx = 2 + 5 square units 
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b b 
23. | зах-10х0-5 24. Ї 4x dx = 1 b(4b) = 2p? 


y 


b 
25. | 2545 = }b(2b) — 1 а(2а) = b? — а? 


у 


27. (а) f^ – xi dx = 1[n(2)] = 2л (b) [^ — x? dx = i[n(2] = т 


28. (а) ІШЕР Ут-») dx = ETT i 1 — x? dx = —3[(1)(3)] + 1[л(1)] = 2- 8 
(b) Г (3x + V1 – 2) 4х = | 3xdx+ f axax Ј — x? dx = -1[0)()] + 1 [(1)(3)] + ту] == 


29. | а а 30. "ках = ОР E 
ИНТЕ en m ede 32. I5 dr — (v2) 5. (2) — 24 
33. МЕ dx = (7) -1 34. ШЕ ds = (937 = 0.009 

35 | ва= ж д ж |ә - 07-28 

37 ЇГхас- в е 38 [ па P 
39. ГА а 40. Јах = ӨМ өр 
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272 Chapter 5 Integration 


1 2 2 
41. J, тах=7та -3)= -14 42. |, зкак=5 | xax =5 [5 – £] = 10 


43. f -aas fra- Ј sa-2[2 d 42-0-4-6--2 


1 1 1 1 2 
2 2 2 = 1 - 1 | 2? рү 1 (3 
45. f, 1-2) a= f, 14+ | га = | 12-1 f z dz = 1[1— 2] IE | = 1 5 ( 


46. ог за = | заас- | за=- f zaz- f за = 2% z] 3[0 – 3] = -9+9=0 


49. |, өг ххэ ах ез | tact f, хек f, зах=з [6 -4 +] -ар-0ј=(8+2–10=0 


51. Let Ax = = = 5 апа let хо = 0, хі = Ax, 


n 


2 
X9 = 2Ax,... X44 = (n — 1)Ax, x, = nAx = b. 2 à (b,3b ) 
Let the c,'s be the right end-points of the subintervals a 
= Сі = X1, C2 = Хо, and so on. The rectangles 
defined have areas: {(x) = ах” 
Кеј) Ax = (Ах) Ax = 3(Ax)? Ax = 3(Ах)? 
Ке) Ах = f(2Ax) Ax = 3(2Ax)? Ах = 3(2)2 (Ах)? 
(сз) Ax = КЗАх) Ах = 3(3Ax)? Ax = 3(3)( Ах)? 
с.) Ax = f(nAx) Ax = 3(nAx)? Ax = За) (Ах)? 
Треп S, = Y^ Ке) Ax = У“ 3k! (Ax)? 
[5 É X-0 № хх X -b 


= 3(Ax)? È K = 3 (4) (мена 


k=1 


b 
ажр) = Дав ла, (++) =. 
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52. 


53: 


54. 


Let Ax = 5—0 = 5 and let x; = 0, xy = Ax, 
хә = 2Ax,... ,ља = (n— 1)Ax, x, = ПАх = b 
Let the c,'s be the right end-points of the subintervals 
=> Сі = ху, C2 = хо, and so on. The rectangles 
defined have areas: 
Ке) Ax = (Ах) Ax = a( Ax Ax = п(Ах)? 
Ке») Ах = f(2Ax) Ax = л(2Ах)? Ax = a (2) (Ах)? 
f(c3) Ax = КЗАх) Ax = т(3Ах) Ax = пау (Ax? 


fc.) Ax = f(nAx) Ax = TAx}? Ax = тп) (Ах)? 
Then $, = Y^ Кој Ах = У“ т (Ах)? 


k=1 к=1 


Tb? 3 1 Г 2 4 qb? 3 1 
= 245+ a) > Jm dx- lim, (+, +) = 
Let Ax — = = © and let хо = 0, ху =Й 


X2 = 2Ax,... ,ља = (n— l)Ax, x, = nAx = b 
Let the c,'s be the right end-points of the subintervals 


=> Сі = Х1, €? = хо, and so on. The rectangles 
defined have areas: 
Ке) Ах = (Ах) Ах = 2(Ax)(Ax) = 2(Ax)? 
f(c3) Ax = f(2Ax) Ax = 2(2Ax)(Ax) = 2 2 Ах)? 
f(c3) Ах = КЗАх) Ax = 2(8Ax)(Ax) = 28 ( Ах)? 


fc.) Ax = f(nAx) Ax = 2(nAx)(Ax) = 2(n)( Ax? 
Then S, — -X Ко) Ax = У 2k(Ax)? 


k= k=1 


= 2(Ax) у к=2 (5) (ғ) 


k=1 


b 
=b (1+ +) = f 2xdx = lim, ас ша 


Let Ax = 5—0 = == ? and let хо = 0, x; = Ax, 
X2 = 2Ax,... ,ља = (n— 1)Ax, x, = nAx = b 
Let the c,'s be the right end-points of the subintervals 
=> Сі = X4, C2 = хо, and so on. The rectangles 
defined have areas: 
сі) Ax = (Ах) Ax = (2 
(со) Ах = К2Ах) Ах = 
f(c3) Ах = f(3 Ax) Ах = 


+ 1) (Ax) = 1 (Ах)? + Ax 
* + 1) (Ax) = $(2)(Ax)? + Ах 
х + 1) (Ах) = + (3)(Ах)? + Ах 


PER 


“Б 


Қо) Ax = алх) Ах = (225 + 1) (Ax) = 1 (Ax? + Ax 


Section 5.3 The Definite Integral 


nb. 


Then S, => fle) Ax = X: (3 k(Ax)? + Ax) = Аю У kc AxY 1-3 


= 10 (1+ ове Ге 
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) dx= lim, (fb? (1-- 1) +b) = 152 +b. 


b2 
n? 


f(x) - 


00-24 


12273008 


213 
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55. av(f) = (гін) Г ах 


V3 МЕ 
-4 Í, x? dx — + 1 dx 


1 
58. avi) = (55) J, (3x? — 3) ах = 


=з Ј xax- | sas (5) -30-0 


= –2. 


3 
59. avi) = (545) J, (t— D? dt 


1 
Up 
CEA 
ез 
N 
с. 
e 
| 
WIN 
= ~ 
ет 
с. 
+ 
+ 
w= 
> ~ 
= 
с. 
ез 


| 
ој 
тә 
> 
NS 
| 
WIN 
ит “~ 
һә|9, 
| 
һә|Ф, 
NS 
-- 
зік 
~ 
о 
| 
о 
МХ 
| 
— 
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60. av = (==) 1: (8-0 


1 
61. (а) av(g) = (=) f. (|x| — 1) dx 
0 1 
E (хак |, 6 - Ddx 
0 


- 


-1 


mie NIe pre 


3 3 
(b) av(g) = (344) Ј (|x| — 1) dx = 1 Í (x — 1) dx 


3 3 
ERES 1 _ 1 (32 12 1 
=} fixax—} лк 1 (2-8) -18-0 


1. 


© avg) = (sty) Ј ixi - 0 as 


1 3 
=! f (i-e f (8-1) x 
i (-1+2)= 1 (see parts (а) and (b) above). 


62. (a) av(h) — (==) Г -ы ах- | - 0» dx 


i 0? c1» 
= c ЕЕ 
= ГГхах-" оао 


0 1 1 
– 1 —d 
f xa |. Ldx 4 f xax г лах 


GS) ptis) re 
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g(x) = |] - 1 


h(x) = 
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1 1 
(b) av(h) = (35) 1 -ka= - f, x dx 


(6-2 = (==) [a — |x| dx y 


0 1 
=} (Л, |x| ах + 1 — |x| 8) h(x) = -Ixl 


=1(-1+(-1)) = – 1 (see parts (a) and (b) 


above). 
63. Consider the partition P that subdivides the interval [a, b] into n subintervals of width p = 2== and let cy be the right 
endpoint of each subinterval. So the partition is P — b a+”, a+ cw а) „а + == EN апа ск = a+ шон а) 


We get the Riemann sum S ој ак = yet = Е = с-а) d.n = с (6 – " As n — oo and ||P|| — 0 
k=1 k=1 k=1 


b 
this expression remains c(b — a). Thus, f c dx = c(b — a). 


0 


64. Consider the partition P that subdivides the interval [0, 2] into n subintervals of width Ax — 2—9 — 2 and let cy be the 


n 


right endpoint of each subinterval. So the partition is P = (0, 2, 2 · 2, "DE 


эп? 


Riemann sum Y ој Ax = }ў] [2(®) + Ц .2--2 МЕ: +1) = # Ук 
k=1 k=1 кі 


k=1 k=1 


nena шы 
n n 


-- 
> вю 


2 
As п — oo and |Р| — 0 the expression SED + 2 has the value 4 + 2 = 6. Thus, 1 (2x + 1) dx =6. 


= 2) and c, = К. 2 = Ж. We get the 


65. Consider the partition P that subdivides the interval [a, 5] into n subintervals of width Ax = ?— and let су be the right 


па) а) b— a) 


endpoint of each subinterval. So the partition is P = (a, a + +=, a әле сийн } Ме ск = at к-а) 


n 2 
кен, EST ) 
-1 -1 


n n 2 n 2 3 
- bea (ка + 2а. i5 id (b 2 rx) 2 вэ — Еа з. а). пе 1) + (b-a) | natinat 
k=1 kl = 


We get the Riemann sum У ај ак — ҮЗЕ ==) = 
к=1 к=1 


n 


3,1 
- (b — a)a? + a(b a)? А att Je poa 1 ae = (b a)a? + a(b a)? . 141 b-a? | 24245 


b 
= ba? — a? + ab? — 2a?b + a? + 1053 — 3b2a + 3ba? — a?) = Ù — ©. Thus, | dx = ® – 5. 


66. Consider the partition P that subdivides the interval [— 1, 0] into n subintervals of width Ax = 0-00 = 
the right endpoint of each subinterval. So the partition is P = (—1, —1 + 1, -1--2. Lo. ,—l4n a = г 0) and 
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ск = -1+К. 1 = –1 + E. We get the Riemann sum ) (ск) Ах = У) Ж -5)-(-14 5) 4 
k=1 


кі 
2214 (rk р. y. 3 г 1+3 Ч kd п Bes nnl) 1  n(ni1)2n41) 
м же УЗ ле Ра а и и ee 
кеі кеі к-і к=1 
--2- Sar) НО As n — oo and ||P|| — 0 this expression has value —2 + 3 — 1 = —2. Thus, 


67. Consider the partition P that subdivides the interval [— 1, 2] into n subintervals of width Ax = = -CD = 3 and let ск be 
the right endpoint of each subinterval. So the partition is P = (—1, —1 + 3, —1 +2. 3, — lms 3 = 2) and 


ск = —1+К.3 = –1 + Ж А We get the Riemann sum > Кок) Ах = 2: (3( 1+ 5)” 2( 14-25) -1) 3 
k=1 k=1 


n(n + 1)(2n + 1) 
6 


[ 
[E 
M= 


> n n n 
(5-28 РСЯ З кня Desn р. 
k=1 k= 
and 


||P|| — 0 this expression has value 18 — 36 + 27 = 9. Thus, 


— 18 Set 1) d Zitat Gath) Asn — 


5 
f ве — 2x + Пах = 9. 


68. Consider the partition P that subdivides the interval [—1, 1] into n subintervals of width Ax = 1-6) = = 2 апі let ск be 
the right endpoint of each subinterval. So the partition is P = (—1, —1 + 2, —1 +2. 2, ,—l4n :2 = = 1} and 
ск = —1+К. 2 = –1 + Ж к. We get the Riemann sum 2 (о) Ax = Yi (2) eg 1+ 2 : 
к-і 


n 2 3 
"e и асс 
ксі k=1 k=1 k=1 k=1 


2 
2222 12 (Ца-1) 24 , n(n+1)(2n+1) | 16 +) — +1 (п + 1)Qn * 1) +1) 
= 2 on 2, шал 24, n(n цэн илж ) = 2+6. "+ 4. (n п +4. Grp 
3 1 5 . . 
--2--6. кы [ыш СУ ТЕ Аа > oo and |Р| — 0 this expression has value —2 + 6 — 8 +4 = 0. 


1 
Thus, 27 -0. 


69. Consider the partition P that subdivides the interval (а, b] into n subintervals of width Ax = Ын be the right 
endpoint of each subinterval. So the partition is P = (a, a + =, a + 2-а) 8 са a+ 1-а) а) =Ь} апа 
n 
= а+ қ-а) 3 We get the Riemann sum) fa) Ax = = fas =a) = С (а+ ый 
к= k=1 
n a2k(b — 2 2(& a\2 ҮЛЕС n » n 
— b-a С + ээс а) 4 Зак e ay 4 A ay ES 2 „(фин Eyres a а)? ую (b— вэ xe) 
- к=1 к=1 
2 
— b-a раз | 325-3) , п(п+1) эмн. J ,nn-1)n-1) | (b-3)' +1) 
= =“. па юэ D ыы + —а NEU — + = (15 ) 
= 3 , 3a(b—a)? n4 a(b— zs ‚ @+1)(2а+1) | (b-af (п+1)? 
= (b — aja E 2 pu + n? T 4 ! E 
2 2\2 41 Cou. ЕЛДА EM 5 : А 
= (b — a) + = boa) = + ав 8. 260 +e =). ео аала ІР| — 0 this expression has value 
a?(b — a)? аў“ b 
(b — aja? + E= + a(b nm = * Thus, | х°йх 5 t. 
70. Consider the partition P that subdivides the interval |0, 1] into n subintervals of width Ax = — = I and let су be the 


EE T 


right endpoint of each subinterval. So the partition is P = {0, 0 +1 0+2. І, ..404n- 


We get the Riemann sum S f(a)A х= Ys —c)(+) = 1 3 б E (5°) = ЈЕ Ук -4 Ук e) 


К-1 
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71. 


42. 


73. 


74. 


75. 


76. 


77; 


78. 


79. 


Chapter 5 Integration 
2 1 
= 3 : nati) i : (4) = 3 3 nit = 1 2 ша - 3 . 1+1 i. ын ыг . Asn — oo and |Р| — 0 this expression 
1 
has value 3 — 1 = 3. Thus, Т (3x — х“)ах = 2. 
To find where x — x? > 0,letx — х? = 0 = ха —х=0=х=0ох = 1. КО <х < 1, ћепо <х —х > а=0 


and b = 1 maximize the integral. 


To find where x! — 2x? < 0, let xt — 2x? 20 = х? (х? – 2) 20 х= Оогх = + y2. By the sign graph, 

++++++ V -- 0 --0 ------ғ, we can see that x! — 2x? < 0 on |-2, ТА = а= – 2 апаь = /2 
– у 2 2 

minimize the integral. 


f(x) = => maximum value of f occurs at 0) = max f = КО) = 1; minimum value of f occurs 


1 
at 1 min f = f(1) = 15 1. Therefore, (1 -0)mint < ЈУ dx < (1 — 0) шах f > г< |, 


1 
ГІ? ae Tew dX < 


That is, an upper bound = 1 and a lower bound = 5 5 


See Exercise 73 above. On [0, 0.5], max f = 


1 _ "P 1 2 
+ = 1, min = то = 0.8. Therefore 


(0.5 — Omitz |” f(x) dx € (0.5 — 0) max f = 2 2 iig dx < i. On [0.5, 1], max f — "озу = 0.8 апа 
1 1 
T = : 1 К 
min Ё = т.р = 0.5. Therefore (1 — 0.5) min f < Ж. dx < (1 — 0.5) тах f = 3 < яг ах < 
1 1 
Then 1 + 2 еј и iz dx + os OGF dx < 1 1+2 = B< отте eer 
1 

—1 < sin (x?) € 1 гайх > (1 —0)(— < f since )dx < (1 - OD or f. sin x? dx < 1 = ff sinx? ax cannot 
equal 2. 

f(x) = \/x + 8 is increasing on [0,1] > max f = f(1) = \/1 +8 = 3 and min f = f(0) = \/0+ 8 = 2/2. 


1 1 
Therefore, (1-0)п f < | /x+8 dx < (1-0) max f > 2/2 < | ухва «3. 


b 
If f(x) > 0 on [a, b], then min f > 0 and max f > 0 on [a,b]. Now, (b — a) minf € Ї f(x) dx < (b — а) max f. 


b 
Thenb>a => Б-а>0 = (b-a)minf»0 = J 00 ax > 0. 


b 
If f(x) < 0 on [a, b], then min f < 0 and max f < 0. Now, (b — a) min f € Í f(x) dx < (b — a) max f. Then 


b 
b>a = Б-а>0 = (b—a)maxf <0 = / «дах < o. 


1 1 1 
sin x < x forx > 0 > sinx — x < O forx > 0 => Ј (sinx—x) dx < 0 (see Exercise 78) => | simx dx — | хах<0 


1 1 1 1 
= | sinxax < | хах = Ji sinxax < (2-9) - | sinxdx <. Thus an upper bound is 2. 
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83. 


84. 
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1 

secx > 1+ оп (- 5,5) => зесх- (1+2) > ба (- 1,1) > Jf, [весх— (14 5) | dx > 0 (see Exercise 77) 
1 1 1 1 

since [0, 1] is contained in (- 5,2) = f secxax— f, (1+5) dx 2 0. | see x dx >}, (1+5) 


1 1 1 1 А 1 
= | зехах> лака хах | зесхак> 1 –0)+ 1 (5) = f, secx dx > 1. Thus а lower bound 


7 
18 <. 


b b b 
Yes, for the following reasons: av(f) — eu [ f(x) dx is а constant К. Thus ЈА av(f) dx = Ї К dx = K(b — a) 


b b b 
= ауа = ак = а): Lf feo dx = | ох 


АП three rules hold. The reasons: On any interval [a, b] on which f and g are integrable, we have: 
b b b b b 
(а) ауф + 2) = t Í [f(x) + 200] dx = _— | f(x) ах + |, 2(х) ax = 8-1 f(x) ах + ur g(x) dx 
= av(f) + av(g) 
b b b 
(b) av(kf) — -- [ kf(x) ах = 51 | f. f(x) ax =k ЕЕ f. f(x) ax = kav(f) 


b b b 
(c) av(f) = TE Ї f(x) dx < e T g(x) dx since f(x) € g(x) on [a, b], and v Í g(x) dx = av(g). 
Therefore, av(f) < av(g). 


(a) U = шах! Ах + max Ах +... + max, Ax where max, = f(x1), шах» = f(x2), ... , max, = f(x,) since f is 
increasing on [a, b]; L = min; Ax + min; Ах +... + min, Ax where min, = Кхо), ming = Кх1),..., 
min, = f(x, 1) since f is increasing оп (а, b]. Therefore 
U — L = (max; — шіп) Ах + (maxz — ming) Ах +... + (max, — min,) Ах 
= (ба) — Кхо)) Ах + (хо) — о) Ах +... + (0) — Қа, 1)) Ах = (Кх,) — Қхо)) Ах = (f(b) — Қа)) Ах. 
(b) Ч = шах, Ax; + шах» Ax» +... + max, Ax, where max; = #01), шах» = #00), ... , max, = f(x,) since f 
is increasing on[a, b]; L = min; Ах! + ming Ax» +... + шіп, Ax, where 
min; = хо), ming = f(x;),... , min, = f(x, 1) since f is increasing оп (а, b]. Therefore 
U — L = (max; — шіп) Ax; + (max; — ming) Ax» +... + (max, — min,) Ax, 
= (а) — Кхо)) Ах, + (хә) — f(x) Axa +... + (Кх,) — Қо, 1)) Ах, 
< (ба) — f(xo)) Axa + (f(x2) — Кх!)) Ах +... + (ба) — Кх,_1)) Ахы. Then 
U — L € (f(x,) — f(xo)) Ax, = (f(b) — Қа)) Ax, = |f(b) — Қа) Ax, since f(b) > Ка). Thus 


(U-L)- Миш А (f(b) — Ка)) Ax, = 0, since Ax, = Р. 


lim 

ІРІ = o 
(а) U = max; Ах + шах. Ax +... + max, Ax where 

max, = f(xo), max = f(x1), ... , max, = f(x, |) 

since f is decreasing on [a, b]; 

L = min; Ax + mino Ax +... + min, Ax where 

min; = Хү), ming --Ї Хэ), ... , min, = f(x,) 

since f is decreasing on [a, b]. Therefore 

U — L = (max; — шіп) Ax + (maxz — mino) Ax 

+... + (max, — min,) Ax 

= (f(xo) — Кх!)) Ax + (ба) — Кх2)) Ах 

+... + (Ga) — f(x) Ах = (хо) — Кх,)) Ах 

— (f(a) — f(b)) Ax. 
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(b) Ч = шах, Ax; + max» Ax» +... + max, Ax, where max; = Кхо), шах» = f(x1), ... , max, = f(x, 1) since 
f is decreasing on[a, b]; L = min; Ах! + mino Ax» +... + min, Ax, where 
min; = (ху), ming = f(x2),... , min, = f(x,) since f is decreasing on (а, b]. Therefore 
U — L = (max, — шіп) Ax; + (тахо — ming) Ax» +... + (max, — min,) Ax, 
= (Кхо) — х1) Ах, + (х1) — f(x3)) Axa +... + (х, 1) — Кх,)) Ах, 
< (Ко) — f(x,)) Ax, = (Ка) — ҚЫ) Ax, = |f(b) — Қа) Ax, since f(b) < Ка). Thus 


(U-L)- ipm Я [f(b) — Ка) Ах» = 0, since Ах, = Р. 


lim 
ІР| +0 
85. (a) Partition [0, т] into n subintervals, each of length Ах = эр with points хо = 0, x; = Ax, 
Хә = 2Ax,...,X, = NAX = 5. Since sin x is increasing on [0, Я , the upper sum U is the sum of the areas 


of the circumscribed rectangles of areas Қхі) Ax = (sin Ax)Ax, хэ) Ax = (sin 2Ax) Ax,... , Кх,) Ax 


Ax _ 1 
= (sin nAx) Ax. Then О = (sin Ax + sin 2Ax +... + sinnAx) Ах = E 2 cos ш 1045) Ах 
cos Z — cos ((п + 4) =) т т (cos Z — cos (2-1) COS л; — COS (2-2) 
ES 2 sin 2 (э) Е 4n sin 2. то (54) 
ЕЭ 
uf cos £- — cos (Z + 2) 1—cos $ 
(b) The area is || ѕіп х ах = lim ы мз мы === =1. 
0 п — оо (=) 
4n 
86. (a) The area of the shaded region is $` Ax; · m; which is equal to L. 
ігі 
(b) The area of the shaded region is У Ax; - М; which is equal to U. 
i-l 
(c) The area of the shaded region is the difference in the areas of the shaded regions shown in the second part of the figure 


and the first part of the figure. Thus this area is U — L. 


87. By Exercise 86, U — L = У: Ах · Mi — У; Ах : m; where М; = max(f(x) on the ith subinterval} and 
1-1 1-1 


т; = min{f(x) on the ith subinterval}. Thus U — L = У (М — mi)Ax; < Se - Ax; provided Ax; < 6 for each 


1=1 1=1 


i = 1,...,n. Since $e- Ax; = є Axi = e(b — a) the result, U — L < e(b — a) follows. 
1-1 ісі 


88. The car drove the first 150 miles in 5 hours and the 
second 150 miles in 3 hours, which means it drove 300 mi/hr 
miles in 8 hours, for an average of 300 mi/hr —— 


— 37.5 mi/hr. In terms of average values of functions, 
average 


the function whose average value we seek is valua = 37.5 ти 
30, 0<1<5 . 3 
v(t) = { 50,5<1<8" and the average value is 


(30)(5) + (503) __ 
GUS бюз) L 37.5, 


t Time 
hr 
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Example CAS commands: 


Maple: 


95-98. 


with( plots ); 

with( Student[Calculus1] ); 

f := x -> 1-x; 

a := 0; 

b:= 1; 

N :=[ 4, 10, 20, 50 |; 

Р := [seq( RiemannSum( f(x), x=a..b, partition=n, method=random, output=plot ), n=N )]: 


display( P, insequence-true ); 


Example CAS commands: 


Maple: 


89-98. 


with( Student[Calculus1] ); 
f := x -> sin(x); 
а := 0; 
b := Pi; 
plot( f(x), x=a..b, title="#95(a) (Section 5.3)" ); 
М := [ 100, 200, 1000 1, # (b) 
for n in М do 
Xlist := [ a+1.*(b-a)/n*i $ i=0..n |; 
Ylist := тар( f, Xlist ); 
end do: 
for n in N do # (c) 
Avgi[n] := evalf(add(y,y=Ylist)/nops(Ylist)); 
end do; 
avg := FunctionAverage( f(x), х=а. 5, output=value ); 
evalf( avg ); 
FunctionAverage(f(x),x=a..b,output=plot); # (d) 
fsolve( f(x)=avg, х=0.5 ); 
fsolve( f(x)=avg, х=2.5 ); 
fsolve( f(x)ZA vg[1000], x=0.5 ); 
fsolve( f(x)=Avg[1000], х=2.5 ); 


Example CAS commands: 


Mathematica: (assigned function and values for a, b, and n may vary) 


Sums of rectangles evaluated at left-hand endpoints can be represented and evaluated by this set of commands 


Sums of rectangles evaluated at right-hand endpoints can be represented and evaluated by this set of commands. 


Clear[x, f, а, b, n] 

(a, b}={0, 7}; n =10; dx = (b — a)/n; 

f = Sin[x]?; 

xvals =Table[N[x], {x, a, b — dx, dx}]; 

yvals 2 f/.x — xvals; 

boxes = MapThread[Line[( (381,0), (31, £3), (82, #3},{#2, 0} ] &, (xvals, xvals + dx, yvals}]; 
Plot[f, (х, a, b}, Epilog — boxes]; 

Sum[yvals[[i]] dx, (i, 1, Length[yvals]}]//N 


Clear[x, f, a, b, n] 
(a, b}={0, т}; n =10; dx = (b — а)/п; 
#= Sin[x]?; 
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xvals =Table[N[x], (x, а + dx, b, dx}]; 
yvals = f /.x >> xvals; 
boxes = MapThread[Line[( (311,0), (31, £3), (82, #3},{#2, 0] ]&, (xvals — dx,xvals, yvals}]; 
Plot[f, (x, a, b}, Epilog — boxes]; 
Sum[yvals[[i]] dx, 11, 1,Length[yvals]) //N 
Sums of rectangles evaluated at midpoints can be represented and evaluated by this set of commands. 
Clear[x, f, а, b, n] 
(a, b}={0, п}; n =10; dx = (b — a)/n; 
#= Sin[x]?; 
xvals =Table[N[x], (x, a + dx/2, b — dx/2, dx]]; 
yvals = f /.x — xvals; 
boxes = MapThread[Line[( (581,0), (11, #3},{#2, $3], (82, 0} ]&, (xvals — dx/2, xvals + dx/2, yvals}]; 
Plot[f, (x, a, b},Epilog — boxes]; 
Sum[yvals[[i]] ах, 11, 1, Length[yvals]}]//N 


5.4 THE FUNDAMENTAL THEOREM OF CALCULUS 


1. fo + 5) dx = [ж + 5517, = (0? + 5(0)) — ((—2)? + 5(—2)) = 6 


2. f. – х) dx = [5x - 1 И = (54 =) (5 3) с>) = 13 


a foe = 2-43) [g-e] = (8 аз) - (E&- Cot esci) = 2 


f : хз ax? x! 4 3(4)? 44 3(0)? (0)4 
5. , (3х — 5) dx = [8 «|= (5 5) ( и) =8 


6. Ге — 2x + 3) ах = E — х2 + 3x] 5 = (+ – 22 +30)) = (= – (2) +3(-2)) = 12 


f 3 х 12 3/2] | 1,2 
NEC + \/х) dx = [5 ік |-659-ө-! 
32 
&ofea-psenr-cp-cs-i 
1/3 
9. f 2 sec? x dx = [2 (ап x]3 = (2 tan (2)) — (2 tan 0) = 24/3 — 0 = 2\/3 


10. 1 (1 + cos x) dx = [х + sin x]g = (m + sin т) — (0 + sin 0) = 7 


37:/4 

11. Г. esc 0 cot 40 = [—сзс ОА" = ( esc (2")) ( esc (7)) = 4/2 ( У2)-9 
т/3 

о. f 4 sec u tan u du = [4 sec Ш? = 4 вес (5) — 4 sec 0 = 42) — 40) = 4 
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0 0 
13. MI а= f „(5 +4 cos2t) dt — [i t+ Psin2]7,, = (100) + i sin 2(0)) — (5 (=) + 1sin2(2)) = -3 


т/3 1/3 
1 — cos 21 го 1 1 E 1. 2/3 
Hs Г. 2 dt — Га EE cos 2t) dt — [51— 4 sin 2t] —т/3 


= (208) – 2 sin2 (3) - G(- 3) -15i2(- 3) = Е dsinE + E+ 4 ап (=) = 1-2 


п/4 т/4 
15. f tan? x dx — 1 (sec? x — 1)dx = [tan x — xi" = (tan (7) — 2) — (tan (0) – 0) =1- 


AIS 


7/6 


7/6 т/6 
16. f (sec x + tan x)? dx = || (sec? x + 2sec x tan x + tan? x)dx = f (2sec? x + 2sec x tan x — 1)dx 
= [2tan x + 2весх — x]; = (2tan(£) + 2sec(Z) — (2)) — (2tan 0 + 2sec 0 — 0) = 24/3 — о => 


т/8 T 
17. f sin2x dx = [-3eoszx]" = ( łcos2(3)) — ( 1 сов2(0)) = 25/2 


-т/4 —n/4 
2 т - 2 -2үдр-- т1-7/4 
18. Г. (4 sec? t+ 5) а= ] (4 se t + 5t ?) dt = [4 tan t — 2 | у: 


= (41an (= 3) - 5) - (4n (3) - 5) = 4-1) +4) - (4(-V3) +3) -443-3 


D: 2 Е 2 p 2 ын (-1» 2 13 2 8 
19. [| (r4 1) а= f, (г ++ па = |5 +r +1. = ЮЧ D) (51 -1)--4 


T 2 1- 3 2 й e 2 уз 
20. Gt Dit +4) dt = _ alt Tt + 4t + 4) dt = Б ка) „ 


- (SE GE Цуу д) - (© С eC! eno) = вуз 


1 " 1 5 К 1 (va)' 
n. fne n) e е Qo) (Wp) --! 
gir o wes Az t u= |16 Рам КЕ 16 Ра 16 ШЕТЕЛ 1 


ah 2 -1 3 3 
5-2 2 2 =) _ |у = _ ( (1) 2 (-3) 2\)_ 22 
22. у a= | (у -2y ) dy = [5 +2у | - (8 + dj) (5 +55) =% 


23. Гуа [ure a= М - (у? +) (1-2) = va 28 +1 
=\/2- 48-41 


8 (3+1) (2 — x2) 1/3 2 — х2/3 : 2/3 3 3 
24. [к с СУЛ e ах = | (2- x! --2х-13-х13) dx = 


= — 137 
~ 20 


“© за а, [” 2sinxcosx 4. _ |” "T (zc 
25. ie dro | es dx = f cosx dx = [sinx] = (sin (7)) — (sin (3)) = -1 


т/2 
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26. 


27. 


28. 


29. 


30. 


31. 


32. 


33. 


35. 


36. 


37. 


Chapter 5 Integration 


7/3 1/3 1/3 
f (cos x + sec x)? dx = 1 (cos? х + 2 + sec? x)dx = f (20325341 + 2 + sec? x)dx 
т/3 1/3 
= f (1соѕ2х + 5 + sec? х)ах = Еш $x + tan x| 
0 


= (qin 2(3) + 3() + tan(3)) 
4 0 4 0 4 210 

Т ках = f ix dx + f ках = - f хах+ f. хах = |- £| + | 
-4 -4 0 -4 0 24 


т т/2 т 
f 1 (cos x + [cos x|) dx = | (соз х + cosx) ах + f, 2 (сох — coss) ах = f 


= то — 10 = 1 


(18һ2(0) + 3(0) + tan(0)) = 2 + °У3 


п/2 2 
cos x dx = [sin хү! 


vi ух _ 
(а) | cos t dt = [sin ЦИ” = sin к-во =зш yz > £ (J cos tdt) = (sin Лу = cos (е?) 


__ cos МХ 
= 2\/х 


® & (JP costa) = (cos V) (E C) = (eos v3) x”) = SF 


sinx 


(a) | 32 dt = |] = sinx —1 = 10) зе dt) = (sin? x = 1) =3 sin? x cos x 


(b) 4 (Л зё а) = (3 sin? x) (& (sin х)) = 3 sin? x cos x 


а) | упа= f a= [208] = 2 (099? 0-16 10! ыы) = (6) = 46 
(b) ІТ ZI = Vtt (4 (4) = © (48) = 46 


tan 0 


tan 0 
(a) f sec? у dy = [tan у] = tan (tan 0) — 0 = tan (tan 0) = i (f, sec? y a) = i (tan (tan 0)) 


— (sec? (tan 0)) sec? 0 


tan 0 
(b) в (Л sec?y ay ) = (sec? (tan 0)) (4 (tan 0)) = (sec? (tan 0)) sec? 0 
у= јутра = &- Vite 34. y= | ја = 8 -1х»0 
0 Vx | | 
у= ЁС: dt = = sin t? dt > ы = - (sin (МУ) (а (/x)) = -(віп x) (4 x-¥/2) 2 оны 


22 Ка з ду 2.4 Scd . 2 шу 2\3 d (,2 f sin 
y-xf. sint dt $ =x 10) sint at) +1 / sint dt = x - sin (x^) (х) + , Sint dt 


= 2x?sin хб + Í sin В dt 


х х 
2 2 2 dy х ИЧА 
у= Ја [za => dx х+4 aq = 0 
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3805 (f еж) > ¥ 3 w+ pa) а (+a) =зоё +1)®(]; (° +1)"ar) 


sin x 


dt 
о  y1-82" 


39. y = 


п dy |. 1 d : m 1 __ cosx | cosx __ : п 
хі < 5 x = UE (< (sin х)) е (cos xX) = сах] = сова = 1 since |x| < 5 


cos?x 


4. у=}, тёк = EG) (& бапх)) = (5) Ge) =1 


41. =x? — 2x 20 = —x(x+2)=0 x = 0огх = —2; Area 
-2 0 2 
= "P (—x? — 2x)dx + f x? — 2x)dx А (—x? — 2x)dx 
=- |- 5 – 0] | х? ај | х? el 
= 3 P 3 ig 3 
-2) _ 373 
ес) 
о 
23 o +: 0 _ 28 
(ин 
42. 3х2 -3=0 еі X = = 1; because of symmetry about 
the y-axis, Area = 2 ар (3x? — 3)dx + | ве — 3)dx 
y d 0 1 


2 (— [x3 — 513 + [è – 3x11) = 2[— (012 – 30) – (0° -30))) 
+ ((23 — 3(2)) — (13 — 3()] = 206) = 12 


43. xi — 3X? + 2х = 0 = x(x? -3x +2) = 0 

=> ХХ-2)х- 1) = 0 = х = 0, 1, ог2; 

1 2 

Ara = f (x? — 3x? + 2х)ах — f, (x? — 3x? + 2x)dx 

=[¢-x ta] [ая], 

E o L4 1 
14 ot 
ЕВ) – (® -0 +0?) 


24 i 14 : 211 
(эче (ев) 
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44. x3 -x =0 > x (1-28) =0 > xt = бог 


45. 


46. 


47. 


48. 


49. 


50. 


51. 


1—x?73 20 > х-дог1- x?’ х = бог 


1 =x? х= Оог+ 1; 


| 
Н 
В 
H 
i 
| 
| 


iy -£)- 


The area of the rectangle bounded by the lines y = 2, y = 0, x = п, and x = O is 27. The area under the curve 


у = 1 + cos x on [0,7] is Ї (1 + cos x) dx = [x + sin х] = (т + sin 7) — (0+ sin 0) = л. Therefore the area of 
the shaded region is 27 — 7 — 7. 
1 


The area of the rectangle bounded by the lines x = 5,х x, у= $0 6 = 5 sin 57 , and = 015 


57/6 
1(57 m 5r a 
5 (27 т) = . The area under the curve у = sin x оп (5, эт] 15 Г. sin x dx = [—cos x, 


= ( cos Эн ( COS т) = ( Xi) + va = МЗ. Therefore the area of the shaded region is уз E 


On [- 1 7 0] : The area of the rectangle bounded by the lines y V2, у =0, 0 = 0, and 9 = — 115 у2 (5) 


= ла . The area between the curve у = sec 0 tan 9 and y = 01$ — x sec Ө tan 0 40 = [—sec 017 Lad 


— (—sec 0) ( sec ( хүрэ У2 — 1. Therefore the area of the shaded region on [-1 13 0] 15 12 d + (2 — 1) : 
Оп (0, т] : The area of the rectangle bounded by 9 = 2,0 = фу = V2, and y = Q is /2 (4) = 22 . Тће агеа 


п/4 
under the curve у = sec 0 tan 0 is f sec 0 tan 040 = [sec ayn! * = sec 4 — sec 0 = /2 — ]. Therefore the area 


of the shaded region on [0, z] is 22 (v2 1) . Thus, the area of the total shaded region is 


(52 + уг 1) + (52 V2.1) == 


The area of the rectangle bounded by the lines у = 2, у = 0, t = — 7, and t = 1152 (1 - (- т)) =2 + 5. The 


0 
area under the curve у = sec? t on [|- 2,0] is УГ. вес? t dt = [tan Qu = tan 0 — tan (— 2) = 1. The area 


1 1 
under the curve у = 1-17 on [0,1] is 11 (1-2) dt = lt- У = ( - 5) - (o- 9 | = 2. Thus, the total 
310 


area under the curves on -4 АЗ 1| 151+ 2 - 3 . Therefore the area of the shaded region is (2 + т) - 3 = Фа, 


у= | 14-3 = Y= land y(n) = | 14-3-0-3--3 = (d) is a solution to this problem. 


у= f sectar+4 = d = sec x and y-1) = f sectdt 4- 4 — 0+4=4 = (с) 15 а solution to this problem. 


x 0 
y= f sectat+4 = ФУ — sec x and y(0) = | sectdt+4=0+4=4 = (b) isa solution to this problem. 
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1 
52. у= | 14-3 = 5 = Landy) = f 14-3-0-3--3 = (а) ва solution to this problem. 


53. у= |, sec t dt + 3 54. у= | V1l+t? dt— 


b/2 


37 6/2 y 
55. Area = f (ћ— (8) x?) ах = [nx - це Һ y=h- (4hb? )x? 


—b/2 


x 
-b2 b/2 


56. К> 0 = one arch of y = sin kx will occur over the interval [0, z] = the area = 1 віп КХ ах = [- t COS kx] 6 nes 


= ооз (k (B) - C созу) = 


57. £ = feet > c= f| beta = [2/2] ^ = \/x; e(100) — са) = 100 — УЛ = $9.00 
58. r— f(e- =) dx = 2 га ш нэ dx = 2 [x – (554) | => [(3+ ai) (0+ 017) 
1 
4 


2 (21) = 4.5 or $4500 


1 
ко 
- 
оз 
| 
iu 
= 
1 


59. (а) t=O = Т = 85 — 3y 25 — 0 = 70° Е; t = 16 => = 85 — 3y 25 — 16 = 76° F 
t = 25 = Т = 85 — 3y 25 — 25 = 85° Е 

25 25 
average temperatuve = == , (85 – 325—1) dt = 4 [85.2025 - 07 


= 55 (85(25) + 2(25 — as =i (85(0) + 2(25 — ш”) =75°Е 


(b 


хи 


60. (а) t=O >H= /04x1-45(0)? =1йдї=4= Н = 4-14 5(4) = 4/5 E 54/4 = 10.17 ft; 
(-8-Н-18-1-58)7-138 
8 8 
(b) average height шар VET 509) dt = TER (t+ 1) jus senj 


= A30 0^ + $97) - 1 (3(0 + 1°? + 2200)*%) = 2 29,67 1 
61. Гюа-ж —2x41 > = а [mas 4 (39 —2x 4-1) = 2x - 2 


62. f f(t) dt = x cos x = f(x) = 2 f f(t) dt = cos пх — 7x sin zx = f(4) = cos 7(4) — л(4) sin 1(4) = 1 


xt 1+1 
63. fo) =2– ЈУ pud => Р(х) = – пов = => Ра) = -3; 1) =2 f jd =2-0=2; 


1-4 


L(x) = —3(х — ) +1) 2-3x-1)4-22-3x-c5 
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64. g(x) = 3 + f sec (t — 1) dt = g'(x) = (sec (x? — 1)) 2x) = 2x sec (x? — 1) = g'(-1) = 2(-1) sec (( C1? — 1) 


65. 


66. 


(-1)° 1 
= -2; 9-1) =3+ | sect - Dd - 34 f. sec(t— 1) dt = 3 + 0 = 3; L(x) = -2(x - (-1)) + 851) 
--2Х-1)-3--2Х-1 


(a) True: since f is continuous, g is differentiable by Part 1 of the Fundamental Theorem of Calculus. 
(b) True: g is continuous because it is differentiable. 

(c) True, since g'(1) = f(1) = 0. 

(d) False, since g"(1) = f'(1) > 0. 

(e) True, since g'(1) = 0 and g"(1) = РО) > 0. 

(f) False: g’(x) = f'(x) > 0, so g” never changes sign. 

(в) True, since g'(1) = КГ) = 0 and g'(x) = f(x) is an increasing function of x (because f'(x) > 0). 


Let a = xo < X1 «Хээ. < Xn = b be any partition of (а, b] and let F be any antiderivative of f. 
(a) MFG) — F(xi1)] 
i=l 


= [F(x1) — F(xo)] + [F(x2) — F(x1)] + [F(x3) — F(x2)] +--+ + [F(Xn-1) ^ F(xn-2)] + [F(Xn) ^ F(xn-1)] 

= — Е(хо) + F(xi) — Еба) + F(x2) — F(x2) + +++ + F(xn-1) — F(Xn_-1) + Еба) = Ебх,) — F(xo) = F(b) — F(a) 
(b) Since Е is any antiderivative of f on [a, 5] => F is differentiable on [а, b] => F is continuous on [а, b]. Consider any 

subinterval |х 1, xi] in |а, b], then by the Mean Value Theorem there is at least one number с; in (х;_1, xi) such that 


[F(xi) — F(xi-1)] = F'(ei)(xi — xii) = f(ei)(xi — xi-i) = Қо) Ах. Thus F(b) - F(a) = У) [Е (х) — F(xi-1)] 


1=1 


= Уо) Ах.. 


ігі |Р|-0 |Р|-0 


(c) Taking the limit of F(b) — Е(а) = УК) Ax; we obtain lim (F(b) — F(a)) = lim ( 3 (одақ) 
1=1 


67-70. Example CAS commands: 


Maple: 
with( plots ); 
f := x -> х^3-4*х^2+3*х; 


a := 0; 
b := 4; 
F := unapply( int(f(t),t=a..x), х ); # (a) 


p1 := plot( [f(x),F(x)], x=a..b, legend=["y = f(x)","y = F(x)"], title="#67(a) (Section 5.4)" ): 

pl; 

dF := D(F); # (b) 

91 := solve( dF(x)=0, x ); 

pts1 := [ seq( [x.f(x)], x=remove(has,evalf([q1]),D ) J; 

p2 := plot( pts1, style=point, color=blue, symbolsize=18, symbol=diamond, legend="(x,f(x)) where F '(x)=0" ): 
display( [p1,p2], title="81(b) (Section 5.4)" ); 


incr := solve( dF(x)>0, x ); # (c) 
decr := solve( dF(x)<0, x ); 
df := 009; # (d) 


p3 := plot( [df(x),F(x)], x=a..b, legend=["y = f '(x)","y = F(x)"], title="#67(d) (Section 5.4)" ): 
p3; 
q2 := solve( df(x)=0, x ); 
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pts2 := [ seq( (х, F(x)], x=remove(has,evalf([q2]),D ) 1; 
p4 := plot( pts2, style=point, color=blue, symbolsize=18, symbol=diamond, legend="(x,f(x)) where f '(x)=0" ): 
display( [p3.p4], title="81(d) (Section 5.4)" ); 


71-74. Example CAS commands: 
Maple: 

а:=1; 
u := X -> x42; 
f := x -> sqrt(1-x^2); 
F := unapply( int( f(t), t=a..u(x) ), x ); 
dF := D(F); # (b) 
cp := solve( dF(x)=0, x ); 
solve( dF(x)>0, x ); 
solve( dF(x)<0, x ); 
d2F := D(dF); # (c) 
solve( d2F(x)=0, x ); 
plot( F(x), x=-1..1, title="#71(d) (Section 5.4)" ); 


75: Example CAS commands: 
Maple: 
Баје; 
ql := РИК Int( f(t), t=a..u(x) ), x ); 
41 := value( q1 ); 


76. Example CAS commands: 
Maple: 
Баје; 
42 := Diff( Int( f(t), t=a..u(x) ), x,x ); 
value( q2 ); 


67-76. Example CAS commands: 
Mathematica: (assigned function and values for a, and b may vary) 
For transcendental functions the FindRoot is needed instead of the Solve command. 
The Map command executes FindRoot over a set of initial guesses 
Initial guesses will vary as the functions vary. 
Clear[x, f, F] 
(a, b}= (0, 27}; f[x | = Sin[2x] Cos[x/3] 
F[x. ] = Integrate[f[t], (t, a, x}] 
Plot[(f[x], F[x]},{x, a, b}] 
x/.Map[FindRoot[F'[x]==0, (х, #}] &,(2, 3, 5, 6}] 
x/.Map[FindRoot[f[x]==0, (x, #}] &,(1, 2, 4, 5, 6}] 
Slightly alter above commands for 75 - 80. 
Clear[x, f, Е, u] 
а-0: |х] =x? – 2х – 3 
u[x_] = 1 — x? 
F[x_] = Integrate[f[t], (t, a, uG)]] 
x/.Map[FindRoot[F'[x]==0, { x, #}] &,{1,2,3,4}] 
x/.Map[FindRoot[F"[x]==0, {x,#}] &,{1, 2, 3, 4}] 
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After determining an appropriate value for b, the following can be entered 
0-4: 
Plot[(F[x], (x, a, bj] 


5.5 INDEFINTE INTEGRALS AND THE SUBSTITUTION RULE 


1. Letu = 2х +4 => du 22dx = i ди = dx 
[2(2х +4) ах = | 28 1а = | udu 106 C- 1(2x 4) +С 


2. Letu = 7x — 1 du — 7 dx 3 du dx 
Јоу = тах = [20x – 1) ах = | ти!” tau = f u? du = 22 с 2 (7х - У С 


3. Letu = x + 5 = du = 2x dx > idu х ах 
[2х( +5) “dx = f 2^ аи = f л аы--143-0--13645) +С 


4. Letu = x* - 1 2 du = 4х3 dx = І du = х? dx 
x3 -2 2 = = = 
Гах = ә +1) ах = | 4u 214:- fu *du=—-u!l+C=74+4+C 
5. Letu = 3x? + 4x => du = (6х + 4)ах = 2(3x + 2) dx = 5 du = (3x + 2) х 
5 
f (эх +2) (3 х2 + қуа = Гай ldu = } [и = 4w +C р ( 3x + 4x) +C 


6. Letu = 1+ yx 2 du = 7 dx => 2du= dx 
1/3 
Ге ак = f(t у) ax = ful? 24а = 2 ш®аа=2.35+С=3 1y ^ C 


7. Letu = 3x du = 3 dx 1 du = dx 


| мазхах- | 1 sin u du = — 1 cos u + С = — 1 cos 3x + С 


8. Letu = 2x? du = 4х dx > 144 x dx 


| xsin (2x2) dx = | 1sinudu = – 1 cosu + С = – І cos 2х2 + С 


9. Letu — 2t => du=2dt + du = dt 
f sec 2t tan 2t dt = | 1 sec u tan u ди = 1 sec u + C = 1 sec2t + C 


3 2 3 


10. Letu = 1 — cos 5 => du = 1 sin 7 dt = 2 du = sin 5 dt 
f (1 – со 1)? (sin 5) dt = | 2u? du = 2u3+C = 2 (1 — cos £)? + С 


11. Letu =1—1 = ди = -312 dr = —3 du = 9r? dr 


7-5 = f —3u 1/2 du = —3(2)u!2 + С аг —6 (1 A B)? d C 


12. Letu = у“ + 4y? +1 = ди = (4y? + 8y) dy > 3 du = 12 (y? + 2y) dy 
f 12(у' + 4у2 +1)? (у? + 2y) ду = | 3u? du = u3 + С = (у! +4у2 1? + C 
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13. 


14. 


15. 


16. 


17. 


18. 


19. 


20. 


21. 


22. 


23. 


24. 


Section 5.5 Indefinite Integrals and the Substitution Rule 


Letu = 2"? -1 > du = $x! dx => 2du—./xdx 


f ухзи( (x32 — 1) dx = | 2 sin?u du = 2 (2 — 1 sin 2u) +C = 1 (92 — 1) — 1 sin (292 — 2) + С 


Let u = —1 => du= = dx 
ГГ cos? (1) dx = f cos? (—u) du = f cos? (и) du = (2 + 1 sin 2u) +C = — 4 + 1 (-2) +С 
Ес 


(а) Letu = сог20 => ди = —2 сөс?20 40 => — 1 ди = csc? 20 40 

J csc? 20 cot 208 = — f иди = – 1 (5) +С=– 5 +С = – 1 с0020 +С 
(b) Letu = csc 20 = ди = —2 сөс 20 cot 20 10 = — i du = сөс 20 cot 20 49 

J esc? 29 cot 2048 = f'- utu = – 1 (5) «C2 – 5 + С = - 1 с? 20+ C 


(а) Letu = 5х + 8 du — 5 dx idu dx 


Гаа = ИЕГЕ fta Qu?) с ju +с = УС 


(b) Letu = /5x +8 = ди = } (5x + 8) У (5) ах = 2du= а 
Је = Ја =2и+С=2 5х +8+С 


Letu = 3 — 25 > du = —2 ds = — i du = ds 
f V3=2sds = |Гүл(-іш)--і fu? аи = (-1 (2132) +С = – 1(3 -2992 + C 


Let u = 55 + 4 du = 5 ds 1 du ds 


J Jats | J (5 du) = 3 fuia = (1) Qui) -С-24/58-4--С 


Letu = 1—62 > ди = –20 40 => – 1 du = 040 


Јоут—еав = | (а) 2-1 [мА и = (– 1) (4954) +С = -20 - 82^ + c 


Letu = 7 – 3y? = du = –буду = – į du = Зу йу 


| зуу7-зугау- |Г/л(- 1 du) =-} Ји аи = (-1) (2192) +c 2 –1 (7 – зуг)? +С 


Letu = 14 ух = du = у dx 2 du = у dx 


Letu = 32 +4 => du=3dz > idu-dz 
J соз(32 + 4) dz = | (cos и) (1 du) =! | сози и = 1sinu C = 1 вїп (32 +4) + С 


Letu = 3х +2 = du=3dx = 4 ди = dx 
J sec? (зх + 2 dx = f (sec? и) (1 ди) =1 | sec? udu = 4 tanu С = 4 tan (3х + 2)+С 


Letu = tanx = ди = sec? x dx 


Ј зап? x вес? x ах = f u? du = 513 + С = 1 tanx + С 
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25. Letu = sin(3) = du = 1 cos (х) dx = 3 du = cos (1) dx 
J sin? (5) cos (3) ах = Јо G du) = 3 (110) +C = 4 sin® (3) +С 


26. 2. = du = 1 sec 2 (3) dx => 2 du = sec? (5) dx 
) dx 1 tan 


f tan’ (3 sec? (3) = fu Q du) =2 (1 ue) +C = (0) +С 


27. Letu 2 5 —1 > 41:14 = ба =r dr 
5 6 
[?(& -1) «- [чз (бам) =6 fw ш-6(4)-с-(%-1) +С 


28. Letu=7- $ > 44--1ф > -20:-14 


Ге (7-5) «-/ғсла--2/ғш--а(4)с--%(-6) +с 


29. Letu = x3? + 1 = du— 3 x? dx > 2 du = х2 dx 


| х\ sin (92 +1 ) àx = f (sinw (2 (2 du) = 2 f sinudu = 2 (— cos и) + C = — 2 cos (х2 + 1) +С 


30. Let u = csc (757) => du= 1 esc (555) cot (155) dv => -2 du = све (757) cot (157 


Т csc (555) cot (=) -[-2a- —2u+C= -2 све (51) +С 


31. Letu=cos(2t+1) = du = —2 sin (2t + 1) dt = — i du = sin t + 1) dt 


sin 2t+ 1) 1 du_ 1 
| cos? (2t 4- 1) dt — f 2w Qu +С= ЕЕ +С 


) ау 


32. Letu = sec z = ди = sec z tan z dz 


J sgg f Jadu = [ua = 2u? + С = 2y/seez + C 


33. Letu=}-1=t! -1 > du=-t?dt > -du = } dt 


f 2 cos (+ — ) dt = J (eos u)(—du) = - | cos u du = —sinu +C = —sin (1 - 1) +С 


2 — +1/2 — 14-1/2 zu 
34. Letu = yt+3 = 00 +3 > = jc? = 2du= T dt 


[ < cos (vt +3) dt = f (cos шо du) = 2 f cos udu = 2 sin u C = 2 sin (Vt + 3) +С 


35. Let u = sin 5 => ди = (сов 1) (- 2) dé = —du = сов 5 40 


Јев сов 140 = f —u ди = – 10? +С = – 5 sin’ +С 


36. Let u = csc \/0 => да = (esc 0 cot "7 (55) 49 => –2 ди = < cot 9 сөс У ад 


f аи ад = | +, cot 8 све \/840 = f -2 du = -2u + С = -2 све VI +C = – -23 +C 


37. Letu = 1 4 t du = 48 dt 14:-1 dt 
Гес)? d= fu (14) = 1 (11) +с= i00 «c 
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38. 


39. 


40. 


41. 


42. 


43. 


44. 


45. 


46. 


47. 


48. 


49. 


50. 


Section 5.5 Indefinite Integrals and the Substitution Rule 293 


Геи 1-і ди = dx 


[| x4 dx- f4 тах = f 5 1-1dx- f /udu- ful? d=? 03/2 +С = 2 (1 О 


Геи 2-1 du dx 


f 32-7 idx- f Уааа= fu 1/2 ди = 232 + С = 2 (2 2 en 


Геи =1- 4 du 5 du 1 dx 
Га а= fa Ее й on du =} ful? du = 108? 4+0=1(1- 3)? +С 
Letu=1—3 du > dx > idu i dx 


Лу ах = fa Ea Јаја Зак= f addu 1 а d= 26^ +С = 2 (1– 3)" с 


Letu = x? — 1 > du = 3х? dx > 4 du = x° dx 
x? á 
J а ак = f dx= f4 du = } fut? du = шс 2 (x3 -iE 


Let u = x — 1. Then du = dx and x = u + 1. Thus fx(x—1)" dx = f (u+ туша = (4! +u) au 
эж = þu’ + 4 Lull ЕС = (х D 1(х 15440 


Let u = 4 — x. Then ди = —1 dx and (—1) ди = dx and x = 4 — u. Thus х 4 хах = [ (4 — и) /u(-1)du 
= f 4=u)(-u'/)du = f (e? — 4y!/2) аа = и = 83/24 С = 2(4— x)? E 8(4 -x)?^ +С 


Letu = 1 — x. Then du = —1 dx and (—1) ди = dx and x = 1 — и. Thus fo^ 1)2(1 — х)?ах 
[о — ui (-1) du = fev + 416 — 40°) du = — $u? + $u — 206 + С 
– (1 —х) +4 -x -21-ху +c 


Let u = x — 5. Then ди = dx and x = и + 5. Thus Їїх--5)х - 5) P dx = fast 10)u!/3 du = Јат? ES 108173) du 
= 3073 4 15443 C= 3( 5) + 15(х — 5)? +С 


Let u = x? + 1. Then du = 2x dx and idu = x dx and x? = и — 1. Thus [КУ + 1ах = fu- 1)5./udu 
= 1 f (uv —w/?)du = TET 5/2 _ gu? а 105/2 _ 18/2 + С = li. УЗ — 14241)? + С 


Let u = x? + 1 > du = 3x?dx and x? = u — 1. бо | за? x! + Тах = Ј (и – 1) /udu = | (uè? — и) ди 
= ap 2 23/9 „С m ар? Ш 34 |“ 


Let u = x? — 4 => ди = 2xdx and 1 du = хах. Thus [єл вах = f(x – 4) ха = Јата] аи =} fu? du 

= MERC 

Letu = x — 4 = ди = dx and x =u + 4. Thus | т тт dx= (к — 4) ках = fu? (и + 4јаи = f (u7? + 4073) du 
= —и-!—2и2+С=—(х—4) '—2(х—4) *+С 
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51. 


52. 


53. 


54. 


25. 


56. 


57. 


(а) Letu = tanx = ди = sec? x ах; у = u? = ду = 3u? du = ба\ = 18u? du; у = 2 + v dw 


18 t = _ бак — a =i 
1 эг =f ay du Gy = = % 3 = 6 fw бое 
Ев +С= – дах +С 
(b) Letu = tan?x du = 3 tan? х sec? х dx = 6 du = 18 tan? x sec? х dx; v = 2 + и dv — du 


18t 6d _ _ 6 = 
J | * dx = Та cra uy =) "E у Оне zs +С= рту +С 
(с) Letu=2-+tan?x = du —3tan?x se?x dx = 6du = 18 tan? x sec? x dx 


18t бш _ 6 - 
J аак 82--240--түрйтт +C 
(а) Letu =х- 1 du = dx; у = sinu dv = cos u ди; w = 1 + v? dw = 2v dv > idw v dv 


Ия Dsin- 1) cos(x — D dx = f V/I + sin2u sin u cos udu = f v/1-- v? dv 


1 
12,/u du 


= fi кан = то +C=1 (1+7? + С = 1 (1 + віп?) +С = 1 (1 + віп? (х — 1) +С 
(b) Letu = sin (x — 1) = du = cos (x — 1) dx; v = 1 + u? dv = 2u du 1 dv u du 
ои нэр” еа 
= (4 (2) 95) +C = 192 +C = 1(1 фи) + С = 10 si – 1)? + 
(с) Letu = 1 + si? (х — 1) = Ше и е => Vn лий 
1 жыланы 
-1(1--віп”(х- 1))?? + 
Let u = 3Qr — 1)? +6 = du = 6Qr – D) dr > $ du = (2r — 1) dr; v= Ju dv = зд du ł ду = 
(Qr — 1) cos /3Qr — 1)? + cos уп 
f “30-17 16 $ gr = || Exe) (5 du) = f (cos v) (1 dv) =} зпу + C = i sin /u4- C 


= 1 sin /3Qr - 1? +6+C 
Letu = cos VÔ = du = (- sin уд) (15 17) 40 = -2%- mvt qo 


– 224 = | ar 7 = | === 2 fu? ав--2(-20712) +C = 4 + С 


= – +С 
сов \/@ 
Let u = 32 — 1 du = 6t dt 2 du = 12t dt 


s= fixe – 1) а= [3 аи) =2 (14) +C = 1:454 С = 1 (32 — * «C; 
s=3whent=1 > 3=1(3—1)#+С > 3=8+С > C=-5 > 8-1(32-1)-5 


Letu = x? +8 du = 2x dx 2 du = 4x dx 
у= f 4x02 +8) dx= [чо du) = 2 (8173) +C = 328 +C = 3 (x? +8) + С; 
y=0whenx=0 = 0=38)%4¢C > C=-12 > y=3(x 4-8)? — 12 


Letu=t+ 15 — du = dt 


s= f8 sin? ( (t+ 4) ) dt = | 8 sin? udu = 8 (2 — 1sin2u) +C = 4 (t+ 5) — 2 sin (2t + 2) + C; 


s=8whent=0 > 8=4(4) —2sin(Z)+C > С-8-7-1-9-7 
=> s=4(t+ 5) —2sin(2t+ 2) -9— £ =4t—2sin (2t+ 2) +9 
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59. 


60. 


61. 


62. 


63. 


64. 
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Letu= 2 – 6 —du = dé 

i ud ж оз о а 3 (т 9 3 sin (7 20) + С; 
r= $ when =0 > = эт 3 sin б С С ть? т 3 (т 0) 3 sin (2 20) + 2 + 3 
52-53 3 sin (5 кыз -5 ты Зай EH? 
Letu—2t— 7 = du=2dt = —2 du = —4 dt 


2 
а | —4sin(2t— 5) dt = f sinu -2 du) = 2 cos u + Ci = 2 cos (2t — 5) + Ci; 
att = 0 and $ = 100 we have 100 = 2cos(— 2) + С; = С, = 100 = $ = 2 cos (2t — 2) + 100 
= s= | (2 сов (2t — 5) + 100) dt = f (cos u + 50) du = sin u + 50u + С, = sin (2t — 5) + 50 (2t — =) + C; 
att = О and $ = 0 we have 0 = sin (— 2) + 50 (— 7) + С => Со = 1--25т 
=> s= sin (2t— ©) + 1004 257 + (1 + 257) => 5 = sin (2t — 5) + 100: + 1 


Letu = tan 2х = du = 2 sec? 2х ах = 2 du = 4 sec? 2х dx; v = 2x dv = 2 dx 1 dv = dx 


à = | 4 sec? 2х tan 2х ах = f и(2 du) = и + С; = tan? 2х + C; 
at x = 0 and & = 4 we have 4 = 0 + С: C; =4 ЧУ = tan? 2х + 4 = (sec? 2х — 1) + 4 = sec? 2х + 3 


= y = | (sec? 2x +3) dx = f (sec? v + 3) (1 dv) = 2 tan v + $ v + Co = 1 tan 2x + 3x + C3; 
at x = 0 and y = —1 we have —1 = 1 (0) + 0 + С С, = –1 у 1 tan 2х + 3х — 1 


Let u = 2t du —2dt = 3 du = 6 dt 
s = f 6sin2tdt = | (sin uG du) = —3 cos u + С = —3 cos 2t + С; 
att = 0 and s = О we have 0 = —3cos0 + C C=3 5 3 – 3 сов 26 => 5 (7) = 3 – 3 cos (t) = 6 m 


Letu = ті du = 7 dt 7 du = z? dt 


у= Ј cos mt dt = | (cos u(r du) = 7 sin u + С) = m sin (zt) + C4; 


att = О and v = 8 ме have 8 = 7(0) + Су > С, = 8 M n пзп(т)+8 > s= f (теі (т) - 8) dt 


= f sinu du + 8t + C; = —cos (0 + 8t + Су; at t = 0 and s = 0 we have 0 = —1 + С; = С=1 
=> s—8t—cos(zt) +1 = 5(1) = 8 – сол + 1 = 10 т 


АП three integrations are correct. In each case, the derivative of the function on the right is the integrand on 
the left, and each formula has an arbitrary constant for generating the remaining antiderivatives. Moreover, 


sin? x + Cy = 1 — cos?x + C; = С, = 1 + Су; also -co?x + Су = — 95323 - 140, > Сз = 06-12-0441. 


1/60 
@ (СЕ ) Ју... Sin 1204 = 60 [~V na (т) cos (120т0] / = — У [cos 2л — cos 0] 


= – Ха (1—1]=0 


(b) Уш. = V2 Vins = V2 (240) = 339 volts 
1/60 Р . Р 1/60 | (уы? 1/60 
(с) f (Мах) sin? 1207t dt = (Vmax) Í (ез) gp = im Í (1 — cos 240rt) dt 


ша) 1/60 _ (Vu)? TE ойы. ee бы 
= Cu [t— (=) sin 240m] у = C [(& — (sanz) sin (40) — (0 — (54) sin (0))] = 5%- 
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5.6 SUBSTITUTION AND AREA BETWEEN CURVES 


1. 


(а) 


(b 


хи 


(а) 


(b 


— 


(a) 


(b 


— 


(a) 


(b) 


(a) 


(b) 


(a) 


(b 


wm 


(a) 


(b 


— 


Геи =у-+1 du = ду; у = 0 u=ly=3 u=4 


J, Ver Tay = Лили = ай ( ӨР? – а = (96 – (а) = 5 


Use the same substitution for u as in part (а); у = —1 u=0,y=0 u=1 


0 1 
Г.ууттөу- fu? gu = В = (2) 92 -0- 3 


Letu-1—r > du--2rdr > — + du rdr;r=0 u—lr-l 1-0 


1 0 
Јава f, - 3 Madu = [- 1992)? -0- (C2) a»? =} 


Use the same substitution for u as in part (a); r — —1 u=0,r=1 u=0 
1 0 
= 1 — 
J ivi Pas f -immo 
Letu = tanx = du = sec? x dx; x = 0 и = 0, х 1 и = 1 
п/4 1 211 5 
f tan x sec? x dx = f udu |=), 5-0-і 
Use the same substitution as in part (a); x =F u=-l,x=0 u=0 
0 0 210 
2 = == fe =0– :— —-1 
J „tanx sec xdx- ии = [5] =0 yg 
Letu = cosx => du = —sinxdx = —du = sin x ах; х = 0 u—l,x-m и = –1 
т = 
| з сох зтхах = f —3и? du = [233]; = —(—1)3 — (203) =2 
Use the same substitution as in part (a); x = 27 и = 1, х = 37 и = –1 


Зт = 
Я 3 cos! xsinx dx = | —3u? du = 2 
T 


2-1--“ du = 48 dt да = ё 961 =0 u=1,t=1 u=2 


1 2 2 
3 43 д E Ж ҮР _ 2! 14 __ 15 
feari a= foto = |] == 16 — 16 
Use the same substitution as in part (a); t = —1 п- 2,1= 1 у= 2 


1 2 
| ва+еа= f 143 du =0 


Letu=t?+1 > du=2tdt > idu-td;t-0 > u=1t=V7 > и=8 


vel 8 
Ју ern as f, ji аи = (3) (04511 = Q) e - () ^ = = 
Use the same substitution as in part (a); t — — 47 1-8,і- 0 ucl 


0 1 8 
1. це+ ac | udus- f iua = – 5 


Letu = 4 + r? du = 2r dr ldu-rdrr—-1 =s t=] u=5 


2 
1 5 
5r 1,—2 = 
Less], ju?du-0 
Use the same substitution as in part (a); r — 0 u=4,r=1 u=5 


1 5 
Пазра-5) = 5[- рит] =5(-16)1) -5(-10) =} 
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10. 


11. 


12. 


13. 


14. 


(а) 


(b 


wm 


(a) 


(b 


wm 


(a) 


(b) 


(a) 


(b 


wm 


(a) 


(b 


хи 


(а) 


(b 


wm 


(a) 


(b 


wm 


Section 5.6 Substitution and Area Between Curves 


Letu = 1+ 53/2 = ди = ЗУ? ду = 20 du=10,/vdv;v 02 и=ју=1 u-2 


1 2 2 
10,/У — 1 (20 _ 20 од 2071 20 [1 1] _ 10 
o (cvy =] 2 (20а) = 2 f u d--2mi--2g8-J]-4 
Use the same substitution as in part (a); v — 1 u=2,v=4 и=1+ 43/2 =9 


4 9 
9 
J Ma ave 5 (244) --21  --20-0--2(-1-32 


pad du — 2x dx 2 du = 4х 4х; х = 0 u=1,x /3 и = 4 


— 2 аа -1/2 ан — 1/2 1/2 _ 1/2 — 
о 4-5 +1 x= [5 du Í 2071 du = [аш] = 444) – 40) = 4 
Use the same substitution as in part (а); x -3 u=4,x /3 u=4 


Г заса х= f за =0 


Letu = х +9 = ди = 4x? dx = 1 du =x? dx; х 0 u=9,x=1 u= 10 


1 а Цин i қ 
Јо = зоа = [ow]? = Бао - Бол = 092 


Use the same substitution as in part (а); x = —1 и = 10, х=0 и=9 
i : K 1/2 73 1/2 3- уто 
1. Ad fin da=- f. qu du = —3 


Letu = 1 — cos 3t => ди = 3 sin 3tdt > 1 du = sin 3t dt; t 0 и = 0,1 n u 1—cos 5 = 1 


2 


f a-cssosinsa- | Ги аи = 1 (5) | = 600 – 600) = 


Use ће same substitution as in part (а); t 5 u=1t= 5 u =1—со5л = 2 
т/3 2 А 9 
4 — 1 —_ |1 [и ud 1 EN 
Г. (1 — соз 30 sin3tdt= f Ти аи = 1 (2) | =o -a = 


Letu = 2 + ап і => ди = ł sec? t dt => 2 аи = sec? 5 dt; t = Æ => и=2 + ап (57) = 1,4-0 u 


2 


0 2 
| (2+ tan §) sec? Sat = f u(2 du) = [42] = 22 – 12 =3 


Use the same substitution as in part (а); t = =" => и = 1,4-2 u=3 


п/2 
ЇН „(2 + tan 5 D)seia-2f udu = [uw]? =3?- 12 =8 


Letu —4-4-3sinz => du=3coszdz => 1 ди = cos z dz; z 0 п=4,7=>=7 и = 4 


27 4 
од а = f, 35 (140) =0 


Use the same substitution as in part (a; 2 = —7 > u = 4 +3 зщ (—л) = 4,7 = п u=4 


п 4 
де d |, k (іш) =0 


Letu = 3 + 2 сову => ди = —2 зам ду => —1 du = sin w dw; w == u=3,w=0 u=5 
0 5 
sinw 2 -2 1 2.1Л 6119 1 м. 1 
J ott dw = fou (-;4) = 5 u]; = (а =) == 
Use the same substitution as іп part (а); w = 0 u=5,w 5 u=3 


т/2 3 5 
sin w — —2 (_1 — 1 —2 Е 
1 (3 +2 сов w)? dw = f^ ( 2 du) Е ij" du = 15 
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15. Letu = 2 +21 > du = (5t1 + 2) dt —0 > u=0,t=1 Ше: 3 


1 3 
| V 21(3 4-2) dt = 1 u!/? du = (2482, = 2 92 — 2 (99? = 2/3 


16. Letu = 1+ „у ди = 1 u=2,y=4 > u=3 


dy . 
27 
4 
ETE: 
JE - fa а= fou ?duzs[-w1]5-2(-5)- (-2) = 5 
17. Let u = cos 20 => ди = —2 sin 20 40 = — 1 du = sin 20 40; 0 0 u—1,0 Б u cos 2 (5) = i 


Ы? =й : ын -3 1 1 эх -3 1 (и? 1/2 1 1 3 
f cos 20 sin 20 40 = f u (-1ш)--:/ u du = |- 1 (25) | = aay ж 4 


18. Letu = tan (2) > du = 1 sec? (2) 40 = 6 ди = sec? (2) 40;0 = т => u = tan(Z) 1) 0-3 у = 11 = 1 


6 


| 


rur (2) ес: 2 (8) de = Lot (6 du) = [6 (55) | e [- 28 | is = газ | y] = 12 


V8 


19. Let u = 5 — 4 cos t => ди = 4 sin t dt > 1 du = sin t dt; t = 0 = u = 5 – 4 cos 0 l,t=r>u=5—4cost=9 


т 9 9 
[56 – 4 соғу sintdt= | su (1 du) = 5 fw ai [8 (4 џ5/4)] 7 = 95/4 — 1 = 35/2 —1 


20. Letu = 1 — sin2t => ди = —2 cos 264 => — 4 du = cos 2t dt; t 0 u=1,t 1 » 1-0 


п/4 0 
(1 — sin 2072 cos 2t dt = [= 1 13/2 du = [-1 (25/2)] = ( 1409/2) – (– 1092) = 1 


21. Letu = 4y - y? - Ay? +1 = ди= (4 – 2y + 12у2) д;у=0 > u-Ly-l и = 4(1) — (12 +40)? + 1 = 8 
1 8 
Гоу-у + 4y? + 1) 22 (12у? — 2y +4) ду = f wi du = [3и1/3] + = 3(8)/3 — ЗИЈУЗ = 3 


22. Letu = y? + бу? - 12у +9 = du = (3y? + 12у — 12) ду => 1 ди = (у? + 4y 4) ду y = 0> и=%у=1 >u 


1 4 : | 
Ј, 09 + 6y? — 12у +9)" (9? + 4y —4) dy = | јата аи Па = вара — Зо -30- 9 =~} 


23. Letu = 68/2 = ди = 3072 40 = 24:-1/040:0-0- u=0,0= Ул? = u-m 


d 2 3/2 1 2 2 2 (и d aus т 2 (т 2 T 
1 М0 cos (0 )40-| со u (4 du) = [$ (3 + į sin 2u)] 23(2 + 4 sin 27) -20) = 5 
24. Leu 2 1+1 > du = -t° dt;t=-1 > 0=0,1=-1 > u=-l 
-1/2 ES 
f. css (1+ ја = f віп? u du = [- (8 — sin 2u)] 5 = (еі + sin(—2)) – ($ +910) | 
—i-isin2 


25. Ісіп-4-х? => du = —2x dx => —}du=xdx;x —2 и = 0, х=0 u=4,x=2 1-0 


0 2 4 
=. е x 4—x dx =—f tu? f —1 м2 du=2 fi wi? du = ful? du 


— [2 uM —2 2 (4/2 — 2 2 (0)8/2 — 18 


26. Letu = 1 — cosx => du = sin x dx; х = 0 и = 0, х= тп u=2 


т 2 2 
|, а сох) sinx dx = | пи = [5] -2-%-2 
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27. Letu = 1 + cos x = du = —sin x dx > —du = sin x dx; х = –п > u = 1 + cos (п) = 0, х= 0 = у = 1 + соѕ 0 = 2 


0 2 2 2 
А = – f 3 (sin x) \/1 + cos x dx = — 1 3u!/2 (—du) = 3 Í. ui? du = [208/2] |, = 2(2)9 — 200) = 272 


28. Letu = п + 7 sin x du = л cos x dx = 1 du = cos x dx; x = — 1 u=7+7 sin (— 3) 0,x =0 u=T7 


0 т 
Because of symmetry about x = —5, А = 2 f ” 5 (cos x) (sin (т + т sin х)) dx = 2 1 5 (sin u) (i du) 


= Ї sin u du = [—cos иу = (—cos 7) — (-сов 0) = 2 


29. For the sketch given, а = 0, b = 7; f(x) — g(x) = 1 — cos? x = sin? х = 1 908 2x. 


a= | =н dx=} [7 а — cos 2x) dx =} [x — 2]: = Ист 0) – (0 — 0)] = 
1 sec? t + 4 sin’ t; 


1/3 1/3 z/3 1/3 
А- | 2 зес“ Е + 4 sin? TE aed) пона „яка та} s di 


30. For the sketch given, a = — 1,5 = 7; f(t) — g(t) = § sec? t — (—4 sin? t) = 


ae гај (1 — cos 2t) dt = 1 [tan 977, +2 — тий в = 3+4. = _ ЗЕ 


31. For the sketch given, а = —2, b = 2; f(x) — g(x) = 2x? — (xf — 2x?) = 4x? — xf; 
112 
Жо Їл 4x2 — x4) dx = Е = d _ (32 2 32 321] _ 64 _ 64 _ 320-192 _ 128 
ajas- - (8-9) -I-2- 3) 


3 5 3 5 3 3 5 15 15 


32. For the sketch given, с = 0, = 1; Ку) — g(y) = y? — y*; 
1 1 
E $3 Е B eec зау (У 
A- | -y9ay- f, ya Ja = [8], 


33. For the sketch given, c = 0, d = 1; Ку) — g(y) = (12y? — 12y?) — (2y? — 2y) = 10y? — 12y? + 2y; 


1 1 1 1 
1 
A= ] (105? – 12 +2y) ау = f 10 ay – f уу» f зуду = [92]; - [By]; + УЛ, 
= (2-0) -3-0-+а-0=+ 


y*1!..a-9 0-0 1 1. 1 
4 ^ 3 4 3^ 4 


34. For the sketch given, a = —1, b = 1; f(x) — g(x) = x? — (—2x*) = х? + 2x*; 


A= foe toxt axa [2] G+- [ЕС] == 8-2 


35. We want the area between the line y — 1, 0 € x € 2, and the curve y — 2 minus the area of a triangle 


2 
(formed by y — x and y — 1) with base 1 and height 1. Thus, A — | (1 x) dx 1000) = Е - d sd 


= (2 5) 2-2 3 2-% 


36. We want the area between the x-axis and the curve у = x?, 0 € x < 1 plus the area of a triangle (formed by x = 1, 


1 1 
x + у = 2, and the x-axis) with base 1 and height 1. Thus, А = 1 x? dx +1 (0) = H +і=1+1= 5 
| 


37. АВЕА = А! + А2 
Al: For the sketch given, а = —3 and we find b by solving the equations y = x? — 4 and y = —x? — 2x 
simultaneously for x: x? — 4 = —x? —2x = 2x? -2x - 4— 0 > 2(х + 2)(х – 1) > х= -2 огх = 150 


-2 
b = –2: f(x) — g(x) = (х? — 4) - (2t - 2x) = 2x? +2к -4 => А1- | (2x? +2x—4) х 


Copyright © 2010 Pearson Education, Inc. Publishing as Addison-Wesley. 


www. гетепд. 15 


300 


38. 


39. 


40. 


41. 


Chapter 5 Integration 


=) 
= [$ + a] = (- $4448) – (18494 12)=9- $ = и. 


A2: For the sketch given, а = —2 and b = 1: f(x) — g(x) = (—x? — 2х) – (x? — 4) = —2x? — 2x +4 
1 
жээ 2 M _ [2х5 PM 21-02 = _ 16 
= А2 = fox + 2x — 4) dx = ЕЕЕ 4x] (¢+1-4)+(-24+4+8) 
=-2-1+4-8+4+8=9; 
Therefore, AREA = A1 + A2 = Ч +9 = 38 
AREA = A1 + А2 
Al: For the sketch given, а = —2 and = 0: f(x) — g(x) = (2х3 — x? — 5х) — (—x? + Зх) = 2х3 — 8x 
0 0 
= = || 2x* 8x? = — 9. 
> м = о-в) ах = [№ – 88] -o-e-19-5 
A2: For the sketch given, а = 0 and b = 2: f(x) — g(x) = (—x? + Зх) — (2х3 — x? — 5x) = 8х — 2x? 


2 
= зэм 2x4 
= A2= | (вх – 2х3) ах = %-ж 
Therefore, AREA = Al + А2 = 16 


at] -06-8)-8, 


AREA = Al + А2 + АЗ 
Al: For the sketch given, а = —2 and b = —1: f(x) — g(x) = (-x + 2) – (4 — x) = x? -x-2 
E -1 
> меј (8 -x—2) d= [6 -4-2|-(-1-142-(-1-144)-1-1-52 
A2: For the sketch given, а = —1 and b = 2: f(x) — g(x) = (4 — x?) — (-х+2) = – (x? - x- 2) 
2 2 
> A2=- f (!-а-2ж--(%-%-ж) == 


АЗ: For the sketch given, a = 2 and b = 3: f(x) — g(x) = (-x + 2) - (4 — 


(2-2-6) 


2 
Therefore, AREA = A1 + A2 + A3 = Ч +2 + (9-2 – #8) 29-2- 2 


x2 


= АЗ- f(x? х2) dx = [- 2- x]; = 


2 


AREA = АІ + A2 + АЗ 
Al: For the sketch given, а = —2 and = 0: f(x) — g(x) = (5 х) 


0 0 
= Al- if. (x3 — 4x) ах = 1 [5 – 200 


-2 


А2: For the sketch given, а = 0 and we find b by solving the equations у = = — x and у = 3 simultaneously 
fox $—x—5- 5 —4х=0 > f(x-2)x42) 0 x = —2, х = 0, ох =2sob=2: 
Е 2, 2 
fx) – 809 = 3 (5 x) = 3 (х? 4x) э Aa - 1f (8 ак) dx f (x x) =} 
=1(8-4)=4; 
i x х 
АЗ: For the sketch given, а = 2 and = 3: f(x) — g(x) = СЕБЕТТЕ 
3 x! 
> Aij бб 40) ax = 1 [8-209] = 31 72-9 – (8 –8)] = 18 19 = 8: 
Therefore, AREA = АЈ + A2 + A3 = $ + $ + 5 = 3215 = 19 


а= —2,Ь = 2; 
f(x) – р(х) = 2 – (x? – 2) =4-х? 
zx Догь ЭЭГ ,= (8-58) – (-8+8) 
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42. 


43. 


44. 


45. 


46. 


47. 


a= —l,b = 3; 


f(x) — g(x) = (2x — x”) — (—3) = 2x - х? + 3 

| 2 2 x ? 
= A= | (Qx-x2+3) dx = [x 5+3 | 
-(9-2-9)-(1-1-3)-11-1- 


„12 
— [82 _ 9) рб 32 — 80-32 _ 48 
S Ela 5. 5 5 


Limits of integration: x? - 2x =x = x? = Зх 


= х(х — 3) =0 > а= 0апаЬ = 3; 
f(x) — g(x) = x — (x? — 2х) 23x – x? 


3 3 
= A= f, (х-к) к= [№ - 5]. 
2 


27 _ 7-18 _ 9 
2 2 2 
Limits of integration: x? = —x? + 4х = 2x? - 4x = 0 


=> 2х(х — 2) =0 => a=Oandb= 2; 


f(x) — g(x) = (—x? + 4x) — x? = —2x? + 4х 


2 
= А = | C + 4x) dx = [28 + # 


— _ 16 | 16 _ —32+48 8 
cry = 6 3 


Limits of integration: 7 — 2x? = x? +4 > 3x? - 3-0 
=> 3(х – 1)(х +1) = 0 = а= –Тапађ = 1; 
f(x) — g(x) = (7 — 2х2) – (x? +4) = 3 – 3x? 


> A= [з-за ез 


= 310-1) - C19] =6() =4 


Limits of integration: x4 — 4х? + 4 = x? 


=> хі – 5х2 +4=0 = (х2-4)(х2-1)-0 
= (х+2)(х 2) + 1к— 1) =0 ->х--2,-1,1,2: 
f(x) — g(x) = (х^ — 4x? + 4) — x? = xt — 5x? + 4 and 
g(x) — f(x) = x? — (x! - 4x? + 4) = -x! + 5x? — 4 


21 1 
= А= f. (—x! + 5? — 4)4х+ | (xt — 5x? + 4)ах 


Section 5.6 Substitution and Area Between Curves 


77 


4 > 
. 
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48. Limits of integration: xy а? — x? = 0 => х-дог 


уа! — х2 =0 = seem pe => x = —a, 0, a; 
0 
A= J> 
ae 
5 ( 


НЕ” ; —х, х< 0 
Limits of integration: ЕСЕМ x20 
5у =х+ богу = & + $; for x < 0: Мо х = х + $ 
=> 5/-х =x +6 = 25(-x) = х? + 12x + 36 
= х? += 37х + 36 20 = (х + 10)(х + 36) = 


49. апа 


у= 
=> x = —1, —36 (but x = —36 is not a solution); 
for x > 0: 5\/x 2 x - 6 = 25x =x? + 12x + 36 
= х? — 13х+ 36 =0 = (х – 4)(х – 9) = 0 
— X = 4, 9; there are three intersection points and 
9 

А = Ti х+6 — \/—x) МЭ) + f ( x46 - ухрах, (x = =) dx 

X 2 X Б 2 Я х 2 9 
2 = (se +6 12 2(- xy] + | + 2 p] „+ Е get a | А 
— (36 _ 25 2 100 _ 2 36 2.0: 225 2 100 50 | 20 _ 5 
x mb wis: шэнэ Li LI M E ил 0+3=3 


50. Limits of integration: 


2 х2-4,х<-2огх>2 
у= -4 =] * 4—х2, -2<х<2 
(ог x < —2 and x > 2: х? -4=8 +4 
=> 2х2 8 = х? +8 x? = 16 х= +4; 
for —2 <x <2: 4—х2 = E +4 > 8- 2х2 = x? +8 


х-0 х 


0; Бу symmetry of the graph, 


51. Limits of integration: с = 0 апаа = 3; 
Ку) — g(y) = 2y? — 0 = 2y? 


3 A 3 
> a= Југу ay- [№] =2-9=18 
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52. Limits of integration: y? = y +2 > (y+ 1)(у – 2) = 0 
> с = —1апд а = 2; Ку) — #0) = (у +2) – у: 


2 2 
> A= | (у+2-у) ау= [+25-#] | 
-(4-9-(-2%)-6-1-із2- 


о] 
N 


53. Limits of integration: 4х = у? — 4 and 4х = 16 + y 
> y —4=16+y > у-у-20=0 > 
(у – 5)(у +4) = 0 = c= —4 and d = 5; 


Ку) — sy) = (48) Є +) a жи 

5 
4 Су +y +20) ay 
БЕІН 
(Ра а А glo + 7—80) 
(- 189 +3 + 180) = ыз 


ШИ 
> 
| 


Ale Ble BIR 


54. Limits of integration: x = y? and x = 3 – 2y? 
=> y=3-2y? > зу=3 > 3(у – 1)(у +1) = 0 
=> с = —1 апай = 1; Ку) – g(y) = (3 – 2у2) — у? 


1 
=3-3y?=3(1-y’?) = A=3f (п-уја 


-3| -8| =3(1-4)-3(-1+4) 


х+2у2=3 


55. Limits of integration: х = y? — y and = 2y? — 2y – 6 
= у? -у= 2у? — 2у-6 = у? -у-6=0 
=> (у-3)у--2)-0->с--2апай- 3; 
Ку) – в(у) = (у? – у) – (25° – 2у– 6) = ES 
> А = 15 (=y? фу +6) dy = [5+ КЕРІЛЕ 
= (-9-3-18)-(%-2-12)- 125 


56. Limits of integration: x = y?/? and x = 2 — у! 
> y =2-у > с= —1аваа = 1; 
f) — в(у) = (2 - у“) - y? 
1 
> A- [Gy - yi) dy 
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57. Limits of integration: x = y? — 1 and x = |y| /1— y? 
ИИ bey 
= уќ – 2у? +1 = у? – уќ > 2у4-23у2--1-0 
= (2у: – 1) (у – 1) =0 = 2%? —1=0огу – 1 = 0 


=> у? = огу? = 1 > у= + У2 огу = + 1. 


Substitution shows that 20 are not solutions = y — +1; 


for —1 Су < 0, f(x) – gx) = –уу1— y? – (у? - 1) 
-1-у?-у(1- у?у!?, апа by symmetry of the graph, 


0 
А-2| [i-? -va-y»] dy 
| 2 : 21/2 3 
=2f (1 –ујву-2 Гуа-уу”ау-2)у-3 | 


-2[o-9- (-1«3] 6-9 => 


58. AREA = Al + A2 
Limits of integration: x = 2y and x = y? — y? = 
y -yz2yo y(y’-y—2) = у(у + Diy – 2) =0 
> у--1,0,2: 
for —1 < y 0, Ку) – g(y = у? - y? — 2y 
= Al= [о-у – 2у) dy = | – 5 -y]. 
-0-(141-1)-ф 
for 0 Су < 2, Ку) — gy = 2y – у? + y 


4 3 


2 2 
= _ vys 2 — {2 У Y 
= A2- f Gy у? + y?) dy = [y p | 
16 8 8. 
= (4-2-44)-0-% 


Therefore, АІ + А2 = 5 + 5 = 7 


59. Limits of integration: y = —4x? + 4 and y = x‘ — 1 
=> х'—1= —4х2 +4 => х+ 4х2 – 5 = 0 
= (х? + 5)(х— 1)(х +1) = 0 = а= –1 апа = 1; 
f(x) — р(х) = -4x? +4 — x! + 1 = -4x? — xt + 5 
1 Е 1 
= A= | (а -x* +5)4х = |- 68 
-(-3-:%9-(4%%-59-2(-:-%%9-% 


60. Limits of integration: y = x? andy = 3х? — 4 
=> x — 3x +4=0 = (-x-2)x-2)20 
> (x4Dx-2?-20 > а= –1 апа = 2; 
f(x) — g(x) = x? (3х2 — 4) = x? — 3х2 +4 


2 2 
> А = | (а - 38 +4) ак = [5 – 3 +ах 
T —1 


-08-444)-(41-4)-8 
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61. Limits of integration: х = 4 — 4y? and x = 1 — y? 
= 4- 4у? =1-у = у -4y? +3=0 


> (у- уз) (у + Уз) у- 0+0=0 = с=-1 
and d = 1 since x > 0; Ку) — g(y) = (4 — 4y?) — (1 — у?) 
=З- 49? +у' = A= (3—4 +y4 ду 


3 511 
-Ї»-444|  -20-1-0-8 


62. Limits of integration: x = 3 – у? апах = — у 
Y —3=0 > 2 (у – 2)(у +2) = 0 


> 3 – у? = у => 
= с= -2andd = 2; Ку) – gy) = (3-52) - (=>) 


63. а= 0, b = п; f(x) — g(x) = 2 sin x — sin 2x 
= A= | с sinx — sin 2x) dx = [-2 cos x + 25251, 
= [-2(-1) + i] – (-2-1+1) =4 


Z, b = 1; f(x) — g(x) = 8 cos x — sec? x 


64. a= 35 
1/3 


1/3 
= A = [ (8 cos x — sec? x) dx = [8 sin x — tan x] 5/3 


о (фл os 


65. а = —1,b = 1; f(x) — g(x) = (1 — x?) — cos (==) 


66. А = А1 + А2 
a, = —1, bı = 0 and a = 0, bə = 1; 
(х) — 5100 = x —sin (х) and f(x) — go(x) = sin (=) —х 
=> by symmetry about the origin, 
1 
Ај ФА; =2A; => А-2| [sin (£5) — x] dx 
=2[- 2 оов (86) - 5], -2(-2-0-1)-(-3-1-0) 


-3(b-4)-2(55) = = 


Copyright © 2010 Pearson Education, Inc. Publishing аз Addison-Wesley. 


www. гетепд. 15 


306 Chapter 5 Integration 


4, b = 4; f(x) — g(x) = sec? x — tan? x 


67. а = 4? 


п/4 
> А = f А бес” x — tan? x) dx 


п/4 
= Ї „Бес х — (sec? x — 1)| dx 


di т/4 п = 
= Ja - dx = [x] л =f- (- г) E 


NJA 


68. c = — 7,4 = 17; Ку) — g(y) = tan? у — (— tan? у) = 2 tan? y 


п/4 
= 2(вес?у- 1) > A= || 2 (sec? y — 1) ду 0 2 
-т/4 x z-(tan yy? <% 2 


= 2[tan y — 2. -211-1)-(-1-1) 


-4(1-%)-4-т 


>, 
0 
2 % %% 207» 


c=0,d = 5; Ку) — g(y) = 3 sin y,/cos y — 0 = 3 sin у, /соѕ у 


п/2 : 2-6 
= А= 3f sin y,/cos у dy = —3 [2 (соѕ y? А 


= 200-1) = 2 


69. 


70. а= —1,b = 1; f(x) – g(x) = sec? (75) — хуз у 
1 
> Ac Је) 9^] ах = [an (3) - t) , y 
=(sec|(x х/3)) б 
= (58-3) - [2 Cv) - 1] - 56 Заир _ 
а 1/3 
yas „ 
4 1 
71. A=Ai ФА, у 7 
Limits of integration: x = y? and x =y = y= y? 222” 
> y-y=0 > yy-Dy+)D=0 > а = –1, =0 Ж” 
and cy = 0, d2 = 1; В (у) — #109) = y? — y and = 
-1 А 1 


(у) — ga(y) = у — y? = by symmetry about the origin, 


! 2 А 
Apt Age ЛА = А-2| (y-y)ay=2[¥- £], 


72. А = Ај] ФА» 
Limits of integration: y = x? andy = x? = x? 
> x—x-20-2x(x-LDx-1)202aj -2-Lb 
and a» = 0, by = 1; f(x) — р(х) = x? — x? and 
fo(x) — go(x) = x? — x? = by symmetry about the origin, 
ES 
5 


1 
Ai +A = 2A > л-2)0%-хӘак-2|%- с 


-2(-)-| 


=x 
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73. 


76. 


Section 5.6 Substitution and Area Between Curves 2307 


А = Ај ФА 
Limits of integration: у = x and y + х 7X #0 


х= 1 х= 1, (х) – р(х) =х- 0 = х 
1 cad 
> A= Л хах= [|= too - moo = 2-0 


2 
== = Б 2 
=x? = | хах = [а] = 0+1=0 
А=А, +А= 2+2=1 


Limits of integration: sin х = cos x х 


AIS 
о 
о 


and = 1° f(x) — g(x) = cos x — sin x 
п/4 | 
= А= | (cos x — sin x) dx = [sin x + cos х 7 


= (22 + 2) -о+0= 2-1 


(a) The coordinates of the points of intersection of the 


line and parabola are c = х? => x= + Ус andy =с 
Ку) — gy) = Му – (-./у) = 2\/у = the area of the 
lower section is, А; = ў ІКу)- g(y)] dy 


=> | У = 2 3/2. The area of the 


(b 


хи 


entire shaded region can be found Бу setting с = 4: А = (4) 43/? = = = 33. Since we want с to divide the region 
into subsections of equal area we have А = 2А; = = —2 1 eS = с = 42/3 


и E е 
© fe) gp) o cx! = А = о-в = f^. = 2 јез - 2] 


= 3 с3/?. Again, the area of the whole shaded region can be found by setting c = 4 = А = 2 From the 


condition А = 2A,, we get 4 c/? = 2 = с = 4?/? as in part (b). 


(a) Limits of integration: y = 3 — x? and y = —1 
= 3—х2 = —1 х? = 4 а= —2 and b = 2; 
f(x) — g(x) = (3 – х?) – (1) = 4 – x? 
2 2 
> A= | ах) = СЕ ЈЕ 
= (8-8) - (-8+§) =16- ¥=3 
(b) Limits of integration: let x = 0 in y = 3 — x? 


=> у= 3; Қу) – #0) = уз— у – (-V3-y) 
= = 

3 3 3/13 
N А=2 ву Ниш Ја-у ау = c» pee Жыш B 640v] 
-120-% 
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77. 


78. 


79. 


80. 


81. 


82. 


Limits of integration: у = 1 + ух andy = s 


— 1+ух= у,хт0= ух+х=2 = х-(2-х) 
> x=4-4x4+x? = х2-5х--4- 0 

= (х—4)(х—1)=0 = x = 1, 4 (but x = 4 does not 
satisfy the equation); у = T and y = У = 

> ё=х\/х > 64=x > x=4. 

Therefore, AREA = A; + А: В(х) — gi(x) = (1+ xi) — х 


1 ET 
= A = f (14x? — 5) 4х = [eed - 6] 


4 4 
= (1+2—1)—0 = 5; (х)— gx) = 2x12 — 1 => А, = Í (2x712 — х) dx = [у = 3 | 


8 
= (4-2- 16) - (4-1) =4— Р = 0; Therefore, AREA = А) +А = 27 + 1 = 351 = 8 = 1 


Limits of integration: (y — 1)? 23—y = у? – 2у +1 
=3-y > У-у-2=0 > (у-2)9+0=0 
= у = 2 since y > 0; also, 2,/y = 3 —y 

= 4у=9- 6y +y? = у? – 10у+9=0 

=> (у – 9)(у – 1) =0 = у = l since у = 9 does not 
satisfy the equation; 

AREA = Ај + Ag 

fi(y) - #10) = 2,/y – 0 = 2y!? 


| ? 3/2 1 р 
> А => f y^ ay - 2 [7]. - 8 fo(y) – 2209) = (3 – у) – (у – 1)? 


2 
2 
> а= | B-y-o-way-[y-1y-109-0]7-(6-2-1 – (3-10) =1–1+1=7 
Therefore, А) ФА, = $ + 4 = Б = 


кәл 


Area between parabola and у = а?: а=ој ( (a? — x?) dx = 2 [агх - 4%], => (а: – $) —0= =; 


Area of triangle АОС: 1 (2а) (а?) = а?; limit of ratio = lim, 
a => 


А = (Го ах- f ко dx = 2 | оо dx — f о dx = | f(x) dx = 4 


The lower boundary of the region is the line through the points (2, 1 — 22) and (z +1,1— (z+ 07): The equation of this 


line is y — (1 — 22) = 02610) 0-0) 8 ру = –(22 + 1(х – 1) => y = –(22 + Dx + (24 z4 1). 


2+1 
The area of theregion is given by ЇГ: (1 х2) – (-Qz + Dx + (22 + z + 1)))ау 
1-1 
=f « (—x? + (22 + 1)x — 22 — z)dy = |- 13 + 1(22 + 1)x? — (22 +z)x] 
= (-i +1) + + (22+ 1)(2 +1) - (22 us) — (– 123 + 1(22 + 1)22 — (z? + z)z) = 2. No matter where we 
choose z, the area of the region bounded by у = 1 — x? and the line through the points (z, 1 — z?) and 
(2+1, 1– (2+1) 4 is always 4 


It is sometimes true. It is true if f(x) > g(x) for all x between a and b. Otherwise it is false. If the graph of f 
lies below the graph of g for a portion of the interval of integration, the integral over that portion will be 
negative and the integral over [a, b] will be less than the area between the curves (see Exercise 71). 
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83. Letu — 2x du = 2 dx 5 du ах; х= 1 у= 2,х = 3 0= 6 


шік «=f Ty (1 du) = f. sin" du = [F(u)]5 = Е (6) — РО) 


84. Letu = 1 —x du = —dx —du = dx;x = 0 > u=1,x=1 u=0 
1 0 0 Í Í 
f 1 — x) dx = [ f(u) (— du) = zr f(u) du — Í f(u) du = Í f(x) dx 


85. (а) Letu 2 —x => du = — dx; x = -1 u=1,x=0 u=0 


Рода = К—х) = —f(x). Then | ко ах = (КЕ (— ди) = ЇЕ (— du) = fiw du = Zu f(u) du 
—-—3 
(b) Letu = —x = du = - dx; х = –—1 u=1,x=0 u 


feven = f(—x) = f(x). Then | ко ах = fw (— du) = - Г ка) ди = ЕС du = 3 


0 
86. (a) Consider f f(x) dx when f is odd. Let u = —х => du = —dx => —du = dx and x = —а = и = a and x = 0 
0 0 0 a a 
=> и = 0. Thus f f(x) dx = f —f(—u) ди = f f(u) du = af f(u) du = af f(x) dx. 
a 0 a a a 
Thus f. f(x) dx — f. f(x) dx + f f(x) dx = Е, f(x) ах + 1 f(x) dx = 0. 


(b) T sin x dx — [— cos x], = —cos (5) + cos (- 5) =0+0=0. 


87. Letu =а-х = du = - іх; х=0 и =а, х = а 1-0 
а 0 а а 
E f(x) dx f(a—u) 2 f(a—u) du f(a—x) dx 
I= ү f(x)+f(a—x) =f f(a—u)+f(u) (= du) m f f(u)+f(a—u) -1, Қх)--Қа-х) 


= j . fo)dx _ _f(a=x) ах __ f(x)+f(a—x) : а 
> 1+1= f, Каа) t f Oa- =f Как) dX 1 dx = [х] =a- 0 = а. 
Therefore, 21 =a = І = 3 . 


88. Letu = > %=- > – ди = р = — į du 1 dtt X и = у, Е = ху u = 1. Therefore, 
ху 1 1 y y 
f = | -1а:=- | га = | »du- | за 
х у u у Ч 1 u 1 


89. Letu— х + с du = ах; х =а-с u—a,x—b-c u=b 
b—c b b 
f. f(x + c) dx = | f(u) du = | f(x) dx 


a (6) 17У f(x) = sin x ©) у 


2 
Е i Е 
(+5) = sin(c +3) 
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Chapter 5 Integration 


91-94. Example CAS commands: 
Maple: 


f := x -> x^3/3-x^2/2-2*x41/3; 
g:=x->x-l; 


plot( [f(x),g(x)], x=-5..5, legend=["y = f(x)","y = о(х)"], title="#91(a) (Section 5.6)" ); 


ql :=[-S, -2, 1,4]; # (b) 
42 := [seq( fsolve( f(x)=g(x), x2ql [1]..31 [11] ), iz1..nops(q1)-1 )]; 
for i from 1 to nops(q2)-1 do # (c) 
area[i] := int( abs(f(x)-g(x)),x2q2[i]..q2[i-1] ); 
end do; 
add(area[i],i-l..nops(q2)-1); #(а) 


Mathematica: (assigned functions may vary) 


Clear[x, f, g] 

f[x ] = x? Cos[x] 

gi ]2x -x 

Plot[(f[x], g[x]). (x. —2, 2}] 


After examining the plots, the initial guesses for FindRoot can be determined. 


pts = x/.Map[FindRoot[f[x]==g[x],{x, #}]&, (—1, 0, 1} ] 
il=NIntegrate[f[x] — g[x], (x. pts[[1]], pts[[2]]}] 
i2=NIntegrate[f[x] — g[x], (x. pts[[2]], pts[[3]1)] 

il +12 


CHAPTER 5 PRACTICE EXERCISES 


1. (a) Each time subinterval is of length At = 0.4 sec. The distance traveled over each subinterval, using the 
midpoint rule, is Ah — 1 (v; + уц) At, where у, is the velocity at ће left endpoint and v;,, the velocity at 
the right endpoint of the subinterval. We then add Аћ to the height attained so far at the left endpoint v; to 
arrive at the height associated with velocity v;,, at the right endpoint. Using this methodology we build 


the following table based on the figure in the text: 


t(sec) | 0 | 0.4 | 0.8 | 1.2 | 1.6 | 2.0 | 2.4 | 2.8 | 3.2 | 3.6 | 4.0 | 44 | 4.8 52 | 56 | 6.0 
у (#рѕ) | O | 10 | 25 | 55 | 100 | 190 | 180 | 165 | 150 | 140 | 130 105 | 90 | 76 65 
h(ft) (1012 9 | 25 | 56 | 114 | 188 | 257 | 320 | 378 | 432 | 481 | 525 | 564 | 592 | 6202 


t(sec) | 6.4 6.8 |72 | 76 8.0 
v (fps) | 50 37 25 12 0 
h (ft) | 643.2 | 660.6 | 672 | 679.4 | 681.8 


NOTE: Your table values may vary slightly from ours depending on the v-values you read from the graph. 


Remember that some shifting of the graph occurs in the printing process. 
The total height attained is about 680 ft. 


(b) The graph is based on the table in part (a). h (feet) 
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2. (a) Each time subinterval is of length At — 1 sec. The distance traveled over each subinterval, using the 
midpoint rule, is As — i (vi Нун) At, where у; is the velocity at the left, and ус, the velocity at the 
right, endpoint of the subinterval. We then add As to the distance attained so far at the left endpoint v; 
to arrive at the distance associated with velocity v;,, at the right endpoint. Using this methodology we 
build the table given below based on the figure in the text, obtaining approximately 26 m for the total 
distance traveled: 


t (sec) 0 1 2 3 4 5 6 7 8 9 10 
у (пузес) | 0 0.5 1.2 2 3.4 | 4.5 | 4.8 4.5 3.5 2 0 
s (m) 0 0.25 | 1.1 2.7 5.4 | 9.35 | 14 | 18.65 | 22.65 | 25.4 | 26.4 
(b) The graph shows the distance traveled by the 
moving body as a function of time for 
0 € t 10. 
10 : 1 10 1 1 10 10 10 
3. (а) У, 15127 а= 4(-2) = – 5 (D У; (b - За) = У b —-3 У; а = 25 – 3(—2) = 31 
к= 1 к= 1 к= 1 к= 1 к= 1 
10 10 10 10 
(с) У (а+Ь,—1)= У at У, 0-1 1= 2 + 25 – (1)(10) = 13 
к= 1 k= k= k=1 
10 5 10 5 10 5 
(d У. (3 —b,) = 3, =— >; б==(10)—25=0 
К-1 К-1 К-1 
20 20 20 20 20 
4. (а У; За =3 У, а = 60 = 0 (b У; (@+b)= У а + У б=0+7=7 
k=1 k= k=1 k= k=1 
20 20 20 
o >, (3-9) = 2, 3-12, &-500-20)-8 
k=1 k= k=1 
20 20 20 
(d 5, (а, —2)= У а— >, 2=0- 2(20) = —40 
К-1 = К-1 


5. ео = 2х – 1 ди = 2 dx 140 dx;x = 1 u=1,x=5 u=9 


: 1/2 ° 1/2 (1 1/2] 9 
f ox - v ах- fowl (3 du) = [2], =3-1=2 


6. Гери = x? - 1 ди = 2х ах 5 du x dx;x = 1 u=0,x=3 и = 8 


3 8 
fxe- a= Ја (гаш) = [5145] = 2306-0 = 6 


7. Letu 


2 du = dx; х = п џ=—>,Хх=0=— u=0 


ын 


f (3) dx — ШО u)(2 du) = [2 sin ul? у» —2sin0—2 sin ( т) = 2(0 — (-1)) = 2 


8. Letu = sinx = ди = cos x dx; х = 0 и = 0, х 


Ji esena [joa [5] 
: (sin x)(cos х) dx = QU du — Б И = 


кюе 
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ft ax = f iwa- Го =6-4=2 
Пет в(х))4х = —т Ї ГО dx = —л(2) = —2л 


f 09 ax = f eoa- воа = 1-2--1 
Гоа = V2 хах = ут) = n2 


312 Chapter 5 Integration 
9. (a) Ј ко dx = fa f(x) dx = 1 (12) = 4 (b) 
© | sax – f god= –2 (d) 
(e) Ї СЭ dx = „Јо dx + tf во dx = 1 (6) + 1 (2) = 8 
10. (а) 1 g(x) dx = 1 1 7 g(x) ах = 1(7) = 1 (Ы) 
(с) 1 од dx = — f "ix) dx = -r (а) 
(е) | во - 3100] dx = f 200 dx — 3| teo dx = 1 — 3m 
11. x? — 4x +3 20 > (х – 3)(х – 1) = 0 x=3 orx 


12. 


13. 


Area = NC аказ) ак f (а — 4x + 3) dx 
ES B _ 
(6 = 2(1)? +30)) –ој 

Е (е - 2(3)2 +30)) = (5 —20 + 309)| 
= (5+1) - [0– (4 +1)] =3 


1 3 
2x? + 3x] = Б — 2х2 + 3x] 
0 1 


1-£=0 > 4-¥-0 > x= +2; 


3 2 
Ј (-= 


x 
-2 
-1(0-8)-(-2-58 )-18-8)-0-5) 
-1-1-01-0-9-5 
5—5у =0 => Е х= +l; 
Атеа = | (5— 525) ах- (5 = 528) ах 


= [5x — 3199] 1, — [5х — 35/8]. 
= [(5(1) — 39/5) — (5(-1) – 3173) | 
= [(5(8) – 30/5) — (50) – 309)] 


= [2 — (—2)] – [(40 — 96) — 2] = 62 
1—\/х=0 > x= 
Ака = | (1— у) а (1-5) ax 


=k- ig- к E^]; 


- (8-35 - 4] 


1; 


f(x) =x" = 4x43 


" f(x) = 1 = (x /4) 
= eT 1 2 5 
-0,5 
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15. f(x) =x, р(х) = + 


x4 


= f/&-3)- | 


17. fo) = (1— x)’, g(x) =0,a=0,b=15 A fio – воа = ЈУ (1– Var ax | (1—2 X+x 
= f (1-20? +x) ax = [x 4 „3/20 2]! 


— 4х 248] =1–4+1=16–8+3=1 


2 b 1 2 1 
18240) = (1 — xë), g(x)=0,a=0,b= 1 A Јак водах f (1 — x3) dx = f а-2 + хб) dx 
EX 
x* x' 
zi: 5-5 =1 25751 


19; Жу) = 2у?, (у) = 0,c =0,d =3 


3 


Ба J (Қу) — g(y)] dy = Í (2y? — 0) dy 


3 
2 — 2 З __ 
=> | у? ду = [у], = 18 


20. Ку) = 4 – у“, ey) = 0, c = —2,d = 2 
2, 


Ni A= | (Ку) — g(y)] ду = f (4-2) dy 


312 
=№-$] ,-26-5-3 
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21. Let us find the intersection points: у = n 
=> y-y-2=05 (у – 2)(у +1) =0 > у= –1 
ory = 2 c= -l,d = 2; Ку) = =, 5 


= A= f шу—вулдау= Ј (52 - 5) dy 
=} f (у+2-ујау= а - 8], 
=}[(¢+4-)-¢ 


2 _. 
22. Let us find the intersection points: ‘= == ул 16 


= уг—у—20=0 = (у—5у+4 =0 > y=-4 


огу=5 => c= —4,d = 5; Ку) = 2416, gy) = 4 


> A= [tto - say f (255 – 22) Е 


5 4 5 
Ј (у+2о–уђјву = 1|£ «2 - 5] 
(2 + 100 – 52) - (2 – 80 + £)] 

(2 + 180 — 63) =1 (2 + 117) = 1(9 + 234) = 23 


Ae Ae BI 


23. f(x) = x, р(х) = sin x,a = 0,b = 4 
= А- Го — g(x)] dx — f^ — sin x) dx 


1 т/4 
Варе (в) 


24. f) = 55) = |sin x|, a = — 5,b = 5 
b п/2 
> А = f [f(x) — g(x)] dx — Ї 4 — |sin x|) dx 
0 п/2 
= fa tsinxyaxt f, (1 — sin x) dx 


1/2 
=2 | (1 — sin x) dx = 2[x + cos x]7? 


25. а= 0, b = s, f(x) — g(x) 22 sin x — sin 2x 
= A= | @sinx-sin2x) dx = [-2 cos x + 452! 
-1-2-(-0-41|-(-2-1441)-4 
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2 


26. a= — + b = +, f(x) — g(x) = 8 cos x — sec” x ” 
т/3 
> А = _„ (8 сов x — вес? x) ах = [8 sin x — (ап х] 72, 


= (в- 52 – v3) - (-8- М2 + v3) -evs 


2; 
Ж 2% 


22 


27. Қу) = Jy, 89) =2-y,c=1,d=2 
> А-Ї (у - во ду = f [ys - e - y " 
=] (уу-2+у) ay = [By 2]: 
-(áva-4«2)- 86-242) 2$ 2-12 82 


28. fy-6-y.gy = У, с =1а=2 
E A- J Шу) — aol ду = f (6— y - y) ay 


f(x) = x? — 3x? = x':(x – 3) > f'(x) = 3x? — бх = 3x(x - 2) > Р = +++ |---- | +++ 
0 2 


cep eure 


29. 


3 
=> ҚО) = 015 a maximum and f(2) = —4 is a minimum. A = Е! (x? — 3x?) dx 


30. А = | (a? -x'2)! ax = f (а-2 ax? + x) dx = [ax - 4 ах9 5 22-1 а-аџа+ 5 


-а(1-3-1)-4(6-8-3)-5 


1 
31. The area above the x-axis is Ај = f (у2/8 — y) dy 


1 
g^ 10 

° 2/3 3у5/3 у? 9 11 

Аз = | (у – у) dy = | ANE 


= the total area is Ај + A; = $ 


зу?/3 у? 1 ЧИГ 
= |> - | = = ; Ше area below the x-axis is 
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32. 


33. 


34. у = 


35. 


36. 


37. 


38. 


39. 


40. 


41. 


42. 


43. 


Chapter 5 Integration 


5т/4 
А = 15 (cos x — sin x) dx + FN (sin x — cos x) dx 


32/2 


um Же (cos x — sin x) dx = [sin x + cos xp 


+ [— eos x — sin Ша + [sin x + cos ds 


= [Q8 + ар) -ю+ + шш 
+o- (X: - >) | = 88 -2=4/2-2 


x Е 1 
у-х + | іш» 3 =2х+1 > 1-2 2:у0)=1+ f 1 dt = Land y (1) =2+1=3 


Јел) dt = у = 1+24/зесх = B =2 (1 ) (вес ху? 1/2(зес x tan x) = ,/sec x (tan x); 
0 
х=0 = y= | 1 «2 5e) at Оапах = 0 у 1+2ysec0=3 


x 5 
y= [oat зеен. x=5 > у= | шаш-3--3 


х -1 
у= Л /2—зпта + 2 зо that & = /2—sin?x; x = —1 = ТЭ 4/2--54214:42-2 


Letu = cosx => du = —sinxdx = — du = sin x dx 


f 2(сов х) У2 sin x dx = | 2—1/2(— du) = —2 f» ди = —2 (5 a ) +C = —4u!/? + С = —4(cos x)? + С 


Letu — tanx = ди = sec? x dx 


/ «ап x? sec? x dx = fw du = 4 = +С = -2w C= шут +С 


Те и = 20 + 1 ди = 240 + du 40 


f 20 + 1 + 2 cos (20 + 1)] 40 = | (а + 2 сова) (1du) = V + sinu + Ci = GRE + sin (20 + 1) + Ci 
= 0? + 0 + sin (20 + 1) + C, where C = С, + 1 is still an Реве constant 


Letu = 20 — тп du — 2 d0 j du 40 


КЕШЕ (20- т)) a = f (4, +2 ес? и) (аи) =} f (u- + 2 sec? и) du 


= (5 ша )+1 (2 tan и) + С = u/? + tan u + С = (20 — пн? + tan (20 — т) + С 


[еа а= Језа = feias Језа ан +2 (8) єс--1-4-с 


Let u = 28/2 = du = 3 /1dt > idu = t dt 
J isin ( 2t3/2)dt = 1 [sin udu = —tcos u + С = – 005 (2172) +C 
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44. 


45. 


46. 


47. 


48. 


49. 


50. 


51. 


52. 


53. 


54. 


55. 


56. 


Chapter 5 Practice Exercises 


Let и = 1 + sec 0 => ди = sec 0 tan ад = J sec Ө tano V1+sec 040 = Ја: = 23/2 + С = 2 (1 + sec 0)??? + 


f. (3x? — 4x + 7) dx = [x3 — 2x? + 7x] 4 = [13 — 20)? +70] – [(—1)# — 2(-1)? +7—1)] = 6 – (-10) = 16 


КС — 12s? + 5) ds = [2s* — 4s? + 55] = [2(1)* — 4(1) + 50)]-– 0 = 3 


f 8a = аа = p = G9 – (==) =2 
27 - 
J x- 4/5 dx = [—3x-¥/3] У = —3(27)-/3 — (—3(1)—13) = –3 (1) +3) =2 
4 4 
= 4 - £ 


Letx=1+ > dx= 10712 du > 2 ах Au 1 x=2,u=4 x=3 


1 (e фи = хо ax = [2 (2) ме) = 4 (392) – 4 (275) = 4/3– 8 /2 = 5 (3/3 – 2v2) 


Letu = 2х +1 = du=2dx = 18 du = 36 іх; х = 0 u=1,x=1 u=3 


х u`? 3 —913 = 
J de = fme ED" = [58° = (5) 


Letu = 7 — 5r => du = —5 dr — ł du = dr; r = 0 u=7,r=1>u=2 


317 


С 


5 
2 
Jats Га 51) ia | 1728 (— 1 dy) = — 1 [32%] =3 (77– #2) 
Letu = 1 — х2/3 > ди = — 2x-V3 dx > — 3 du = x7" dx; x =} и =1– (1) ЭР i ПРЕ - 
| 0 
= U 3/2 2 05/2 0 0 : T 
J^ бебу а= o C123 = [CD (ие „= 3- CD) 


_ 2773 


770160 


Letu = 1 9х“ = du = 36х? ах > + du = х? dx; х 0 u=1,x 1 >u 1+9(5) = 2 


1/2 | Е 25/16 E 25/16 ЕЕЕ 
Ji га ову af (han) = [а (EE) = ard 
_ _ 1 (25ү-1/2 1 2 21 
= 18 (15) ( 18 (D 1/2) 77 90 


Let u = 5r du = 5 dr idu dr; r = 0 и = 0,т= т у = Sr 


п 5т 
Jf sin® sear = Ј биш (148) = (8 зе] = (5 н) — (0-99) = з 


7 1 T 37 
Let u = 4t — du = 4 dt д d = 961=0 u=—j,t 4 u гн 
т/4 37/4 эт т 
Je (a= ga өгөө) = +] i (E2) (рав) 
- 1 12 
- ag ig 8 
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97: 1 sec? 0 10 = [tan g^ = tan + — tan 0 = /3 


32/4 
58. 1 esc? x dx = [- сойх = (—cot 37) – (—cot 4) = 2 


/4 
59. Геи 5 ди ва 6 du = dx; х = п u sx 3T u 5 
Зп 
Јова ЈУ баш ef" ( (csc? и — 1) du = [6(— cot u — ше = 6 (— cot 2 т) 6( cot 2 т) 
= 64/3 – 27 
60. Теги = 5 = ди = 140 > 3du =46;0=0 > 0= 0,0 =т = и = 1 


í % = к нэ = т/3 __ T T 
fr tan? £49 = бес? $ — ја - f. 3 (sec? и — 1) du = [3 tan u — Зију “ = [3 tan  — 3 (£)] — G tan 0 — 0) 


-343-т 


0 
61. J sec x tan x dx = сх) = sec 0 sec ( т) =1 2--1 


37/4 
62. Г. csc 2 cot z dz = [—csc A = ( сай an) ( ёь т) Е Bi J= " 


63. Letu = sinx = du = cos x dx; x = 0 и = 0, х 2 » п=1 

п/2 1 

: = Bg ie 2) 5/271 — 5/211 — 5/2 = 
: 5(sin x)?/? cos x dx = | 5498 du = [5 (2) 97) = [2u О P — 20)? = 2 


64. Letu = 1 — х? = du = –2х dx => — du = 2х dx; x = —1 и = 0,х = 1 1-0 


1 0 
f 2xsin(1— x2) dx = | — sin u du = 0 


65. Teese И ИИ эт) х=й эи sin (22) = —1 
п/2 
ЈУ тии зхсовзхах = f 15u4 у= f su! du eT]; 1=(—15—(1)5=—2 

66. Letu = cos (5) = ди = — 1 sin (5) dx => —2 du = sin (х) dx; х = 0 > u = cos (3) = 1, х = 2 >u cos (F) =: 


17 cos (х) sin (х) dx = ІШ u ^(-2du)— [-2 (3) i = 3 (^ ш $0)? = 3(8 Bi = 3 


67. йы ш ошл о э шол О=>п=1,х = u 1+3 ѕіп? 7-4 


4 4 4 
3 sin x cosx 1 1 Yos 1 fw 2 4 _ Ш 
ах d (Xx G«)- f 214 Уз ди = [8 (57) | = p] 24-121 


68. Letu = 1 +7 tan x => ди = 7 sec? х dx => 1 du = sec? x dx; x = 0 > u = 1 +7 апо= 1,х = F 
>и=1+7 (ап 4 = 8 


п/4 8 š 
seex оо (1 = 1-2/3 _ |1 
1 (1 +7 tan x)2/3 dx = J u2/3 (1 du) = J 7 u du = È 


(s) 2ш] = з зар з 
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70. 


71. 


72. 


73; 


74. 


75. 


76. 


47; 


78. 


Chapter 5 Practice Exercises 319 


aro BE o Qu da 0 u=secO=1,0= + u=sec + = 2 


т/3 т/3 2 
(ап 0 ; _ sec 0 (ап 0 _ sec 0 tan 0 = 8-1 DOR "2 u 3/2 du 
V2 sec 0 0 зесб2 ес 0 0 1/2 (sec 0/2 2 (вес 0)3/2 NERIS /2 1 
2 2 
zd wl? „== = 2 = 2 
Vi al |- a], == 25 к сон у2-1 


Letu = sin үй — du = (cos ул) (81772) @ = 835 dt => 2 аи = 8 ар: ын u—sin? = 1, 


л? а п 
і-% и = sin 5 1 
4 


Гы ы а= Јово => f tai Ий 54-4 =2(2- v2) 


(а) = == f. (mx +b) dx = 1 [Веб] | = 4 [( +00) – (25% 9c 1) =1(2b)=b 


(b) av) = == ГИ (mx +b) dx = d. ES +5] _ =i Є +o) = (sse --bC-))| = lQbk)-b 


3 2 1 : у 
@ Yo = si J, МЗхах = 1 | УЗхи ах = У [23/2] 3 = УЗ зул — 2 o2] = B (2У3)-2 
0) ya = Лу = 1}, узах = чё [e], = X Gv? - O) = эё Gaya) = ја 


b 
f; = V [ f'(x) dx = z ОО = cL [f(b) – Ка)] = ха so the average value of f' over (а, b] is the 


slope of the secant line joining the points (a, f(a)) and (b, f(b)), which is the average rate of change of f over [a, b]. 


Yes, because the average value of f on [а, b] is = Lf f(x) dx. If the length of the interval is 2, then b — a = 2 


and the average value of the function is 5 (8 f(x) dx. 


We want to evaluate 
365 365 


365 365 
c | fx) dx = 41 (зла | (х- юу) + 25) dx = 25 EE (х- m) dx + 365, ах 


Notice that the period of y = sin Е (x – ШЕ = = 365 and that we are integrating this function over an iterval of 


365 


365 
length 365. Thus the value of af JE 5 (x - 101)| dx + xs dx is эг -0- те · 365 = 25. 


675 675 
6755) ГА (8.27 + 107° (26Т — 1.87Т?))аТ = 88 27T + 288. Р 


2.105 3-10? 
20 


ын (|8 27(675) + 29619 eme b yao э |) & zł (3724.44 — 165.40) 


= 5.43 = the average value of С, оп [20, 675]. To find the temperature T at which C, = 5.43, solve 
5.43 = 8.27 + 10 ?(26T — 1.871?) for T. We obtain 1.871? — 26T — 284000 = 0 


"n NN mm 
SETTE TN) — 26: 21240996 So T = 382.82 or T = 396.72. Only T = 396.72 lies in the 


interval [20, 675], so T = 396.72°С. 


= Т = 


d 
d = y2 + cos?x 
% = \/2 + cos? (752) · 4 (7х2) = Mx4/2 + cos? (7x?) 
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79. 2 = &( f 553 = Dr 


3 2 sec x 
dy _ d ши, =й 1 = 1 а — __ sec xtan x 
80. dx ~ dx Т e 2 T dx (7. га) 7700 вес2х +1 dx (sec x) ин 1 + зес2х 


81. Yes. The function f, being differentiable оп (а, b], is then continuous оп (а, b]. The Fundamental Theorem of 


Calculus says that every continuous function on [a, b] is the derivative of a function on [a, b]. 


82. Тһе second part of the Fundamental Theorem of Calculus states that if F(x) is an antiderivative of f(x) on (а, b], then 


b 1 
|| f(x) dx = F(b) — F(a). In particular, if F(x) is an antiderivaitve of у 1 + x* on [0, 1], then Í y 1 + x* dx 
= F(1) — КО). 


1 x x х 
83. y= | ул аеа=- f, мМ1+ёа = 8-41/ ива =~ | уға = Ут» 


0 cos X cos X cos x 
- 1 2 1 а-а 1 БЕКЕР 1 
84. у- J... 1-0 шан 1, 1-2 dt + dx ах | 1 1-8 а Е ү | кр a 


= (о) ($ соёо) = — (ду) Co sin x) = gly = ese x 


85. We estimate the area A using midpoints of the vertical intervals, and we will estimate the width of the parking lot on each 


interval by averaging the widths at top and bottom. This gives the estimate 
АТ (24386 + mrs + ыгы + 51 22 ШЕ Bac + 54 +644 į је 4: вт.5 +42) 


А = 5961 f. The cost is Area - ($2.10/ft?) ~ (5961 ft?) ($2.10/ft?) = $12,518.10 => the job cannot be done for $11,000. 


86. (a) Before the chute opens for A, а = —32 ft/sec?. Since the helicopter is hovering, vo = 0 ft/sec 
= v= | -32 dt = —32t-+ vo = —32t. Then sp = 6400 => в = | —32t dt = — 162 + з = — 168 + 6400. 
Att = 4 ес, s = —16(4)? + 6400 = 6144 ft when A's chute opens; 
(b) For B, sp = 7000 ft, vo = 0, а = —32 ft/sec? = у = f —32 dt = —32t + vo = —324 = s = f -3ztt 
= –168 + so = —16t? + 7000. Att = 13 sec, s = —16(13)? + 7000 = 4296 ft when B's chute opens; 
(c) After the chutes open, v = —16 Шзес = s— | —16 dt = — 16t + sọ. For А, s; = 6144 ft and for B, 
$0 = 4296 ft. Therefore, for A, s = —16t + 6144 and for B, s = —16t + 4296. When they hit the ground, 


5-0 = ЮА, 0 = —16+ 6144 = t= ын = 384 seconds, and for В,0---16:--4296 = t= 216 


= 268.5 seconds to hit the ground after the chutes open. Since B's chute opens 58 seconds after A's opens 
— B hits the ground first. 


CHAPTER 5 ADDITIONAL AND ADVANCED EXERCISES 


1 1 
1. (а) Yes, because 1 f(x) ах = 1 1 ТЕСО dx = 1(7) =1 
1 1 js 1 
(b) No. For example, Í 8x dx = [4x2] j = 4, but 1 8х ах = [2\2 (2) = 2 (13/2 E 03/2) Е ыз АЈА 


2 


2. (a) True: / к ах = – f so dx = —3 
(b) True: Јак + 200] ах = / кх dx + Јо ах = J ко ах + Í f(x) dx + Јо ах=4+3 +2 = 9 
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(c) False: | ко 4х =4+3=7>2 f ao dx — f ito — gx) dx > 0 = во - #09] ах < 0. 


5 
On the other hand, f(x) < g(x) = [g(x) — 100] > 0 = Т „[8(х) - #09] dx > 0 which is a contradiction. 


3. у = f f(t) sin a(x — t) dt = if. f(t) sin ax cos at dt — 1 f f(t) cos ax sin at dt 


= ни f f(t) cos at dt — === f, f(t) sin at dt = dy = COS ax (f, f(t) cos ша) 


+ шак (% 1 КО cos at а) + біп ах | f(t) sin at dt — %2 (% f f(t) sin at a) 


— Cos ax 1 f(t) cos at dt + пах (f(x) cos ах) + sin ax f f(t) sin at dt — foras (f(x) sin ax) 
= % = совах f КО cos at dt + sin ax 1 КО sin at dt. Next, 


ту = —a sin ax f f(t) cos at dt + (cos ax) (% Í f(t) cos at а) + а сов ах 1 f(t) sin at dt 


+ (sin ax) (% f f(t) sin at а) = -а sin ах 1 КО cos at dt + (cos ах) х) cos ах 


+ а сов ах f f(t) sin at dt + (sin ax)f(x) sin ax = —a sin ax 1 f(t) cos at dt + a cos ах 1 f(t) sin at dt + f(x). 
Therefore, y" 4- а?у = а cos ах || f(t) sin at dt — a sin ax 1 f(t) cos at dt + f(x) 


+ а2 c 1 f(t) cos at dt — 5555 |. КО sin at а) = f(x). Note also that y'(0) = у(0) = 0. 


у у у 
1 4 а 1 4 1 аууы. 
4. x= f, ДЕРТІ dt ix) 1 Ее й = ду | VN а (%) from the chain rule 
d d а а 
1= ба (8) = = VIFA. Then $2 = 2 (VFS) = $ (утау?) (2) 


- БАС: 4y (УТ+4у? : 
= i(144y?) um (8y) (8) = we) = -t = 4y. Thus чу = 4y, and the constant of 


proportionality is 4. 


5. (a) Г f(t) dt = x cos zx = af” f(t) dt = cos пх — 7x sin пх = f(x?) (2х) = cos TX — TX sin TX 
= f(x?) = COSTS TX sin Tx, Thus, X => Қа) = бох2т--2л sin 2 = 1 
(b) 1 "dt В й = l(fG)) => EEK) = х совлх => (fG)) = Зх cos тх => f(x) = \/3x cos тх 
= f(4) = 4/3(4) cos Ат = 1/12 


6. f f(x) dx = © + 8 sina + 7 cos a. Let F(a) = f f(t) dt > Ка) = F(a). Now Fa) = 5 + 3 sin a + 1 сова 


= Ка) = F(a) = а + 1 sin a + & cosa — £ sina = #(5) = тт я + % cos $2 = 5 4 


т. ЕС ах = уђе +1- 2 = ®=& ЕС dx = 1 (62 + 1) (оь) = —^ f(x) = 


0 . х 
Vb? +1 MEN 


8. The derivative of the left side of the equation is: i | |; | Í f(t) а au = 1 КО dt; the derivative of the right 


side of the equation is: 2 | f(u)(x — и) au = 2 1 Ки) x ди — 2 f u f(u) du 
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=i ИС du 


f f(u) du. Since each side has the same derivative, they differ by a constant, and since both sides equal 0 


ЭР 2 fou f(u) du = [к du + x Б INS du — xf(x) — Ј ко Чи + хКх) — хКх) 


when x = 0, the constant must ђе 0. Therefore, 1 | Í f(t) а ди = 1 f)(x — и) du. 


9. Чу = 3x7 +2 > у = | G3 +2) ах = +2 + C. Then (1, —1) onthe curve = 1°+2(1)+C=-1 => C= —4 
=> у= х? + 2х — 4 


10. The acceleration due to gravity downward is —32 ft/sec? => у = f —32 dt = —32t + vo, where vo is the initial 


velocity > у = —32t + 32 > з= 1 (—32t + 32) dt = —16t? + 324 + C. If the release point, at = 0, is s = 0, then 


С=0 = s= –160 + 321. Тћеп 5 = 17 > 17 = —168 + 321 => 162 — 321+ 17 = 0. The discriminant of this 
quadratic equation is —64 which says there is no real time when s — 17 ft. You had better duck. 


3 0 3 
11. Јов =f х" +] —4 ах т 
| 0 -а2/3 
= [$ x53], + taxi о 
= (0 – 4 (–8)73) + C439 – 0) = % - 12 == ==: 
— 36 we 
= 5 т 


12. Гоа f vom Ј o – 4) ax 
= [- Ед] + [8-4], 


= [0– (- 349] + | ($ –40)) - 6] 


16 — 7 


"а > а 


2 1 2 
13. f aac f, cac f sin zt dt 


21! 1 2 
= В + [ cos т]; 


п 


= (1 0) + [ 1 cos 27 ( 1 cos п) | 
1. 


EE 8 
79 т 


14. [==], ут та + f 'm- oa м 
= [34 - 29]; [& (12 - 997]; 
-[-ja- n Cia 09%) 
ЇЕ (7(2) 6)2/3 2, (7(1) 62/8] м = (72 – 6) "3 


+ 
=3+ (9-1) = 2 


E 
м 
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15. Ј ковк= fax + fa- dx f 24х 


17. 


18. 


19. 


20. 


21. 


22. 


Chapter 5 Additional and Advanced Exercises 


=1+{-(-ф+4-2=® 


Ахе. уаше = оо 


| zs fita) охак fr ne) -3 834 -4, 
-1(8-9-(8-9-(8-10-4 


Аме. чаше = ph дах sis дак = өч fioe [а ЈЕЦ 1–0+0+3–21== 


Let f(x) = x? оп [0, 1]. Partition [0, 1] into n subintervals with Ах = 1—0 = LT en 1, 2, “ад are the 
right-hand endpoints of the subintervals. Since f is increasing on [0, 1], U =} 40 (1) is the upper sum for 
— х5 wn os (А gs 1 [0115] (2 15425 4... + nf 
fix) = x° on (0,1) => im, 37 (3) (8) = tim, + [(0) + Б 
: 5 хб 1 1 
= [х dx = НЕ 
Let f(x) = x? on [0, 1]. Partition [0, 1] into n subintervals with Ах = 1—0 = : Тћеп 1, 2, are the 
оо 3 
right-hand endpoints of the subintervals. Since f is increasing on [0, 1], U = >; (1) (1) is the upper sum for 


f(x) =x on [0, 1] lim, У (2) (9 = im. 5 [G + (2 +... + (1 = , im, E nd 
гі 
i 3 х! 1 1 | 
= [х ах = Бе 4 
0 1 


Let y = f(x) оп [0, 1]. Partition (0, 1] into n subintervals with Ax = LA =. Then 5, <,..., Н аге (һе 


right-hand endpoints of the subintervals. Since f is continuous оп (0, 11, > f x (1) is а Riemann sum of 
ј=1 


у = f(x) on [0,1] = „im $t (i) (2) = ща, 1E) +72) +... +£(2)] = ЈУ годах 
m 
(а) lim, в [2+4+6+... +20] = lim, [2+ ++... + 2] = = | 2хах =] x?] = 1, where f(x) = 2x 


n [0, 1] (see Exercise 21) 


Copyright О 2010 Pearson Education, Inc. Publishing as Addison-Wesley. 


323 


www. гетепд. 15 


324 


23. 


24. 


25, 


(b) 


(c) 


(d) 


(e) 


(a) 


(b) 


Partition [0, 1] into n subintervals, each of length Ax — 1 with the points xo = 0, xi 1, Хэ 


Chapter 5 Integration 


1 
lim, 2105-25-22 +n!) = tim, 210) + (2) +... +(@°] = Л хе ак = [де] =. where 
f(x) = x! on [0,1] (see Exercise 21) 
1 
lim. 1 [sin 7 + sin 27 T+... +sin ат] = f sin пл dx = (- i cos пх] = — 1 cos т — (— 1 cos 0) 
поо n n 0 7 т 


- 2, where f(x) = sin 7x оп [0, 1] (see Exercise 21) 
1 
lim 2. [15425 +... +n] = (т, 1) (im, Jl [15 +25 +... +1) - (, tim 1) f, х15 dx 
к) 0 (see part (b) above) 
lim 2 Шаға амы dint. gr [15 42 +... ы 


| 
= (, lim, n) (lim, ше [129 +215 +... + п9)]) = % lim. n) f x? dx = oo (see part (b) above) 


Let the polygon be inscribed in a circle of radius r. If we draw a radius from the center of the circle (and 
the polygon) to each vertex of the polygon, we have n isosceles triangles formed (the equal sides are equal 
to r, the radius of the circle) and a vertex angle of 0, where б, = 2. The area of each triangle is 


A, = 5 tr? sin 0, = the area of the EL is А = nA, = © sin 0, = Ша sin 27 
іп A= lim © іп 27 = Ша % sin = lim p (n = = lim ЭЕ 
n — oo n — oo E n n — оо n — 00 (=) 21 /п = 0 E 


n 
45 Ж = п = 1. 


п’. 


The inscribed rectangles so determined have areas 


f(xo) Ах = (0)? Ax, fi) Ax = (4)? Ax, fo) Ax = (2)? 


“ші 
= 


.„Кља) = (= 1)? Ax. The sum of these areas 


n 


iss, = (0? + (1? + (5 +... (а) Ах = (eet. ет) ЕВЕ... +7. Then 


1 
im, 5, = lim, PM +85) = Јаке. 


(b) 


(d) 


(f) 


— 


(g 


се --Г, f(t) dt = – (122) = 


g (x) = f(x) x — —3,1,3 and the sign chart for g'(x) — f(x) is “аша | == | +++. So g База 


relative maximum at x = 1. 

--1 
g'(—1) = f(-1) = 2 is the slope and g(—1) = J f(t) dt = —7, by (c). Thus the equation is y + 7 = 2(x + 1) 
y=2x+2-T. 
g'(x) = f'(x) = 0 at x = —1 and 5"(х) = f'(x) is negative on (—3, —1) and positive on (—1, 1) so there is an 
inflection point for g at x = —1. We notice that g"(x) = f'(x) < 0 for x on (—1, 2) and g"(x) = f'(x) > 0 for x on 


(2, 4), even though g"(2) does not exist, g has a tangent line at x = 2, so there is an inflection point at x = 2. 
g is continuous on [—3, 4] and so it attains its absolute maximum and minimum values on this interval. We saw in (d) 
that g'(x) = 0 = x = —3, 1, 3. We have that 


4-3)- | qoa - f уй — 
) = | кож=о 

vo ta 
- | ee ee 


Thus, the absolute minimum is —27 and the absolute maximum is 0. Thus, the range is [—27, 0]. 
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27. 


28. 


29. 


30. 


Chapter 5 Additional and Advanced Exercises 


п х 
y = мах + Ј cos2tdt +1 = sinx =] cos2tdt + 1 => у’ = cos x — cos(2x); when x = т we һауе 


у' = coss — cos(27) = —1— 1 = —2. And y" = —sinx + 2sin(2x); when x = п, у = sina + f. cos 2t dt + 1 
-0-0-1-1. 


код = f ia Род = 1 (8) – (1) (2 (2)) = 1 –х (- 5) = 


ко = | ба = Р(х) = (ex) (& Gin) – (=) (@ (соз х)) = 255 + щл 


COS? X sin? x 
1 + 1 


cos x sinx 


gy) = EE ва > g(y- (sin Qs) (5 (2,/9)) = (sin (,/9)”) (5 (y) 5 шы) E нэ 


ко = [^ (5 —0dt > Род = (х + 3)(5 – (х + 3)) (£43)) – х(5 – х) (8) = (х++3)(2—х)—х(5—х) 


325 


=6—х— х? — 5х + х? = 6 — бх. Thus Ё (х) 20 > 6—6x = 0 > х = 1. Also,f"(x) = -6 < 0 > х = 1 givesa 


maximum. 
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NOTES 
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CHAPTER 6 APPLICATIONS OF DEFINITE INTEGRALS 


6.1 VOLUMES USING CROSS-SECTIONS 


1. Абд = (diagonaD" — (/х- Cr = 2x; a = 0, = 4; 


4 
о арек 


: 2 2 
2. А(х) нэ позаны; 2 хирээ E пл E т(1 Е 2x2 + x!) i =j; | 1; 


у= ГАФ) Ф = | л (1 — 2x? хх) бтк 2х5 5 Ü -2n(1-241)2!& 


1 


3. AG) = (ейге)? = [VI -2 - (-Vi—#)] = тю) 


у = fag а= f 40-x)ax-4[x- 5] -80- 2) = 16 


| 
~ 
~ 
= 
| 
2 
N 
3-2 
| 
| 
ын 
o 
| 
= 


2 2 
2 M 2 
4. A(x) = “agonal — = A! -2(-x)a--Lb-l 


ee EE х— =] = (1-1) = 8 


5. (a) STEP 1) A(x) = } (side) - (side) - (sin 2) = 1. (2V/sin x) ; (2 din x) (sin =) = V3 sinx 
STEP2) a=0,b=7 
STEP3) V = [ A(x) dx = V3 | япхах- |- V3 со x| = /3(1 +1) =2/3 
(b) STEP 1) A(x) = (side)? = (2 біп х) (2 em x) гах 
STEP2) а-0,5-т 
STEP 3) У = [Ac ах = ЈГ 4 sin x dx = [-4 cos x]; = 8 


6. (а) STEP 1) A(x) = пашаа): = 1 (sec х — tan x)? = £ (sec? x + tan? x — 2 sec x tan x) 
= 5 [sec? x + (se? x — 1) — 2 S34] 
5ТЕР2) а=—1,Ь=1 


STEP 3) v = люк = [7 з (2 зесох 1- 2285) dx = 5 [2 tanx -x +2 (- а, 


= РУЗ- sem) - (-2\3+#+2(-ф))| = #(4/3–%) 
(b) STEP 1) A(x) = (edge)? = (sec x — tan x)? = (2 sec? x — 1 — 2 585) 
STEP2) а--1,5-1 


STEP 3) v = fAcodx = f (2 sec? x-1- 28) ах =2 (2 3-1) = 44/3 – 21 


7. (а) 8ТЕР 1) АС) = (length) - (height) = (6 — 3x) - (10) = 60 — 30x 
STEP 2) a=0,b=2 


b 2 
STEP 3) У = f A(x) dx = f (60 — 30x) dx = [60x — 152] 2 = (120 — 60) — 0 = 60 
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10. 


11. 


12. 


13. 


Chapter 6 Applications of Definite Integrals 
(b) STEP 1) A(x) = (length) - (height) = (6 — 3x) - (2229-39) = (6 — 3x)(4 + 3x) = 24 + 6x — 9x? 
STEP2) a=0,b=2 
STEP3) V = Глдак- | (24 + 6x — 9х2)ах = [24x + 3x? — 3x3]? = (48 + 12 — 24) — 0 = 36 
(а) STEP 1) A(x) = l(base)- (height) = (/x — 3) - (6) = 6 /x — 3x 


STEP2) a=0,b=4 
: уа 32. 3.274 
8ТЕРЗ) V = | Абдах = | (6x!/? — зх) ах = [43/2 — 3х2] 4 = (32—24) -0=8 
i ES x x2 + 1х 
STEP 1) AQ) = p (Te) a (A) Lp eT = Их. уз + рој 
STEP2) a=0,b=4 


STEP3) У- ГА dx = КЕ — x3/2 + 12) ах = | 


(b 


wm 


1 
ы 
ы 


2 


а 2 
с-04-2У- f AQ dy = f уу 
2 


= [69 (5)] „= 365-0 = 8" 


0 


AG) = idegdeg = 1[/1-y? - (УГ уЗ) = 1 (2 


The slices perpendicular to the edge labeled 5 are triangles, and by similar triangles we һауе р = i = В = 3b. The 

equation of the line through (5, 0) and (0, 4) is у = —$x + 4, thus the length of the base = —3x + 4 and the 

height = #(—¢x +4) = —2x + 3.Thus A(x) = $ (Базе) - (height) = 4 (—4x +4) - (-3х +3) = 2х: – 2x+6 
b 5 

and V = f A(x) dx = f, (Sx? — 2x +6) dx = [2x3 — $x? + 6x]? = (10 — 30 + 30) — 0 = 10 


The slices parallel to the base are squares. The cross section of the pyramid is a triangle, and by similar triangles we have 


2 d 5 5 
в = 3 > b = 3h. Thus А(у) = (base)? = (Фу) = 2y? > V f Avy) ду = f, 5у dy = [353] 8 =15—0 = 15 


(а) It follows from Cavalieri's Principle that the volume of а column is the same аз the volume of a right 
prism with a square base of side length s and altitude h. Thus, STEP 1) A(x) — (side length)? — s?; 


b h 
STEP 2) а = 0, b = STEP 3) V = f Ap) dx = | s? ах = sh 


(b) From Cavalieri's Principle we conclude that the volume of the column is the same as the volume of the prism 
described above, regardless of the number of turns — V — s?h 
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15. 


16. 


17. 


18. 


19. 


20. 


Section 6.1 Volumes Using Cross-Sections 


1) The solid and the cone have the same altitude of 12. 
2) The cross sections of the solid are disks of diameter 3 
x— (3) — 5. If we place the vertex of the cone at the 
origin of the coordinate system and make its axis of 
symmetry coincide with the x-axis then the cone's cross 
sections will be circular disks of diameter 
4- (- х) = 2 (see accompanying figure). 


3) The solid and the cone have equal altitudes and identical 


parallel cross sections. From Cavalieri's Principle we 2 ? 
=> 
conclude that the solid and the cone have the same 3 


volume. NOT TO SCALE 


2 2 2 
Ry) =х= = у= | ROP dy = т (3) ày a nf, 2y dy =r [3] = т: 2-8 = 6r 


R(y) = tan (4 y); u Ay du = + dy 4du=7dy;y=0 u=0,y=1 1-7; 
1 1 т/4 т/4 . 57 
у= | [ВСР day =7 f [tan (2) dy =4 f tan?udu=4 f (—1 + sec? u) du = 4[—u + tan шу“ 


-4(-14-1-0)-4-т 


т/2 
R(x) = sin x cos x; R(x) = 0 = а = 0 апађ = Т are the limits of integration; У = f m[R(x)]? dx 


т 
2 


т/2 nja 2. 2 
-т/ (sin x cos x)? dx = т |, (sin? dx: [u 2x du — 2 dx ап PERS 0 и = 0, 


x=4 > u=r] > У = т |" Е – 1 sin 20] п = 7 [(5 0) 0] = = 


u 
2 


Вх) = х? > V= f [ВОР dx = 7 оу ах 


2 512 
=n хат 5] aoe 
0 0 


В(х) = хз > V= | коо? ах = nf (x) dx y 


2 ED 
= т | хб dx = т В = Би 
0 7 0 7 
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21. Ro = V/9-x3 ~ V= [тко dx = т Го — x?) dx ў 
= т [9х— 5 | ` =a (98) 2] =2.т- 18 = 367 


N 
гә 
ж 
ж 
m 
МХ 
| 
2 
| 
2 
~ 
< 
| 
> кə 
= 
бал 
е 
UE 
m 
= 
N 
с. 
x 
1 
= 
© - 
Fem. 
~ 
| 
> 
N 
342 
~ 
с. 
я 


п/2 п/2 
23. R(x) = усозх = У = | мж dx = т f” cos x dx ý 


= п [sinx]? = та – ет 


п/4 т/4 : 
24. R(x) = зесх => У = Гол [RG)P ах = т | Sec х dx Jl 


= q [tan x] 457 = nfl — (-1)] = 2л 


п/4 
2 = 2 
25. R(x) = y2 — sec x tanx => Ын Т т|В(х)| dx у у = /® 
т/4 
т |, (У2-ехшах) ах 


т/4 
=“ f (2-2 2 sec x tan x + sec? x tan? x) dx 


= п 


т/4 т/4 т/4 
o 2%- 9/2 Ї sec x tan х dx + Ї (tan x)?sec? x 8) 


=r (1-0) -2/2(V2- 1) - 306-9] == (5 +2у2— 5) % 


у швестїапт 
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26. R(x) 22-2sinx 22(1 — sinx) > У = SUTROP dx 
= [аб — sinx)? ах = 4r [Па + sint x — 2 sin x) dx 
= ах [1 + (1 — cos 2x) — 2 sin x| dx 
= anf (3 ян cos 2x — 2 sin x) 
= 4r [8х – sin2x 42 cos x 7” 


= 4r [(27 -0 +0) —(0–0+2)] = ал — 8) 


27. Ry) = /5у? > V= | зуу dy = т | Sy! dy 
= п [у], = [1 — (-0] = 2л 


28. Ry = y? = V= Г т[К(у)]? ду = rf. у’ dy 
=" Б ? = 4r 


т/2 
29. Rly) = /2sin2y = У = Ї T[R(y)]? dy 
и т/2 
- тј, 2 sin 2y dy = 7 [- cos 2y] 5 


=л[1—(—1)] = 27 


30. Ry) = \/с0з > V= J воре ду 


= п | со (3) ду =4 (іп d a 410 —(—1)] 24 


—2 


3 


3 
31. Ry) = 27 = у= ВР ду = 4т |, rY y 
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1 1 : -9 
32. Ry) = ¥ > V= f, чкор dy = r f, 2у (y? +1) dy; ; 
[и = y? +1 > du 22ydy; у = 0 u=ly=1 и = 2] 


утаа т[- |2 -z[-1- -0] == 


т = 2y/(? +1) 


b 
33. For the sketch given, а = — 5,b = ©; R(x) = 1, r(x) = \/созх; V = 1 т (ВОР — [rG)P?) dx 


eft 1 ах-20| 0 x-2 : 1/2 — 2 zo] — 22 —2 
= NE. — cos х) dx = 27 J, (1 — cos x) dx —2m[x — sin x]ọ = т(®— )-т — 2л 


34. For the sketch given, c — 0,4 = ai R(y) = 1, (у) = tan y; У = f (ВР — [г(у)]?) ду 


л? 


==" (1 — ав? у) dy = f^ Q (2 — sec? у) dy = «[2y — tan ур 5 -т(5-1)- = п 


35. т(х) = хапа В(х) = 1 У = f. п ([R(x)]? — [г(х)]?) dx 


= [т (1 — x? ат] - [(1-1)-0] == 


36. r(x) = 24/x and R(x) = 2 М = f. т ([R(x)]? — [r(x)]?) dx 


1 2 1 1 
=r f, @—4х)ах =4n[x— 5 | -4т(1-1)-2л 


37. r(x) = x? + Тапа R(x) = x +3 
> V= f т (ВОР — ПОР) dx 
= nf |« +3} — (x2 + Ју ах 
= | [K +6х +9) — (xt + 3 + 1)] dx 


=r f (—x* — x? + бх + 8) dx 
-1 


5 5 2 2 
=т|- ++. 
С р 9] ae 8-34 28-348) e (SE) e i 
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38. r(x) = 2 — x and R(x) 24— х? 
> у = | s (IRGOP — fr?) dx 
=f? [а 02) (2 — ху dx 


эж T [(16 — 8х2 + x) — (4 — 4x + x)] dx 


2 
=r f (24x – 9x? + x!) dx 
= т [12х + 2x? — 324%] _ 
= q |(24 + 8 — 24 + 32) – (-12+2+3-1)] = т (15 + 3) = 10" 


39. r(x) = sec x and R(x) = /2 
= у = твор – под) dx 
= Т 1 л, — sec? x) dx = л[2х — tan х: 


-«l(£-1)-(-241)| = v(-2) 


40. R(x) = sec x and r(x) = tan x 
> V= n п (ВОР — ГР) dx 


1 1 
=r Í (sec? x — tan? x) dx = | 1 dx =т=т 


41. ry) = Тапа Ry) = 1 +y 
= у = | s (ROP – ВР) dy 
=r [(1+у#—1]4у=х f (1+2у+у: - này 


1 i 
=r f, Оу--у)8у-л| 2 + | 2043 = $ 


=], 1-1 - у] у = т, [1 – (1 2у + у?)] dy 


1 
„= "а-ђез 
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43. В(у) = 2 and ку) = МУ 
> у = | «Ro? 


= тј" (4 – у) ду = т [4y - 


- ЇР) ду 


2 


ў 4 
$|, = 1016-8) = 8т 


44. R(y) = V3 апа ку) = 4/3 – y? 
= у= | «(Ro – ty ay 


и. 
2] ау = т |“ угау 


= т е == 
уз 
pus " 
45. R(y) = 2 and ку) = 1 + \/у 
= у = [| r (ROP – бр) dy 


==] [а (1+ у] ay 


46. R(y) = 2 — у? and (y) = 1 
s V= f. т (IRG)P — [rG)P) ду 
=r f, (2-3) -1] ay 
= т, (4-49 +y? — 1) ay 
=r f pn 


yn] 
= т |зу– зуу! + э] =л(3-3+3)=% 


47. (а) r(x) = yx and R(x) = 2 
= у = ЈУ х (IRGO – fro?) ах 
-3| (4 – x) dx = т [4x – 
(b) r(y) = 0 and К(у) = y? 
> у = fe т (180) - 
г rne] 
(c) r(x) =Oand R(x) 22— /x > V= fx 
=r f (4-4 xx) dx = m [4x – UM 


x 
2 


4 
|, "716-9 = 8т 


[2(у)]?) dy 


(IRGOF 


+=] 
210 


=r(16- $+$) 


: М Ж 


J3 


— сур) dx = "| (2 — /x)! dx 


8л 
3 
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(d 


хий 


Ку) 2 4 - y'andR() =4 = У = fi s (IRGP – ВР) ду = т f [16 (4 — y^] ay 


| 2 4 s 2 4 8,3 i 
=n f (16-168? — у) ay =7 |, (8y -y)dy = т [$y - $] 


48. (а) r(y)=0 and R(y) = 1 – 5 
> V= |7 (ВОР – вр) ду 


=f (1-3) у= тј Эх 5) dy 


2 


=т|у- +8], = 
(b) r(y) = Тапа R(y) = 2 – Y 
sve [нәр ines e f [e] eere) 


2 2 


49. (а) r(x) = 0 and R(x) = 1 — x? 
= V= fm (IRGOP – fr) dx 
=n fü xy ах=л | (1 -2x +x!) dx 
-яЇ-4 | =2n(1-24+3) 


= 2л (15-1043) — 1 


(b) r(x) = 1 and R(X) = 2 –—х2 > У = Г. т (ВОР — [г(х)]?) "ngon "а ах 
=r |, eei pasajo нити еј wem 
= 27 (45 – 20 + 3) = 
(с) rx) = 1 + хап (х) = 2 > У = f. (ВСР — [rGOP)) )4х=т f f- (1 + х2] х 


ЕС! 
=r |, (471-29 =x!) dx ef (8— 20 =x!) dx o nx – 88 g] = 28 (3-3-1) 


т 647 
= 21 (45 – 10 — 3) = & 


50. (а) r(x) = Oand R(x) = — £x +ћ 
> V= Som (ВОР — [20х)]2) dx 


= nh? | – 6 +] = то (3 -b +b) = 22 
(b) r(y) = бапа R(y) =b (1-#) = у = Ји IRO)? — ВОР) dy = тъ? (1-1) ay 


ћ 2 
= еј, (1- а fe) dy = ab? [y- $ + #] тъ (о-ва) = аа 
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51. Ry) = b + Va? — y? and г(у) = b — ya? — y? : 


52. 


23. 


54. 


ЭЭ. 


56. 


57. 


> V= f тур – ВР) d 
== | N [(b+ væ у?) (b a? У?) | ду 
=r [ауа — у? dy = 4x уа у? ау 


= 4br - area of semicircle of radius а = 4b - ла = 2а?ъл? 


5 
(а) A cross section has radius г = 4/2y and area mr? = 2ту. The volume is Ї 2туду = т [у2] = 25m. 


(b) V(h) = f A(h)dh, so % = A(h). Therefore 4У = X . d = д(һу.Ф so db = д. 4, 


2 БЕЗ аһ _ unit? _ 3 , units 
For h = 4, the area is 27(4) = Вл, so Ẹ = 4-308. = GL. UM, 


h—a 
(a К(у) = Va? – у? э у= тј (a? — y? ) dy = т [ау - | = [ath a? шэн (а 5) 


ea =n (ah — № + h?a — ha?) = а-ы 


(b) Given 4У = 0.2 m?/sec and а = 5 m, find |. From (a), V(h) = a(S =) = 5rh? — E 
"s dv _ dV. _ __02 1 
= фу = 10т — та = Y=% F= “над E: dt ln = ma- D = Dome = po; m/sec. 
Suppose the solid is produced by revolving у = 2 — x about 1 
the y-axis. Cast a shadow of the solid on а plane parallel to a 


the xy-plane. 
Use an approximation such as the Шаа Rule, to 


estimate | z[R()]" у "(4 Ji Ay. 


The cross section of a solid right circular cylinder with a cone removed is a disk with radius R from which a disk of radius 
h has been removed. Thus its area is Ај = TR? — th? = л (R? — h?) . The cross section of the hemisphere is a disk of 


2 
radius у R? — h2. Therefore its area is А = 7 (v R? — 3 = q (R? — h?) . We сап see that A; = A». The altitudes of 


both solids are R. Applying Cavalieri's Principle we find 
Volume of Hemisphere = (Volume of Cylinder) — (Volume of Cone) = (7R?) В — 1л (В?) В = 2 ЛЕЗ. 


6 6 
R(x) = 5 V36-x => У = | [ROP dx = =, = (36 — x?) dx = ah (36x? — х4) dx 
6 
x? 65 7-6 36 1967 60—36 
rig [128 - 5] = та (12:6 - $) = 38 (2-5) = C07) (80526) = 3 om?. The plumb bob will 


weigh about W = (8.5) (351) А 192 gm, to the nearest gram. 


RO) = V/256 - y! = у = | ‘вор dy = 7 f (256 - y?) ду = т [256y - 3 7 
= т [25670 + ® - (259616) + 18) | = = (F + 25606 — 7) – 1€) = 10537 сш? ~ 3308 сау 
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(b 


wm 


(c) 


Section 6.2 Volume Using Cylindrical Shells 


R(x) = |с — sin x|, so V = т | [ROP dx = т], (с — sin x)? dx = т] (c? — 2c sin x + sin? x) dx 

= « [7 (c — 2c sin x + 42828) dx = a f (2+1 — 2c sin x — 9525) dx 

= п |(c? + 3) х + 2e cos x — $2] 0 = [(c?n + $ — 2c — 0) — (0 + 2c — 0)] = (c?n + F — 4c) . Let 

V(c) = т (ст + £ — 4c) . We find the extreme values of V(c): 4У = п(2ст — 4) = 0 = с = 2 isa critical 
2 


point, and V (3) = тп (2 + 5 8) = тп (5 4) = т 4; Evaluate У at the endpoints: V(0) = 4 and 


т 2 т T 2 


V(1l) = т (3 т — 4) = т — (4 — пул. Now we see that the function's absolute minimum value is E e 4, 


2 
taken on at the critical point c — 2. (See also the accompanying graph.) 

From the discussion in part (a) we conclude that the function's absolute maximum value is T taken on at 
the endpoint c = 0. 

The graph of the solid's volume as a function of c for 

0 < с < lis given at the right. As c moves away from 5. 
(0,11 the volume of the solid increases without bound. 

If we approximate the solid as a set of solid disks, we 


can see that the radius of a typical disk increases without 


bounds as c moves away from [0, 1]. War 1 


337 


59. Volume of the solid generated by rotating the region bounded by the x-axis and у = f(x) from x = a to x = b about the 


b 
x-axis is V — 1 "ШОР dx = 47, and the volume of the solid generated by rotating the same region about the line 


y=—lisV= Ї 0 + 1]? ах = 87. Thus Т пх) + 112 dx — Гиор dx = 8л — Ап 


> s | (ЮР + 2х) + 1 — [f(x)]2) dx = 40 > ferw +1) dx edes 2 | нх) dx + Ј ах -4 


ь b 
= [fco dx + Цр—а) =2 => f feo dx = 4а 


60. Volume of the solid generated by rotating the region bounded by the x-axis and у = f(x) from x = a to x = b about the 


b 
x-axis is V — f "ШОР dx = бт, and the volume of the solid generated by rotating the same region about the line 


b b b 
y--2isV- f тх) +2]? dx = 107. Thus. | ли) + 2 dx — | rifa]? dx = 107 — бт 


= т | (foo? + 4600 + 4 — ОР) dx = 4л => f teo +4)4х = 4 => 4 | teo dx + 4 [dx 27 


= [fs dx (ьа) =1 ЈГ) ат dpa 


6.2 VOLUME USING CYLINDRICAL SHELLS 


1. For the sketch given, а = 0, = 2; 


У = 


Гот Gh) (= fom (1+5) а = 2s («+ x) dx = 2n [5 


һә|% 
+ 
al 
a 
ey 


=27-3=67 


2. For the sketch given, a = 0, b = 2; 


У = 


b "? 2 Р 2 Е „ a]? 
[20 (ашы) (гем) ах = 20x (2-Е) ах = 20 f, (2х — $) dx = 27 2 -4| 7204-07 6 


3. For the sketch given, c = 0, а = V2; 


V= 


5 she she v2 v2 5 v2 
Їл GR (на) ду = ЈУ any dy = 2r ЈУ y? dy = 20 [5] = 27 
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4. For the sketch given, c = 0,d = V3; 
: she. she v3 ys E уз т 
у = f 2n GR) (уш) dy =f, 2лу-В- (3-У) ау=2х | y dy = 2т |$] QE 
5. For the sketch given, а = 0, b = V3; 


v= fa fcm (m dx — [oom s (v х? + 1) dx; 


[u=x+1 => du = 2х dx; x 0 и= 1, х= уз u 4 


> у =хј шу аи т [2192] = % (42 1) = (2) (8— 1) = МЕ 


6. For the sketch given, a = 0, b = 3; 
b shell ү / shell З 9х . 
у= J 2n (мш) Cy dx = 1, 2nx (785) dx; 
[u =x? 4-9 = du = 3x? dx => 3 du = 9x? dx; x = 0 u=9,x=3 u = 36] 
36 Р 
> У=2л ] Залч ди = 6r [211] у = 127 (V36 - V9) = 367 


7. а= 0,6 = 2; 
у= Гот (ciel) (22) ax = f 27x [x - (7 8] x 


2 2 2 
=f 2лх?.3@х=т fi 3x? dx = т [x4], = 87 


> 

1 
shell shell 2 _ x 
us) [x dx — Ї 2nx (2х 2) dx 


ax? 
2 


1 
уж-т/ 3x! dx = п [х3] = т 
0 


9. а= 0,6 = 1; 
b 1 
V= f 2n GR) (i) dx = f, 2mx (2 х) – x7] ах 


3 


: 1 
= 2л f (2х -x – х3) dx = 2л e - 5 — 5 | 


3 410 
-28(1-1-1)-24(24835)-4 = 5 
10. а-0,5-1: 


b she 1 
у= fom (RL) (ке, ) ах = f, 2x [(2 — x?) — x?) dx 
1 1 
= 2л f x2 — 2х2) dx = Ат, (x — x3) dx 


ат |8 =4т(1-1)=т 
2 4 2 4 
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11. а= 0,6 = 1; 
у = от Q8) (ме) dx = [олку — 2x — 1] ах 
=>" f (3/2 — 22 4 x) dx = 2л [2352 — 28+ 150] 


= 2r ($ -3+ i) = 2r (28) = G 


12. a=1,b=4; 
у= | 27 С) е х = f. 2nx ( x dx 
= 3s f xi? dx = 3л [2x97] $ = 2л n. -1) 
= 2n(8 — 1) = 14т 


nx 0<х<л 
х,х=0 


sinx, О<Сх <т . А 
= мо) = | <х® ; since sin 0 = 0 we һауе 


13. (а) хо) ={^ (2 


1 < 
xf(x) = | Т. | цаг хх) = зшх, О С x € T 


(5) У = ТЕ 2m eri ) ( shel ) dx = (Грлх - f(x) dx and x - f(x) = sin x, 0 € x < s by part (a) 


(Бе height 


= V= 2т |, sin х dx = 2лт[— cos х] = 2л(- cos лт + cos 0) = 4r 


T 2 
4 = xg(x) = (шш d 2 цал since tan 0 = 0 we have 


Х- tan? x , 0 <х < 
14. = = 
(а) хеб) (е шоо 


: < 


b 1 п/4 
(b У- f 2r ( shell ) ( el ) dx = Ї 2лх- g(x) dx and x - g(x) = tan? x, 0 < x < 7/4 by part (a) 


radius height 


2 


п/4 т/4 
> У-?т/ tan? x dx = 2n f (sec? x — 1) ах = 2nftan x x^ = 27 (1 — 2) = === 


15. с= 09,4 = 2; 
2 
у = fan GL) (se) ду = f, 2лу[/у—(—у)]4 
2 


Р 5/2 312 
- 2s ЈУ (y3/? + У?) ау = 27 Е + d " 


=> [3 (V2) +3] == (+$) = 16 (2+1) 
= 1 (3/2+5) 
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16. с=0,4=2; 
d ha 2 
у= f 2т бет tA dy = f 2ny [? m (—y)|dy 
2 312 
=2r f, (у y) ду = 7 |$ +$] = 167 (2+3) 


= 16r ($) = 4 


17. c=0,d=2; 
d 2 
v = Ј гл (20) (t) dy = f, any (2y — yay 
2 2 


RO 707 


18. c=0,d=1; 
а | 1 
V= f 2« (381) Bed dy = |, 2ny 2y – y? — y)dy 


radius 


1 1 
= 2n f. y(y - y) dy = 2л] (у? — у?) ду 


19. c=0,d=1; 
а | І 
Уи fed dy = 2x f, yly = (-y)ldy 


radius 


| TU 1 T 
=2r | 29? dy = 3 [уз] = = 


20. c=0,d=2; 
d sh 2 
у = fo 2m GR) (уе) dy = | 2лу(у– ду 


2 2 п 2 T 
-26 Fay = [у= ¥ 


21. c=0,d=2; 
d he 2 
у= f 2л (28) 5. dy = f, глу2 + у) – У] dy 


radius 
2 3 412 
=> f (у + у? — у°) dy = 2л ју « $ — р] 


= 2r (4 + $ — 16) = Z (48 + 32 — 48) = 157 
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22. с= 0, = 1; 
а Ба 1 
у zx І 2т (пика) tA dy = 1 2ту [2 m y m y? dy 
1 1 
= 2л f (2y — y? – у?) dy = ју -$ - 5] 


=2r (1-4-4) = 2(12-4- 3) = 2 


341 


23. (а) V = f 2л (281) um de | 29x (зх)ах = 6r ЈУ x? ах = 2 ê]? = 167 
(b V= Ј гл (281) (m dis Ј гл (4 — х) (3х)ах = 6r | (4x — x2)dx = бл [22 — 1х3] 2 = 6n(8 — 8) = 327 
(© у= Ј гл (е!) (= Ј гл (x + 1) (зх)ах = 6r | (х2 + х)йх = 6r [1х2 + be]? = 6л(# +2) = 287 
(à у= Ј 2л (2581) shell ду = 7? ANC CS f оуд 2 _ 10316 _ буу 
^ Је radius Cay y= 0 my ( гу) У = 27 " (2y 3y )dy = 2m [y 5У | = 21 (36 24) = 241 
Ч : : 6 6 
е) у= т (а) (а Jay = Ј 2л(7– у) (2— dy) dy = 27 f, (14— By + ty?) dy = 2л [Му- By? + 3 
= 21(84 — 78 + 24) = 60т 
» : К 6 6 
O V= foam Gn (men) = J, 2л (у +2) (2 – Јујду = 2r f, (4+ Зу – 1y?)dy = 2л [ay + 3? - 1] a 


= 21(24 + 24 — 24) = 487 


24. (а) У = f гл (se) (sn ја [эхх (8 — х3) ах = 2л f (8x — x*)dx = 2л [4x2 — 1x5]? = 2m (16 — 2) 


b 2 2 
b) V= f 2x (299) (ах = f 2т(3—х) (8 – х3)ах = 2r f, (24 — 8х — 3x3 + хејах 


radius 


= 2л [24x — 4x? — 3x* + 135]5 = 2т(48 — 16 — 12 + 22) = 26 


b 2 
© у= гл (а) (а Jax = Ј 2л(х +2) (8 — х°)ах = 27 f, (16 + 8x — 2х3 — х*)ах 


radius 


N || 


= 2n [16x + 4x — 1х4 — 155] 6 = 21(32 + 16 — 8 — 32) = 336 


@ v= [Ls Gi) (es ev = Jp aay y ву = an [Pay = [^]; = F028) = "8 


(е) у= Гот (38) (2, = [2 (8 – у)у! ау = 2л ЈУ (ву!д — уб) ау = 2 (буу? — 3y7] § 


= 2л(06— 3) = se 


ф V= f (Б (c )ay 5 (у + 1) ууЗах = 2т |, (у“/3 + y"/3)dy = 2m (Зу? + 3y*5]* 
= 2n (285 + 12) = 2 


25. (a) У = f 2m (se) fer [2m (2 х) (92 — x2)dx = 2s [ (4 — 3х2 + хз)ах = 2л [4x — x? + 1x] 


—2n(8— 8 +4) – 2r(—4 +1 + }) = 27" 


2 
b 2 2 
O) V= fi 2a (а) (teh, дах = Ј 2m (x+ D (x +2- x))dx = 2л f (2 + 3х — x)dx = 2л [2x + 3x? — 1x 
= 2л(4--6-4)-2л(-2-3-1)- 22 


а hé 518 1 4 
© V= [2 (iis) (atte Joy = /„2ту(у/у – Cay + ] 2ту(уу — (у —2))Чу 
= ar f. улау +20 | (уз? – у + 2y)dy 2 эт КЕН ! +2лт [25/2 Ш ly xy] 


= 8" (1) + 21(5 5: + 16) 21 (2 1-1) 127 
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а) v= flan (58) (el, )ay = Ј 2т (4 у) (7 = C /)ay- S 2л (4 —y)(V¥- (у —2))ay 


= ап [| ( (4 у – y?) )dy + 2л f (у? — у? — бу +4,/у + 8)ay 
= 47 [$y3/? — 2 2y5/2] | 4-2л Е уз 2 2у5/2 22 Зу? + 8уз/2 4 8y] | 4 
= 41(5 - 5) (8 BE _ 48+ 54-32) —2л(1—2—3- 8 +8) = %8 


b 1 1 
26. (a) vo fom GRO (eh, dx = ЇГ 2m (1 — x) (4 — 3х2 — x*)dx = 2r | (х5 — х* + 338 — 3x2 — 4х + 4)dx 


radius / | height 

= 2r [1x5 — 155 4 33 — x3 — 2x? + 4] | = 27(1—1+8—1—2+4)—21(1+1+58+1—2—4) = 
O у= fron Go (eh Jay = foe = Ce Гау – (-/ 52) ey 
ат | yay + Ж f у\/4 уйу |= 4 -у > у= 4-05 би = –бу;у= 15 0=3,у = 40 = 0] 
= ми [yo]! - 5 ЈУ 4 - u) /udu = !& (1) 35 [У (ауа зб) аш = 1 + Sz ни? — 157 


+ Vado ГЕ 
= +45 (уз 8./3) = We + sen — 8721 


she she ! 1 | 4 511 
27. (а) V= | 2m (se) ) on) dy = |, 2ny - 12 (y? — у?) dy = 24r | (у? — y) dy = 24r %-% 


= 24т (1 1) = а-в 


1 с 
€) У = f л (se) e) dy = | ла — у) [12 (у – У] dy = 24r f, (1 — у) (у? – у?) dy 


A 5 


1 
= 24m f, (у - 2 + у «ы ыа ку, 


$) 
! shell 
) у= | 2n ( | i dy — x 


(c т (È — y) [12 (y? – у®)] dy = 24r |, (# — у) (у? – у") ду 
= 24т | (Sy? - 242. By +], 22($- В+ = 3562-391» 
= 247 = от 
@ у= fron (28) 52 dy = f 2r (у + 2) i2? – У] dy = 24r f. (у + 2) (у — у?) ду 
= 24s | ( (y3 —y* + 2у2 — 2 у?) ду = 4. y - y) dy = 24т [2 у + - 5], 


= 241 (5 +5 — 5) = 4 (8+9—12) = 12 = 2л 


she she 2 2 A 2 2 4 2 5 

28. (а) У = Ј гл (4) (аи) ау = 251 – (4 — ® }| av = Ј any ( – ж) dy 92], (у - X) ay 
6 24 26 1 4 1 1 2 8л 
-a [f - £]. -ж(%-2) = 32m (1 — ж) = 32m (4 - 6) =32 (4) = 3 


she. she 2 2 А 2 2 4 
€) У = fran (28) ) m) dy =f, ло-у [5 - ($- 5) | =] 220 у) (P - 3) ду 
5 2 


2 5 2 5 4 6 " 
=> f (:-%-у + и јфу= 2т |5 10 к +], = 2 (0 32 16 6) = & 
she. she 2 2 A 2 2 4 
(с) V= [эл ыы Gere dy = f, 2n(5 — y) Ё (У а | у = , 27(5 — у) y'- i) dy 


- ^ í 54 5 = 53 _ 5у Ч = 40 _ 160 _ 16 | 647 _ 

=], (Sy? - $yt—y? + 7) dy = 20 |3 20 a +h) = 2 (4 пты) - 
8 shell \ (shell й 81 Гу A у 2 sif. 2 y 
(d) v= | безе, 1. dy = f гл (y + 3) %-(%-%) dy - f 2n (y + 3) (v -5) ду 
0 
4 


S 25.8 Syd- s 5% Sy]? _ (166 |4 
=> Ј (у -X«iy-&y)e-m| д + 4 i], = 27 (4 2412 
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shell 
height У 


)( 
= f глу(/у –ујду= 27 f (y3/? 
Д 


а 
29. (a) About x-axis: У = f Эл (шиг, 


бет 


-28| УУ? — iy) = ај ~ 2 


15 
shell Jax 0. 


b 
РИ m s) 
About y-axis: V — 1 2т ( height 


radius 
-f2 2)dx = 27 | (х2 — ха 
= J, 2nx(x — x*)dx = 2m |, (x? — хз) ах 
x? хі : 1 1 T 
-245| - $] -2«(- 5) = 8 
b 
(b) About x-axis: R(x) = x and r(x) =x? > У = ,T[RG)? — (х) ]4х = n[x? — х ах 
1 
x? х? = жа. T 
-4[$-5|,-7G-0-8 


About y-axis: R(y) = J/yandr(y =y > V = | 10 — r(y)?] dy — Ју - уау 


= -«f( (-3х2 +2х + 4)а 
=л(—16 + 16 + 16) = 167 
з she. she. E X 
® V= Ј 2r (iis) (ug) dx = ff 2mx(5 +2 х)ах 
= | 2лх(2- ах = эх f, (2x - “уа 
3 


=2n[x?— 5] = 2«(6 - %) = xm 


о у= Дол) (давх жа – 96-62 ках = Јула — х)(2 — 3)dx = от f, (8 — ах + £)as 
= 2n[ox— 200 8] = 2n(92— 92+ @) = р 
(d V= 1 32 — r(x)?]dx = ШЕ - x)? — (6 – 5) х = “| [ta – 16x + х2) — (36 — бак 


m f, (Èx? — 10x + 28)dx = п [5 — 5x? + 28x] | = т[16 — (5)(16) + (7)(16)] = л(8)(16) = 48т 


30. (а) У = тк)? - - “| [6 + s 
= 


а 2 
31. @ У = Ј гл (8) (88) ду = ] глубу – 1) ay 


b 2 2 2 
(b) v=f 27 Бел ms dx = | 2nx(2—x) dx = 2n | (2x — x?) dx = 27 |? - 1, 


= 27 ЦА) e (=) цн 2-21 ==. 
© у= ла - e (8) dx= 2r (19 — x) (2 – x) dx = 2r f (20 — £x +x?) dx 
= 2m [Px- Fx + 3x5], is 2+8) - (2 — 8 4 1)] => (3) = 2r 
@ V= f2 ГІ 2 (=) dy =} 2л(у - Dy – Бат — 17 => [e] = = 


Copyright © 2010 Pearson Education, Inc. Publishing as Addison-Wesley. 


www. гетепд. 15 


344 


32. 


33. 


34. 


(а) 


(b 


wm 


(c) 


(d 


wm 


(a) 


(b) 


(a) 


(b 


wm 


(c) 


с. 


(4) 


Chapter 6 Applications of Definite Integrals 


2 
v = Гот (stat) (tl) dy = [лубу — 0) dy 
2 2 
-21|, у dy = 2л [5] =2т(®) = 8т 
[x shell 
V= Г 2n [ins эл ах 
= Гэях( 2— ух x) dx = 22 | ( (2x — x3?) dx 
= 2л [x? — #90] у = 2s (16 - 22) 
= 2r (16 — 5) = = (80 — 64) = 227 
4 4 
у= fas (24) (и) dx = f, 2m4 – х) (2 — x) dx = 27 f, (8 — 4x1? — 2x + il dx 
= 2n [8x — 8 х3/2 — x? + 2 x5/2] © = 21 (32 — $t — 16 + 56) = 27 (240 — 320 + 192) = 21 (112) = 28 
she she. 2 s : E 2 
М = T 2m (Жегу без ау- 1 21(2-у) (y?) dy = 27 Ї (2y? — y?) dy = 27 Е y? — Р 
-2:(7-1)-320-3-35 


0 


1 
vef osten ШЕ? dy = f, 2лу(у — уз) dy 


= Јат? у) ау [8-5] 6-9 
= 


(202) shell 
vem T 2л D Јо ду 
= Ї 2n(1 — у) (у — у?) dy 


3 А 511 = z 
=> f | (y-y’-y У ду =2т [5-50-75] = 27 (1-1-1 +1) = 27 (30 20 – 15 +12) = Ж 


ена shell 
Үз Г 2n али ) (зен )ау 
- Ї Јлу [1 – (у – у?)]@у 
1 у 2 3 511 
- | (у – у: + у“) ay -24|5-5-5| 


0 
-27(1-1-1)-3205-10-6) 
Пт 
"15- 


Use the washer method: 

d 1 1 : 3 7 
у = Ј rRo-roa= f, |t -(- yy) ау = f,a- – у +2уђау = т|у- 5-53 
=л(1-1-1+2) = 1% (105 – 35 – 15 + 42) = 7E 
Use the washer те Тод: 

d 1 2 1 2 
у = f «tgo – Po ду = Л «|t (у – y» –ој ду = тј, [1 –2(у - y) + (у - Y] ay 

1 т . 511 
тј, (1 + у? фу! — 2у 26 -2y) dy т |у+% + у + У ЖІ =т(1+4 ара) 
= x, (70 + 30 + 105 — 2-42) = Bia 
1 1 
у= fea Gg) jm) ду = f, гла у) – (у – уђу dy = 27 | a - y (1 -y +y’) dy 
1 = 3 4 511 

-2| (1 yryl-y-cy y!) dy = 2x f ( Пн у +5 +% d 
= 27 (1-1+1+1- 1) = 2(20+15—12) = 21 
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35. (a) У = Ј'2л (te) (аа) ау = [e глу(/зу — у?) ау 
=m | 3/2 _ v3) av = 24 [42 уз? _ УТ? 
2л], (2\/2у°? — у?) dy = 20 [88 p^ - эр| 
-n(A g) an (4-9) 
=21-4(8—1)= 8 (8 – 5) = ?& 


4 4 4 
(Б) У = Г 2m (Же) fec dx = Ї 2лх (ух - 3 dx = 2r |, (ee = 3 dx = 27 E х5/2 — 5 


2 225 Фү. 2 _ 3Y _ та 293 _ 1-23 _ 48m 
=> (5 - 5) => (5 5) = 15 (32 20) 5 


160 5 
: shell ү / shell 
36. (а) У = f 2m fet to) dx 
] 


1 1 
=> f x(x — x?) dx = 2n f. (x? — x3) dx 


1 1 
(b М= Г 2m 220 Gas) dx = Ї 2n(1 — x) [(2x – х?) – x] dx = 2r f. (1 — x) (x — x?) dx 


1 
= 2n | (x-2 +28) dx = 20 [$3848] -24(1-141)-3(6-843)-2 


37. а) У = f TRE- Вод dx = | (7-1) ax 
= = – Ху =T[2- D- (2-4 – 10)] 
m(1— 36) = 
2 
(b) V -13 2л (858) (эшш) dy = Г 2лу (3 — s) ay 


| | 
e ~ 
SB os 
foo rcm 
+ 

на 001 


38. (а) У = fs (Ку) – Руј ду = for 
-л|-іуЗ- і-т(-4 


= 2(-2–6+16+3) = Чт 
1 
(b у= Ј гл (281) (а dx = | „2лх (4, –1) ах 
=2n fi (X — x) dx = 20 [18 — 5 
= 2л [(3-5) - 5)| = 7($-1 
39. (a) Disk: У = ү; — V5 
bi b 
V; = | "мр G9? dx and V; = f л[В(х)]? with Ва = 1/32 and Воб) = x. 


а = —2, bı = 1; a = 0, bə = 1 two integrals are required 


1/4 .25 1 
i+ iz) =2 (4-16-48 —8+3) = т 
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40. 


41. 


42. 


43. 


44. 


Chapter 6 Applications of Definite Integrals 


(b) Washer: У = V4 + V3 
bi 
У, = i т (ВОР — [ri GOP) dx with К (х) = 4/ 22 and ri(x) = 0; a; = —2 and b; = 0; 


У = т ([Ro(x)?? — [r2G9]?) dx with Ro(x) = 4/ 5&2 and го(х) = \/х; a» = 0 and by = 1 


— two integrals are required 


d d 
(c) Shell: V — f 2л (Г) ( shell ) dy = f 2лу ( Shell ) dy where shell height = y? — (3y? — 2) = 2 — 2y?; 


radius height height 


c = 0 and d = 1. Only one integral is required. It is, therefore preferable to use the shell method. 
However, whichever method you use, you will get V = т. 


(a) Disk: У = V4 — Vo — Уз 
di с 
У; = І т[Ё‹(у)]? dy, i = 1, 2,3 with К (у) = 1 and cı = —1, dı = 1; Ҝ(у) = \/y and сә = О and 42 = 1; 


R3(y) = (-y)! and сз = —1, йз = 0 — three integrals are required 
(b) Washer: У = Vi + У 


У; = fon (RO) — [СР dy, i = 1, 2 with К, (у) = 1, гі(у) = %% сі = Оапа d; = 1; 


Ro(y) = 1, го(у) = (—у)!/*, с; = —1 and 42 = 0 = two integrals are required 
b b 
(c) Shell: V — Ї 2825) (шік = [ 2тх( | where shell height = x? — (—x*) = x? + хі, 


a=Oandb=1 = only one integral is required. It is, therefore preferable to use the shell method. 


However, whichever method you use, you will get V = 57 


(a) V= f TRE- 9] dx = Їл (vas - xy E Gr dx = n f, [25-2 - 9] dx = f^, (16 х2)ах 


= п[16х — СЭ = п(64 — 58) — т(—64 + $) = 256: 
= 501 


5007 256л __ 244m 
3 30709 


(b) Volume of sphere = 47(5 P => Volume of portion removed = 


: 311-7 
М = f [E эээ dx = f хын — 1) dx; [п = x? — 1 > du = 2x dx; x = 1 > u = 0, 
х= Туле п==лј— тј, sinu du = — [cosu]; = —1(-1— 1) = 27 


V= Гот (ste) (е) ах = Гот (—Ex + = 2r (-86 + hx)dx = 2«[- 8x + 80]; 


[ius 


— as (- 5 + ER) = inh 


у = fan GR) 12:18 = МЕЙ | v? “лэ Ч» ШЕ = ап f ууд – y dy 


0 i" 
[п =т^— у? > du = —2удуу=0=пип=г,у=г=>и 0] > -2r |, yudu = 2s f^ w^ du 


= 4 [узе] = зар 
3 0 3 
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6.3 ARC LENGTHS 


1. 9=1.3 (2+2)? .2х = JP +2)-х 
3 3. 
> L= | лба) dx = | VIF + x dx 


= fra ex = fra +») ак [+3], 


-3-2-12 


2, Bai /x > Lo fie3xdx [02143 


du 3 dx $ du ах; х= 0 эр 4 
хич эме" — 


= $ (10/10 - 1) 


9 


2 
= L= fi y1+y 1+ мт ду 


= уу} + fenem 
=) о [E- 8], 


— (16 1 1 1) —д _ 1 _ 1. 1 _ 128-1~844 _ 123 
= (1 uu) (i 1) =4 32 Lrg 32 32 
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10. 


Chapter 6 Applications of Definite Integrals 


dx 
8 Ер 
> геј ја лав — 1 + ае ах 


х-2/3 


ХУЗ + 5 + dx 


1 
руат TO fr x1/3 + 1x-1/5) dx 
= [3 x43 4 3 x2/3]* = 3 [2х4/3 4 2/3] 8 
– 3 (2-242) 0411-10244-3)-8 


2 
dy _ х1/3 _ 1,-1/3 dy — х2/3 — 1 к 
= 4Х => la) 7X 2 t 16 


ду _ 2 
E = ҳ +2х + 1— dry m ПРИ i di 
9 4 
= (1+х)? —1 ашу => (%) = (1+ х) – 5 + deis 
э ге Јута i+ 622 ax 


=f Vd txt b+ 0887 ах 


= реле ак 


= f, [a +o? + 827] dx; fu 1+x du = dx;x =0 


2 
ix = \/зес!у—1 = (8) -өесіу-1 
п/4 т/4 
= L= J. 1 + (secty — 1) dy = ЈГ „зе у dy 


= [any =1—(—1)=2 


mus ІҢ + барыг Bos ae 


u=1,x=2 и = 3] 
(1 1) — 108-1—4-3 _ 106 _ 53 
з 4 1 12 6 
у y 
x /4 x- | Үзес“ -1 dt 
0 — 


-2 


х 
у= [dt^ 
-2 


-1 


-14 
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2 
П. ( 5 = 2х => (8) = 4x? (b) 
4 4 
- L- Ју + (8) dx 
= 1 + 4x? dx 
(с) L z 6.13 
2 
12. (a) 5 = sec? x = (%) = secx (b) 


0 
= = | 1 + sec* x dx 
(с) L æ 2.06 


(b) 


2 
13. (a) © = cosy = (8) = соз? у 


> L= / V1- cos y dy 


(с) L z 3.82 


— у? 


1/2 2 1/2 04 
== y- EN 1 
= E ME 1- т=уу у= jf, 1-y! dy 


12 02 


—1/2 
= 0-3) ^ ay 


(c) L z 1.05 


X X " 2 b 
ма) в=— => = ($) =? 1) ы 


NOT TO SCALE 


dy dy 


3 
> L= | уу + ау 


(с) L z 9.29 р 


15. (а) 2у+2=2% > (в) -өзі» (b) | 


у? + 2у = 22 +1 
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16. (a) ЧУ —cosx- cosx+xsinx = ( 


З = РИКИ (6) 


ах 


> геј 1 + x? sin? x dx 


(с) Lx 4.70 
2 
17. (a) E =tanx > (8) = tan? x (b) y 
2 0.14 
> L= T y 1 + tan? x dx = T БЕТТІҢ sin xt сов х cor X dx i 
Rn ол 5 
= dx. — у= | tantdt 
= Ї cox о sec х ах 27 | 
(с) L z 0.55 e = -In cos(x) 


2 
18. (a) а = \/sec?y —1 2 (8) эээ, (5) , 
А у 
lii =| 2+_ 
= be] 1 + (sec? y — 1) dy al x [| Узес t—1 dt 


[^ [^ 
= Js [sec y| dy = ND) dy 


+ +> XxX 
(с) Г= 2.20 -1 | 1 
-14 


19. (a) (а) corresponds to i here, so take dy as 5 22 Тћеп у = x + € and since (1, 1) lies on the curve, С = 0. 


So y = \/x from (1, 1) to (4, 2). 


(b) Only one. We know the derivative of the function and the value of the function at one value of x. 
2 
20. (a) (8) corresponds to и here, so take 5 аѕ 8-5. Then x = — = E+ C and, since (0, 1) lies on the curve, C = 1 
1 
50у = т 


(b) Only one. We know the derivative of the function and the value of ће function at one value of x. 


21. y =f V cos2t dt => ay = Усов2х > = | 1- [v cos2x| : dx — ma 1 + cos2x dx = i 2соѕ2х dx 
= Т V2c0sx ax = У2| 2[sin x] p = V/2sin(* )- vV/2sin(0) = 


x x 


1 ET 1 1 Е i 
= ауаға f +d5-1dx= [f а= f. dx дих Зах = [е a 


2/3 
= (0—3 (2) = 3-3 (4) = $ = total length = 8(8) = 6 


2/34 1/2 2/3^1/ 2 
22. у = (1— x55, 02 ex < 1 => 31 205) ^ (2.5) = 20-90 uL Гү! + | em | ах 
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23. y23-2x0£x £22 $2 25 L foie Са = Ју V5ax = [vx]. = av. 


d= (0-0) +(3– (—1))* 22/5 


2 


24. Consider the circle x? + у? = r?, we will find the length of the portion in the first quadrant, and multiply our result Бу 4. 


у-Уй-х,0<х<тә = а 1-4 1+ |25 па] аа 224 [^ J 35a dx 


5 r = T dx 
4 f, oa dx 41, -2-с 


25. 9х2 = у(у – 3)? > g [92] -4 Уу = зу) = 18x% = 2у(у — 3) + (у – 3) 23(y-3(y- 1) = = OY 
= dx = 0-90-10) ду; ds? = d? + dy? = [ea] + dy? = ду? + дуг = ау? m 


_ 1\2 2 УД 
= Е 4 ау? _y Зуу 14 4y gy? = w+) "дуг 


26. 4х2 — у? = 64 => £e y| = # [64] 58-272 0 = 9 = # > ду = “dx; ds? = dx? + dy? 


= dx? + ЕСІ = dx? + Max? = (1+ 180) dx? = FE gy? аме нро = 4 (5x? — 16)4х2 


27. Мх = [41+ + (8) ) a.x202 V2- Z g +1 > y= f(x)= +x + С where С is any real 


number. 


28. (a) From the accompanying figure and definition of the 
differential (change along the tangent line) we see that 
dy = ЇГ (хүл) A x, = length of kth tangent fin is 
МА x)? + (dy = УСА хо ЇГ са) AXP. 


| with slope 
15, 76-0 

1 

| 


(b) Length of curve = | lim. 2 (length of kth tangent fin) = „lim У МСА x? + [0х 1) A&P 
k=1 


= lim. 5 М1-+ [А х = f 1+ [ОР dx 


29. х? + у? =1> у= ү1- х2;Р = {0, 4,4,3,1} > кені» (6-ха + Oye =f ПЕН СЕНТ 
so rs СЕ vis) 4 ү =» 0-4) «ү0-374(0-42) e 1.55225 


30. Let (xi, y1) and epum а MU ade Ji then dy —тегеј 1 + m? dx 
Xi 


х-х” 


= У1 + пе [x]? = /1 + ш(х —х) = 1+ ( иа бо-ж) + (уз - 


(==) бо — xi)? 


(x2 —xi + (уз – yi? 
(Xo = x1) (x2 


xı) = "m - x1)? + (y2 у)" 
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31. y 2 2x8? > ® = 3х2; Lx) = ЈУ үп + 385 at = |, 1x95 [и = 1+ 9: = ди = 94, (20 и =1, 


2(1010- 1) 


t-x-u-l49x] MC "ући = 2[ br M аш? == 


32. у= рх! +х+ не 9 = + 2х +1 mr = (х + 1)? — 


__ [7 2 1 (нар n [4(t+1)* - i] -1 

х)= J Ш + (е res 4(t- 1? | dt = ds Le [жнын zl dt — i 16(t+ 1)* 
056 1) 16(0-+ 1) – 800+ 1) +1 16(t+ 1) “+ 8(t+ 1)" +1 [41+ 

Е 1 ШЕ 16(t-- 1) dt — i y 16(t-- 1) di- ІН 16(t+1 


25 1032 
=f HD dt = АСЕК IET сте du-dit-0su-it-x-u-x-l 


x41 
2:4: 1342 _ [1,3 ЩИХ (1 3 1 1 1 3 1 1. 
zz Е ЕСЕ: "її = (441° - hy) -G- 9 216€ D - xh – 1 


33-38. Example CAS commands: 
Maple: 
with( plots ); 
with( Student[Calculus1] ); 
with( student ); 
f := x -> sqrt(1-x‘2);a := -1 
b:= 1; 
= [2, 4, 8 ]; 
for n in N do 
хх := [seq( ati*(b-a)/n, i=0..n )]; 
pts := [seq([x,f(x)],.x=xx)]; 


L := simplify(add( distance(pts[i+1],pts[i]), i=1..n )); # (b) 

T := sprintf("#33(a) (Section 6.3)\nn=%3d L=%8.5f\n", n, L ); 

P[n] := plot( [f(x),pts], x=a..b, title=T ): # (a) 
end do: 


display( [seq(P[n],n=N)], insequence=true, scaling=constrained ); 
L := ArcLength( f(x), x=a..b, output=integral ): 
L = evalf( L ); # (c) 


33-38. Example CAS commands: 
Mathematica: (assigned function and values for a, b, and n may vary) 

Clear[x, f] 
(а b} = {—1, 1}; f[x_] = Sqrt[1 — х2] 
pl = Ро ИХ], (x, a, bj] 
п=8; 
pts = Table[(xn, f[xn]}, (ха, a, b, (b — a)/n}]//N 
Show[{p1,Graphics[{Line[pts] )])] 
Sum[ Sqrt[ (pts[[i + 1, 1]] — pts[li, 11? + (рі + 1, 21] — р, 2157), {i, 1, п}] 
NIntegrate[ Sqrt[ 1 4- Рр Ах, а, b}] 
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6.4 AREAS OF SURFACES OF REVOLUTION 


2 
1. (a) 5 = sec? x > (%) = sec^x (b) y 
^ 
т/4 
= 5 =2r f (tan x) y 1 + sect x dx 
(c) S ~ 3.84 
2 
2. а) %-ж- (8) =% (b) 


a S = 27 f x? VTF ак dx 


(с) S = 53.23 


2 
X X b 
3. (а) ху=1 > х=1 > 8 1 (=) = 2 (b) 
2 
> 8-28| 1 Л +у-“4ду 
(с) 5 ~ 5.02 
de __ ах : = 2 (b) 
4. (a) # = сову > (% = соз“ y у 
= 5 = 2n f" (siny) /1- cosy dy 3 
(c) S ~ 14.42 2.5 
L5 
1 x-sin у 
0.5 
0 0.2 0.4 06 0.8 i ra 
5. (а) ха +y =3 > y= (a- xi e, 


> 26-2) Cien) 
2 
= (8) = (1– 1) 
= S = 2n f. (3– x12)? ул + (1 — 3? dx 
(с) S ~ 63.37 
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10. 


11. 


12. 


2 
а) ®=1+y > (ж) = (14y) Ч 


= $ = 27 S (у+2/) 4/1 + (1+ y71/2)? ах 


(c) S ~ 51.33 


2 
(а) 55 = (апу = (8) = tan? y (b) : 


= 8-24| (fomnia) М 1 + tan? y ду | 


т/3 | 
= 2т f (Ју tan tat) sec y dy 0.6 


(c) S z 2.08 77 


х 
х= І tan t dt 
Jo 


1 1 1 1 1 1 1 x 
0.1 02 03 0.4 0.5 0.6 0.7 


(а) 8-1 -1- (а) 29-1 (b) ; 
E 8-24| (fr va -1a) УТО T) dx Lay 
= anf (Ув та) xax ee 


(c) S = 8.55 04 |- 


ар) >x 
1 1> 14 16 L8. 2: 22 


у=} Ba в fite (8) ах = з= on ied co i xa 


4 
= 26 Б = 4т\/5 ; Geometry formula: base circumference = 27(2), slant height = y 42 + 22 = 24/5 
0 


2 


— Lateral surface area — i (Ат) (2 v5) = Ап 5 in agreement with the integral value 


d 2 2 2 
у= 5 х=2у > &=2;5 = | 2лх\/1+ (8) dy = f 2n -2y / 1-22 dy = 4n /5 | y dy = 27/5 [y 
= 2n 5 -4 = 8/5; Geometry formula: base circumference = 27(4), slant height = y 4? + 22 = 2/5 
— Lateral surface area — i (87) (2 v5) = 8/5 in agreement with the integral value 


b 2 3 3 А 3 
g-hs- [any (8) ах= fam 25? Vit Q) ах = B к nex = 6 [E ex 


= aA (3 + 3) - (5 + 1)] = ви (4+2)= 3т\/5; Geometry formula: rı i + 5 1, гә 3 + 5 2. 
slant height = VQ — 12 + (3 – 12 = 45 = Frustum surface area = т(г + r2) x slant height = 7(1 + 2)\/5 
= 3т\/5 in agreement with the integral value 


d 2 2 = 2 
у=%+1 э х=2у-1 > в = бе Гоу + (8) ду = | 2nQy — 1/144 dy = 274/5 | Qy- 1) dy 


= 2n 5[y? – у| = 2n /5[(4 — 2) – (1 — 1)] = 4/5; Geometry formula: гү = 1,1; = 3, 
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slant height — V2 — 12 + (3 – 12 = VE => Frustum surface area = п(1 + 3)\/5 == 4т\/5 in agreement with 


the integral value 


2 2 2 
13, ШЕЕ = (8) =$ > s= f 35 /14 dx 


= 2 — 43 1 _ x 
[u=1+5 = du= $x dx => 14 = $ dx; 
x=0 u=1,x=2 u 5] 

25/9 


2 
d 1.- Фу - 


T 
> 5= | а УХЕ д dx 


= 27 nm + } dx = 27 |3 (x + Зр 
ома ИЕС 


= 47 (8—1) = 28" 


15/4 


EE 


15, 5 —1 0—29 _ 1х | 
° dx 2 ух — x ух – x? dx 


= 2 + d=» 

> S= отук х + == dx 
15 = 

— /2 2х — x2 2x—x'--1—2x4x dx 


М2х — х? 


= 27 е , dx = 2л[х]}$ = 2л 


2 
15 i 5 = (8) = ср 
E s= f 2ту/х+1 Jit e & 
= үкен seen x + 2 dx 
=2л Е M = = [5+ 3^ - (143 гү! 


-5109) ј ы ^| - (8-5) 
m ~ 3 (2872 


3 
2222 зал 49т 
= (125 "n 5 


2 : lon) - 
17. B=y? = (5) = у! > S= "Ty ду; у 


[u2 14 y* = 4 = 4у? dy > 14 = у? ду; у = 0 


u=1,y=1 > u=2] > S= f 2r (1) u? (1 au) y3 


РЕЛЕ", = (Уз-1) 


Copyright © 2010 Pearson Education, Inc. Publishing as Addison-Wesley. 


www. гетепд. 15 


356 Chapter 6 Applications of Definite Integrals 


18. x = (13/2 — y!?) < 0, when 1 € y < 3. To get positive 


area, we take x = — (1 y3/? — у!/?) 

2 
E & = _ 1 (у yi?) > (8) -1(y-24yJ) 
T" Е f G y3/2 — yl )ү144 (у-2--у-1) dy 


--24| G у??? — ум?) „| 1(у+2 + y71) dy 


/ -1/2ү2 3 
= -2r f Gy? – ума) 87277. ay = п у y 


3 à 3 
шы ы - 5-5], = ( 
--4(-18-149- 

2 15/4 15/4 
19. meg m (=) = 8-1 Qn 2/4 - y JA 41; dy 4n f, МА — y) + 1 dy 
= 4r уу ду = —4n [2 (5 – у)?/2] ih = 8x 15 шүүн sum =_= [(2°*— s] 
= bs (5/5 a) = (=; у = зэгү5 


2 1 1 1 
ах 1 dx 1 1 1 
20. # = (8) = ua > з= f n2 71 5 dy = 2] Oy D 1 dy = 27 f, V 2y'? ау 


Jy I 
Sarv = t [ем – ^] = e (1 8) e (5584) = в (uev 5 


1 ) 1 1 
21. 5 = 27, уу - 3f 1 (sda) 4у-28 |, V2 д dy 2 J, „/2у—1 ү/з?т ду 
=2n | yy = 22s f уау = 221 [3%], = 2/2 Со E (3 07) =2/2n (2-55) 
= 2/2л (55:1) = ® (2/2 - 1) 


Үл 
22. у= 1(х2 +2) > dyo xx +2 ах => ds = \/1 + 2x! + x) dx => 5 => | x УЛ + 2х2 + x! dx 
Và 
= 2 [7 х\/ (x2 + 1? dx => fx (x? +1) dx = 20 f ( GP +x) dx =27 [5 + 5] | => ($43) =4л 
0 


2 
23. ds = уфе + dy? = (у — ds) "пау = Je bee) +19 = (и +] + т) ду 


2 2 2 2 
(у + 5) ду = (у +) dy 5 = Л 2туф = 27 f у(у + dr) dy = 2r f (yt + 1у72) ау 
Б 2 
-24| – јул] -25(8-1-01-1|-24(141)-3(8-31--5)- Эуе 


2 л/2 | 
24. y = cosx = % = —sinx => (2) = sin? x > S = 2r | (cosx) 1 + sin? x dx 


2 
25. у= Ма? —х? > 8 = (а —х m ын 2х) = = => (8) == 


> $ = 2r [^ Væ —x?,/1+ Gi dx — MN а? — х?) + x? ах = 2r | аах = 2ma[x]', 


= 2ma[a — (—a)] --(2та)(а) = 4ra? 
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2 h 5 в. 
26. у = их у Ё (8) = > $=2л | x1 $ dx - 2n f £x к dx 
h ---- 
= m NET e dx = 27 yh? + r? HI = m 88-12 (5) = mtt + 


а 2 
27. The area of the surface of one wok is $ = f 2тх " + (%) ду. Now, x? + у? = 162 > х = „/162 — у? 


2 2 -7 5 -7 
dx — = dx 2 е (< —_ 2 = 5 1 
> gy Tiga (8) шіге ісе Г. 2n 16? — y? \/1 + ту dy = mf у (162 – у?) + у? dy 
-7 
= anf, 16 dy = 327 - 9 = 2887 ~ 904.78 cm”. The enamel needed to cover one surface of one wok is 


У = S -0.5 mm = S · 0.05 ст = (904.78)(0.05) cm? = 45.24 cm?. For 5000 woks, we need 
5000 - V = 5000 - 45.24 cm? = (5)(45.24)L = 226.21, = 226.2 liters of each color are needed. 


2 а+ћ 
ЭР 2 2 ду _ 1 2х _ x da) x Qq f 4/72 — х2 4l х? 
28. у = ге — X^ => ах = 2 720 S (8) = 22-2; = 27 r X 1+ = ах 


= 27 | — x?) + x? dx = 2лт J” dx = 2ліһ, which is independent of a. 


2 ath 
29. y= VR х2 > P= 1 = = = (8) =; =2 VRE 414 ү dx 
ach ach 
=2r | (Rx) + dx =2rR | dx = 278 


„= 2 2 
30. (а) x? +y? = 452 = x = \/452 — y? x = Jy (8) = іу; 


45 2 45 45 
ке]. 2т ү 45? — у? 1+ ging dy = 27 des Gy ју“ dy =2n-45f ду 
= (2п)(45)(67.5) = 60757 square feet 


(b) 19,085 square feet 


— 


31. (a) An equation of the tangent line segment is 
(see figure) y = f(m,) + f’(m,)(x — т). 
When х = x, | we have 
гр = f(m,) + об — my) 
= f(m) + f'm) (- А®) = fm) — Рап) 5%; 
when x = x, we һауе 
гә = f(m,) + f'(m,)(x, — т) 
= Қақ) + Рат) ==; 
(b) L? = (Ax)? + (у — п)? | л 
= (Ах)? + [ть А® — (Рт) 22) | 


= (Ах)? + [f/m Ax)? => Ly = (Ax? + [f'(m)AxP?, as claimed 
(c) From geometry it is a fact that the lateral surface area of the frustum obtained by revolving the tangent 


m, х, 


line segment about the x-axis is given by AS, = т(ту + r2)Lk = 7128 т] V x) + [f'(m)Ax,]? 
using parts (a) and (b) above. Thus, AS, = 27f(m,) V 1 + [f’(m,)]? Ах. 
n n b 
(d $ = lim. У; AS, = nim, У) 27 п) 4/1--1 (112 Ах, = f 271 (х) \/1 + ['(х)]? dx 
К-1 К-1 


32. у = (1 — х2/3) 3/2 3 д = 3 (1 gee) (= 2 x-1/3) "T = 2 (8) = 1-а" = 1—1 


> S=2f 2s (1 x22)? 14 (45 —1) dx = ап (1 — х2)?” Vx ах 
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Chapter 6 Applications of Definite Integrals 
n ae xc ах; жа = ME, x15 dx > -3diex dx; 
X u—-lx-l u > S=4r f ol — 8 du) ) = —6r [2 и5/2] у = бл (0 2) = 0 


6.5 WORK AND FLUID FORCES 


The force required to stretch the spring from its natural length of 2 m to a length of 5 m is F(x) — kx. The work done 


3 3 
byFisW= | Fa) dx =k f x dx = К [2] = 9%, This work is equal to 1800 Ј => 2k = 1800 = К = 400 N/m 


(а) We find ће force constant from Hooke's Law: Е = kx k Е k 800 200 Ib/in. 


2 2 35352 
(b) The work done to stretch the spring 2 inches beyond its natural length is W — I kx dx = 200 Ї х ах = 200 Е 
0 


= 200(2 — 0) = 400 in - Ib = 33.3 ft - Ib 
(c) We substitute Е = 1600 into the equation Е = 200x to find 1600 = 200x = х = 81. 


We find the force constant from Hooke's law: Е = Кх. A force of 2 N stretches the spring to 0.02 m = 2 = К - (0.02) 


= К = 100 к. The force of 4 N will stretch the rubber band y m, where Е = ky > у E y NON у = 0.04 m 


NI 


0.04 0.04 
4 cm. The work done to stretch the rubber band 0.04 m is W — 1 Кх ах = 100 Г x dx = 100 Ё 
0 


. (100%0.04)2 
= 0005-0081 


We find the force constant from Hooke's law: F — kx k Е > К л К = 90 м. The work done to stretch the 


5 5 215 
spring 5 m beyond its natural length is W = Ї kx ах = 90 Ї х ах = 90 H к= (90) 2) - 11251 


(a) We find the spring's constant from Hooke's law: Е = kx k E ла 21714 k = 7238 т 


0.5 
(b) Тһе work done to compress the assembly the first half inch is W = 1. kx dx = 7238 ТШ х ах = 7238 Б 
0 


-- (7238) px = (238023) ғ 905 in - Ib. The work done to compress the assembly the second half inch is: 


1.0 
W= [кх ах = 7238 f ‘хак =7238 [5] = B81 — (0.5)2] = 9238979 ~ 2714 in - Ib 


First, we find the force constant from Hooke's law: Е = kx k= Ё 150, 16 · 150 = 2, 400: p, If someone 


(is) 


compresses the scale x = i in, he/she must weigh F — kx — 2,400 (2) = 300 Ib. The work done to compress the scale 
- 25 
16 


1/8 1/8 
this faris W= | kx dx = 2400 [5] = 3 = 18.75 Ib - in. = 2 ft- 1b 
0 


The force required to haul up the rope is equal to the rope's weight, which varies steadily and is proportional to x, the 
50 50 50 
length of the rope still hanging: F(x) — 0.624x. The work done is: W — | F(x) ах = Ї 0.624х ах = 0.624 H 
0 
= 780] 


The weight of sand decreases steadily by 72 Ib over the 18 ft, at 4 Ib/ft. So the weight of sand when the bag is x ft off the 
b 18 
ground is F(x) = 144 — 4x. The work done is: W = Ї Е(х) ах = f (144 — 4x)dx = [144x — 2x?] " — 1944 ft - Ib 


0 


The force required to lift the cable is equal to the weight of the cable paid out: F(x) — (4.5)(180 — x) where x 
180 180 
is the position of the car off the first floor. The work done is: W — Ї F(x) ах = 4.5 f (180 — x) dx 
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21 180 : 
-45|80х-5|, = 45 (180? — №) = 45380 = 72,900 fi - Ib 


10. Since the force is acting toward the origin, it acts opposite to the positive x-direction. Thus F(x) = — E. The work done 


11. 


12. 


13. 


sw- ЈУ-бак=к f- зак =к(ф—1) = zn 


a ab 


Let r = the constant rate of leakage. Since the bucket is leaking at a constant rate and the bucket is rising at a constant rate, 
the amount of water in the bucket is proportional to (20 — x), the distance the bucket is being raised. The leakage rate of 
the water is 0.8 Ib/ft raised and the weight of the water in the bucket is F — 0.8(20 — x). So: 


20 121 20 
W= |, 0.8(20 — x) dx = 0.8 [20x = 1 , = 160 ft- Ib. 


Let r = the constant rate of leakage. Since the bucket is leaking at a constant rate and the bucket is rising at a constant rate, 
the amount of water in the bucket is proportional to (20 — x), the distance the bucket is being raised. The leakage rate of 
the water is 2 lb/ft raised and the weight of the water in the bucket is Е = 2(20 — x). So: 


20 
We fx (20 – x) dx = 2 [20x - = | = 400 ft - Ib. 
0 


Note that since the force in Exercise 12 is 2.5 times the force in Exercise 11 at each elevation, the total work is also 2.5 
times as great. 


We will use the coordinate system given. 

(a) The typical slab between the planes at y and y + Ay has 
a volume of AV = (10)(12) Ду = 120 Ay fO. The force 
F required to lift the slab is equal to its weight: 
Е = 62.4 AV = 624 - 120 Ay lb. The distance through 
which F must act is about y ft, so the work done lifting 


Grong 108 
leve] 4 


the slab is about AW = force x distance 
= 62.4 - 120 - y - Ay ft- Ib. The work it takes to lift all 


20 
the water is approximately W ~ У AW 
0 


20 
= У) 62.4 - 120у - Ay ft - lb. This is a Riemann sum for 
0 
the function 62.4 - 120y over the interval 0 € y < 20. The work of pumping the tank empty is the limit of these sums: 
20 27 20 
М = Ї 62.4 - 120y ду = (62.4)(120) Б Rm (62.4)(120) (20) = (62.4)(120)(200) = 1,497,600 ft - Ib 
(b 


— 


The time t it takes to empty the full tank with (3-)-hp motor is t = 5 zo ЕЕ — m С — 5990.4 sec — 1.664 hr 
=> t£ 1 hr and 40 min 
(c) Following all the steps of part (a), we find that the work it takes to lower the water level 10 ft is 


М = f 624 - 120y ду = (62.4)(120) Б : — (62.4)(120) (1%) = 374,400 ft - Ib and the time ist = 
= 1497.6 sec = 0.416 hr ~ 25 min 

In a location where water weighs 62.26 x 

а) W = (62.26)(24,000) = 1,494,240 ft - Ib. 

b) t = 14424 = 5976.96 sec = 1.660 hr => t z 1 hr and 40 min 

In a location where water weighs 62.59 № E 

а) W = (62.59)(24,000) = 1,502,160 ft - Ib 


b) t = 150399 = 6008.64 sec ~ 1.669 hr => 15: 1 hrand 40.1 min 


CIIM х, 
ft-lb 
250 we 


(d 


wm 
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14. We will use the coordinate system given. 


15. 


16. 


17. 


Chapter 6 Applications of Definite Integrals 


Ground level 


(a) The typical slab between the planes at y and у + Ay has 
a volume of ДУ = (20)(12) Ay = 240 Ay fO. The force 
F required to lift the slab is equal to its weight: 
Е = 624 AV = 62.4 - 240 Ay lb. The distance through 
which F must act is about y ft, so the work done lifting 
the slab is about AW — force x distance 


20 
= 62.4 - 240 - y - Ay ft- Ib. The work it takes to lift all the water is approximately W = $5 AW 
10 


20 
= У) 62.4 - 240y - Ay ft - lb. This is a Riemann sum for the function 62.4 - 240y over the interval 
10 


20 
10 < y < 20. The work it takes to empty the cistern is the limit of these sums: № = T 4 62.4 - 240y ау 


= (62.4)(240) Б И = (62.4)(240)(200 — 50) = (62.4)(240)(150) = 2,246,400 ft - Ib 


(5) t= zu. = 22597 7 д. 8168.73 sec ~ 2.27 hours © 2 hr and 16.1 min 


(c) Following all the steps of part (a), we find that the work it takes to empty the tank halfway is 
15 21 15 
W= 1 , 62.4 - 240y dy = (62.4)(240) Б „ = (62.9040) (225 — 190) = (62.4) (040) (12) = 936,000 ft. 


Then the time is t = уе = 238.000 2; 3403.64 sec ~ 56.7 min 
(d) In a location where water weighs 62. 26 № та: 


а) W = (62.26)(240)(150) = 2,241,360 ft - Ib. 
b) t = 2251299 = 8150.40 вес = 2.264 hours ~ 2 hr and 15.8 min 

с) W = (62.26)(240) (122) = 933,900 ft - Ib; t = 25520 = 3396 sec ~ 0.94 hours ~ 56.6 min 
In a location where water weighs 62. 59 № ie 

а) W = (62.59)(240)(150) = 2,253,240 ft - Ib. 

b) t = 2252299 — 8193.60 sec = 2.276 hours ғ: 2 hr and 16.56 min 

с) W = (62.59)(240) (122) = 938,850 ft - Ib; t = 88° ~ 3414 sec ~ 0.95 hours ~ 56.9 min 


The slab is a disk of area 1x? = п (5), 2 thickness Ду, and height below the top of the tank (10 — у). So the work to pump 


the oil in this slab, AW, is 57(10 — ујл ( wi The work to pump all the oil to the top of the tank is 
10 
w= f" 35(10y? — уз)ду = 54 [$ - n]. = 11,8757 ft- 1b = 37,306 ft - 1b. 


Each slab of oil is to be pumped to а height of 14 ft. So the work to pump а slab is (14 — у) (м) (5) * and since the tank is 


half full and the volume of the original cone is V = ілі?Һ = 1л(57)(10) = 2225 ft’, half the volume = 2/7 ft}, and 


— y5 
with half the volume the cone is filled to a height y, т = у => у = 4500 ft. бо W = Ї эт (14у? — у?) dy 
|» 
0 


— 57т | Му y 
7774 


3 Ч = 60,042 ft · Ib. 


The typical slab between the planes at y and and y + Ay has a volume of AV = m(radius)?(thickness) = т (28 Ду 
= 1-100 Ду ft®. The force F required to lift the slab is equal to its weight: F = 51.2 AV = 51.2 - 1007 Ay Ib 
= F = 5120r Ay Ib. The distance through which F must act is about (30 — y) ft. The work it takes to lift all the 


30 30 
kerosene is approximately W ~ У; AW = У; 51207(30 — y) Ay ft - Ib which is a Riemann sum. The work to pump the 
0 0 


30 5130 
tank dry is the limit of these sums: W — Ї 51207(30 — y) dy = 51207 [0y — 5| a = 51207 (2%) = (5120)(450т) 
~ 7,238,229.48 ft - lb 
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(a) Follow all the steps of Example 5 but make the substitution of 64.5 a for 57 Б. Тћеп, 
И т л | 10у? Ды Sn -88 B Sn 
w= f, S (10 — yy? ду = 43 Е NE: e s) = (95 ) (83) (0-2) 
= 45. = 21.57 - 83 ~ 34,582.65 ft - Ib 
(b) Exactly as done in Example 5 but change the distance through which F acts to distance ~ (13 — y) ft. Then 


4 


8 8 
- т _ 57m | 13у? _ 57л ( 13-83 _ 8%\ _ (57л 3 _ 57т-89- 
№ = Ј, 3 (13 – ууу? ду = |! s|, = jc (ше Е) = (57) (83) (В — 2) = 252 


0 4 4 3 4 4 3 4 
= (197) (82) (7)2) = 53,482.5 ft - Ib 


The typical slab between the planes at y and y-- Ду has a volume of about ДУ = т(гад 8) (thickness) = v (/У) Ay fe’. 


The force F(y) required to lift this slab is equal to its weight: F(y) = 73 - AV = 737 (/у) : Ду = 73ту Ay Ib. The 


distance through which F(y) must act to lift the slab to the юр of the reservoir is about (4 — y) ft, so the work done is 
approximately AW = 735 y (4 — y)Ay ft-lb. The work done lifting all the slabs from y = 0 ft to y = 4 ft is 


approximately W = У 737 ук (4 — ук) Лу ft - Ib. Taking the limit of these Riemann sums as n — oo, we get 
К-0 


4 4 4 " 
w= [Tay (4 – ујду = 73« | (4y – y2)dy = 337 [y? - 153] * = 73 (32 — $) = 2336 ft - 1b. 


The typical slab between the planes at y and y-- Ay has a volume of about AV — (length)(width)(thickness) 

= (2 25 — у2) (10) Ду f. The force F(y) required to lift this slab is equal to its weight: F(y) = 53 - AV 

= 53(24/25 — y?) (10) Ду = 10604/25 — y? Ay Ib. The distance through which F(y) must act to lift the slab to the 
level of 15 m above the top of the reservoir is about (20 — y) ft, so the work done is approximately 

AW = 1060/25 — y?(20 — y)Ay ft- Ib. The work done lifting all the slabs from y — —5 ftto y — 5 ftis 


approximately W ~ У) 1060,/25 — у? (20 — у) Ду ft - Ib. Taking the limit of these Riemann sums as n — оо, we get 
К-0 


w = |“ 1060./25 — y2(20 — y)dy = 1060 |“ (20 — у) /25 — Уау = ИЕ 25 - ylày - | у 5 уму 
To evaluate the first integral, we use we can interpret (| 1 \/25 – у?ау as the area of the semicircle whose radius is 5, thus 
f 20,/25 — yay = 20 f. 4/25 — угду = 20|1(5) | = 250т.То evaluate the second integral let u = 25 — y? 

= du = —2уду; у = —5 > u = 0, у = 5 = и = 0, thus Г.уу25-уду--1| y/u du = 0. Thus, 

1060 | f 20 V25 - уйу – Гу 5 ум = 1060(250л — 0) = 2650007 = 832522 ft - Ib. 


The typical slab between the planes at y and у--Ау has a volume of about AV = z(radius)?(thickness) 
=" (А /25 — у?) 4 Ду më. The force Еу) required to lift this slab is equal to its weight: F(y) = 9800 - AV 
= 98007 (4/25 — y?) ^ Ay = 98007 (25 — y?) Ay М. The distance through which Еу) must act to lift the 


slab to the level of 4 m above the top of the reservoir is about (4 — y) m, so the work done is approximately 
AW zz 98007 (25 — y?) (4 — y) Ay N - m. The work done lifting all the slabs from y = —5 mto y = 0 mis 


0 
approximately W = У) 98007 (25 — y?) (4 — у) Ay N - m. Taking the limit of these Riemann sums, we get 
-5 


0 0 
W= f 98007 (25 — y?) (4 — y) dy = 9800r f (100 — 25y — 4у? + y?) ду = 98007 | 100у Бу уЗ фу 
= 98007 (—500 — 2223 + 4 . 125 + 95) ~ 15,073,099.75 J 


The typical slab between the planes at y and у--Ау has a volume of about ДУ = (radius) (thickness) 
= т (4/100 — y Ay = п (100 — y?) Ay ft?. The force is F(y) = 222 - ДУ = 56r (100 — y?) Ay Ib. The 
distance through which F(y) must act to lift the slab to the level of 2 ft above the top of the tank is about 
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23. 


24. 


25. 


26. 


27. 


28. 


29. 


30. 


31. 


Chapter 6 Applications of Definite Integrals 


(12 — y) ft, so the work done is AW z 567 (100 — y?) (12 — y) Ay Ib - ft. The work done lifting all the slabs 


10 
from y = 0 ft to у = 10 ft is approximately W = У) 56r (100 — у?) (12 — y) Ay Ib - ft. Taking the limit of these 
0 


10 10 
Riemann sums, we get = f 56m (100 — y?) (12 — у) dy = 56« f, (100 — y?) (12 — у) dy 
10 


10 
= 56т |, (1200 — 100у — 12y? + у?) dy = 56л [1200y DE шу ү z] : 


= 56m (12,000 — 19999 — 4. 1000 + 19999) = (56m) (12 — 5 — 4 + 5) (1000) ~ 967,611 ft - Ib. 
It would cost (0.5)(967,611) = 483,805¢ = $4838.05. Yes, you can afford to hire the firm. 


Е = ш® = v © by the chain rule = М = T my 45 ак = т (у )dx-m [i у?(х)] 
= i [у (Хр) – v*(x1)] = 5 туз — 1 mvj, as claimed. 
weight = 2 oz = 2 Ib; mass = weight = i = 25 slugs; W = (5) (55 slugs) (160 ft/sec)? ~ 50 ft - Ib 


— 90. 1ы | Imin , 5280ft 0.312516 0.3125 Шы 
90 mph = Ihr 60min 60 вес Іші = 132 ft/sec; m = 32fUsec? ^. slugs; 


W = (5) (H) (132 ft/sec)? ~ 85.1 ft - Ib 


weight = 1.602 = 0.116 > m= 5010. = = slugs; W = (1) (4l; slugs) (280 ft/sec)? = 122.5 ft - Ib 


v; = 0 mph = 04, v; = 153 mph = 2244 Ë; 2 oz = 0.125 lb > m = 01215, = „1. slugs; 


sec? 32 ft/sec? 
W = f^ F(x) dx = mv] - Imvi = 1(4:) 2244) — 155) (0)? = 98.35 feb. 


256 


2 (556 256 


weight = 6.5 oz = $3 Ib = m = 7855 slugs; W = (4) (Sis slugs) (132 (вес)? = 110.6 ft - Ib 


We imagine the milkshake divided into thin slabs by planes perpendicular to the y-axis at the points of a partition of the 
interval [0, 7]. The typical slab between the planes at y and y + Ay has a volume of aboutAV = dipa 


т (X m Er Ду in?. The force F(y) required to lift this slab is equal to its weight: F(y) = 5 ДУ = 2 (nM LES о Ду Oz. 
The distance through which F(y) must act to lift this slab to the level of 1 inch above the top is about (8 — y) in. The work 


done lifting the slab is about AW — (4 т) жы — у) Ду in · oz. The work done lifting all the slabs Кот у = 0 to 


y = 715 approximately W = ЭГ: sig + 17.5)2(8 — у) Ay in - oz which is а Riemann sum. The work is the limit of these 


sums as the norm of the partition goes to zero: W — 14 ae (У + 17.5)? (8 — y)dy 


4 


7 
= % | (2450 – 2625y — 27у? — уз)ду = 5%, | У“ — дуз — 2625 y? + 2450у | 


=| Т-9-7 2023 . 72 + 2450 - 7] = 91.32 in - oz 


35,780,000 35,780,000 35,780,000 


Work = 1000MG dr = 1000 MG 9 = 1000 МО [- 1] ооо 


6,370,000 r 6370000 T 


= (1000) (5.975 - 1024) (6.672 - 10-1 & 5.144 x 1010 J 


1 ) 1 1 
6,370,000 35,780,000 


To find the width of the plate at a typical depth y, we first find an equation for the line of the plate's 
right-hand edge: у = x — 5. If we let x denote the width of the right-hand half of the triangle at depth y, then 
X = 5 + y and the total width is L(y) = 2х = 2(5 + y). The depth of the strip is (—y). The force exerted by the 


=) -2 
water against one side of the plate is therefore Е = f. м(-у)- L(y) dy = f. 62.4 - (Cy) - 26 + у) dy 
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33. 


34. 


35. 


36. 


Section 6.5 Work and Fluid Forces 


— 124.8 К —5у – у?) ду = 124.8 [- $ y? — 1 y3] 2 = 1248 [(–5-4+1.8) – (- 3-25 + 1 - 125)] 
= (124.8) (48 — 17) = (124.8) (282234) = 1684.8 Ib 


An equation for the line of the plate's right-hand edge is y = x – 3 => х = у + 3. Thus the total width is 
L(y) = 2x = 2(y + 3). The depth of the strip is (2 — y). The force exerted by the water is 


0 0 0 j 310 
F= f w(2—y)L(y) dy = | 624- (2 - y) -268 + у) dy = 1248 f (6 — y — y?) dy = 1248 [бу е | | 
= (–124.8) (-18 — 3 + 9) = (7124.8) (- 27) = 1684.8 Ib 


3 


b : 
(а) The width of the strip is L(y) = 4, the depth of the strip is (10 — y) >F = f w- ( ae, )F(y)ay 


3 


3 213 
= J, 62.4(10 – y)(4)dy = 249.6 f; (10 – y)dy = 249.6 10 - а „ = 249.6(30 — 3) = 6364.8 Ib 


b | 
(b) The width of the strip is L(y) = 3, the depth of the strip is (10 — y) = Е = f. w- 623) F(y)dy 


4 4 4 
= Ј, 62.4(10 — y)(3)dy = 187.2 f, (10 — y)dy = 187.2 [10у = 5| „ = 187.2(40 — 8) = 5990.4 Ib 


b : 
The width of the strip is L(y) = 2/25 — y2, the depth of the strip is (6 — y) >F = f w- (54%) Қу)ду 


5 5 5 5 
= J, 62.4(6 — у) (2/25 — у?)ду = 1248 [| (6 — y) /25 — у?ду = 124.8 1 6 25 - yay - fy /25— yay 


363 


5 
To evaluate the first integral, we use we can interpret Ї 1/25 — y?dy as the area of a quarter circle whose radius is 5, thus 


5 2-2 5 
Ї 64/25 — угду = 6], \/25 – y?dy = 6[1n(5)] = Dr, To evaluate the second integral let u — 25 — y? 
5 0 25 
= du = —2у ду; y = 0 > и = 25, у=5=и 0, thus f^ y /25- yay = -4 |. лди = if ш/2 du 


= 1 [43/2] 29 = 125. Thus, 124.8] 5 25 -уму-(Гуу/25- Yay = 124,8 (58 — 125) ~ 9502.7 Ib. 


Using the coordinate system of Exercise 32, we find the equation for the line of the plate's right-hand edge to be 
y=2x-4>5> x= rrt and L(y) = 2x = у + 4. The depth of the strip is (1 — y). 


(а) Е= Ј ха — y)L(y) ду = | 624 - (1 — уху + 4) ду = 62.4 Га — 3y – у?) ду = 624 Б Жаны 


= (-62.4) | 4)(4) өдө + в] = (–62.4) (-16 — 24 + $t) = Є 29120569 — 1164.8 Ib 


—4 


(b) F = (—64.0) ( 44) – 909 + g = CeCe) 1194 716 


Using the coordinate system given, we find an equation for 
the line of the plate's right-hand edge to be y = —2x + 4 


=> x = 53! and L(y) = 2x = 4 — y. The depth of the 
1 
strip is (1 —y) > F = 1 w(1 — y)(4 — y) dy 
1 2 у 5y? 1 
= 624 ] (у? — 5y + 4) dy = 624 % = 87 +4] | 
-(624)(1-3-4)-1(624)(2:5423) = CAUD — 114.4 
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37. Using the coordinate system given in the accompanying 
figure, we see that the total width is L(y) — 63 and the depth 
33 
of the өшір 5(335—у) = F= f (33.5 - УМУ) dy 
= J, f - (33.5 — у) - 63 dy = ($) oaf (33.5 — y) dy 


33 
= (&) 63) [33.5у - 5|. = ($$) [63.563 - 3| 
= б 33): = 1309 ІҺ 


38. Using the coordinate system given in Фе accompanying y (ft) 
figure, we see that the right-hand edge is x — үГ-у 
so the total width is L(y) = 2х = 24/1 — y? and the depth 
of the strip is (Cy). The force exerted by the water is 


0 
therefore F — f. - (-у) - 2/1 — у? ду 


= 62.4 f" V1-yld(-y 2) = 624 [81 – у ли = (62.4) (2) (1 — 0) = 41.6 Ib 


39. (а) Е = (62.4 $) (8 ft)(25 #2) = 12480 Ib 
b : 
(b) The width of the strip is L(y) = 5, the depth of the strip is (8 — y)  F = f w- (э JFO)dy 
5 5 
= 1 62.4(8 — y)(5)dy = 312 J, (8 — y)dy = з12 [ву - Зр = 312(40 — 2) = 8580 Ib 
(c) Тһе width of the strip is L(y) = 5, the depth of the strip is (8 — y), the height - the strip is \/2 ду 
stri 5/ v2 5//2 
> Б= f» {ee ЈЕ (ydy- f, 624(8—y в) /7ay = aia 2 f^^ = y)dy = 3124/2 [8y -5|, 
- = 3122 (4 = 8) = = 9722.3 


40. The width of the strip is L(y) = 3 (2 3- у) ‚ the depth of the strip is (6 — y), the height of the strip is vs dy 
2/3 2/3 
stri = _ 93.6 
zi pus (м «(eR (y)dy = f," 62.4(6 — y) 3(2V3- y) d E зе f “(2у3-6у- 2y /3 + y?)dy 
= 935 56 zy 3 — Зу? — у?\/3 + p = 9s (72 36 — 12\/3 + s = 1571.04 Ib 


4]. The coordinate system is given in the text. The right-hand edge is x — МУ and the total width is L(y) = 2x = 2,/у. 
1 
(a) The depth of the strip is (2 — у) so the force exerted by the Паша on the gate is Е = | w(2 — y)L(y) dy 


= | 502 -y)-2./¥ dy = 100 [С -ууду= 100 ЈУ (zy!/2 — y3/2) dy = 100 [4 y? — 2 узе] 1 


= 100 (4 — 2) = (199) (20 — 6) = 93.33 Ib 


(b) We need to solve 160 — Ї w(H — y) - 24/y dy for h. 160 = 100 (== — 2) > Н = 3 ft. 


42. Suppose that h is the maximum height. Using the coordinate system given in the text, we find an equation for 
the line of the end plate's right-hand edge is y — 5 x> х= 2 y. The total width is L(y) = 2х = і у апа ће 


ћ 
depth of the typical horizontal strip at level y is (h — y). Then the force is Е = f w(h — у) (у) dy = Fmax, 
h h 
where Еш = 6667 Ib. Hence, Fmax = wf, (h — y) - $y dy = (62.4) (+) | (hy — y?) dy 
2 3 
= (62.4) (8) [82 - 3] = 62.49 (8) (6: – 5) = (624) (4) (р -004( = в= (8) (18) 
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== (5) (5667) ~ 9.288 ft. The volume of water which the tank can hold is У = 1 (Base)(Height) - 30, where 


Height = h and 4 (Base) = 2h = У = (2h?) (30) = 12h? ~ 12(9.288)? ~ 1035 f. 


The pressure at level y is p(y) = w- у = the average а/2 0 


1 у? 


"NS 1 Е 1 i : 
pressure isp = 1 | po) dy = 1 f, w-ydy-iw[z]. 


= (X) (5) = Үр . This is the pressure at level : , Which m b 
is the pressure at the middle of the plate. y 


b b b b 
The force exerted by the fluid is F — Ї w(depth)(length) dy = Ї w-y-ady=(w- а) f у dy = (w- a) В 


0 


=W (%) = (®®) (ab) = p - Area, where p is the average value of the pressure. 


0 
When the water reaches the top of the tank the force on the movable side is f T (62.4) (2 4 — у?) (—у) ау 


0 
= (62.4) | (4 – y?) 
compressing the spring is Е = 100х, so when the tank is full we һауе 332.8 = 100х = x ~ 3.33 ft. Therefore the 


VC oy) dy = (62.4) E (4 — yy у Б = (62.4) (2) (43/2) = 332.8 ft - Ib. The force 


movable end does not reach the required 5 ft to allow drainage — the tank will overflow. 
(a) Using the given coordinate system we see that the total 
width is L(y) — 3 and the depth of the strip is (3 — y). 
3 3 
Thus F= | wG — y)L(y) dy = f (62.4) – у) -3 ау 
3 313 
= (6246) f, (3 – у) ду = (6240) [Зу — $] | 
= (62.4)(3) (9 — 2) = (62.4)3) (3) = 842.4 Ib 
(b) Find a new water level Y such that Еу = (0.75)(842.4 Ib) = 631.8 Ib. The new depth of the strip is (Y — y) and Y is 
Y 34 
the new upper limit of integration. Thus, Fy = | w(Y — y)L(y) dy = 62.4 f (Y — у) -3 dy 
Y 2] Y 2 
= (62.4)(3) | (Y — у) dy = (62.4)(3) [Yy = а ‚ = (62.4003) (v = Y) = (62.4)(3) (X) . Therefore, 


Y- "— ү 288 = y 6.75 = 2.598 ft. So, AY = 3 — Y & 3 2.598 ~ 0.402 ft ~ 4.8 in 


MOMENTS AND CENTERS OF MASS 


Since the plate is symmetric about the y-axis and its density is 
constant, the distribution of mass is symmetric about the y-axis 
and the center of mass lies on the y-axis. This means that 

X = 0. It remains to find y = Y. We model the distribution of 


mass with vertical strips. The typical strip has center of mass: 


(ў) = (x. e$) , length: 4 — x?, width: dx, area: 


dA = (4 — x?) dx, mass: dm = 6 dA = 6 (4 — x?) dx. The moment of the strip about the x-axis is 
7 ат = (=) 6 (4 — x?) dx = £ (16 — x*) dx. The moment of the plate about the x-axis is M, = | 7 dm 


2 512 5 5 
= 5016-х) ах = £ [16-3] = §[(16-2- 2) – (-16-2+ 3)] -4 (32 - 3) = ШИ. The mass of the 
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ит 


1286 
5 
325 

3 


2 
plate is M = f 6(4—х?) ах = 6 4 х- d P. 26 (8 — 5) = 322. Therefore y = Мх = = 12. The plate's center of 


: + (А — 12 
mass is the point (x, y) = (0, 2) Р 


2. Applying ће symmetry argument analogous to the one in 
Exercise 1, we find x = 0. To find y = Ма we use the 
vertical strips technique. The typical strip has center of 
mass: (X ,y ) = (x X, Bor Ї length: 25 — x?, width: dx, 


area: dA — (25 — A mass: dm = 6 dA = ô (25 — x°) dx. 
The moment of the strip about the x-axis is 


-5 5 
y dm = (259) ô (25 — x?) dx = 8 (25 — х2)? ах. The moment of the plate about the x-axis is М, = [У dm 


= f? $025- xy ax = ЕЈ, (625 — 50x? + x4) ax = 5 [5x — 2x9 5 “| -2-%(65-5- 8.8524) 


5 5 
= ô - 625 (5 — £ + 1) = ô - 625 - ($). The mass of the plate is M = f dm= f 6 (25 — x?) dx = б [25x - x]. 


.54. (8 
= 26 (5 - ғ) = 3 6 · 53. Therefore у = M = m = 10. The plate's center of mass is the point (x, y) = (0, 10). 
3 


2=-х > 2х-х2-0 
= Х2-х)-0 x = Оогх = 2. The typical vertical 
(х= x?) + cx) 

2 


3. Intersection points: x — x 


strip has center of mass: (X ,¥ ) = (x. 


УУРА 
4; 22 


гэг» 
21“ 2 
EN 


2 


= (x, - =), length: (x — x?) — (—x) = 2x — x’, width: dx, 
area: dA — (2x — x?) dx, mass: dm — 6 dA — 6 (2x — x?) dx. 
The moment of the strip about the x-axis is 


y dm = (-$)egx-» ) dx; about the y-axis it is X dm = x · 6 (2x — x?) dx. Thus, M, = [у ат 


-Ї (2 х2) (2х - x?) dx = - £ fo» — x!) dx = 515 Z| = TC =) = 
4 


КУ] 
N 
о 
у. 
= 
ЛЕР 
à 


| 
— 
В 
— 
> 
Y 
я 
| 
У 
b 
с. 
Б 
| 
> 
mM, 
© 
я 
| 
я 
е 
с. 
ж 
| 
~ 
== 
>< 
| 


2 
d 0 — 6 (4 ш 3 ) = х . Therefore, х = му 


а 
(2) = ] апау = My = ( +) (=) 3 (х,у) (,- 3) 15 the center of mass. 


4. Intersection points: x? — 3 = —2x? = 3х? – 3 = (0 
= 3(х— 1)(х+1)=0 => х= -Тогх = 1. Applying the 
symmetry argument analogous to the one in Exercise 1, we 
find x — 0. The typical vertical strip has center of mass: 


i c (x. -2xi нэ =») E (x. ==?) | 

length: —2x? — (x? — 3) = 3 (1 — x’), width: dx, 

area: dA = 3(1 — x?) dx, mass: dm = 6 dA = 36 (1— x?) dx. 
The moment of the strip about the x-axis is 

Y dm = $ ő (—x? — 3) (1 х2) dx = 36 (xt + 3x? — x? — 3) dx = 36 (xt + 2x? — 3) ах; M, = | Y dm 


1 1 
= 36 f (xt ва —3)dx= 35 $ + —3x] =3-5.2(1+2—3) = 36 (5408) = – 0, 


ge 
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1 1 
М-/4а-36Г(1-3)4х-36|х-5| =35-2(1- 1) =46. Therefore, у = № = - $33 = - 8 


= (x,y) = (0, — $) is the center of mass. 


5. The typical horizontal strip has center of mass: 
(ў) = (y) length: у — уз, width: dy, 
area: dA = (у — y?) dy, mass: dm = 64А = ô (y — y?) ду. 
The moment of the strip about the y-axis is 
N = уз 2 
X dm = 6 (257 = ) (/-у)4у-%(у-у) ду 
= 5 (y? — 2у! + уб) dy; the moment about the x-axis is 


1 | 511 

У dm = dy (y — у?) ду = ê (y? — у ) dy. Thus, М, = Ју dm = 6f (у-у) ду = 6|5 - $], = (2-5) = 28; 

м, = Јев = if toy +y%) dy = 5 |5 Y 5] -$G- 390 = (655978) = дим = fam 

= 60у -ујау = 5 [$ – x] = (1—1) = 5. Therefore, x = Y = (45) (8) = 15 andy = М = (2) (4) 
= 


0 
(x,y) = (15, 5) 18 the center of mass. 


6. Intersection points: y = y? —y = у? – 2у = 0 
= у(у – 2) = 0 у = О огу = 2. The typical 
horizontal strip has center of mass: 
( y) = (2, у) = (5,5), 
length: y — (y? — y) = 2y – y?, width: dy, 
area: dA = (2y — y?) dy, mass: dm = 6 dA = 6 (2y — y?) ду. 
The moment about the y-axis is X dm = $ - y? (2y — y?) dy 


= 9 (2y? — y*) dy; the moment about the x-axis is ў dm = бу (2y — y?) dy = 6 (2y? — y?) ду. Thus, 


4 


" 2 . 4 2 : қ 

м, = Ју dm= fs (ду —y°) ay = [°F - 3]: =6 (8-19) = 8 4-3) = M, = [Хат 
2 4 512 T 2 

= оуу) = 5 [6 – 1] 216-3) = $e = FM [а= fy- ay 


sand y= м = (3) (4) =1 


=6[у°—®] -6(8-5)-4. Therefore, x = № = (%) (5) 


=> (Ху) = (3, 1) 15 the center of mass. 
7. Applying the symmetry argument analogous to the one used 
in Exercise 1, we find x = 0. The typical vertical strip has 


COs X 


5 ) , length: cos x, width: dx, 


center of mass: (X ,¥ ) = (х, 


yscos x 
area: dA = cos x dx, mass: dm = 6 dA = 6 созх dx. The 
moment of the strip about the x-axis is ў dm = 6 - “х - cos x dx 
= $ cos? x dx = 5 (15982x) dx = 8 (1 + cos 2x) dx; thus, 2 2ш х 
-x /2 х /2 
л/2 А п/2 
~ 6 6 sin 2х1 7/2 6 T T бт. 

М, = [ӯ dm = |, + cos 2x) dx = $ [x + 825] 77, = $ (5-0) ( т. | 73M | dm 6 f” cos x dx 
= 6[sin Му = 26. Therefore, у M iL s (х,у) (0, т) is the center of mass. 
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8. Applying the symmetry argument analogous to the one used 
in Exercise 1, we find x = 0. The typical vertical strip has 


center of mass: (X ,¥ ) = (x, sec) , length: sec? x, width: dx, 
area: dA = sec? x dx, mass: dm = 6 dA = 6 sec? x dx. The 


moment about the x-axis is ат = (===) (6 вес? х) ах 


п/4 : т/4 
= бас x dx. M, = 157 dm = 2 ЇЕ? sec* х dx 
т/4 т/4 т/4 А т/4 — 
= | цал x + 1) (вес? x) dx = 2 Г а (tan x)” (sec? x) dx + 2 500? х dx = £ Е " + $ [tan d 
т/4 Е 
= 1 (-1)] +51 -CD = += 4; м = Ј ап=< MESE dx — ó[tan xp = 6[1 — (-1)] = 26. 


Therefore, y — M = (2) (+) = 2 = (у) = (0, 2) is the center of mass. 


9. Since the plate is symmetric about the line x — 1 and its 
density is constant, the distribution of mass is symmetric 
about this line and the center of mass lies on it. This means 
that x — 1. The typical vertical strip has center of mass: 


(220)- (x. acai) = (x, x) | 
length: (2x — x?) — (2x? — 4x) = —3x? + 6x = 3 (2х — x’), 
width: dx, area: dA = 3 (2x — x?) dx, mass: dm = 6 dA 
— 36 (2x — x?) dx. The moment about the x-axis is 
Ў аш--36(х2-2хХ)(2х-х2)дх--36(х7 — 2x)! dx 


2 : 2 

= – 86 (х^ — 4x? + 4x2) dx. Thus, M, = Ју ám =- /, 36 (x — 4x3 + 4x?) dx = — 3.6 | — xt + doe. 
25 4 ЕТ” 2 3 6— 154-10 86. Л — 

= 5(5-25-1-23)--16-241-144)--16-24(8-4589)--14 м f dm 


3 


б (2x — x") dx = 36 [6 - 5]. 236 (4- 3) = 46. Therefore, y = М = (-8)(1) 2-2 


= (Ху) = (1, — 2) is the center of mass. 


10. (a) Since the plate is symmetric about the line x — y and 
its density is constant, the distribution of mass is 
symmetric about this line. This means that x — y. The 
typical vertical strip has center of mass: 


(X ,y)- (x, у 23 , length: 4/9 — x? , width: dx, 
area: dA = у 9 — x? dx, 


mass: dm = 6 dA = 6/9 — x? dx. 
The moment about the x-axis is 


2 3 3 
у dm = 6 (45%) /9-х24к-1(9-х2) dx. Thus, M, = [Y dm= f, 59-39) dx = $ [әх 5] 


= 8 (27 — 9) = 96; М Јањ 16 dA = ó Јад = б(Атеа of a quarter of a circle of radius 3) = 6 (27) = 976, 


Therefore, у = м. -- (96) (65) === (x,y) = (3, 4) 15 the center of mass. 


T T 
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(b) Applying the symmetry argument analogous to the one 
used in Exercise 1, we find that x = 0. The typical 
vertical strip has the same parameters as in part (a). 22 2 СЛ № х2 +y2=9 


3 
Thus, M, = Ју dm = | $ (9 — x?) ах 


3 
-2) 8 (9 — x?) ах = 2(96) = 186; 


M = f dm = [6 4А = 6 [dA 


= 6(Area of a semi-circle of radius 3) = 6 (32) = 976 


3 
n Therefore, y — M = (186) (55) - + the зате у 


as in part (а) = (х,у) = (0, 4) 15 the center of mass. 


Since the plate is symmetric about the line x — y and its 
density is constant, the distribution of mass is symmetric 
about this line. This means that x — y. The typical vertical 
strip has 


center of mass: (X ,¥ ) = (x. ЕУ | 


length: 3 — М9 — x? , width: dx, 
area: dA = (3 = у9 — x? dx, 
mass: dm = 6 аА = 6 (5- у9-3) dx. 


Тће moment about the x-axis 15 


3-/У9-х2)|(3-/9-х2 3 23 
y dm = 5. Қ ) ax = 5 [9-0 —x2)} dx = S ax Thus, M, = f € ax = £ [к] = %. The area 
equals the area of a square with side length 3 minus one quarter the area of a disk with radius 3 — A — 3? — 19 


-2(4-т) = М = бА = % (4 — m). Therefore, y = № = (%) Есен 1— > (ХУ) = (5, 5) is the 


center of mass. 


Applying the symmetry argument analogous to the one used 
in Exercise 1, we find that y = 0. The typical vertical strip 


FE 
has center of mass: (X ,y ) = (х ас 3 = (х, 0), 


length: + - (- i) = 3 ‚ Width: dx, area: dA = 2 ах, 


x? 


mass: ат = 6 dA = 2 dx. Тһе moment about the у-ахі is 


X dm =x- 2 dx = 2 dx. Thus, M, = [X dm= | 2 dx 
= 26[- 1]: = 26(–1+1) = 2€; M = fam= 4-6|-3| = 6(- 5 +1) = 20. Therefore, 


= M, _ | 26(a—1) a? 2a то 2а р PME 
х= = [22] [т] = 24 = & = (25,0). Also, Ша, х=2. 


X 
) 15 the center of mass. 


) 
1 
=2(2-3) =4-1=3; M= [а= | 5(3) = | x (3) dx =2f dx =2[хЁ -20-1)-2. So 
3 1 
2 2 
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14. We use the vertical strip approach: 
1 2 
M, = Ју dm = f +) (x — x?) - бах 


1 
= 1f, G3 — x5 - 12x dx 


1 1 
M, = [X dm = a X (X = 3°) - ô dx = f (х2 – х3) - 12x dx = 12 f (х 


1 1 1 
B=} M= fdam= f (x—x)-6dx=12f (x? – х8) =12 [9 — 4] =12(4—1) = 8 =1. 50 


х= м = гаду= у =5 > (3, 1) is the center of mass. 


b 4 4 
15. (a) We use the shell method: V = / 27 (atl) (ушр) dx = | 20x [-4- — (— 4,)] dx = 167 fi 3, ax 


4 
= 16r | x"? ах = 16r [2x82] = 160 (2 -8 — 2) = л (8 j= 
= 115 a function of x alone, the distribution of its 


224m 
3 


(b) Since the plate is symmetric about the x-axis and its density 6(х) = 
mass is symmetric about the x-axis. This means that y — 0. We use the vertical strip approach to find X: 


м, = /Хат- Ј'х [4 - (-4)] вак fex taxa dx = 8 [2x] | = 802-2 - 2) = 16 
M= [аъ = [|+- (= ЗЇЁ бв-3/ (4 4) G) (2) а= 8f. x3? dx = 8 [-2х 772] 1 = g[-1 – (-2)] = 
2 


(2,0) is the center of mass. 


M, 
Sox= м 16 (х,у) 


>x 


16. (a) We use the disk method: у= |" тво) ах = fon (5) dx = 4n f x -2 dx = 4r |- 1]! = 4r [3 —(—1)] 


= 1[—1+4] = 3r 
(b) We model the distribution of mass with vertical strips: M, = [у ат = [9 (2. (2) -6dx = f 2 - vx dx 

P y = је 
4 414 
2.6dk-2[ x? ax =2 [257] = 


=2 ^a =2[2] = 21-1- (-2] = Z2; M, = Јат = fx 
28-2] = 2;M- fdm= [2 - бах =2 X5 ax = 2 x? dx = 2 [nd] $ = 24-2) = 4. So 
2 


0 = Тапа = № =2=1 > (xy) 


(5, 1) is the center of mass. 
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17. The mass of a horizontal strip is dm = 6 dA = бі. dy, where L is the width of the triangle at a distance of y above 


18. 


19. 


20. 


21. 


22. 


its base on the x-axis as shown in the figure in the text. Also, by similar triangles we have x 


) (h — y) dy = 


= L= P(h— y). Thus, M, = [у dm = fox 
в (8-9) = ob? (3 - 3) = 


_ 6b (2 _ 52) _ 
- (h г) = 


as. ‚М = f dm= f 


6 óbh 


2)(h- уду-2| (h — у)ду- 2 y- | 


oh . 80у = M = (s) (55) = : — the center of mass lies above the base of the 


L. h-y 
шин! 


ћ 2 37h 
е /, (hy — у?) dy = [№ 


triangle one-third of the way toward the opposite vertex. Similarly the other two sides of the triangle can be 


placed on the x-axis and the same results will occur. Therefore the centroid does lie at the intersection of the 


medians, as claimed. 


From the symmetry about the y-axis it follows that x = 0. 
It also follows that the line through the points (0, 0) and 
(0,3) is a median > y= iG -0)- 1 = (х,у) = (0,1). 


From the symmetry about the line x = y it follows that 

X — y. It also follows that the line through the points (0, 0) 
z—2.[1 

х=з: (5-0) = 3 


апа (1, 1) isa median > y = 


> (к,у)= (aya) 


From the symmetry about the line x = y it follows that 
X = y. It also follows that the line through the point (0, 0) 
йш a) isamedian > у-Хх-2(%-0) = Та 


The point of intersection of the median from the vertex (0, b) 
to the шин side has coordinates (0, а) 


= аах (3—0) -8= 4 


From the symmetry about the line x = 5 it follows that 


X = 5. It also follows that the line Жан the points 


(5: een 


b) is a median = у-10-0)-13 


(0,3) 


(1,0) 
(0, a) 
(a, 0} 
(0,5) 
(8,5) 


ҚАҚЫ 
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23. у=х!? > dy = хо dx 

= ds = \/(dx)? + (dy? = 4/1 + 2 dx; 
м-4/ Vx \/ 1+ 2 dx 

= ој, ух = 8607) 


= 5 р-у 


/ / 
СИИ са ас 


2 


0 


24, y &3x? => dy = 3x? dx 
Y 
= dx = 4/ (dx)? + (3x2 ах)? = УЛ + 9x! dx; | : 


1 
х 


1 
M, - 6f x 1 + 9x! dx; 
[и = 1 c 9x* = du = 36x? dx = 4 du = х? dx; 
х=0 u=1,x=1 u= 10] 
10 
э М=бј иу = = [202/2] = # (1092 — 1) 


25. From Example 4 we һауе М, = f a(a sin 0)(К sin Ө) 40 = PKJ, si sin? 0 40 = a (1 — cos 20) ад = ак [o — #128] 5 
X [sin? 00 = 0; М = Ї ak sin 0 10 = ak[— cos 0]; 


= 22 УМ, -=f a(a сов 9)(К sin 0) 10 = ак f sin 0 cos 6 10 = 


= гак. Therefore, X = My = 0 and y = M = ( =) (X) = Эр = (0, ал) 18 the center of mass. 


26. M, = [Y dm = | (азт 0) - 6 - а а : 
T 4 2 2 
== Ї (a? sin 0) (1 + К |соѕ 8|) 40 э imb са 
т/2 
= a? [7 (sin OA + k cos 0) 40 
F a | (sin 0)(1 – k cos 0) 40 + |» 


п/2 т/2 т ш 
= а? f sin 040 + ax f sin 0 cos 049 + а? J sin 0 40 - ak [^ sin 0 cos 0 40 


1 Р т/2 soggy T 
= a? [- cos Ө]? + atk ЕШ + a^[-cos Ө] , - а? ЕД Я 
Е 0 т/2 


= 2210 — (-1)] + ак (1 — 0) + а2[–(—1) — 0] - ак (0 — 1) = а? ааа a? + 9E = 2а2 + a?k = а2(2 + К); 
M, = f X аи = | (асозб)-6-а4 = | (a? cos 6) (1 + К |сов 6) 40 

п/2 т 
= 21 (cos 0)(1 + К cos 0) 40 + af (cos 0)(1 — К cos 0) 40 


т/2 т/2 т т 
= а? | cos 0 10 + ui (127) ад + а? J, cos 0 40 - ak |” (20) 40 


= asin Oly!” + 5 055 |) + sin Ө], — 5 [9+ 5521 4 

= а2(1 а е 0) а рн RC 
м = ЈУ 5-ad6 = а fr + к Joos J) ад = а 7 1 +k cos 0) 40 + а f7 — k cos 6) dé 

= a[0 +k sin 0 + а[0 — k sin 0]7, = a [(5 +k) — 0] +а[ +0) – (2 -k)] 


= S + ak +a (5 +k) = ал + 2ak = a(r + 2k). 50Х = № = бапду = № = 5040 = 4240 


2 cat ha) is the center of mass. 
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27. f(x) 2x 6, g(x) = х2, f(x) 2g(x) > x +6 = х2 
=>х^—-х-6=0=—х=3,х=—2;б=1 
201 22 223122 221,313 
М- Ux + 6) х?]ах = [1х + 6х ix, 
= (2 +18 — 9) - (2-12+%) = 15 
3 3 
х = maj „ХЇ(Х + б) — х2]ах = E је + бх — x?]dx 
6 [1 1,413 
т [3%° + 3х? — 4х4], 
_ 2 
= § (9 +27- $) – §(-$412-4) = 1; у= плеј [к +6): - 02) јах = A f 
3 


= 15 [3х3 + 6х2 + 36х — 535], = 15 (9 + 54 + 108 — 28) — 3 (-$+24-724 2) =4 


3 
„х2 + 12x + 36 — хах 


Un 


5 
=> (5, 4) is the center of mass. 


28. f(x) = 2, g(x) = х2(х + 1), f(x) = g(x) > 2 = x'(x + 1) 
1 


>x + х2–2=0=>Х =1:6 
1 
М = [2 - xx 1] ах = f, 2 x? - х2] dx 
= [2x — 1x4 — 1x]! (9.141.921 
[2х — ix х], 4 3) = 12 21:46:34 


Um и 0= 8:7 = rmh 3 2 – G6 as 5 Box — 2x? — хак 
[ 1 
5 


х7|, = 9(4-1-1-1)-0- 58 = (3, 98) is the center of mass. 


7 85” 595 


29. f(x) = x^, g(x) = х?(х — 1), f(x) = g(x) > x? = х?(х— 1) 
>x —2xX=0>x=0,x=2;ő6=1 
2 2 
M= Ї [x? — х2(х — 1)]dx = Г [2х2 — x?]dx 


= 8-5 = 4-9 -0=} 


30. f(x) = 2 + sinx, g(x) = 0, х = 0, х = 27; ô = l; 
27 
М = [2 + sinx]dx = [2x — cos x],” 


0 


= (4x — 1) - (0 — 1) = Ат 


Sf (x)=2+sinx 


27 27 
х = i б x[2 + sinx — 0]ах = i E [2x + x sin x]dx 
27 27. 
= à f, 2x dx + ды], xsin хах - Р 
2 


- EKI + 2 [sinx — x cos x]5” 


2n 27. 
= #(417) -0+ = (0–—2л) -0= 2—1; у = if 1 [(2 + sinx}? - (0) | х - er [4 + 4 sin x + sin?x]dx 
2m 2 
m [4 + 4 sin x]dx + zr 


87 Jo 0 


д 2т Эт 
[sin?x]dx = Zp [4 + Asin x]dx + | [55925] dx 


2n 27 
= Их – 4cosx + | + xL f. dx — тт), @05 2х 4 [u = 2х => du = 2dx, x = 0 > и = 0, x = 27 => и = 41] 


1 
T 
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31. 


32. 


33. 


34. 


35. 


36. 
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4m 
= g х — 4cos xj" + [x hr - a : “cosudu = a х — 4cos хр” + що" – нэ [sin иј” 
мэн 9 


= (8л — 4) – (0—4) + (27) -0-0= = (254, $) is the center of mass. 


Consider the curve as an infinite number of line segments joined together. From the derivation of arc length we have that 


the length of a particular segment is ds = 4/ (dx)? + (dy)^. This implies that M, = f бу ds, M, = | бх ds апа 


E : = _ Му _ Гхав m f x ds 22 _ Јув _ Јуф 
М = 16 а. If 6 is constant, then X = 47 = Та = lent and у = Та = dew 


Applying the symmetry argument analogous to the one used in Exercise 1, we find that x = 0. The typical vertical strip 


х2 9 
has center of mass: (X ,y ) = (« ме) , length: a — др» width: dx, area: dA = (a — 5) dx, mass: dm = 6 dA 


-6(a- $) dx Thus, M, = |9 dm = [1i g) (а-а) = [= (at – e) ах 
ЖЕГІН 5 | јура Pa /ра 
-4| х-455| 10-24 [atx — aa] = (22 ypa- BEY) = 2026 Ура (1 — 16) = 20° /pa (8920) 


80p? 


-2,/pa 
2 64) _ 8аб\/ра, m = ape x "ER МИ x? 2а 
= 2256 /pa (8) = = м = fam=5f 77 (a- E) бх = [ax — 5 | 2761908], 


= 26 (за ура — ту") = 4a6 /ра (1 — №) = 406 ра (457) = У". Soy = м = (777) (вила) 


= 3 а, as claimed. 


The centroid of the square is located at (2, 2). The volume is У = (2л) (y) (А) = (Сл)(28) = 327 and the surface area is 
$ = (27) (y) L) = (2л)(2) (4v8) = 32\/2т (where 4/8 is the length of a side). 


The midpoint of the hypotenuse of the triangle is (3, 3) 
= у = 2х is an equation of the median => the line 
y — 2x contains the centroid. The point (3, 3) 18 


345 units from the origin — the x-coordinate of the 


centroid solves the equation V (x — iy + (2x – 3)? 


= У = (x? —3х + 2) + (4x? - 12Х +9) = 5 


=> 5х? — 15х +9 = —1 
=> x? — 3х+2 = (х – 2)(х — 1) = 0 = X= 1 since the centroid must lie inside the triangle => ӯ = 2. By the 


Theorem of Pappus, the volume is У = (distance traveled by the centroid)(area of the region) = 27 (5 — x) E (3)(6)| 
= (2п)(4)(9) = 727 


The centroid is located at (2,0) = У = (Сл) (X) (А) = (2л)(2)(т) = 4r? 


We create the cone by revolving the triangle with vertices 

(0, 0), (h, г) and (h, 0) about the x-axis (see the accompanying 
figure). Thus, the cone has height h and base radius r. By 
Theorem of Pappus, the lateral surface area swept out by the 


hypotenuse L is given by S = 27yL = 27 (£) уһ? + r? 
= qry т? + h2. To calculate the volume we need the position 
of the centroid of the triangle. From the diagram we see that 


the centroid lies on the line y = 5; x. The x-coordinate of the centroid solves the equation V (x = h)? + (= х – г) 
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= i Jh? л - (858) х2 (а ) x+ PN үн =0 = x= a or 2 => x= a, since the centroid must lie 
inside the triangle => y = 5, X = 5. Ву the Theorem of Pappus, V = (2л (3)] (5 hr) = 1 mh. 


37. $ = 2пуі = 4ra? = (лу) (ra) = у = 2, and by symmetry x = 0 
38. S-2npL = [27 (a — 22)] (па) = 2ra?(r — 2) 


39. V = 27уА = + mab? = (2лу) (58) = у = £ and by symmetry x = 0 


а та? таз Зт +4 

40. У =2лрА => V = [27 (a+ &)] (F) = er 
41. У = 27pA = (27)(агеа of the region) - (distance from the centroid to the line у = x — a). We must find the distance from 
(0, i) toy = х – а. The line ае the centroid and perpendicular to у = x — a has slope —1 and contains the point 


(0, за), This line is y = —х + за . The intersection of y = x – аапау = —х + за is the point (ча Зал, ta- да ат), Thus, 


бт 


the distance from the centroid to the line y = x — a is у (823 ат)? + (2 — а + 227 | = хайы. Зал) 
_ у (Да + Зат) та? 7 _ V2 лаз(4 + Зл) 
У = (21) ( бт Г ан 6 


42. The line perpendicular to y = x — a and passing through the centroid (0, 2а) has equation y = —х + 2а. The intersection 


of the two perpendicular lines occurs when x — a = —x + 2a X 2а ал > у Засал, Thus the distance from the 


centroid to the line y — x — ais V (22472 — 0) "s (55e 21 - S Therefore, by the Theorem of Pappus the 


surface area is S = 27 Еш (па) = /2na2(2 +7). 


43. If we revolve the region about the y-axis: г = а, h = b > А jab, М = іт ађ, and р = x. Ву the Theorem of Pappus: 


im a)b—2mX (Sab) => Х = F If we revolve the region about the x-axis: r = b, h = a > A jab, М = iT b?a, and 


p — y. By the Theorem of Pappus: ic Ба = 2ny (iab) > у = Р = (4, 2) is the center of mass. 


44. Let O(0, 0), Ра, c), and Q(a, b) be the vertices of the given triangle. If we revolve the region about the x-axis: Let R be 
the point R(a, 0). The volume is л by the volume of the outer cone, radius = RP = с, minus the volume of the inner 
cone, radius — RQ — b, thus V — in с2а — im b?a = im a(c? — b?), the area is given by the area of triangle OPR minus 


area of triangle ООВ, А = Jac — iab = 5а(с — b), and p = y. By the Theorem of Pappus: їл a(c? — b?) 


—2my EC — e) = у = 0; If we revolve the region about the y-axis: Let S and T be the points S(0, с) and T(0, b), 


respectively. Then the volume is the volume of the cylinder with radius OR — a and height RP — c, minus the sum of the 
volumes of the cone with radius — SP — a and height — OS — c and the portion of the cylinder with height — OT — b and 
radius — TQ — a with a cone of height — OT — b and radius — TQ — a removed. Thus 


У = тас — Б; а?с + (т ab — іт ab) | = im а?с — im gb im a^(a — b). The area of the triangle is the same as 


before, А = бас — iab = 4a(c — b), and р = x. By the Theorem of Pappus: 2 a?(a — b) = 27x ЁС Ян 2 
х = қ-а (== = | +) is the center of mass. 
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CHAPTER 6 PRACTICE EXERCISES 


1. A(x) = 21-3 
-1(х-2 х.х --х2):а4-0,5-1 


> у= Ј AW dx = 5 f, (x — 262 +x!) ах 


F (diameter)? = 


2 571 
m xt 4.7 x? — FT 4 1 
” 
= 425 (85 — 40 + 14) = 2" 
2. A(x) = 1 (side)? (sin 5) = УЗ (2/x — x)? 
= УЗ (4x — Ax /x + x?) га = 0,5 — 4 
э у= ГАФ) dx = У | ( (4x — 4x3/2 + x2) ах 
414 
8 x $32 , 64 
= м (ох 2892 +5] = У (32 sem) 
= 953 (ү 842) = 85 (15 — 24 + 10) = $2 
3. A(x) = 1 (diameter)? = 2 (2 sin x — 2 cos x)? 
= 5. 4 (sin? x – 2 sin x cos x + cos? x) 
= п(1 — sin 2х); a = 1,6 = = 
b 57/4 | 
= у= f Ac) dx =a f, (1 — sin 2x) dx 
cos 2x 57/4 
-т(|х--%% 124 


5x 
2 5r сов => 
= т (5 DES 


т соз 5 
4 2 


2 2 4 Е 
4. до) = (edgey? = ((У6- У) 0) = (Vé- ух) = 36-246 ух + 36x — 4/6 x9? + x?; 
a=0,b=6 > V J Aw ах = f, (36-246 Vx + 36x —4 6x3? + x?) dx 
6 
= [36x – 24 6- io? + 18x? — 4\/6- 1x? + S]. -216-16-/6//6-6-18-6-%,/6,/6-6--5 
= 216 — 576 + 648 — 128 + 72 = 360 — 1728 = 1800-1728 — 7 
5. A(x) = 5 (diameter)? = z (2\/х 3 = (ах х9 Eia о,Ь=4 = V [^60 ах 
4 Б 4 
- INC 5/2 4%) dx = spe - 3х7? ess] = (32-32-94 3-32) 
2xt(1-243:1)5505—404145- 2 
6. A(x) = 1 (edge)? sin (7) = УЗ D./x – (-2/x)]^ 


= УЗ (ax)! = 4 шешз 


= | Абдах = Ја 
2/3 


1 
3xdx= 2 m 
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7. (a) disk method: 
b 1 с 1 
V= тыда = | л(3х 5) dx =m | 9х8 ах 


1 


=T | = ст 
(b) shell method: 
1 1 1 
у- f 25 (shell ) ) s) dx — Ї 2тх (3х4) dx -2т- | х5 dx = 27-3 H Би 


Note: The lower limit of integration is 0 rather than —1. 
(c) shell method: 


1 5 1 
У = Југа RD (a) ак = за aco xt) dx = 20 [4-3] -mI8-D-Ci- DI = 6 
(d) washer method: 
; b р ! 2 
R(x) = 3,100 23-3x! 2 3(1- x!) > V= | лв - бој dx = [п 9 —9(1— x!) | dx 


1 1 5 1 
-9л f - (1- 2x5 + х8)] ах = 9r | (2х4 — x5) dx = 9л Е = $| өзін [8 – = 4B = 


8. (a) washer method: 
код = 5 ,тбд = = У = fR- гбојах = f^ [(4)* - (5) | ак== [05 - 2 
=" [(53 — 5) - (- И 36 (—2 — 10+ 64 +5) = 54 
(b) shell method: 


v-afx($-9a x-2s |-& - = | => [(- $1) - 4-9] =2(3) = € 
(c) shell method: 
у = а Ј (ы) (m) dx = 20 f° C- (4-3) dx = 20 f (5-35-18) ж 


2 
-26|-444-х-5| -246|(-142-2-1-(-444-1-01-34 
(d) washer method: 
b 
Vesp ciu dx 


r f [G -(4-4)| х 


= 9: 161 f (1 — 2x + x-) dx 


„12 
= 87 _ lór [x +x- x 


=% — 165 [+] – 8) -(1+1–9) 
== (1 – +4) 
49 


т 16т. _ 49т Tn _ 1037 
— 0 11 = e 


9. (a) disk method: 


ver [| Х- ух-1) dx nf (х—1)4х=т[#—х|. 
-т"(%-3-(-11-е(%-4-ш 


(b) washer method: 
RQ) = 5, цу) = y +1 > У = Ј тугу) ay = т f, ps- (у? 1] ay 


2 
=т] (25—у—2у - dye s | (24–у' – 252) бу = т ps - 5-5] 2n 4-2- 2 - 3-8) 
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10. (a) shell method: 


11. 


12. 


13. 


Chapter 6 Applications of Definite Integrals 


= 327 (3 — 2 — 1) = 321 (45 — 6 — 5) = BER 
(c) disk method: 
К(у) = 5 – (у + 1) =4- у 
а 2 
=> V= | лв2 (у) йу = | л(4– y) ау 
= | (16 — 8y? + y4) dy 


512 
=т|іву– +5], юан 


= 647 (1-2 +1) = He s — 10+3) = 


52 shell 2 
у= [2 loas ae = f a е -%) ду 


(b) shell method: 


V= Гол!) )U ке | гпх(2ух — x) dx = 27 | (2x9? — x?) dx = 2л [4x2 - 5] | 

-28(1-32-4)-1Е 
(c) shell method: 

у= ЈЕ du) ) ( 2. ) dx = Гота — x) x - x) dx = 25 ЈУ (вх? — Ах — 2x1? + x?) dx 


unn height 


wm 


4 
=2n |х 3/2 — ax? — #902 + 8] -028(4-8-32-1-32-5)-68(1-1-1-3) 
4 б4т 
= 64r (1—5) = 57 
(d) shell method: 


she she * Ё 
у= foam (se) (21) dy = [Pama —y) (у— ® ) ду = 2f (ау -? - y m) dy 
2 
37 


21 У 22,3, бы 
-24| (4у – 2y +) dy =2n py? – $y + 6) 


disk method: 


ЕЕЕ v т ЈУ taixdx я Г (see? x = 1) ах = r[tan x — х] = хаг 
disk method: 

М==тј Q-sinx? dx = т ["(4—4sinx + sin? х) dx = т (4—4 sinx+ 1=008 2x) dx 

= т [4х + 4 cosx + 5 — S23] = r [(41-4+1-0) —(0+4+0—0) =" (32 8) = 5 (9л — 16) 


(a) disk method: 

У = af -x dx = п [r6 — 4x9 +49) ак = Е 16 + 32) 

= 167 (6 —15 +10) = 17 
(b) Nn method: 

у = т [12 - (x? — 2x + 1) у dx = f rdx- fon (х 1) ах = 20 - [т eur ona? = эл 
(c) shell method: 

у= f гл (58) ре эл f (2 – x) [- (x? — 2x)] dx = 27 | (2 — x) 2x — х2) dx 
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14. 


15. 


16. 


17. 


18. 


19. 


Chapter 6 Practice Exercises 


2 2 2 
—2n f, (4x — 2x? — 2x? x3) dx = 2 |, (x? — 4x? + 4x) dx = 2n [4 - $8 + 221 = 27 (47 248) 
2n T 
= 27 (36 — 32) = & 
(d) washer method: 


Ver [| - (х2 — 23] dx — r f 2 dx = f, [4 — 4 (x? — 2x) + (è — 29)] dx – 87 


2 
хагалах аны” (x^ — 4x3 + 8х + 4) dx — 87 


=n ао 45] – 8r = п (32 — 16+ 16 + 8) — 87 = 7 (32 +40) — 8л = Z — 407 — 32 


disk method: 
п/4 п/4 Р 
У = 2n J” 4tan?x dx = 8т [| (sec? х — 1) ах = 8т[їапх — х}[/* = 2л(4 — т) 


The material removed from the sphere consists of a cylinder 
and two "caps." From the diagram, the height of the cylinder 


2 
is 2h, where h? + (v3) = 2, i.e. h = 1. Thus 


2 
Voy = (2ћ)л (v3) = 6r f. То get the volume of a cap, 


use the disk method and x? 4- y? = 22. Мар = Ї ха 


2 312 
= | л(а– удду = т(у- 5| 
= т|(8 8) (4 31 = эт #3. Therefore, 
Viemoved = Voy + 2М сар = бт + in = 21 fe. 


We rotate the region enclosed by the curve y — 4/12 1- ti) and the x-axis around the x-axis. To find the 


b 11/2 К 
М Я 2 x Ах: 
volume we use the disk method: У = f TR (x) dx = Sanr ( 12 (1 ^ DI ) dx =? Jal 11/2 2 (1 ш 84) dx 


= 12m f (1 – 85) ax = 12m [x — 95] a [8 - (25) 07] = 132 [1- (55) (ЧЁ) 


11/2 
= 1321 (1 — 1) = 25: = 88л ~ 276 in’ 


3/2 


у=х!#— i Ln € iym. ix^ a (8) 210-243 = L= fA (1— 2-4 x) dx 


3 
> L= Г 11(1-2-х T 1 (х-1/2 + x1/2) : dx = | 1 (х“ 72 + xi?) dx = 1 [2x!/2 + 2 x82]? 


Е ОЕ 28: Бий! 


4 
+ ул d 


2 -2/3 8 EE 
ray > Беју (и) -5* = је (в) a= f 


=| шин DL ду = = 1 f VEFA (y) а ду; [а = 9у2/ +4 > du = бу УЗ dy; y = 1 > u = 13, 


у=8 > 0= 40] > L=% f ш du = [20372] 1з = 2 [405/9 — 133/2] =~ 7.634 


2 
— 5 (6/5 _ 5,4/5 ду _ 1.1/5 _ 1-1/5 dy\" 12/5 -2/5 
y= рх 8х => а = 5Х 5х = (z) =: ( 24x) 


32 32 32 
2/5 -2/5 > 5 —2/5 5 —1/542 
be 1 1/5 — 2 + x-/5) ах L- [f V 025 +2+х Шегі i (x5 +x 1/5) dx 
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Е 5 —1/5 5 32 _ 
|, E (0/5 х5) ах = 1 [2339/5 25] = 1[( 


= җ (1260 + 450) = 110 = = 


ain 
N 
a 
-- 
Bin 
N 
> 
honor d 
| 
~ 
Ain 
+ 
BIN 
М.У 
Таний 
| 
tol 
~ 
ээ 
сој 
сл 
+ 
sn 
М.У 


2 2 
222.82 1 dx 1,2 1 а Lu леви 1 1 26 1 4 1 1 
У, = ay ay (s) = %У besos Le fie (у) oy 


2 2 3 
uc Ју ud (8) ёс й = {ы > (2) EI КЕЛЕ yt тт 4х 
= л f Vx ПА dx= 22r f үх +1 dx = 24/21 [2 (x + 19/7] | =2\/жт-28-1)= Sia 


b 2 2 1 1 
22. s= Ј лу,ј1+(8) a $2 = (8) =x => S= | эт. S ext exo ЕЛ T + х (48) dx 


п : п З/217 T 
=; f, 1+х#4(1+х%) = | a] =52 2-1) 


а 2 1 2 2 
22 ах . ах (4-20 _ 2- dxY _ 4y-y?+4-4y+y? | 4 
23. s= [2x у 1 + (8) аут = SE = Aun => 1+ (8) = size it. 
2 же = => 2 
= S= fam V/4y - y! [4 dy = 4n, dx = Ал 


а 2 2 6 
= ах x dX — dx = 4у +1 — /4y+1 
24. S= | 27x 1+ (#) dy = > 1 (5) =1+4 = М ә s= f, 2туу- Se ay 


$ 6 
= n f (Ay FT dy = 3 [2 49+ 1/2] $ = 1 (125 — 27) = 108) = 9 


25. The equipment alone: the force required to lift the equipment is equal to its weight = Е (х) = 100 N. 
The work done is №; = f Fix) dx = Ї “100 dx = [100х]40 = 4000 J; the rope alone: the force required 
to lift the rope is equal to the weight of the rope paid out at elevation x = Еә(х) = 0.8(40 — x). The work 
done is W = f а Jd " 0.8(40 — x) dx = 0.8 [40x E d й -08 (40: 23 — CDU 640); 
the total work is W = УМ, + Ws = 4000 + 640 = 4640 J 


26. The force required to lift the water is equal to the water's weight, which varies steadily from 8 - 800 Ib to 
8 - 400 Ib over the 4750 ft elevation. When the truck is x ft off the base of Mt. Washington, the water weight is 


b 
F(x) = 8-800 - (237205) = (6400) (1 — 545) Ib. The work done is W = Ї F(x) dx 


4750 4750 А 
= f; 6400 (1 – зр) dx = 6400 [x – 53555], = 6400 (4750 — 256) = (1) (64004750) 
= 22,800,000 ft - Ib 


27. Force constant: F — kx 20=k-1 k = 20 lb/ft; the work to stretch the spring 1 ft is 
1 


1 І 2 
W= f kx dx = k f х dx = [20 d = 10 ft - Ib; the work to stretch the spring an additional foot is 
0 0 410 


2 


w= Ј кках =к | хах-2016| -20(1-1) = 20 (3) = 30 ft - Ib 
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28. Force constant: Е = kx = 200 = К(0.8) = К = 250 N/m; the 300 М force stretches the spring x = Ё 


12 12 
= 18 = 1.2 m; the work required to stretch the spring that far is then W = f F(x) dx = f 250x dx 


= [125x?]}? = 125(1.2)? = 180 J 


29. We imagine the water divided into thin slabs by planes 
perpendicular to the y-axis at the points of a partition of the 
interval [0, 8]. The typical slab between the planes at y and 
у + Ay has a volume of about AV = п(таф и) (thickness) 

= тп (5 у) ? Ay = ps y? Ay f£. The force F(y) required to 
lift this slab is equal to its weight: F(y) = 624 AV -10 10 

= (62.005) пу? Ay lb. The distance through which F(y) Reservolr's Cross Section 

must act to lift this slab to the level 6 ft above the top is 

about (6 + 8 — y) ft, so the work done lifting the slab is about AW = (62.3025) пу?(14 — y) Ay ft- Ib. The work done 
lifting all the slabs from y = 0 to y = 8 to the level 6 ft above the top is approximately 


8 
We >. (624125) пу? (14 — y) Ay ft- Ib so the work to pump the water is the limit of these Riemann sums as the norm of 


8 8 
the partition goes to zero: W = f 6909 т пу?(14 — y) dy = (923. 1 (14y? — y?) ду = (62.4) (27) E y? — | ; 


= (62.4) (252) (В. 83 — £) = 418,208.81 ft - Ib 


30. The same as in Exercise 29, but change the distance through which F(y) must act to (8 — y) rather than (6 + 8 — y). Also 


change the upper limit of integration from 8 to 5. The integral is:W — f (824) 25 2x = y*(8 — y) dy 


= (62.4) (282) | (8? — уз) dy = (62.4) (255) Б и]. „= (62.4) (22) й - 50) = 54,241.56 ft Ib 


31. The tank's cross section looks like the figure in Exercise 29 with right edge given by x = 5 у = 3. A typical horizontal 


slab has volume AV = (radius)? (thickness) = т (у Г ду = ту? Ау. The force required to lift thisslab is its weight: 
Е(у) = 60-7 ту? Ду. Тһе distance through which F(y) must act is (2 + 10 — y) ft, so the work to pump the liquid is 


Е 1110 
= 60 ЈУ ла2 – y )(%) dy = 157 [2° — 5 | = 22,5007 ft Ib; the time needed to empty the tank is 


22,5007 ft-lb „, 
275 ИЛЬ вес ~~ 257 sec 


32. A typical horizontal slab has volume about ДУ = (20)(2х)Ду = (20) (2 16 — y?) Ay and the force required to lift this 
slab is its weight F(y) = (57)(20) (2 16 — y?) Ay. The distance through which F(y) must act is (6 + 4 — y) ft, so the 


0 — 
work to pump the olive oil from the half-full tank is W — 57 | 4110 --у)(20) (2./ 16- у?) ду 
0 0 94 1/2 
= 2880 | 104/16 — y? ду + 1140 | (16 — y?) "^ (—-2y) dy 
— 22,800 - (area of a quarter circle having radius 4) 4- i (1140) [(16 – y у) = (22,800)(47) + 48,640 
= 335,153.25 ft - Ib 
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33. Intersection points: 3 — x? = 2x? = 3x?-3=0 
=> 3(х— 1)(х+1)=0 = х=—1Тогх = 1. Symmetry 
suggests that x = 0. The typical vertical strip has 
center of mass: (X ,y )— (x. 26:0-33) - (x eH) , 
length: (3 — x?) — 2x? = 3(1 — x”), width: dx, 
area: dA = 3 (1 — x?) dx, and mass: ат = 6 - dA 
= 36 (1 — x?) dx => the moment about the x-axis is 


1 
Ў dm = 26 (x? +3) (1 х2) dx = 36 (—x* — 2x? + 3) ах = M, = [Y dm= 26 (хі 2x? + 3) dx 


1 
= 3 5 2х3 
-15| 35-23 


1 
= 2 — 36 a — — 
= 36(-$-34+3) = ¥(-3 –10+45) = 25; M = fdm=36 | (1—х2) ах 
Mx 
M 


1 
= 36 [x - d E 66 (1 ын 1) 46 у 545 5 . Therefore, the centroid is (x, y) = (0, 5) | 


34. Symmetry suggests that x = 0. The typical vertical 
strip has center of mass: (X ,y ) = (x, 5) ,length: x?, 


width: dx, area: dA = x? dx, mass: dm = 6 - dA = бх? dx 


= the moment about the x-axis is У dm = § x? - x? dx 


= 'xtdx > М, = [ў дат =< хак = $ p. 


2 


35. The typical vertical strip has: center of mass: (X ,¥ ) 
= (x 50) ‚ length: 4 — л width: dx, 
area: dA = (4 — X dx, mass: dm = ó- dA 


-0 (4 — x) dx — the moment about the x-axis is 


44 
yam = 5. C, (4-2) ax = (16– 5) dx the 
2 4 4 4 
moment about the y-axis is X dm = 6 (4 - $) ‚хах = 6 (4x— x) dx. Thus, м, = [ӯ dm = 21 (16- 8) ах 
3 4 4 
(4x - 5) dx =ô |x- 8] 


= 682 – 16) = 165 M = fam == f; (4- x) ах = 6 [ах 5] =6 (16-4) = = 


514 ы B 
= § [lox — зв], = 64 $] = SM = fam f 
12 3 


. 3 = — Mx _ 128.63 _ 12 зе у (3 12 
М = 336 = > andy = м = x; = =. Therefore, Ше centroid is (x, y) = (5, 5 jm 


| 


36. А typical horizontal strip has: 
center of mass: (X ,¥ ) = (58, у) ,length: 2y — y?, 


width: dy, area: dA = (2y — y?) dy, mass: dm = 6 · dA 
— 6 (2y — y?) dy; the moment about the x-axis is 
y dm = 6 - у - (2y – у?) dy = 6 (2y? — уз) ; the moment 
y +2у) | 


about the y-axis is X dm = 6 · шэн Qy — y?) dy 


2 
= $ (4y? — у dy => M, = fy dm = 6 f Qy? – y?) dy 
-sly rl’ s 2.g— 16) — 6 (16 _ 16 = 16 ом = fx d = 2 Гај ууа _ 6 
0 |87 a (3 4)-6(:-2)-12-%:М,- JX dn- j uva) gy 


2 3 
— 6 (48 32 326. 8 46 = M 6-32-3 
-4(%2-%) = 3%; м= f dm= 6, (2y — у?) dy = в ју – 5 | =6(4-3)=9 х= у= 1524 
у= м. - 24-3 = 1. Therefore, the centroid is (x, y) = (3, 1) : 


< 


22 
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37. A typical horizontal strip has: center of mass: (Х,У) 
= (em £y), length: 2y — y?, width: dy, 
area: dA = (2y — y?) dy, mass: dm = 6 - dA 
= (1 + y) 2y – y?) dy = the moment about the 
x-axis is У dm = y(1 + y) (2y — y?) ду 
= (2y? + 2у% — y? — y*) dy 
= (2y? + y? — y*) dy; the moment about the y-axis is 
X dm — (===) (1 + У) Qy – у?) dy = $ (4y? - у“) (1 + y) dy = 5 (4y? + 4y? — y! — у") dy 


ду P И 512 

> м=јувв=Јбу фу у) у= [By + 4-5] = (8-9) =160+:-9 

s 2 5 | 5 512 

= 16 (20 + 15 – 24) = # (1) =“; М, = Г ат = }, + (4у + 4у9 — у* — уђу dy = 1 [у фу –— 5 – 5 | 
4-23 25 2N — 4 4 8) — 4 24. 2 2 

35 +2 5 =) =4($+2-4-8) = (2-3) = $:M- fdm- f, a» Qy-y)8y 


2 2 
= учи уђе [P+ 9-4] = 091-71 > хол = (8) 0) = 8 аму 0 


= (=) (3) - х = H . Therefore, the center of mass is (X, у) = (2, 11) : 


38) , length: ЕЛИ width: dx, area: dA = == ах, 


? 253] x 


mass: dm=6-dA=6- E dx = the moment about the x-axis is ў dm = 3 7 - 6-35 = ах = I dx; the moment about 


38. A typical vertical strip has: center of mass: (X ,y ) = (x 


the y-axis is X dm = х - 635 d х= = dx. 


а) M,=6 f°} (3) dx = = | y] -23:M-5 "x (5) dx = 36 [x!/?]? = 126: 


9 
M=6f 3 dx=-66 [к 12] | =46 => x= М = № –заду= № = 0) == 


М 
9 9 
ы М,-|3(8)4-31-11-4М,- х (s) ах = [92]? = 52;M = f x (3) dx 
= 6 [1/2] = 12 > х= № = Вапау = М =1 


b 2 2 312 
39. F= | w- E Lo) dy = Е=2 | (62490 – y)(2y) dy = 249.6 |. (2y — y?) dy = 249.6 ју = d А 
= (249.6) (4 — 5) = (249.6) (3) = 332.8 Ib 


b - 5/6 
40. F= f w- (je -Ц94у > F= f 75(2- у) бу +4) dy = 75 |" (Sy + 10 — 2y? — ду) ау 


5/6 5 
= 75 | (8-iy-2y) dy =75 [у - Zy? - 8] ^ = (75) [G) - (2) (8) – (2) (28) 


= (75) (25 — I$ — 250) = (555) (25 · 216 – 175-9 — 250 - 3) = CU) хы 118.63 Ib. 


р ~ РЈ 
= 


b у 4 4 
41. F=f W- (24) Цу) ду > F= a], (9 -y (2: У) ay = 624 f, (9y!? — 59?) ау 
= 624 [6y?? — 2 y5/2] = (62.4) (6-8 — 2-32) = (£4) (48-5 — 64) = 62470 — 219648 Ib 


h : 
42. Place ће origin at the bottom of the tank. Then = Ї уу. 22) - L(y) ду, h = the height of the mercury column, 


h h h 2 
strip depth = h — y, L(y) = 1 > F = Ј 8490 — у) 1 dy = (849) | (h - у) dy = 849 hy E 5| LL (n? - E) 
Е SP. Now solve Sp = 40000 to get h ~ 9.707 ft. The volume of the mercury is s*h = 1? - 9.707 = 9.707 ft’. 
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Chapter 6 Applications of Definite Integrals 


CHAPTER 6 ADDITIONAL AND ADVANCED EXERCISES 


b x 
V = Г) dx =b? — ab = т [0] dt = x? — ax forallx >a => п ХУ =2х—а => f(x) = 2? 


V — Јој dx = а +a = т | кора = х2 +х forallx >а > alfo)? => +1 > Ко = ү/ ®+! 


s(x) = €x > | / T IFOFE dt = Cx > УТРО = С = Род = VC? -1forC > 1 
32 х а > а=0+К = = | УС тажа > Ко) = хус? – 


where C > 1. 


(a) The graph of f(x) = sin x traces ош a path from (0, 0) to (а, sin о) whose length is L = ГА y 1 + cos? 0 dé. 


The line segment from (0, 0) to (о, sin o) has length Va — 0)? + (sin а — 0)? = Va + sin? a. Since the 
shortest distance between two points is the length of the straight line segment joining them, we have 


immediately that Гу 1 + cos? 9 10 > Va? + ѕіп а 0 < а € 5. 
(b) Іп general, if y = f(x) is continuously differentiable and f(0) = 0, then Г | МТ + [f(0P dt > Ма? + f? (o) 
for o > 0. 


, g(x 
= х=7Х >x х= 0) х= 0), х= 1;6= 1; М 22 


1 1 
у = ms 1 [þe - (2)? ах — s f, [2 — x*]dx = 3[1x? — 1х5], =3(1-1) — 0 = 2 = The centroid is (1, 2). 
p is the distance from (5, = 2) to the axis of rotation, у = x. To calculate this distance we must find the Би on y = x that 
also lies on the line perpendicular to y — x that passes through a 2), The equation of this line is y — 2 = -1(x- 1) 


=> ху = 5. The point of intersection of the lines x + y = 4 and y = xis (+. 5). Thus, 


P= V(I + Gi 0) = ayy Ts V = 2л (5) = за 


Since the slice is made at an angle of 457, the volume of the wedge is half the volume of the cylinder of radius 2 апа 


height 1. Thus, У = ir (90) | =z, 


y-2/x > dic 1+1 +14 > A= MENEN +1ах= $ [а «хи — 28 


This surface is a triangle having а base of 2та and a height of 2zak. Therefore the surface area is 
1 Qra)Q mak) = 27?a"k. 


8 4 


Е = та = [2 нэ а 2 у z = С; у =0whent 0 С=0 ах 2m х= т +С; 
x = О whent = 0 С =0 х in. Thenx =h = (= (I2mh)!/4, The work done is 


(12mh)!/4 6 | (12mh)! ^ 


(12mh)!/4 
w-[frà-[ F(t)- Ка = f .. 


__ (12mh)/7 12тһ- үу 12mh => /3mh = /Amh 
m 18m m 18m -2 


= (тш) (12тіһу/4 
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10. 


11. 


12. 


13. 


14. 


Chapter 6 Additional and Advanced Exercises 385 


В 1/2 
Converting to pounds and feet, 2 Ib/in = 20 124° = 24 Ib/ft. Thus, Е = 24x => W = Ї 24х ах 


ep edv Ib. Since W = 1 mv — 1 ту?, where W = 3 ft - Ib, m = (+4 Ib) (15) 


= di; slugs, and v; = 0 ft/sec, we have 3 = (1) (45 v2) => và = 3- 640. For the projectile height, 


s = —16t? + vot (since s = O at t = 0) = g у = —32t + vo. At the top of the ball's path, v = 0 > t= 3; 
and the height is s = —16 (25) + vo (2) = 5 = 360 = 30 ft. 


From the symmetry of y = 1 — x", n even, about the y-axis for —1 < x < 1, we have X = 0. To find y = M , we 
use the vertical strips technique. The typical strip has center of mass: (Х,7)= (x, LE), length: 1 — х", 


width: dx, area: dA = (1 — x") dx, mass: dm = 1- dA = (1 — x") dx. The moment of the strip about the 
п\2 1 n 1 2n4 1 
x-axis is¥ dm = 45" ax > M, = | C ax 2f 1( 1-2x +x”) ах = [х— 27 + E [Р 


nal 2n+1 
-1 За а ша бут DOn e D 2а уа) — 2n?+3n+1—4n—2+n4+1 _ 2n 
— ni Го 2n41 — -DOntD — (14 Пап +1) — @+О@ +0 7 
n xi — — 
Also, M= ад = | а –х)вк=2 | а -x)dx-2[x- =]: 2 2(1— 4) = 2. Therefore, 
у = м; = 057 CiD - = mii > (0, x) is the location of the centroid. Asn — oo, y — $ so 


the limiting position of the centroid is (0, 1) Я 


Align the telephone pole along the х-ахі as shown in the 
accompanying figure. The slope of the top rae of pole is 


Gee) — 1. 1.(145—9 Th 
ыг ~ AEN у= Era = т us, 


у= = + = на x= z L (9 + + х) is an equation of the 


line representing the top of the do Then, 


M, = f x- пу? ах-7 f x[ (9+1 1х)? dx 
=2f- x(9+ Hx)" 2. лу? ах 
m Г | вх (9+ 85 ЭЛ dx = gi Г (9+ 55 x dx. Thus, x — ~ P zz 23.06 (using a calculator to compute 


the integrals). By symmetry about the x-axis, у = 0 so the center of mass is about 23 ft from the top of the pole. 


(a) Consider a single vertical strip with center of mass (X , y ). If the plate lies to the right of the line, then 
the moment of this strip about the line x = bis Q — b) ат = (X —b)ódA = the plate's first moment 
about x = b is the integral f (x — b) dA = | óx dA — f ôb dA = M, — bóA. 
If the plate lies to the left of the line, the moment of a vertical strip about the line x — b is 
(b— X )dm = (b - X )6dA = the plate's first moment about x = b is | (b — x)ô dA = f bédA — f ôx dA 
= bóA — M,. 
(a) By symmetry of the plate about the x-axis, y = 0. A typical vertical strip has center of mass: 
(X ,y ) = (x, 0), length: 4 ах, width: dx, area: 4,/ax dx, mass: dm = 6 dA = kx - 4 ах dx, for some 


(b 


wm 


proportionality constant k. The moment of the strip about the y-axis is M, = f X dm = Г ` Akx? \/ах dx 
= Ak /a ] x5/? dx = 4k /a [2 x7/2] $ = 4ka!/? . 3 a7/2 = 888. Also, М = f dm = f, 4кх\/ах dx 

= 4k /a f x5/? dx = 4k. /a [2 x52] } = dkaU/2 . 2 25/2 = SEP, Thus x = № = Sat. 5 = ба 

=> (Ху) = (22,0) is the center of mass. 


(b 


wm 


Ра 2 
A typical horizontal strip has center of mass: (X ,y ) = ЇЕ: y) = (= E 52 , length: a — 5, 
width: dy, area: (a — x) dy, mass: dm = 6 dA = |у| (a — x) dy. Thus, M, — [у ат 
2а 0 2 За 
= f. (а- E) dy= | -у? (a- x) dy+ f y (a- i) dy 
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15. (a) 


(b) 


Chapter 6 Applications of Definite Integrals 
0 5 y 2a " y 0 a.3 y 2a 
LC E) 88-4)9--3У 346, + [39° a 
8af | 32а5 | 8af _ 3235 + 4а? 2 
= — 4 32a ү ви _ 3 – 0; M, = fX dm = LA Ум (a= 2) ay 


2a 2a 
- Ј Ју 0? + 40%) | ду = 22 J ПУ (162* — у!) dy 
—2а 


1 f° 5 1 f” 
= зуй Г.(-164У + 5) ду + xz Ј, (балу — у") ду = 
= gis [Bat - 4a? — S] + uis [Вай да? — 8] = да ^e = | = 15: T" БТ: 
M= Гав = Ји (527) = а ЈУ (4e — у?) ay 
= i | (-4a2y+y%) учи f аёу-у)ду-2 3E 2а?у? ЗЕ 


-2.2 M - 4a? P) = + (8a — 4a*) = 2а3. Therefore, x = M = (2а) (35) = # and 


M 


у = т^ = 015 the center of mass. 


7 : А „ (бё wy Ъ? — ха + +//а2—х2 
On [0, a] a typical vertical strip has center of mass: (Х,У)- (x —— | : 


length: Vb? — x? — Ма? — x2, width: dx, area: dA = (vv — ха — Маг — х) ах, таѕѕ: дт = 6 аА 


= 0 (v? — x? — Vya — ха) dx. On [a, b] a typical vertical strip has center of mass: 

(X,y)- (x, ук , length: Vb? — x2, width: dx, area: dA = y b? — x? dx, 

mass: dm = 6 dA = 6 \/Ъ? — x? dx. Thus, M, = ГУ dm 

11 (Vei xt + уз? – ха) e (V -x — Vat — x?) .. 
=§ fe? – х2) — (а? — x5 dx + 5 ЈУ (ба – x?) dx = T (b? — a”) dx + 5 Го 

= 8 [(p? — а?) x]o + 2 ЇЕ - d | = : [(b? — й а] + 5 8 [ (5 E) (юға =) 


= § (ab? — a8) + 5 (30° — ab? + $) = Ми); M = f dm 
5 ил vat — x?) M 
= 6 J, x (b? — ха) УЗ ах — 6 fx 232 ах-6| x (b? — x2)? dx 


a a b 
5 |а ау 6 |22- xy? 6 | 202- х2)? 
mE | 3 | + | 3 2 3 
0 0 а 
3/2 3/2 3/2 3/2 3 8 6(b—a . 
5 [o — a^? - (5*7) + 4 [0 - a^] – $[o- (52 - а5) | = 8 -  - шш = Ms 


We calculate the mass geometrically: M = 6A = 6 (=) 6 (8) = = (b? — a”). Thus, x = М; 


4 4 
. é(p-2a 4 _ 4 [в-а \ _ 4 b-a (a? +ab+b?) 4 (a? +ађ +5?) , 1. . 
= 73  '$sn(b-a) | 3л (%-%) = 3 bowie) 70 жасы > likewise 
zM 4 (a?+ab+b°) 
y= M 35(a4-b) 
: 4 a? + ab + b? 2 4 а? + а? + а? 22 4 3a? __ 2a = v. (2а 2a 
um, 3т ( а+ђ ) m (5) ( а+а ) m (55) (=) т = (х,у) юн [s 2) is the limiting 


position of the centroid as b — a. This is the centroid of a circle of radius a (and we note the two circles 
coincide when b — a). 
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16. 


17. 


18. 


Chapter 6 Additional and Advanced Exercises 


Since the area of the traingle is 36, the diagram may be 
labeled as shown at the right. The centroid of the triangle is 
(8, 24), The shaded portion is 144 — 36 = 108. Write 
(x, y) for the centroid of the remaining region. The centroid 
of the whole square is obviously (6, 6). Think of the square 
as a sheet of uniform density, so that the centroid of the 
square is the average of the centroids of the two regions, 
weighted by area: 
6- 36(3) + 108(x) 36 (==) + 108(y) 
144 


а 


144 


and 6 = 
which we solve to get x = 8 — 5 and y = аан, бей 


x = Тіп. (Given). It follows that a — 9, whence у = a 


= 75 in. The distances of the centroid (x, y) from the other sides are easily computed. (Note that if we set у = 7 in. 


above, we will find x — 75.) 


The submerged triangular plate is depicted in the figure 
atthe right. The hypotenuse of the triangle has slope —1 

=> У-(-2)3--(х- 0) => x = —(у + 2) is an equation 
of the hypotenuse. Using a typical horizontal strip, the fluid 


pressure is F — J (62.4) . F3 - а ду 
=® —2 
= |. (624 у (у +2) dy = 624 | | (у? + 2y) ду 
-2 
= 624 [5 + у] 7 6244 [( +4) - (– 16 + 36) 
= (62.4) (208 — 32) = 29012 ~ 2329.6 Ib 


Consider a rectangular plate of length @ and width уу. 
The length is parallel with the surface of the fluid of 
weight density w. The force оп one side of the plate is 


Е- wf (—у)(0) ду = —wé Н | = e, The 


0 
average force on one side of the plate is Fy = = 1 Е (—y)dy 


ХУ 


210 . 2 
=" |- d =“. Therefore the force 50" 
—W 
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“у 


A 


(=) (£w) = (the average pressure up and down) - (the area of the plate). 


387 
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NOTES: 
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CHAPTER 7 TRANSCENDENTAL FUNCTIONS 


7.1 INVERSE FUNCTIONS AND THEIR DERIVATIVES 

1. Yes one-to-one, the graph passes the horizontal line test. 

2. Notone-to-one, the graph fails the horizontal line test. 

3. Notone-to-one since (for example) the horizontal line y — 2 intersects the graph twice. 
4. Notone-to-one, the graph fails the horizontal line test. 

5. Yes one-to-one, the graph passes the horizontal line test 

6. Yes one-to-one, the graph passes the horizontal line test 

7. Notone-to-one since the horizontal line y — 3 intersects the graph an infinite number of times. 
8. Yes one-to-one, the graph passes the horizontal line test 

9. Yes one-to-one, the graph passes the horizontal line test 

10. Not one-to-one since (for example) the horizontal line y — 1 intersects the graph twice. 


11. Domain: 0 < x < 1, Range: 0 € y 12. Domain: x < 1, Range: y > 0 


13. Domain: —1 <x < 1, Range: - Ey € 5 14. Domain: Coo < х oo, Range: - 5 < y < 
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390 Chapter 7 Transcendental Functions 


15. Domain: 0 < x < 6, Range: 0 € y < 3 16. Domain: —2 < x < 1, Range: – 1 <у «3 


~ 


e І 
(D у= ү1- х2 = у =1-х2 = х2=1- у? > х= /1—уг > y=V1- =f") 


18. The graph is symmetric about y = x. 


>< 


у-ізх-у-у-із-Ғ 0) 
19. Мер 1: y=x?+1 x?-y-1 x y-1 
Step2: у = /x-1-f !(x) 
20. Step l: у= x! = х = – Jy, since x < 0. 
Step2: y = -yx =f 1) 
21. Stepl: y 2x? – 1 х =у +1 x = (y + 1)! 


Step2: у= Mx 1-f-!(x) 


22. Ѕіер 1: у= х? — 2х +1 > у=(х- 1)? = /у-х-і, sincex > 1=> х=1+ Jy 
Step2: у= 1+ /x = Ё (х) 
23. Stepl: у= (х+ 1)? > ,/у-х-і, sincex > —1 > х= ју -1 


Step2: у= yx- 1= Ч) 


3/2 


24. 


Step 1: 
Step 2: 


у=х 


2/3 3 


х=у 


у= х2? = f(x) 
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23; 


26. 


27. 


28. 


29. 


30. 


31. 


32. 


Section 7.1 Inverse Functions and Their Derivatives 


Step 1: y 2x? > х= yl/* 


Step 2: y = xf х) 
Domain and Range of f~!: all reals; 
1/5 


EEI) = (x!/5)? = x and #100) = (х5)? = х 
Step 1: у=х* = х= y" 

Step 2: y = 1/х-Ё (x); 

Domain of f !: x > 0, Range of f !: y > 0; 
£(£-1()) = (x!/4)* = x and ғ) = (x5) = x 


Step 1: у= х? +1 x?-y-1 х = (y – 1) 
Step2: y \/х-1=Е 1) 


Domain and Range of f~!: all reals; 


EE) = (x = 113) + 1 = (х - D +1 = x and 171000) = (G3 + 1) -1) = (x3) = x 


Step 1: у-іх-2 lx yti х= 2у +7 


Step 2: у = 2х +7 = f (х); 
Domain and Range of f~!: all reals; 
ЇГ) = (2х +7) – 4 = (x+4) – 2 = хард! (f(x) =2($x- 2) +7=-74+7=x 


Step 1: y= x 5 x a 


Step 2: y= vs = Ғ-1(х) 


Domain of f~!: x > 0, Range of f-!: у > 0; 
Е(Е (х —- == =xandf (х) = += 
(FO) = y 1 C) = ~ 


х 


py а 
x 


т 


Step 1: у= = 


Step 2: м чо Их); 


Domain of f !: x Æ 0, Range of f !: у Æ 0; 
f(f-1(x)) = хэвт = 5 = x and f 1(f(x)) = (5j = (7 —x 


~ 


43 => у(х – 2) =х+3 = ху- 2у=х+3 = ху-х= 2у+3 => х= 210 


Мер 1: у= 


yo? 


Step 2: y = Z =f7!(x); 


=f 
Domain of f !: x Æ 1, Range of 1: у = 2; 


беба) = 283. НО — ж = х and Р- к) = 5 Lee» ж х 


z 2 
Step 1: у= GES = y(Vx -3) = ух уух -3y \/х => у\/х — \/х =Зу = х= (25) 


Step 2: у = (5) eru 
Domain of f~t: э. 0| U (1, oo), Range of f !: (0,9) U (9, oo); 
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392 Chapter 7 Transcendental Functions 


33. Step 1: у=х?2—2х,х<1=>у+1=(х—1)°,х<1=—\/у+1=х—1,х<1=х=1—\/у+1 


Step2: у=1— yx +1 = f~! (x); 


Domain of f !: [—1, оо), Range of f !: (-оо, 1]; 
2 
f(f-1(x)) = (1- Vx 1) -2(1 -уха1) =1—2\/х+1+х+1—2-+2А/х++1=хапа 
f—1(f(x)) = 1—\/(х®—2х)+1,х<1=1—\/(х—1),х<1=1—|х—1|=1—(1—х)=х 
34. Step 1: у = (2х3 + 1) = у = 2х3 +1 = y» – 1 =2:3 rl x" x ун 


Step2: y= 4/ £34 = f-!(x); 


Domain of f !: (—oo, oo), Range of f !: (-оо, оо); 


f(f1(x)) = ЕСЕЗІ + ) 
may) = у em] Ж уыт vag = 


35. (а) y 22x +3 = 2x=y-3 (b) , 
= х= 5 -3 => Г (x)= Ё -3 у у= х) =2х+3 
а-ы =} 
36. (а) у= 1х+7 = іх-у-7 (b) 
=> х=5у—35 = f-!(x) = 5x — 35 
df — 1 df = 
(с) il = ж -— 
37. (а) у= 5 – 4х = 4х=5-у (6) 
ХЕ 1 ()-2-1 
OX "EU | же 
38. (а) у= > х?=1у (6) : 
х= 55 y f(x) = У 
(с) €| = 4x|_, = 20, 
аг! 1х 1/2 — 
dx [ды 2 ;* xs 20 
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Section 7.1 Inverse Functions and Their Derivatives 393 


39. (а) Кебо) = (ух) = x, af) = Và =x (b) 
(с) Ғ(х) = 3x? f'123,f(-)23; 

go) = ix =  (1)-4,8(-1)-14 

The line у = 0 is tangent to f(x) = x? at (0, 0); 


(d 


хий 


the line х = 0 is tangent to g(x) = “\/x at (0, 0) 


40. (a) h(k(x)) = ((4x)¥/3)* = х, (b) 


1 
1/3 _ 
kh) = (4-5 i) = 
(c) h'(x) ын (ај = 3, h'(—2) = 3; 
кб = 145) e] 


(d) The line y = 015 tangent to h(x) = Е at (0, 0); 
the line x = 0 is tangent to k(x) = (4х)! /? at 
(0, 0) 
df _ 2,2 Таш 1 21 df — аг! 21 ï 
41. | = 3х о №. 42. d =2х 4 = dx eo Ш, 6 
з„% -ШРЭ 1—3 44. | =) -i| =: 
dE | са da |o d = (3) dx 1,0 Як |, np | - 2 
45. (а) у = mx х-іу Е Их) = =х 
(b) The graph of y = f^! (x) is a line through the origin with slope 1. 
46. y=mx+b > x= r — 2 ex Lx — a the graph of f ^ 1(х) is a line with slope + = and y-intercept — — 
47. (a) y = х + 1 х=у-1 Ед =х-1 | 
(D y=x+b х=у-Ь # (х) = х Far T 
2 
(c) Their graphs will be parallel to one another and lie on ^ 


opposite sides of the line y — x equidistant from that 
line. 


48. (а) у--х-1- х=-у+1 > ҒҚх)- 1-х; 
the lines intersect at a right angle 
(Б) y= -x +b > x=-y+b > Е =Ь-х; 
the lines intersect at a right angle 
(c) Such a function is its own inverse. 
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49. Let x; Z хә be two numbers in the domain of an increasing function f. Then, either ху < x» or 
X1 > Хо which implies (хү) < f(x2) or (хі) > #00), since f(x) is increasing. In either case, 
f(x1) Æ f(x) and f is one-to-one. Similar arguments hold if f is decreasing. 


ji : : 1 5 1 5.4 1 аг! 1 
50. f(x) is increasing since x > х => 3X2 +2 > ах 5; 73 “a = (у 3 
51. f(x) is increasing since x > хі => 27x3 > 27x3; у = 27x? х= Ру fix) = 1х!%; 
df 2 ағ! 1 = „о = 978 
ах = 81x dx — 8 |1 — Qu 9% 


52. f(x) is decreasing since xo > x; => 1— 8х3 <1- 8х3; у-1- 8х3 > x= за - gus => Ед) = i — x)!/3. 


df _ _ 2 dt i 2 -1 TN —2/3 
dx — 24х = dx 7-24 | lü-xy? 60—x?3 _ 6 a 


X) 


53. f(x) is decreasing since x > x => (1—x3? < (1 — х1); у= (1-х) > х=1-у13 = f-1(x) = 1 — х//3; 


df _ —3(1 _ x)? т 10 -1 __1,-2/3 
dx — За -= x) = dx  -31-хру іал 3x2/3 77 * 
|. TUN 5/3 _ 5/3 Ё 
54. f(x) is increasing since Хз > х > х5/ > x?! sy = хуз x = y? #71) = x3/5; 
af 33 „ т a | _ 3 _3.-% 
3 => “a = FeAl „== 54853 


55. The function g(x) is also one-to-one. The reasoning: f(x) is one-to-one means that if хі # x» then Кх1) Z f(x»), so 
—f(x1) Æ —f(x2) and therefore g(x1) Æ g(x). Therefore g(x) is one-to-one as well. 


56. The function h(x) is also one-to-one. The reasoning: f(x) is one-to-one means that if хі 4 x» then Кх1) Z f(x»), so 
m. z f , and therefore h(x1) Æ Һ(хә). 


57. The composite is one-to-one also. The reasoning: If x; Z x» then g(x1) Æ (Хэ) because g is one-to-one. Since 
оба) Æ 8(Хэ), we also have f(g(x1)) = f(g(x2)) because f is one-to-one. Thus, f o g is one-to-one because 


хі FX. => f(gG)) = Кебо)). 


58. Yes, g must be one-to-one. ТЕ g were not one-to-one, there would exist numbers хі Æ x» іп the domain of g with 
g(X1) = g(X2). For these numbers we would also have f(g(x1)) = f(g(x2)), contradicting the assumption that 
Го g is one-to-one. 


59. (gofG) — x > gf) = х > (ФЕ =1 


f(a. 


60. Wa) = f 


ыт [£0 а] dy =0 = ЈУ 2nxfF(a) — #69] dx = St): WO = s [(71 69) — 2] ro 
= q (€ — a?) f'(0; also S(t) = 2zf(0 | x dx — 2r f хіх) dx = КОВ — тера] — 2r f хіх) ах => $0 


= mÜf'(t) + 2ntf(t) — ла? (0) — пі) = r (2 — a2) (0 => WO = S(t). Therefore, W(t) = S(t) for all t € [а,Ь]. 


61-68. Example CAS commands: 
Maple: 
with( plots );#63 
f := x -> sqrt(3*x-2); 
domain := 2/3 .. 4; 
х0:- 3; 
Df := D(f); # (a) 
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рок [f(x),Df(x)], x=domain, color=[red,blue], linestyle=[1,3], legend=["y=f(x)","y=f '(x)"], 
title="#61(a) (Section 7.1)" ); 

41 := solve( y=f(x), х ); # (5) 

g := unapply( ql, y ); 

ml := Df(x0); # (c) 

tl := f(x0)+m1*(x-x0); 

у=; 

m2 := 1/Df(x0); # (d) 

t2 := g(f(x0)) + m2*(x-f(x0)); 

у=2; 

domaing := map(f,domain); # (e) 

pl := plot( [f(x),x], x=domain, color=[pink,green], linestyle=[1,9], thickness=[3,0] ): 

p2 := plot( g(x), x=domaing, color=cyan, linestyle=3, thickness=4 ): 

p3 := plot( t1, x=x0-1..x0+1, color=red, linestyle=4, thickness=0 ): 

p4 := plot( t2, x2f(x0)-1..f(x0)--1, color=blue, linestyle=7, thickness=1 ): 

p5 := plot( | [x0,f(x0)], [f(x0),x0] |, color=green ): 

display( [p1,p2,p3,p4,p5], scaling=constrained, title="#63(e) (Section 7.1)" ); 
Mathematica: (assigned function and values for а, b, and x0 may vary) 
If a function requires the odd root of a negative number, begin by loading the RealOnly package that allows Mathematica 
to do this. See section 2.5 for details. 

<<Miscellaneous `КеаОщу` 

Clear[x, y] 

{a,b} = {—2, 1}; x0 = 1/2; 

f[x_] = (3x + 2) / (2х — 11) 

Plot[(f[x], Р[х] }, (x, a, b} 

solx = Solve[y == Ех], x] 

21у] = x /. solx[[1]] 

y0 = f[x0] 

ftan[x ] = yO + Р[х0] (x-x0) 

gtan[y_] = x0 + 1/ f[x0] (y — y0) 

Plot[(f[x], ftan[x], g[x], gtan[x], Identity[x]},{x, а, b}, 

Epilog — Line[( (x0, y0},{y0, хо) |], PlotRange — {{a,b},{a,b}}, AspectRatio — Automatic] 


69-70. Example CAS commands: 
Maple: 
with( plots ); 
eq := соч(у) = х^(1/5); 
domain := 0.. 1; 


x0 := 1/2; 
f := unapply( solve( eq, у ), x ); # (a) 
Df := D(f); 


plot( [f(x),Df(x)], x=domain, color=[red,blue], linestyle=[1,3], legend=["y=f(x)","y=f '(x)"], 
title="#70(a) (Section 7.1)" ); 


41 := solve( eq, x ); # (b) 
g := unapply( ql, y ); 

ml := Df(x0); # (c) 
tl := Кх0)+т1*(х-х0); 

у=; 

m2 := 1/Df(x0); # (а) 
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t2 := g(f(x0)) + m2*(x-f(x0)); 

у=2; 

domaing := map(f,domain); # (e) 

pl := plot( [f(x),x], x=domain, color=[pink,green], linestyle=[1,9], thickness=[3,0] ): 

p2 := plot( g(x), x=domaing, color=cyan, linestyle=3, thickness=4 ): 

p3 := plot( t1, x=x0-1..x0+1, color=red, linestyle=4, thickness=0 ): 

p4 := plot( t2, x=f(x0)-1..f(x0)+1, color=blue, linestyle=7, thickness=1 ): 

рэ := plot( [ [x0,f(x0)], [f(x0),x0] |, color=green ): 

display( [p1,p2,p3,p4,p5], scaling=constrained, title="#70(e) (Section 7.1)" ); 
Mathematica: (assigned function and values for a, b, and х0 may vary) 
For problems 69 and 70, the code is just slightly altered. At times, different "parts" of solutions need to be used, as in the 
definitions of f[x] and g[y] 

Clear[x, y] 

{a,b} = {0, 1}; x02 1/2; 

eqn = Cos[y] == х! 

soly = Solve[eqn, у] 

f[x_] = y /. soly[[2]] 

Plot[{f[x], Р[х] }, (x, a, b} 

solx = Solve[eqn, x] 

Су. | = x /. solx[[1]] 

y0 = х0] 

ftan[x ] = yO + f[x0] (x — x0) 

gtan[y. ] = x0 + 1/ f[x0] (y — y0) 

Plot[(f[x], ftan[x], g[x], gtan[x], Identity[x] ). (х, a, b}, 

Epilog — Line[( (x0, y0),(y0, х0} |], PlotRange — (а, b}, (а, b) |, AspectRatio — Automatic] 


7.2 NATURAL LOGARITHMS 


1. (a) In 0.75 = In į = In3 —In4 = I1n3— In 2 = In3 - 21n2 
(b) In 8 21n4—-119 = In 22 – 13: 22112 — 21n3 
(c) I1ni—1n1—1n2— —In2 (d) In4/9—1I9—11n3? = 2 3 
(е) In3/2 = 1 3 + 11272 = 3 + 1102 
(Е) In у 13.5 = 2 In 13.5 = 1 In 27 = 1 (In 3? — In 2) = 1 (3 In3 — In 2) 


2. (а) Ini; —In1 - 31n5 = —31n 5 (b) In9.8 = In £ = In 7 —1n5 = 2187 – In 5 
(с) 1n 74/7 = 1n 7? = 3 7 (d) In 1225 = In 35? = 21135 = 21n 5 + 21n 7 
(е) 10.056 = In 4; —1n7-1n5? = 127 —31n5 (0 шэнги: знаат 
3. (а) Insin @ — In (322) 21 = In 5 (b) In (3x3 — 9x) + In (=) = In (2525) = In (x — 3) 


(с) 2 (48) — 12 = In /4t* — In 2 = In2? – In 2 = In (2) ==) 


4. (а) 1n sec 0 + № cos 0 = In[(sec 0)(cos 0)] = In 1 = 0 
(b) In(8x +4) – In 2? = In(8x + 4) — In 4 = (8+4) = In(2x + 1) 
(c) зш V2 1-00 1) =3 (2 — 1)? – 10010) 2 3(1) п(2 — 1) - In D = In (H) 
— In(t — 1) 


— 
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5. y=In3x > у= (51) (3) = 1 6. y=Inkx = y = (1) (ю = 1 
7. gem ве (ое 8. у= (8/2) ~ l= (1) (802) = 2 


10. у= № 0 = 0 10x? = 5 = (h) (-10х 2) 2-1 


ах 
П. у= а0+1) > 9 = (717) 9 3 12. у= 200 +2) = 9 = (gi 
13. у= ах = € = (5) (3х2) = 3 14. y = (Inx? > 9 = 3n х)? · 4 (шх = 399 


15. у= tint = € = (Int + 215 - $ (Int) = (Int + 258: = (Int? +2Int 


16. у= уп = zum 0/2 = ® = Ing? + 1 п 07172. 4 Int) = (n 072 + ao 
= (In t)? + Е 


201 RoT 2 


__ xt х! ду _ „3 х EE > T 3 
7. у= ў Шх- 16 > %ЕХ Шх+ 5-5 - 16 =X Inx 


18. у = (xà In ху = ду = 4(x° In х) (х2 - 1 + 2x1n x) = 4х6 (In х) (x + 2xIn x) = 4х (In х) +8х (In x)* 


d 


t (1) - In (1) 1—Int 
2 == е 


19. у= > % = 


1 
1+ Ш ду t(1) = а In 90) — 1-1-1t _ Int 
20. y t dt e [2 ЕЕ е 


(tine. G) di G) _ + ®—®®* 


_ Шх / 2 1 
21. y= 14Inx =" у = (1+ In x? ^o а+шх ` x(1-Inx? 
22 шигээ = у (1+1 х) (In x - x-i ike (x In x) ІЗДЕН — С + пху -lnx = 1 Inx 
-У Тек y= (1+hn x)? (1 4-In x}? ын (1 In x? 


23. y = пху > y = (i) E) = = 


24. у In (In (In х)) = у = In (ди x) di x) 2- (іп (іп х)) = adi x) | nx Ё dx (In x) = x(In nth x) 


25. у = O[sin(In 0) + cos (ln 9)] = % = = [sin (In 0) + cos (In 0)] + 0 [cos (In 0) - 1 — sin (In 0) - М 
= sin (In 0) + cos (In 0) + cos (In 0) — sin (In 0) = 2 cos (In 0) 


- dy __ sec@tan@+sec?@ __ sec Ө((ап 6 + зес 0) __ 
26. y = In(sec 0 + tan 0) => де  secÓctanü 00 tan 0 + sec 0 = sec 0 


2 1 2 1 тэн 1 1 ЭР 2(Х + 1)+х _ 3х--2 
27. у In A7 lux—glq же у = z (G41) = 2хх+1) = — 2x4 D 


2) 0) = 


28. у = In = 3 [In +) - па x] = у = [py - (5) CD) = Ы | = 
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29 1+1 ay Сені -0-Най  ), ааа _ 3 
- Y= таи dt (1-1 07 = ТЕРЕГІ; = dome? 


шу 


1/2 -1/2 
бае) 7. а (вал) = бов). d (ur) 


кюк 


30. у= y/n = (Int)? > ® = 


31. y = In(sec(In6)) => % = еше” ay бес (In 0)) = «оппаа - 4 (Ing) = 800 
32. y = In Yap’ = 1 (пт 0 + Incos 0) — ш(1-+2 0) = Z = 1 (%4 — $25) — i 


_1 4 
= 1 |соге (ап 0 #П +218) 


33. у = (20 


34. у = ш ү/@ 1% -i[5Inx4 1) -201n(x -2] = у = 


— 5|. 3x42 . 
~~ 31 x-Dxc-2 


35. y= Ј туга = % = (in У») - & (x?) (m y 3) -2 (5) -2xIn |x| - xn 5; 


>) = 5 (+1) m (1-х) > y= SES 5 (т=)‹ 1) = ES "s mc 


A 5 20 ) —5|G-2) -4(x-1) 
2 \x+1 х+2/ 2| х+0%+2) 


зв. у= fT ntt > # = (m 4/5) - d (ух) – (ш 3) - £ (8) = (шз) (129) – (в ул) (х) 


"шуух In үх 

39/2 2үх 

-2 
37. || idx-[n|x] 2 = 112-123 2122 38. f 35 dx = [и |3х – 2], -102-105-102 
39. Js ду = ny? — 25] +С 40. Ta dr = In |4r? — 5| + C 


41. Ї sint- dt = [In |2 — cos |7 = In 3 — In 1 = ln 3; or let u = 2 — cost > du = sin t dt witht = 0 


2—cos t 


т. 3 
> u=landt=r > п=3 | 4-1 id = |у] = 03-1 = 13 


7/3 а 20 
42. f те do = [In |1 — 4 cos [g^ = In |1 2| = —1n3 = In 1; or letu = 1 — 4 cos 0 => du = 4 sin 0 dd 


т/3 А Ee 
wihó—0 = u=-3and0=% > и=-1 > | 4h а= ] 14а = [n|u]-2 = -n3- m] 


43. Letu=Inx = du=idx;x=1 => u=Oandx=2 > и= 12; 
| аахах- |" 2u du = (22152 = (In 2) 


44. Lettu=Inx => du = 1 dx;x = 2 => и= Ш 2 апах =4 > u=ln4; 
4 In4 
Ј, 5 = fi, t d= [Inu]? = ndn – In in 2) = In (84) = In (B2) = m (282) = m2 
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45. 


46. 


47. 


48. 


49. 


50. 


51. 


52. 


53. 


54. 


ЭЭ. 


56. 


57. 


Section 7.2 Natural Logarithms 


Letu = lnx = == dx;x = 2 => u= ш 2 апах = 4 > u= 114; 


4 In4 
dx _ _ -2 EN ME 5 1 1-.- 1 1 _ 1 d eno eod 
|, =], u du = [ шз = шї шз шю? 5ш? мо зна — Hd 


Letu = ах = ди = 1 dx;x =2 => и = Ш 2 апах = 16 = u= ln 16; 


boc | ae = Vin 16 – Мш2 = /41n2 — V/In2 = 2 /1n2 — Мш2= \/1п2 


n2 


Letu = 6 +3 tant = du = 3 sec? dt; 
fsi at= fe = ш ју + С = ш |6+ За + С 


6--3tant 


Letu = 2 + sec y = du = sec y tan y dy; 
(os dy = f — In ју +C=In[2+secy|+C 


2+sec y 


Letu = cos 5 = du = — } sin 5 ах => –2 да = sin 5 ах; х = 0 => u=landx= 5 > u= 


т кн ЈУДА ; 
Гап вах | = МНах--2|,/ = [-2 1n | = -2ш 4, =2 /2-In2 


m 


1 


v2 
п/2 п/2 1 

un = ди _ 1 " [one 
Г. са = f, et dt = Jet = |] =-№ 5 =№ 2 


Letu = sint = ди = cost dt; [= 7 u= 


andt = 5 u—l; 


Let u = sin 7 = du = 1 cos £ 40 = а лы = и = Гапдд = т = и = У; 


% T 2 соғ? du 

Ј2 о? ав = |, 0-6), = 6 lin |а]? = 6 (1% -mni i) =6 /3 = 1n 27 

Let u = cos 3x => du = —3 sin 3x dx => —2 du = 6 sin 3x dx; x = 0 = и = 1 апах = 5 = Weed 
7/12 7/12 МУ? ju 

[| 6tan3xdx = |" бе dx = —2 | 2 (In ш = -21n 2; - ш1=2 02 = n2 


Јаја = S пели = 1+ Vx = Ф= руде Ју Ге еШ +С 
= In |1 + Ух +C 2 In (1+ x) +С 


Let u = sec x + tanx = du = (sec x tan x + sec? х) dx = (sec x)(tan x + sec x) dx = sec x dx = ші; 
аи = ј = Гај“. 1 du = 201 u)!? + C = 2,/In(sec x + tan x) + C 
у = \/х(х+ 1) = (х(х + 1D)? > у= 4 ш(Х(х--1) > 2 yy-In() FIn(x4 1) > x = + 517 


2111 1 ух@®+1)@х+1) _ 2x - 1 
=> y m (3) V x(x + 1) (i Эр xu) = m 2x(x + 1) те 
у= M02 +1) - 12 > шу= (n(x? +1) 221m (x- D] > $=} (224 + 527) 


х x —x+x 2x? -x 0) |x- 1 
=> y = (х241) (x 1)? (зал + <7) = (x? +1)( D? | је = 0 | 


1/2 
у=унт= (Ga)? + шу= into ne у > у= (1-59) 


- vil c(l t TA | БЕР 1 
d ~ 2 t+1 \t t+1/ 2 +1 [+D] оуу 032 
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58. у = qe = ПИ + DII? > у= 2 ++ D] > 19--i(-) 
dy 1/11 20451 || 2t+1 
= di ~~ 2M FD (шы) m zy" 
59. у = /0 + 3 (sin 0) = (0 + 3)!/? sind = ту = 5 In (8 + 3) + In (sin Ө) = : > = 3015) + "a 
ay = A/ 0 + 3 (sin 0) ЕБ + cot J 


60. у = (tan 6) /20 + 1 = (tan 0720 + 1)? => Iny = In(tan 6) + 1120 + 1) > 1% = 82 + (D) (52) 


= @ = (tan) 28 + 1 (528 + т) = (see?) 20 +1 + шқ 


14 1 
61. y=t(t+1(t+2) = пу= Int 1 (2 + 1) -In(t + 2) = 7 Еа =і+ из 


=> F = (t+ D2) (1+ 4 + 4) = + Da 2) | = 36 +6t+2 


еі t(t+ D(t4- 2) 


— 1 2 1 dy — 1 1 1 
62. Ў = ү у = шу=ш1—шї—-ш(+1)—-ш(+2) = pue чаш хе” 
= Чу = 1 [ 1 1 = 1 (1--131--2)--41--2)--11--1) 
ас t(t+1)(t+2) t t+1 6+2] — t(t+1)(t+2) t(t + 1)(t+ 2) 
32 + 6t+2 


(8 +32 +207 


63. у = $23, = Iny = № (0 + 5) – In 0 — In (cos 0) => : я = 715 — + 916 > а = (15) (gts — 5 t+ tan 8) 


cos 


64. у = $525 In y = In 0 + In (sin 0) — 1 In (sec 0) => ; ду = 1 де 9089. ... necu 


\/зес 0 sin 0 
> 3 = 505 (3 + cot 0 — i tan 0) 
xy x? 
65. y= Xx; > шу=шх+1Шш(х°++1)—2ш(х++1) > У=1+ь%0— 52; 
_ хүх2-1 2 
= y ~ «+12 + PY ^ 3«+1D 
66. у = y ДЕ = Iny-i[0In(x4 ) 5I Qx 4 1] = 5 = 3-3 


NN (х + 1)19 5 5 
> Y = бууу (25 x 


67. y = S2 = шу= 1 [nx + In(x— 2) – In(2 +1] = У = 1(1+ - 75) 


r_ 1 3/x(x-2) (1 1 2x 
> У а ul Cres 831) 


68. у = 4 ros => Iny = }[Inx +In(x+ D + (х — 2) – In (x? + 1) – In 2x + 3)] 


2 3/ х(х + Г(х- 2) 1 1 2X 2 
> у= 3 G21) Qx 4-3) (i “їр 3-2 dyi 23) 
69. (a) f(x) = In (cos x) = f'(x) = — I —tanx —0 > x —0;f'(x) > 0for — 1 <x < 0 and f'(x) < 0 for 
О<х< 5 = there is a relative maximum at x = 0 with КО) = In (cos 0) = In 1 = 0; ғ(- т) = Іп (сов (- т)) 
= In (4) = – 5 In 2 and f (4) = Ја (соѕ (3)) = In 1 = — Іп 2. Therefore, the absolute minimum occurs at 
х= т with f (3) = — |n 2 and the absolute maximum occurs at x = 0 with КО) = 
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70. 


71. 


72. 


73. 


74. М 


75. 


76. М 


77. 


78. 


79. 
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(b) f(x) = cos(In x) = f'(x) = =0 > x = 1; (х) > 0for 5 <x <landf'(x)<0Oforl<x<2 


=> there is a relative maximum at x = 1 with (1) = cos (ln 1) = cos 0 = 1; f (5) = cos (In (3)) 


— sin (In x) 
x 


— cos(- In 2) — cos (In 2) and f(2) — cos (In 2). Therefore, the absolute minimum occurs at x — i and 


x — 2 with f (3) — f(2) — cos (In 2), and the absolute maximum occurs at x — 1 with f(1) — 1. 


(a) fx) 2x-Inx = f')-1-1 
(b f(1)21—111—1 = х) =х- lnx > 0, Шх > 1 Бураг (а) > x > ШшхИх > 1 


; if > 1, then (х) > 0 which means that f(x) is increasing 


5 5 5 
J an2x - мх) dx = f (nx +In2 + nx) dx = (n2) f, dx = (n 2)(5 — 1) = In 24 = n 16 


0 1/3 0 4 т/3 
A= | — tan x ах + | апхах = f =x dx f 
ајд 0 —п/4 COS х 0 


= (1-10 25) -081-101) =n ¥2+In2= 3182 


Л) 
у= т, ( 


=sinx dx = [In [cos x|]? ја — Па |cos xla“ 


cos X 


2 dy = 47 “l dy = 4r [In |y + 1 = 4n(In 4 — In 1) = 4x In 4 


=", ‘cotxdx = s [у EE dx = л [In (sin x)] 7/6 = 7 (In1 1n 2) = 7112 
У-2т i „Х (52) dx = 27 vat dx = 2л [In |х|] = 27 (In2 — In 3) = 210 102) = r In 24 = In 16 
=r f, (55 L5) dx = zm f, dx = 277 [In (x? + 9)]3 = 27т( 36 — In 9) = 27z(In 4 + In 9 — In 9) 
ке о 
(а) у= -шх = Ley =1 + (5 — 2) =14 (gs) = (zs > L= fis (y ах 


8 
= | газах= | (8 +1) а= БЕСІ (8 + In8) — (2+ 114) =6 + In2 
2 dx 2 dcl 2 -16 2416 V? 
6) х= (D'-21() = £-1-2 = 1« (5) -14(1-2) -1-(% ) = (е) 
"E us а и |Гйнь 2 
> L= f, 1+ (=) a= f, ‚ y ЧУ= 


=8+2In3=841n9 


m 

5 

илгээ. 
oj 


2 5 2 
+2) ду = ЇЗСЭН 


геј Л+= ах ч 1 у 
= fix 
м 


= ee M 


In |x| +C =Inx+Csincex >0 > 0=InI+C С=0 у 


(а) М, ) dx =1,M, (2) а= 2 Јах = [-2]2 = 1,м= fi ax = а x]? = n2 


m | 


(+) 
‚ (ж) 


(5) 
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пом (2)в- Риби ра] m Јод) (в) 


нм пам fj эш! 6 = х= № = Tandy = М = 4 
бум = fo х(:5) (4) ax - 4f “ах = 60,M, = f "Gu (5) (5) e - 2 f ах 
--4| ХЭ 2) =3,M= IG ) (+) ax =4 f, rao [a 1n p? = 4116 > х= № = Б. and 
М. 


81. f(x) = In(x? — 1), domain of f: (1, oo) > f'(x) = m ; f'(x) = 0 = 3х2 = 0 x = 0, not in the domain; 
f'(x) = undefined > x? — 1 = 0 > x = 1, not in domain. On (1, оо), (х) > 0 => f is increasing on (1, оо) 


— fis one-to-one 


82. g(x) = Vx? + Inx, domain of g: x > 0.652919 = g'(x) = = = ее g'(x) = 0 => 2х2 + 1 = 0 = по real 


solutions; g'(x) = undefined => 2х у x? + Inx = 0 > x = 0 or x e 0.652919, neither in domain. On x > 0.652919, 
g'(x) > 0 = gis increasing for x > 0.652919 = g is one-to-one 


83. 2-1-41а(1,3) > у=х+} |х| +Су=Зах=1 > С=2 > у=х+ и |х| +2 


84. у sec? x a tanx+Cand1=tan0+C = © = (апх +1 = у = f (tanx + D dx 


= In |sec x| + x + Cy and 0 = In [sec 0| + 0 + Cy С =0 у = In |sec x| +x 


85. (a) L(x) = f(0) + #00) - x, and f(x) = та +x) = ЁСОО), „= 15 _„=1 = Li) -In1-F1-x > L@=x 
(b) Let х) = In(x + 1). Since (х) = ———5; < 0 on 00, 0.1], the um of f is concave down on this interval and the 


(x a 
largest error іп the linear approximation will occur when x = 0.1. This error is 0.1 — In(1.1) ~ 0.00469 to five 
decimal places. 

(c) The approximation y — x for In (1 4- x) is best for smaller y 
positive values of x; in particular for 0 < x < 0.1 in the 
graph. Аз x increases, so does the error x — In (1 4- x). 04 


From the graph an upper bound for the error is 

— In (1 + 0.5) ~ 0.095; i.e., 
0 € x € 0.5. Note from the graph that 0.1 — In (1 + 0.1) 02 
== 0.00469 estimates the error in replacing In (1 + x) Бу 01 


у = 1п (х +1) 


x over 0 < x < 0.1. This is consistent with the estimate 
given in part (b) above. : 


86. For all positive values of x 


: Ч [ша | = : --S=-: 1 and 4 [ша = 8х] =0= 1 = —1. Ѕіпсе In 2 and Ina — In x have 
the same derivative, then In * = Ina — In x + C for some constant C. Since this equation holds for all positve values of x, 


it must be true forx — 1 = Ini -lnni-Inx4C-0-Inx £C Ini = —]n x + С. By part 3 we know that 


In + —шх =>C=0 In £ Ina — In x. 
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87. 


88. 


7.3 


Section 7.3 Exponential Functions 


(a) " (b) у = =. Since [sin x| and |cos x| are less than 
1 ог nis to i we have fora > 1 
SCIES SPOUSE = су < z for all x. 
qu Uu Thus, lim у’ = =й all x => the graph of y looks 
: у = 1п (а + ѕіпх) а->--оо 
more and more horizontal as a — -- oo. 
цэг, 
ЖА ЖА / м 
0 х 
1 
(а) The graph of y = ух — In x appears to be concave 


upward for all x 0. 


2 кекек». О 
слов = r2 + 03001313 о 


© 


1 
5 10 


b) y= ук- ах > у= 51-1 > у= - at = (1) =0 > ук=4 = х=16. 
Thus, y" > 010 <x < 16and y" < 0 Ғх > 16 so a point of inflection exists at x = 16. The graph of 
y= x — In x closely resembles a straight line for x 7 10 and it is impossible to discuss the point of 


inflection visually from the graph. 
EXPONENTIAL FUNCTIONS 


(a) e-99 = 27 = ше 0" = Ја 33. = (—0330 lne = 313 = —03t —31n3 = += —101n3 


(b) e&* 21 = Ine“ = In2! = ktlne- -1n2 > (= — 82 

(c) e(192: = 9.4 => (en02) 20.4 = 02: 204 > №0.2' = 104 > (10.2 = 104 => t= 104 

(a) e 9?! = 1000 => Ine 901 = In 1000 => (—0.010 Ine = In 1000 => —0.01t = In 1000 = t = —100 In 1000 
(b e* = = Ine* = 1 107! = к пе = – 110 > kt— – In10 => (= — Ej 


(с) е®2%—1 > (БЛ ao 0 аы 


eV! = x? > ше\ = In x? t=2Inx t = 4(In x? 

eX е2х+1 — gt = ех+2х+1 — ot јрех 2511 = ше = t= x? 4+2x+1 
you" > y =e 4(—5х) > y = -—5e7" 

2x/3 


y=e = у’ = е2*/3 i (=) = у! = 2 е?х/З 


у= е5-7х = у’ == ез-7х 4. (5 2 7х) -» y! 2 —Те5-7х 
у = e^ xx) = у’ = = е( (4./х--х) $ (4 /x + X 2) = y = (5 s 2x) elvat?) 


у = хех – ех => у = (ех + хех) — ех = хех 
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404 Chapter 7 Transcendental Functions 
10. y = (1-2x)e “ = y —2e7* + (1--2x)e?* 4(-2х) = у = 2е-7* — 2(0 2x) e?* = —4xe?* 


11. y = (х? - 2х + 2)ех = у! = (2х – 2) + (x? — 2x + 2) e = х?ех 


12. у = (9x? — 6x + 2) е? = у' = (18x — 6)е? + (9x? — 6x + 2) е? & (3x) => у' = (18x — 6e? + 3 (9х2 — бх + 2) езх 


— = 27x?e 3x 


13. у = есіп 0 + cos 0) > у’ = e*(sin 0 + cos 0) + e? (cos 0 — sin 0) = 2e? cos 0 


14. у = In (36e?) 21n3 +In 0 Ine ^ =In3+nd-90 > # —1-1 


15. y = cos (==) = 5 = — sin (==) 3) (=) = (- біп (е”)) (”) £(-8)- 20е” sin (==) 


16. у = Be” cos 50 => 8 = (30?) (e7? cos 50) + (63 cos 50) е-2 4 (—20) — S(sin 50) (63е-28) 
02е-29 (3 cos 50 — 20 cos 50 — 50 sin 50) 


17. y=In(3te*) =In3+Int+Inet=In3+Int-t > 9 =1—1= 1c 


18. y = In(2e ! sint) = In 2 + Ine * + In sin t 2In2— t + ln sin t = Я = 1+ (di) £ (sin t) = —1 + 55 


sin t 
— cost—sint 
sin t 
19. у= In теу = те — ш (1+6) = — № (пе) > $= 1- (us) g (1+) =1- т> = түр 


у= =вуй-ъ(ї+ 4 = (Б) 8 (8) (3950449 


= (5) (55) (s) (55) = = "Jm BUH) 


21. y= e(cost+In t) = eost еш! = test => 5 = get + tecost 4 (cos t) 2 а — tsin t) est 


22. у= e! (In +1) => % = e (cos t) (Int? + 1) + 2 est езін [In t? + 1) (cos t) + 2] 


Inx 
5 Ї "ДРЕА 5 Inx d — Sinx 
23. ЈЕ sine dt > y'= (sine ) < (n x) = 9 


24. y= Et Intdt => у = (Ine?) . £ (e?) — (m еч") - 4 (+) = (2х) (2695) — (4,/х) (e 2 -2(4үх) 
= 4xe* — A /x езух (2) = 4xe?* — дезух 
25. Iny = е sinx > (: ју = = (у'еу) (sin x) + e” cosx = у’ (: — ey sinx) = © cos x 


уе! cos х 
1 — ye? sin x 


= У gi 
= y (Essen) = © cosx > y = 


26. шху = еу > шх-+шу = eV? = + (ју =(+у)е ху > y! (i-e) = еу – 1 


y (xe * — 1) 
=? у' = 77 х(1—уех+у) 


Lael) __ xe*tY—] 


> y( : - 
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27. 


28. 


29. 


31. 


33. 


35. 


36. 


37. 


38. 


39. 


40. 


41. 


42. 


43. 


44. 


Section 7.3 Exponential Functions 405 


p QE 2x — 2 2e? 2 2625 __ 2e?* — cos (x + Зу) 
e^* = sin (x + 3y) => 2e = (1+ 3y’) cos(x + 3y) => 1--3y' = „зу => ЗУ = uua 1 У = зева 
tany=e*+Inx = (se?yy = +1 > у = ees 
f (e + 5e) dx = È — 5е + С 30. f (2e* — Зе-2%) ах = 2е* + Зет + С 

пн n3 _ 43. an2 МЕ —х] ° 0 + em? 
Г dx = [ets = e" —е'-=3—2=1 32. [ue x [-е "Та = е = —14 2 =<1 
веб) ах = веб) + С 34. Ге) dx = ех) +C 


fe? dx — [2e*/?] ЭР 229 [е029)/2 2 e™4/2] =2 (gn? на eh?) -02(3-2)-2 


Ју e^ ах = [дем] E" = 4 (e0104 — 0) = 4 (2 — 1) -40-1)-4 


Letu = гі? = аи = Iri? dr = 2 du = r1? dr; 


P dr = fe^ p? dr-2 fe du = 2е + С = 2e" +C = 2eVt + C 


Let u = —г!/? du = — Ir? dr => —2du-r 1/2 dr; 
Је dr = fe^ p? dr = —2 Ге dicU +C = —2e7vV" +C 
Letu = —? > du = —2tdt > —du = 2t dt; 


fae” dt = — fe" du = -e +C = ей +C 


Letu = tt => du = 40 й i du = P dt; 


f bef ас= 1 fe йи = te“ +c 


Let u = —x? du = 2х Зах > idu-x?dx 


-1/х2 -9 2 2 
Те ах = (е -x ах = 1 да = те + С = 127 +С=зе!* +С 


Letu = tan = du = sec? 0 10; 0 = 0 u=0,0= 5 u=1; 


fa + е“) sec? 0 10 = ЈУ sec? 040 + INS du = [tan 0]7/* + [е%] = [tan (7) — tan (0)] + (e! — e?) 


= (1-0) +(е- 1) =е 


Letu = согд => ди = — csc? 0 10;0= 1 = 0и = 1,0 = 7 и = 0; 


iu + е0) csc? 0 40 = JI. csc? 0 10 — | e" ди = [- cot 6] 2 – [e*]? = [- cot (5) + cot (2)] — (e? — e!) 


=(0-+1)—(1—е)=е 
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406 Chapter 7 Transcendental Functions 


45. Letu = sec tt = du = т sec zt tan mt dt = шш = sec mt tan 7t dt; 


fes sec (zt) tan (mt) dt = 1 Је du = = + C= 


esce (тї) 


+C 


46. Letu = csc (m +t) => du = — csc (п + t) cot (пл + t) dt; 
fe ("Vege (zr + t) cot (m + t) dt = -fe du = —e" + C = –е ("+9 | C 


47. Letu = e" ди = e" dv 2 ао = >2е dv; v = ]п6 > ЦЕ „ У = 15 =>; 


In (7/2) п/2 Я т 5 Л т 
Sac 2e” cos еу dv=2 f cos u du = [2 sin и] = 2 [sin (2) — sin (®)] =2(1 — 1) ES! 


48. Letu =е* > du = 2xe* dx;x = 0 и = І,х- \/1пл и = е?" = п; 
| 
0 


2xe* cos (е) dx = {cos u du = [sin шү = sin (л) — sin (1) = — sin (1) = —0.84147 


49. Letu = 1 +e = du = e dr; 
f = [Лаа = ју C 2 in(1 8) +С 


50. [3s = Тан dx; 


letu=e*+1 = да=—е * dx => — du = e™* dx; 
Јес ах = – Јаи=-– щас пе“ 1) +С 


51. Z = e sin (et — 2) = у = fe віп (e — 2) dt; 


letu = e! —2 > du=e'dt y J sin udu = — сози + С = — cos (e! – 2) + С; (In 2) = 0 
= -сов (e? —2) +С=0 = —-cos(2-2)-C 20 С = cos 0 = 1; thus, y = 1 — cos (e! — 2) 


32. 4 = e^t sec? (re) > y= Је“ sec? (пет!) dt; 


let u = ле“! du = —ле dt -idu=e'dt > 2. 
= – 1 tan (ле!) +C; y(n 4) = 2 = а => – Елп (п- 1) +С = 


=> –1()+Сс== > C= thus, у = 2 


= — 1 tan (ле!) 


T 


53. Фу = 2e™ = € = —2e™ + C;x = 0and 9 — 0 = 0--20-0- C = 2; thus ® = —2e* +2 
= у= 2е7* +2х + С; х = О апау = 1 = 1 = >2е0 + Ci С =-1 у=2е*+ 2х – 1 = 2 (ех + х) – 1 


54, Sy = 1-е > € -1-16"--С::-1449-0-0-1-16-0- C= 1е? — 1; thus 


9 =t- Іей + 162 —1 => у= 112 — 167 + (1е2 – 1) 1+ С; = Тапау = —1 > -1-1-16-416-1-0: 
И НЕ 
55. у=2 > у =2 12 56. у= 3* => y'-3*(In3)(-1) = –37 In 3 


57. yao > = 5% (n5) (4 s7") = (2%) 57 


58. y 227 = ® = 2 (10 2)25 = (In 22) (82 = (In 4)s2* 


"^ 
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59. 


61. 


62. 


63. 


64. 


65. 


66. 


67. 


68. 


69. 


70. 


71. 


72. 


13. 


74. 


75. 


76. 


77. 


78. 


Section 7.3 Exponential Functions 407 


yox = у! = ax 60. у =t = ay —(1—e)t* 


y — (cos Ө)? = ЧУ = -372 2 (сов "E ) (sin 0) 
E т dy _ m — min ay) 
у = (In 0) Z = n(n ay) (2) = SO — 
y=7 n7 = 4 = (T*** In 7)(In 7)(sec 0 tan 0) = 7%%(Іп 7)? (вес 0 tan 0) 


у = 389 113 = ЧУ = (3% In 3)(In 3) sec? 0 = 3" (п 3)? sec? 0 


у = с = zi = (2*"* In 2)(cos 30(3) = (3 cos 3t) (2^?) (In 2) 


уд “они ay (5: *** In 5)(sin 2t)(2) = (2 sin 2t) (5*5?) (In 5) 


( 


у = log, 50 = 49 > 9 = (55) (5) 0 = киз 


matema dy _ 1 1 = 1 
у = log; (1 + @ In 3) = = dj (кз) (тъз) 083) = 1+0113 


— ах Іп х2 = х | In x Inx 223 
у be а па "на Y ша 


_ xine ах _ x Inx __ 1 Po 1 1Y — x-1 
Y = 25 215 25 215 = 2-1 (x—Inx) > у = (sins) (1 x) = Эхіп5 


L3 _ Зубјаху — 1 Q3 оз 1 | 44214 — 12 2inx _ 1 2,42 
y-xlogiox = X (155) "as Xe y = pi (x х +3x In x) = вюх + 3x mio = вх + 3x logiox 


2 ? — (hr Int) — In? г dy _ 1) _ __ 2hr 
у = log; r- log r = (үз) (из) = (13/9) > dr = [шиш 3n 5| Inr) (1) = гп 3)(in 9) 


x41313 пзуш (х! 
y = log, (7) = In ( +1) _ (In 3) 1 СЭ = hn (51) = In(x + 1) – In(x — 1) 


х-1 
х-1 In 3 In 3 


dy _ 1 125. -2 
= dx — х+1 х-1 7 (х+1)(х—1) 
x ү(іп5)/2 7х 
= 7x ш5 __ 7х (In5)/2 = In (=>) __ (h5 In (55) 211 7х 
у = log; (аа) = log; (5235) = 1п 5 = ( 2 ) 115 — 5 In (525) 
zu 1 dy . 3 __ (3х+2)—3х _ 1 
= о № 7х — 3 (3х +2) > бу = 5 28х42) — `2х@х+2) = xGx42) 


у = 0 sin (log; 0) = 0 sin (155) = dy = sin (155) + 0 (сов (144) | (zi) — sin (log; 0) 4- x cos (log; 0) 


sin 0 эв 0 In (sin 0) + In (cos 0) — In e? — In 2? 2-0 (sin 0) + In (соз 0)—0—0]n2 
y — log; (2 ) = In 7 n7 
dy _ cos i sin 0 1 2 _ –— Те 

=> а = вв? — wos dnt) In? In? = (25) (cot 0 — tan  — 1 — In 2) 

== х In e* x / 1 
У = logio e" = into = вю У = hh 

TET _ 65 S (2-24) (6-5"In 5--5^(1)) – (9-50) (- 5) | 59 5(2 —Iogs 6)(@ In 5 + 1) + 5 
У = 2—1ю50 — 2187 у' = (2 56) = In 5(2 1085 0)2 
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79. у- goet — 310/12) = Чу = |34а0//(һ2) din 3) С 


13) = i (log, 3) 31%" 


= З (ово) _ — 31 (05) ду (3 1 1 ү 3 2 1 
80. у = 3108: (log; 0 = цз in => «= $53) dn 0/dn 2) Loss) = 018) ^ ба Әйіп 2) 


8-1 In2 
81. у = log, (804) = ETRE) L зы 2+ 1200 — 34 inp  -1 


o th Ц _ tin (357) t(sin t)(In 3) 


82. y — na = из = — R3 tsint Чу sint--tcost 

83. [5*dx = c 

84. Letu = 3 — 3* => du = —3* In 3 dx => — idu = 3*dx; 
Гах = – s f tau = - ају + c = 8291 С 


1 1 iy d 1 1 
85. Жа dé = | (2) а0 = EM B ТІР) "i ) = ТІ ын ав) = y, 


910 1\-2 
86. 127 40 = (ЖО 99 = [ = к( ) їг = и ) (1- 25) = ата = ыз 
-2 


87. Letu = x? du — 2x dx 


88. Letu = x! => du = си“ dx > 2du= Ф; х = 1 и = 1,х= 4 u = 2; 


f Яо dx = [s . x 1/2 dx = 2| 2 du = | 2 = (4) (23 22) = d 


89. Letu = cost = du = —sintdt = — du = sin t dt; t = 0 u=1,t 5 и = 0; 


т/2 . 0 u =, 
f 79 sin t dt = -Í 7" du = [ me] | = (7) (79-7) = нэ 


90. Letu = tant = du = sec? t dt; t = 0 и = 0,1 


Kee а [ 1 = Cao [(0'- 0] = si 
0 


91. Letu = x* => Inu=2xInx > 1% = 21ах + (2х) (1) = ® =2udnx+1) = 2 ш- х1 + шх) dx; 
х= 2 и = 24 = 16,х= 4 


48 = 65,536; 
4 65,536 
Ї х*(1 + ln x) dx = 1 f du = i [u] s 55% _ = 1 (65,536 — 16) = 65.520 = 32,760 


16 


92. Letu = 1 -- 2* = du = 2* (2x)In2 dx > „1 ди = 27 х dx 


783 


2 (1+2 
x2 PEDEM EM _ п(1+27) 
[dx Е zi; J idu = из + C = — 7 + С 


93. | эх” ах = =” + С ж. [x9 dx = 77 + 
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3 3 8 ш21е n2 n2 
95. /, (М? + 1) ху dx = [К] =з) 29 J xm! dx = [15] i7 5 = — in = 15 


0 


97. | ювех qx = | (nx) (1) ах [u2 ах = ди = ! dx] 


> 1055) (2) dx = ТЕТІ Ја du = (am) (28 y +С= S +С 


98. Ја а С dx; [u= Inx = du = Ł dx; x 1 u=0,x=4 u In 4] 


lIn 4 " e - 
ВС (аз) ( 3 ке], (тз) и ди = (15) [ки] = (5) [5 (In 4?] = 955 = GS = 104 
99. (чех = f"(m2) (Bx) ах = | ва ах = [1 йа x?) $ = 1 [1а 4? – Qn 7] = + (84 = 12112): = 20n 2? 
100. fiaen ах — | сеоба) (1) ах = [ба ху у = (ne – da D? =1 


;) dx = (у) [9822], 


101. Гев ах = 2 fnac 2] (1 | 


211 4(In 2)? (In2?| _ 3 
= (55) | 2 z| =3ш2 


= ( 1 ) (In 4? (In 2) 
— Маг 2 2 


10 10 2110 2 
10210 (10x) — 10 _ f 10 (In (10x)? _ ( 10 (In 100)? (іп 1? 
HE jos х 9= 0 CRUS (по) dx = (mto) | 20 | T (uio) | 20 2 | 


= (095) 508) = 21010 


Іп 10 20 


103. ie и dx = ний! is], ln (х + 1) (сн) dx = (mao) Е 


In 10)? In 1)? 
= (525) | 27 mi] = In 10 


0 


104, (анына gs fme 1) (s) ax = (а) [S| 


2 
105. i= FL = | (5 


– тло f (4 


cef 2 (In 2) (in 1)? | _ 
= (5) | 2 2 | = 2 


(2) dx = dn 10) f (55) (5) dx; [u= Inx > du = 1 ax] 


(1) dx = (In 10) f t аи = (In 10)1n |u| + С = (In 10) ш [In x| +C 


(i 


dx 2 2 (In (nx)? йз) + pa 1 _ (In 8: 
106. мэ (ing)? | (3^ ax = (n 8? C= - ON uo 


107. 1 t dt = [In | "* = In |In x| — In 1 = In(Inx) x > 1 


108. || 4 dt= [In 0] = ше —Inl =xIne=x 


Их 
109. 1 1 dt = [In |t]]}* = In |1 | — In 1 = (In 1 — In |x|) -1n1 = -ln x, x > 0 


к х 
110. + «= [т nj]; = BE — H = log xx > 0 


111. у= (х-1/ = пу= и (х+- 1“ 2xln(x4 1) = У =1п(х+1)+х- ы; —y-(xcly [3H In (x + 1] 
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112. 


113. 


14. 


115. 


116. 


117. 


118. 


119. 


120. 


121. 


122. 


Chapter 7 Transcendental Functions 


у = х2 +x% > у- х2 = x” > ln(y — x?) = Inx” = 2xInx 
=> y — 2х = (у — x2) 2 + 2Inx) > у = ((х + х2) — х2)(2 + 2щх) + 2x = 2(x + x** + x% Inx) 


yag — 2x) = 2х: i 4+2-Inx = 2 + 2inx 


y= (vi) = (07) = 0° = шу= 6 = (5) Int 2$ = (3) da + (2) (1) = 53 


3 - (у Ge) 


у= = > ny - Ini? = (02) ino 1$ = (207172) (по) +e? (1) = вч? = $ = (152) v 


у = (sin x) > lny = ln (sin x) = x ln (sin x) = у = In (sin x) + x (© sx) = у' = (sin x)* [In (sin x) + x cot x] 


sin x 


sin x + x (In x)(cos x) 
x 


y=" In y = In x*™* = (sin x)(In x) = у = (cos x)(In x) + (sin x) (1) E 


! __ vsinx | sin x + x(In x)(cos x) 
y = же | secet nene 


у =sinx* = у’ nd хх); Ни = x* > Inu = Inx* = xInx x x-i41-Inx=1+ lnx 


=u =x*(1+ lnx) > у’ = созх* . x*(1 + lnx) = х* cos x*(1 + lnx) 


у = (In )'* => In y = (In x) ln (ln x) > у = (1) (ах) + (n x) (H) 4 (nx) = 85.1 
= у’ = (ex) (In x) 


f(x) = ех — 2х > f'(x) = ех — 2; f'(x) = 0 > ех = 2 = x = In 2; 0) = 1, the absolute maximum; f(In 2) = 2 — 2 In 2 
£z 0.613706, the absolute minimum; f(1) = e — 2 ~ 0.71828, a relative or local maximum since f"(x) = ех is always 


positive. 


The function f(x) = 2697 (х/ 2) has a maximum whenever sin 5 = 1 and a minimum whenever sin 5 = = —]. Therefore the 


maximums occur at x = 7 + 2k(27) and the minimums occur at x = 37 + 2k(27), where К is any aser The maximum 
is Зе ~ 5.43656 and the minimum is 2 А 0.73576. 


f(x) = хе = f(x) = хе *(—1) +e * =e *—xe > Ё"(х) = —e™* — (хе *(-1) +e *) = xe™* — 2e™ 

(a) Ғ(ху-0->е%-хеХ-ехі-х)-0->е%-дфогі-х-0->х-і,КІ 
derivative test, f"(1) = (1)e ! — 2e7! = —1 < 0 = absolute maximum at (1, 1) 

(b) f'(x) = 0 => xe™ — 2e™ = e™(x — 2) = 0 > e™ = Oor x — 2 = 0 > x = 2, f(2) = (Qe = 5; since 
f"(1) < 0 and f"(3) = e?(3 — 2) = 4 > 0 = point of inflection at (2, 2) 


‚КП = (1)e7! = 1; using second 


x 


ze 
1+ е2х 


f'(x) (1 + е?*)е* — e* (28) ех езх Бы f"(x ) = m (1 +e)? (ех Зе“) (ех e*)2(1 re) (2e?) 


f 
(x) (1+ е2)? ETT [a mi 


ех(1 =6e + e 


(1+ e? 
(а) f'(x) =0 => è — e” =0 > e (1-— e”) =0 => e” = => x = ду = ae Б =} 
f'(x) = undefined = (1 + ey 0 = e? = —1 = по real solutions. Using the second derivative test, 
t"(0) = e? (1 — бе? © + e40) _ -4 0 bsol А 0 1 
(0) = TENEO = = < 0 = absolute maximum at ( А 1) 
n нэ x 2x 4x Хус 2х 4х _ 2х _ —(-6) = V36-4 _ 54 
(b) Р(х) = 0 = (1 — без + еб) = ех = Оог1 — бе + е = 0 = e” = -С®=®у36-4 — 3424/2, 
п(3+2/2) ш(3-2/2) ш(3424/2) нар (3-27) 3-2/2 
= —— Oorx = S = and f = : 
2 2 2 242 2 4—2,/2 
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ш(3+2/2) \/ 
since f"(—1) > 0, f"(0) < 0, and f"(1) > 0 = points of inflection at | pou =) and 


2 ? 44-22 
Биш ug 


2 > 4-2/2 


123. f(x) =x? Ini 1 => f(x) = 2x Int +x (1 ) о 2) = 2x In 1-х = —x(2Inx + D; f(x) = 0—x-O0orlnx—- 1. 


жин 


= 
е 


ы 5. Also, Р(х) > 0 for 0 < x < Zz and Р(х) < 0 for x > 


Therefore, f ( j- = 1 In ме е = = = = ше = x is the absolute maximum value of f assumed at x = 


+3 


124. f(x) = (x 3)? e => f'(x) 22(x-3)e + (х - 3)? ех 
= (x — Зе (2 + x — 3) = (х – ПХ — 3) e’; thus 
f'(x) > Oforx < Lor x > 3, and f'(x) < 0 for 
1<х<3 = f(1) = 4e ~ 10.87 is a local maximum and 
f(3) = 0is alocal minimum. Since f(x) > 0 for all x, 


КЗ) = 0 is also an absolute minimum. | 


—10 
ГО) x-1)(-3)e 


ps. f" (e — e) ах = [g-e] = (5 –е") - (8-е) =(8–3) –(–1)=8-2=2 


~ fer eX?) ду = (2е/2 J 2е 772] | 2112 = (2e? of де“ In?) _ (2e° гү 2e?) = (4+1) – (2+2) =5-4= 1 


1 х/2 
127. L= |, (145 dx ду % у = е*/2 + С; у(0) =0 > 0=e +C С--1 у= е – 1 


128. 8-24| (ее) 3/1 (2522) ду= ЈУ ( ee) КЕН (e? — 2 o7) dy 
=a [7 (2529) (21)? dy = 27 эз (240) ay са [У (e?! + 2 + e?Y)dy 

ie + 2y— ger] o> = 5 [G8 +22 — je?" - (3 +0– 5] 

1.4-212-1.1))- 2(2- 42112) 2 s (2 +12) 


1 1 2x -2х 
p». у= de ee) s 8 e cesso fie Gee ac 0155-1658 a 


ех 
4 


In3 1: 
2 хоо u x dy _ = ee. — AM — 2ех ү2 M 4e?* 
130. y = In(c* — 1) — (е + 1) € = дет — at = к=; 1, = |), ibn ах = f 5 лт F dx 
(18 In3 In3 In3 е2х 
х ейх — 2е2х + 1 + 4e?x dx = Г e^ + 2е2х + 1 ах — T (e + 1)? dx- f. зш * +1 ах = f. — dx 
(e -1y ш2 (e -1y m2 V (ex 1)? n2 e^ —-] m2 Z 

In3 x _ 2 2) 

- ert dx; letu = е* —e7 => du = (e +e™)dx, x = In2 u = e? — ec? 2-1 3,х ш3 


ыз %-е 
8/3 
=] > f, tdu = [in ul] 3/3 = (3) – In(3) = m() 


: п/4 т/4 т/4 
131. у 2Incosx > 5 = cu = —tanx;L = f 4/1 + (—tanx)? dx = Ї Гап dx = f sec?x dx 


ES ШЕ ах- [In [sec x + tan x|] 275 = (іп |sec(#) + tan (1) | ) – (0) = ш(у2- 1) 


> и =е13—е“13 ~ 3 — 


wile 
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132. 


133; 


134. 


135. 


136. 


137. 


138. 


Chapter 7 Transcendental Functions 


ы т/4 
у = шсзсх > су = 2О ОХСОЇХ — _cotx;L = I. 4/1 —cot x) 2 dx = T 1 + cox dx = i csc?x 
x сӛсх /6 


- Ге «вех ах- [In |esex + cotx[] 7 = (—1п |esc(7) + cot (7) |) + (In [сс (= ) + cot (7) |) 


= – а (2+ 1) +In(2+ v3) = и (2575) 


(а) Е к 


(b) average value = -ніхіпх-х|1-; 


average value = zr а dx = [In |x|]? = 1n2— 1n 1 = 1n2 


(а) f(x) =е = f'x)2e5;L(x = КО) + Р(0Хх — 0) => [69 = 1 +х 
(b) КО) = 1 and L(0) = 1 = error = 0; f(0.2) = e°? = 1.22140 and 10.2) = 1.2 = error = 0.02140 
(c) Since y" = e* > 0, the tangent line 


У у= e 


approximation always lies below the curve y — e*. 
Thus L(x) = x + 1 never overestimates е“. 


(а) у=е = у" =е »0forallx = the graph of y = е: is always concave upward 


Inb 
(b) area of the trapezoid ABCD « Ї „ Č dx < area of the trapezoid AEFD = 1 (АВ + CD)(In b — In a) 


Inb na n 
«| edx« (==) (In b ша). Now 5 (АВ + CD) is the height of the midpoint 


M = е1 since the curve containing the points В and C is linear => е" (In b — In a) 
Inb 


«fede (=) (Inb — ша) 


na 


Inb 
(c) f. ех dx = [е]? = е" — е" = b — a, so part (b) implies that 


Ina 


e(Ina+Inb)/2 (Inb—Ina) «b—a« ( шинэ (Inb — Ina) = e(inatinb)/2 < b-a < a+b 


Inb—Ina 2 
Ina/2 , &Inb/2 b—a < atb Ina Inb a+b a+b 
= e E < mbina < 2 => Е е < mba ma < 2 => ађ< n PT < 2 
2 2 2 
2 х = = =: н 
A= |12 4х =2 "25 dx [п = 14 x^ = du=2xdx;x=0 u=1,x=2 = 1-5 


5 5 
— А-2| 2 du = 2[In |у] -2015-111)-2155 


A L x-»ax=2 f ( (5) «=> |] - из бр 2) (еле 
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139. From zooming in on the graph at the right, we estimate 
the third root to be x = —0.76666 


x ~ — 0.76666 


-4 


140. The functions f(x) — x"? and g(x) — 2"* appear to 
have identical graphs for x > 0. This is no accident, 


д 1 
because x"? == eln2Inx = (e?) DX ы Jinx | 


141. (a) f(x) = 27 => f'(x) = X 1210) = (221n2) x - 22 =xIn2+120.69x+1 
(b) 


Je y 


у = (In2)2z 1 


142. (a) f(x) = log; x = Р(х) = shy. and КЗ) = B3 = [00 = 5 (Х – 3) + И =з — + 1 © 0.30х + 0.09 
(b) 


yeya- DL 


143. (a) The point of tangency is (p, In p) and masses: = + since ay = 1. The tangent line passes through (0, 0) => the 


р 
equation of the tangent line is y = 3% The tangent line also passes through(p, In p) = In p 5P 1 = р=е, and 


the tangent line equation is y = ix. 


(b) ын = E for x Z 0 => у = ln x is concave downward over its domain. Therefore, y = In x lies below the graph of 
у= 1х for all x > 0,x #e, and Inx < > for x > 0, x же. 


(c) Multiplying by e, e lIn x < x or ln хе < х. 
(d) Exponentiating both sides of In хе < x, we have е!" < ех, or хе < ех for all positive x £ e. 
(e) Let x = 7 to see that n° < e”. Therefore, e" is bigger. 
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144. Using Newton's Method: f(x) = In(x) — 1 = f'(x) = 4 > жи = Xn — Bad => Xn+1 = Ха 2 - In(xn)| 1 


хп 


Then, Хү = 2, x? = 2.61370564, хз = 2.71624393, апа x5 = 2.71828183. Many other methods тау be used. For 
example, graph y — In x — 1 and determine the zero of y. 


7.4 EXPONENTIAL CHANGE AND SEPARABLE DIFFERENTIAL EQUATIONS 


/ 


1. (a) у=е* = у’=-е* = 2y’ + By z2(-e7) +3е* = e^ 
(b) y=e* +e? = у’ = -е* — ве = 2y' + 3y = 2 (-e* — } e?) +3 (e™ e?) e^ 
(с) y 2 e* Ce 9? = у’=-е* – 3 Се“ => 2y'+3y = 2(—e™ — $ Ce?) + 3 (e + Ce?) = e 


2. (а) у=—! > у'= + =(-1) = у 


2 
6) y-- ds 9 Y ^ gig | -» 
2 с 
Usro шушаш бе: 
3. у=:ј ешеу=-5ј, "E dc (1) (£) => ху -fit dtte = -x (1 fie dt) +e = -xy +e 


=> х?у' + ху =e 


4. у= ея јуна = y'=-}ł КЕЛКІ (Vix) 


= pe (=) (лга | d 1+ dt) +1 =” у' - =(5)y41 = y "Бүйц-у-1 


5. y= e? tan! Qe) => у’ = —e™ tan?! Qe) ke? [Ls] Qe) = —e7 tan?! Qe) + гүйх 


> y'= -y+ pr > У фу= па) УС 2) =e tan™ (2e?) 22tn1122(2) = 2 


6. у=(х-2)е* = y =e% 4(-2х67)(х-2) = у’=е* — Ixy; y(2) - Q-2e? =0 


— cos 22 —x sin x —cos = 3 1 S = 1 у 2 : ЭР а 5 
Т y=% >у'= xsinx cosx у! — мах 1 (сох) у' _ sinx У = xy’ = — sin x — у > ху’ + y = — sin х; 
TY __ соѕ (п/2) __ 
у (5) = mm = 0 


шх-х (1) 1 : 2 


2203 13 2 1 дер хе х 25b — 2. NN NA 
8. У= ру У = (Та х)2 => у’ ^ hx (ах) => ху ^ Inx (іп ху => ху — Xy —y ; У(е) = ше = e. 


Inx 


9. 2,/xy X = 1 => 2хузу 1/2 ду = dx = 2y!? dy = х-12 dx > |?у/2ау- fx “V2 dx = 2 (2 уу2) = 2x!? + С; 
= yl —х 1/2 = Ç, where C = } C; 


10. 8 = x? /у => dy = х2у/2 dx => y"? dy = x? dx > fy? ay = fx? dx > 2у!? = $ +С Soy — 1х9 =C 


11, % =е = dy = e*e^ dx е? ду = ех dx fedy= fed > е=е+Се е-е = С 


12. ® = Зеету => ду = 3'е?йх => e ду =3edx > fe ду = [3ed > е = eec ек = С 
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13. 5 = МУ cos? oY = ду = (му сов? МУ) ах bay = ах Г УУ dy = fax In the integral on the left-hand 


side, substitute u МУ ди A dy > 2 du 7) dy, and we һауе J sec иди = fax = 2 пи =х+ С 


= —-x+2tan,/y=C 


14. J oxy =1 dy = сан ах v2. /ydy = 9; - ах => V2 yl? dy = x1? dx => y2 Ју dy = fx 1/2 ах 
2 dyet ey и па тэмээ 
: 


3 
5 


15. ух зу et vx ay E dy een dx => е dy = ах = Је у ау = ёл Ус ах. Ла the integral on the right- 


hand side, substitute u — ух = ди = ah dx > 2 ди = T dx, and we have fe ау- 2 Ге du > —e™ = 2e" + С, 
= -е” = 2е\* + С, where C = —С, 


16. (sec х) & = eytsinx = ФУ = сувих cos x => dy = (е? e%* cos x)dx => e^ ду = еў" cos x dx 


> fe dy — fe cos x dx => —e™ = ех + C, > e фе" = C, where C = —C, 


17. % = 2х\/1 — y? => ду = 2x,/1 — y?dx 2 = 2x dx ји = [охах > sin! y = x? + С since|y| < 1 
> у = sin(x? + C) 
gy 


18. X = 5 = dy = ах > ду = è 


= e» — 2ех = C where С = 2C, 


at dx- Sdxo e? dy = ех dx > fevay- fe dx = =< + С 


19. yE = 3x’y? — бх? > y? dy = 3x2(y? — 2)dx => c ду = дах => 22, „ду = f3x?dx > шу? —2| = х? +С 


| dy = (x - 2)dx = f dy = f(x- 2)4х 


20. 5 =ху-+ 3х — 2у—6= (у+3)(х-2) > ЖЕЗ 


=> шу +3] = ix? — 2x +C 


21, 1% = у ех "+2 уе = e (у+2 у) = уду = xede > J Фу = Ј ке“ах 


Луч = Геб = 2p s + 2] = Je" + C 4m 7 +2) = e +С > 4 in( 7 +2) Sg +С 


22. à ху e Феу + 1 = (e + 1) (e + 1) => Gedy = (e + Бах > f Say = f(e + Бах 
= | оду = f(e + Dax > nfl e| 2e x - C ши $e") ех +С 


23. (а) у = yoe" => 0.99уо = уое%% => k= 09 ~ —0.00001 


(b) 0,9 = есем» = (—0.0000Dt = In (0.9) => t= =C ^: 10,536 years 
(c) у = yor ~ yor 92 = yo(0.82) => 82% 


24. (а) 2? = Кр = р = рое“ where ро = 1013; 90 = 1013e?* => к = "90-1491 ~ –0.121 
(b) p = 1013е-%% ~ 2,389 millibars 
(с) 900 = 1013e-929 = —0.121h = In (309) => һ = 50915009 5,0977 km 


25. 5 = –0.бу = у = yge ?*; уу = 100 = у = 100е7% = у = 100e ?5 ~ 54.88 grams when t = 1 hr 
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26. 


27. 


28. 


29. 


30. 


31. 


32. 


33. 


34. 


35. 


36. 


37. 


Chapter 7 Transcendental Functions 


А = Ape" 800 = 1000e'** k mes А = 1000e® 05/19! where A represents the amount of sugar that 


remains after time t. Thus after another 14 hrs, А = 1000e(^ 05/104 ~ 585.35 kg 


Lx) = Loe™ => 2=Le™ In 4 = —18k > k= 12 20.0385 => L(x) = Loe 798, when the intensity is 
one-tenth of the к value, 12 = [ое ?95* = In 10 = 0.0385x = x z 59.8 ft 


V(t) = Voe™ = 0.1Vo = Мре У when the voltage is 10% of its original value = t = —40 In (0.1) ~ 92.1 sec 


kt 


у = yoe“ and yo = 1 y=e at y = 2 and t = 0.5 we have 2 = е? In 2 = 0.5k k= E2 = In4. 
Therefore, y = е = у = е?! = 4% = 2.81474978 х 10" at the end of 24 hrs 


у = yoe" and у(3) = 10,000 = 10,000 = yoe*; also y(5) = 40,000 = уде“. Therefore уде“ = 4усе” 
e* = 4e% ек=4 К = №2. Thus, у = yoe^?* => 10,000 = уое?"? = yge^? 10,000 = 8yo 
=> yo = 10000 = 1250 


(а) 10,000e = 7500 e* — 0.75 К = In 0.75 and y = 10,000е "9, Now 1000 = 10,000e(975* 


=> 101 = (ln 0.75% > t= о А: 8.00 years (to the nearest hundredth of a year) 


(b) 1 = 10,000e^?79* = 1n 0.0001 = (In 0.75 t > t= 10,0001 А: 32.02 years (to the nearest hundredth of a year) 


(a) There are (60)(60)(24)(365) = 31,536,000 seconds in a year. Thus, assuming exponential growth, 
Р = 257,313,431e* and 257,313,432 = 257,313,431е 0%/3,536000) — In (шам?) = sig = k ~ 0.0087542 


257,313,431 


(b) P = 257,313,431e/00087542(15) ~ 293,420,847 (to the nearest integer). Answers will vary considerably with the 
number of decimal places retained. 


0.9Р, = Poe* = К = In 0.9; when the well's output falls to one-fifth of its present value P = 0.2Р0 


> 0.2Ру = Poe" = 0.2 = el = ]In(0.2) = (п 0.9) > t= 192 x 15.28 yr 


др _ 1 др _ 2 — сове) — gCe-001x —0.01x. 
(а) к =- тр > F=- 10 9х > hnp=-m +E = р=е е "i QE 


р(100) = 20.09 = 20.09 = C,eC 009000) — С, = 20.09е ~ 54.61 = р(х) = 54.61e "^^ (in dollars) 


(b) p(10) = 54.612 99900 — $49.41, and p(90) = 54.612 99909) = $22.20 
(c) r(x) = xp(x) r(x) = p(x) + хр'(х); 2000 


р(х) = —.5461e ??* = r(x) 

= (54.61 — .5461х)е 007, Thus, r(x) = 0 
= 54.61 = .5461х > х = 100. Ѕіпсег > 0 25 

for any х < 100 and г” < 0 for x > 100, then 1400 

r(x) must be a maximum at x = 100. 


r(x) = 54.61xe 9:01 


А = Age" and Ау = 10 > A = 10e*, 5 = 10 e840) = к = 105) ~ (000028454 => А = 10 ег0:000028454: 


24360 
then 02/10) = 10 ОО > t = = 56563 years 


In 0.2 
—0.000028454 
А = Age" and 1 Ао = Age = $ = е!3% > к = 105) ~ —0.00499; then 0.05Ао = Аре 2994 


139 
= t = 110050 = 600 days 


у = yoe™ = уое (99/9 = уув”? = Ж < Х = (0.05)(уо) = after three mean lifetimes less than 5% remains 
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41. 


42. 


43. 


44. 


45. 


46. 
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(a) А = Аде“ = i =e 295€ > k= 1 
(b) к 1 = 3.816 уеагз 
(с) 0, 05)А = Aexp(— 3120) > – 20 = (-j 


& 0.262 


nz) t => t= 26451120 ~ 11.431 years 


n a 


T — T, = (To — T,)e™, To = 90°C, T, = 20°C, T = 60°C = 60 — 20 = 70275 = 5 скок А 0.05596 
(а) 35 — 20 = 70e°" = t ~ 27.5 min is the total time => it will take 27.5 — 10 = 17.5 minutes їн (о теасћ 35°С 
(b) T-T, = (To — Te, To = 90°C, T, = —15°C => 35 + 15 = 105e-?59* — tæ 13.26 min 


T – 65° = (То — 65°) e™ = 35° — 65° = (То — 65?)e "* and 50? — 65° = (Tp — 659)е ?*, Solving 
—30? = (To — 65?) е '* and —15° = (Ту — 65°) е 2 | => (To — 65°)е-!® = 2(Ту — 659) е к 
> е®=2 = k= 52 and —30° = 1 > => —30° [е 04) | = Ta - 65° = То = 65° — 30° (e^?) = 65° — 60° = 5° 


T-T, = (To - T)e* = 39— T, = (46 - T)e-"* and 33 — T, = (46 – Тек => PoE =e and 


2 
Bop Hema (е1)? > P= (=) = (33 – Т,)(46 — Т,) = (39 – T; = 1518 — 79T, + T? 


= 1521 — 78T, + T? === LS —3'C 


Let x represent how far above room temperature the silver will be 15 min from now, y how far above room temperature the 
silver will be 120 min from now, and t, the time the silver will be 10°C above room temperature. We then have the 
following time-temperature table: 
time in min. 0 20 (Now) | 35 140 to 
temperature Т, + 709 | T,+60° | T,+x | T,+y | T, + 10° 
T-T,-(To- T)e* = (60 + T) - T, = [(70+Т,) - T]e?* = 60 = 70e?* = k= (– $) № (5) ~ 0.00771 
(a T-T, = (To — T)e ?"7" = (Т, +x) – T, = [070 +Т,) - ТЈ е 00785 = x = 706-9298 ду 53.44°С 
(b T-T, = (То — T)e 0077 = (Т, фу) — Т, = [70 + T.) - T,]e 09070049 — у = 700719 ~ 23.79°С 
(c) T-T, = (To – Те ет = (Т, +10) — T, = [070 Ti Tje —(0.00771)® — 10 = 7(0е—00077% 

> ІП (3) = —0.00771% = to = (- aum) In (1) = 252.39 = 252.39 — 20 = 232 minutes from now the 


silver will be 10?C above room temperature 


From Example 4, the half-life of carbon-14 is 5700 yr => 1 со = coe “57 = К = 


= (0.445)со = coe 999218. = (= ROM) д; 6659 years 


Uu = 0.0001216 => с = coe 9990216 


From Exercise 43, К = 0.0001216 for carbon-14. 

(а) с = сре COO! = (0.17)с0 = сов 200555 => t ~ 14,571.44 years => 12,571 BC 
(b) (0.18)со = сое 0001216 => tx 14,101.41 years => 12,101 BC 

(c) (0.16)со = сое 901216 = t ду 15,069.98 years => 13,070 BC 


From Exercise 43, К = 0.0001216 for carbon-14 = у = уое 99001216 When t = 5000 
= у = усе 00001216(5000) ~ (),5444у0 > = ~ 0.5444 = approximately 54.44% remains 


From Exercise 43, К ~ 0.0001216 for carbon-14. Thus, с = сре“ 29001216 = (0,995)сү = сов 29001216 


= ¢ — 000.995) 


“00001216 = 41 years old 
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7.5 INDETERMINATE FORMS AND L'HOPITAL'S RULE 


1 . х-2 1 х-2 
= += or lim = lim = 
4 х— 2 х2-4 х—2 (x — 2)(x - 2 


1. l'Hôpital: lim 522 = = 
х-2Х 


х=2 


2. l'Hôpital: lim "5х = 5соз5х 
X 


= 5 ог lim 8928 =5 lm $% =5.1=5 
А =—=+ 


-0 х 1 [мо * 5х— 0 
3 
"НАНТ. 1; 5%2—3х g 10-32 | 10 _ 5 : 5х2—3х _ | 5-1 — 5 
3. l'Hopital: , lim. THI = „шп, Tm = Him. 14 = 7 ог lim, 7811 = im, 11-7 
НА с]. HH x-1 mq 3 3 р х3-1 |: (х— 1(х + х +1) 
4. lHOpita lim 42-х-3-,ШШ pea = ПО Ш 43 = lim Така) 
E (2--х-1) _ 3 
= Ша (464543) = п 
AL. “ans : i : қ $ : 122 en 
5. l'Hôpital: lim =$% = lim $ = lim 085 = lor lim 1-085-- lim |0500 (1--совх) 
х— 0 х х-э0 2х х— 2 2 х 0 x х 0 х 1 + cos x 
m sin? x — _ sin x sin x 1 г 
= Jim, х2(1 + cos x) = Jim, ( x )( x Е) 2 
6 НО ца! li 2x? + 3х li 4x + 3 li 4 0 li 2x? + 3x li 2+5 0 
` Opıtal: x хе M 35241 х Що б ОГ ШІ, узг x 110, 1-544 m 
x^ x" 
7. lim 222 = Ша 1-1 8. lim, £2 = lim, 2* = —10 
x2 X-4 x32 2х 4 x =–>5 +5 х--5 ! 
: 8-4-15- | 38-4  3(-37-4 _ _ 23 
9. lim, en = а, ут = 203)-17 7 7 
: 8-12-04 33 
10. lim gos = lim туст = т 
А 5х 2х _ 5 1552-2 .— > 30x __ Ж 30 5 
Hb nma ала ТҰЛА our =, Ш лэ х, о а 
: х—8% _ | 1—16х _ ү -16 _ _ 2 
12. , lim 12х2-4-5х — , lim. 24x+5 — , lim. 24 3 
: dn ай : s Q)Ot . a z 
13. lim $Ë — Jig PA — 0 14. lim S85! = lim 5958 — 3 
t0 1-0 : 0 t0 
2 5 . 
15. lim — = lim © = lim —% = 16 = —16 
х—0 совх— 1 х->0 -sinx х->0 —©05Х —1 
16. lim Ssinx—x 0 lim со8х-1 _ lim —sinx _ lim =e% modi 
x—0 x x0 3X х-0 6 х— 0 6 6 
: 20-т __ | 2 2211 
17. ры со8(27-0) ^. gos sin(27— 0) — sin (27) = —2 
18. lm +r = lim  --2---3 
0--т/3 sin (0 4- 5) 0 > —л/3 cos (8+ 5) 
19. : 1-880 __ li -с080 __ lim sin 0 1 1 


iis 14 сов 20 — o> 2/2 —2зш2# — 9 Ago -4сов20 = сфер = 4 
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20. 


21. 


22. 


23. 


24. 


23: 


26. 


27. 


28. 


29. 


30. 


31. 


32. 


33. 


34. 


35. 


37. 


Section 7.5 Indeterminate Forms and L'Hópital's Rule 


5 х-1 — 1; 1 ж ÜÜ 
im, Inx—sin(zx) — Jim, l-mcos(mx) 147 
іп 5 = lim ee = lim = lim ---2-2 
х 0 lnGecx) x (Ss) х->0 tnx _›0 sec? х 1 
4 Ш (све х) __ 1 - (2) = : — cot x E 1 csc?x ] 1 
lim = lim === lim <= Іш = = == 
х— 1/2 (x- (2)) x п/2 2(x- (2)) х э 7/2 2(х- (5)) х э 7/2 2 2 2 
: t(1—cost) _ 1; (1—cost)+t(sint) — 1: sint+(sint+tcost) __ 1: cost+cost+cost—tsint _ 1+1+1—0 _ 
m, t—sint ^. um, 1—cost m im, sint m m, cos t m 1 =3 
5 tsint |. J; sint+tcost __ ү; cost+(cost—tsint) _ 1+(1—0) _ 
m, 1—cost — im, sint m im, cost EN 1 => 
lim (x – т) зесх = lim Ga) _ lim (=) = + --і 
x > (n/2)- к=з" ЭЛ ды eee = 
lim (1 —х) tanx— lim G- hz dua (-55 ) = Шт sin?x=1 
x—(n/2) ^* x—(n/2) 9 x > (п/2)- d x 2 (n/2)- 
lim 3910 _] _ Üm 3519 (In 3)(cos 0) m (3°) In 3)(1) Ши 
0-0 0 ->0 1 1 
т @- њу 020307 1 
lim = lim =- = (1) = 2#1— 112 = – 112 
0—0 0-0 Ч 
Р x2* Р (1) (27) + (х) 2) (27) _ 12940 _ 1 
im, 5—1 im, (п 2) (25) = (2)20 — im2 
Я 3-1 __ |; 35303 — 30-ш3 _ In3 
jim, х= = lim) ind = 202 = ind 
Р Inxtl) ү а(х) _ : (24) 2 : x _ : 1. 
х im, jose = lim. (вз) -- (Іп 2) lim, (1) = (In 2) lim, E — (In 2) lim, т = 12 
іш 22. = Іш „б = (m3) lim mx. = (13) lim 26) = (83) lim 555 
x= оо 1023(Х+3)  х-500 (Ess) ^ \Ш2/ x— oo In(x+3) _ \In2/ x — со (сєз) "Ха хоо X 


— (13 — 13 
(25) „о += ina 

: In (х2+2х) А (==) : 2x? 42x 5 4x +2 А 2 

lim | lim lim 713 lin, 755 = lim, 5-1 
x—0* ын х— 0+ г. х 0 х +2 — 0+ ^ х > 0+ 

: In (e* — 1) : (=) : хех : ех + хех 1+0 

lim = lm >r = lim c = lim = = == = 1 
х— 0+ In х— 0" б) х— 0 671 х— 0+ S 1 

. 1/5у--25-5 5 (Sy +25)72 — 5 | (3) Gy + 25) 2(5) : 5 1 

lim = lim = lim Ves = = lim —z—-—5 
у—0 M у—0 y у-0 1 — 0 24/5у +25 2 

А PUR E А ay? — 1) (ay +a?) Va) 1 

lim Y9*9-*. gg +) == үр (4 = lim == = >>,а> 0 
у— 0 у у— 0 у у— 0 1 у > 0 2Уауға” 2 

2 2 2 2х 2 " 2x = , 2) — 
lim, [In 2x а(х + D] = lim, In (25) =In (lim, 25) =In ( tim, 2) = №2 
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420. Chapter 7 Transcendental Functions 
38. lim (Inx—Insinx)= lim "(а-а lim ) =In( lim — ) =In1= 
X X t sin x x > 0t sinx x 0t cosx 
: (In? 1. 2(In x) (+) : 2(Inx)(sinx) _ 4; 2(шх) sinx| _ ___ 1— _ 
39. lim тајних) = lim, SE = lim. XCOSX нэ lim. COS X х = —00: | = —00 
: 3x+1 1 = : (3x+1)(sinx)—x \ _ : 3 sin x + (3x + 1)(соѕ x) - 1 
40. lim | ( x ux) m Ші, X sin x m lim | sin x +x cos x 
х— 0 х- 0 х--0 
e : 3 cos х + 3 соѕх + (3х + 1)(— ѕіпх) ү _ 3+3+(1)0) _ 6 _ 
ыш. ( cos х + cos X — X sin x ) 11-0 = == 
А 1 — 13. + Inx-(x-DY | +. gol 01 1-х 
ыг E i+ Gat =a) И (125063) п. | с (ыт) 
жиг” -1 EE = = 
= (a) = 0D 2 
42. lim (cscx—cotx+cosx)= lim ( 1 _ СО8Х 1 cos х) = lim (алсын shales) 
x — 0+ x nx sin x x0 sin x 
2 : sinx4-cos?x-si?x | | 0+1-0 _ 
m mi, ( COS X ) UU 1 = 
43. lim $55-l = lim 5? = lim 2980 = -1 
0-0 0-0 0-0 
ћ 
44. Ша 9-999 — lim === lim 5-1 
hoo № в-0 A і>02 2 
А 2 2 5 E 
45. lim e = lim ex lim et? = lim “-1 
t— ОО t— ОО t— oo t— ОО 
1 Р : 2 i : 
46. lim х?ех = lim <= lim = lim 2-0 
х — со — 00 € х оо е x— ою е 
| x—sinx __ 1-совх Ij sinx m 
47. lim xtanx ^. 2. xsec?x+tanx — іт 2х вес? хіапх + 25ес2х ~ 2 0 
5 (e* 1)? = 2(е“ — 1) __ |. 2625-0265 _ Дех — де ша. 2-2 
48. lim xsinx — х-з0 xcosx+sinx —— Иш, xcosx--sinx | x-i0 —xsinx+2cosx 27 1 
5 0—sin0cosÜ _ |: 1 + sin? 0 — cos? _ ү. 2520 — ү: 20 — 
49. lim 5-9 = lm -—og-i = lim weg = lim2cos0— 2 
5 sin3x—3x+x? _ р 3cos 3x — 3 +2x - 3cos3x —3+2х _ ү. —9sin 3x + 2 — 4 25) 
50. lim sin x sin 2x = lim 2sin x cos 2х -+cosxsin2x — sinx cos 2x +sin3x = lim —2sin x sin 2х + cosx cos 2х +3cos3x 4 ` 
х—0 х--0 х--0 х-0 
51. The limit leads to the indeterminate form 1°. Let f(x) = x!" => In f(x) = Ш (х >) = BX , Now 
1-х 
1 А Р % 
lim, Inf(x)= lim, 2X = lim G) = —]. Therefore lim, x” = lim f(x) = lim, ет) =e! 
х— 1t хх х— 1" х 1+ х 1+ х- 1+ 
52. The limit leads to the indeterminate form 1°. Let f(x) = x!/0-) => In f(x) = Ш (хи) = №. Now 
х-1 
1 А 6 à 
lim, Inf(x) = lim, PX = lim С = 1. Therefore lim x /6-? = Ша f(x) = lim, e"f% =e! 
х 1+ Хо ^^ х— 1" х— 1+ х- 1+ х 1+ 
53. The limit leads to the indeterminate form 00°. Let f(x) = (In x) = In f(x) = In (In x) = 6 Now 
х 


жин 
хіпх 


1 


бош) 


Ја (ах) __ 
= = 


їл In f(x) = _ lim lim = 0. Therefore lim (In x) = 
х — оо х — оо х — оо х — оо 
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х — OO х — OO 
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54. 


55. 


56. 


57. 


58. 


59. 


60. 


61. 


62. 


64. 


Section 7.5 Indeterminate Forms and L'Hopital's Rule 


The limit leads to the indeterminate form 1*. Let f(x) = (In x) -? = In f(x) = 2. lim, In f(x) 
X —€ 
1 
= lim 58290 — ұр баш) = 1, Therefore (In х)/®-® = Ша f(x) = lim, elf = el/e 
х—ећ *° x эе? 9 х е? х е? 
The limit leads to the indeterminate form 0°. Let f(x) = x У" = In f(x) = — ПХ = —1. Therefore 
lim x-/"* — lim, f(x) — lim, e$ =е1=1 
х— 0+ х— 0" х— 0" 9 


The limit leads to the indeterminate form 000. Let f(x) = x'/^* = In f(x) = 125 = 1. Therefore jim, xn 


lim. f(x) = lim. е" = e! =e 
х — OO х — оо 


The limit leads to the indeterminate form 00°, Let f(x) = (1 + 2x)/@"™ = In f(x) = "929 
= (Ша In f(x) = , lim, mG tn) — im, tox = lim, 5 = i. Therefore im, soe 
lim. f(x) = lim ед ©) = e 
х — OO х — оо 
The limit leads to the indeterminate form 1. Let f(x) = (ех + ху! * > lit f(x) = mietx) 


= dim In f(x) = lim, n+) = lim “+! = 2. Therefore lim, (e +x)" = lim, f(x) = lim, en f(x) — е? 
х— x — 


x—0 x x х > 


The limit leads to the indeterminate form 0°. Let f(x) = х = ln f(x) = xInx = Inf(x) = 1) 


1 

- En In f(x) — umm (5 = Um. С = Um. (—х) = 0. Therefore Dm. х = 2 f(x) 
= lim, е —e0 = 1 

х— 0+ 
The limit leads to the indeterminate form 000. Let f(x) = (1+ +)" = Inf(x) = nie) => lim, Іп f(x) 

х— 
КЕЗЕН | | MEM 

- im, = im, тт = im, zit = 0. Therefore 2 (1-4) = Hm, f(x) 
= lim ев = е? = 

х— 0" 


The limit leads to the indeterminate form 1%. Let f(x) = (2) > In f(x) = In (H) = xn (522 


х-1 х 
х+2 Е _ . 1-- pall . — P 
= limxln (==) = lim (=) = lm (eame) = lim x+2 =) = lim (==) 
х—0о X—00 x x00 x X00 “о X—00 “% 
— № 3х2 — Ту 6 22 6 +2\* — 1 == : In f(x) — 13 
= Jim (пет) = ша (58) = Jim ($) = 3. Therefore, lim (221) = Jimflx) = lime =e 


1/х 1/х 2 
The limit leads to the indeterminate form 00°. Let f(x) = (=) => Ш f(x) = In (= 53 = 1а (55) 


421 


2 
2 
Е in (: 5) 2 2x _ _1 
- К! х24] 5 X12 ... In (x2 1) - In (x +2) S xix]  X4À +4х—1 
= Шиш f(x) = lim in (222) = lim ———- = lim ——— — —— = Шен = lim c ESL. 
X—00 ( ) x—oo* х+2 х—оо Е X— 00 x X—00 1 ео OE 1)(х +2) 
1/х 
mE х2 + 4х – 1 : 2х +4 2 : 2 m р х2 +1 p Р 2 : In f(x) — „О — 
= lim Пака = lim ах ЕТ == lim 5: = 0. Therefore, Jim ( — = Jim f(x) = lime =e =) 


А " А 1 i 3 : 2 
іт х21ах = lim | 53] = lim х- | = lim (-&) = lim (-% =0 
x—0+ х—0+ 32 x30t V 753 х—0+ 5 х– 0 


2 1 2 2 š 
lim x (Inxy? — ]im (==) = lim (=) = ]im (ша) = lim (4) — lim (=) = lim (2х) = 
x—0* x—0* x x—0* 752 х—0+ нэ x—0* \ 2 x—0* x x—0* 
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65. limxtan($ – х) = На (ет) = В (р) = 1=1 


х—0+ х—0+ 


1 7 РЕР : ЕЯ и 
66. lim sinx -lnx = lim ( nx) = lim ( x z ) = lim (- sinxtanx) = tim ( sin x sec m) = 0 =0 
Бүү! xt NCSCX х—50+ \ CSC х cot x х—э0+ x xo0* 
: М9х+1 __ : Ox+1 _ А 9 _ 2 
67. dig, ET = 4j lim, S = уйщ, 1-49- 
68. lim “X= E зарын 
ЕН Ук ЕГЕСІ 


69. lim х= lim (--)(98)- Іш _ =] 


х->т/2 tan x х 1/27 сов x sinx х — 1/27 sinx 
70. lim %% = lim Ge = lim cosx —1 

х— 0+ бх х— 0+ (sax) x0 
71. њи 2=== lim 0/:1-0 


х 
+a _ р 1+ (2) |; 142 ла — 
72. X lim 55-25 қ lim. ()-1^ x lim В 0-1 — 1 
Е sa Ы х2-х 5 х(х-1) 4 x(x-D(2x 1 
73. lim & = lim У = lim € = lim а 
x> co хе X oo х X oo х х ою 1 
. el/* . “(-5) 1/х 
74. lim — = lim г = lim т = lim е'“= осо 
х— 0+ x—0* x х > 0+ ты х— 0+ 


75. Part (b) is correct because part (а) is neither in the | пог 22 form and so l'Hópital's rule may not be used. 


76. Part (b) is correct; the step lim, 5 ж-2 — lim 2 in part (a) is false because lim > 2х-2 
X 


X— COS x х->0 2+sinx х 0 х— соз x 15 not an 


indeterminate quotient form. 


77. Part (d) is correct, the other parts are indeterminate forms and cannot be calculated by the incorrect arithmetic 


78. (а) We seek c in (—2, 0) so that e = А = 0*7 = —5. Since Р (с) = 1 and g'(c) = 2c we have that 2. = 
=> с = =l, 
(b) We seek c in (a, b) so that ES = ue) ЕС = р-а = pis Since f'(c) = 1 and g'(c) = 2c we have that + = 
=> c= "H, 
: f'(c f(3)- f 28 : 
(c) We seek c in (0, 3) so that v = Бан = 25% = —i.Since Ғ(с) = c? - 4 and g'(c) = 2c we have that 
РЕ сро ПАМ 5 с = ciem 
79. If f(x) is to be continuous at x = 0, then lim. f(x) = #0) с=<К0)= lim 25-3 3х — Ци 2—9соззх 
x—0 x0 5x x0 15х 
= [я 27sin3x __ |: 81cos3x _ 27 
= dim, TES = dim) арз = p. 
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Section 7.5 Indeterminate Forms and L'Hopital's Rule 


i 2 : i ? р 2 : 2 : 2а : : А . 
80. lim ( &22x + a + мит) m lim ( etat шив) — lim ( == = взара) wi be in 0 form if 
х-0 * 5 х х0 х x0 х 
А P E 29x — dcs " 
lim 2sec? 2х + a + bx?cosbx + 2xsinbx) = a +2 = 0 > a = —2; lim ( тес pages ЕВ =) 
х— х— P 
2 : 8sec? 2x tan 2х — b?x? sin bx + 4bx cos bx + 2sinbx \ __ : 32sec? 2x tan? 2x + 16sec^ 2x — b?x? cos bx — 6b?x sin bx + 6b cos bx 
= lim = lim 
x30 6x x0 6 
= 16560 =0 > 16+ 6b=0>b=-3 
81. (a) 
У 
4 
+ ++ + -х 


узх-үх +x 


-1 


(b) The limit leads to the indeterminate form oo — со: 


«іл, (х- Уч») = tim, (х- ex) (ED) = lim, (SRRA) = lim. sez 


х 00 \ х+ Vx? +х 


2-1 2 1 
1+/1+0 2 


= _ lim -4 
KOO 144/1-1 


82. Jim (Vx? + - Vx) = 


Хо 


limx (3874 - x) = limx( _ ЕМ /5) = 


limx(\/1+ 5 - y1) = oc 


83. The graph indicates а limit near —1. The limit leads to the y 
2_ 2_ 
indeterminate form 8 : lim, = у-2 XH m 
X => 


2x) 3x9? 5x1? 4+2 __ 
х-1 


84. (a) The limit leads to the indeterminate form 1%. Let f(x) = (1+ 1)' = ш х) =хш (1+1) > , lim. In f(x) 


х 


-2 
so Wi) 22 н) (ғат) = 2 
5 "s uc нэ на ин 
= lim. (1- ly = , lim, f(x) = , lim. elf) = el = е 
(b) х 1241) 

10 2.5937424601 

100 2.70481382942 

1000 2.71692393224 

10,000 2.71814592683 

100,000 2.71826823717 


Both functions һауе limits as x approaches 
infinity. The function f has a maximum but 

no minimum while g has no extrema. The limit 
of f(x) leads to the indeterminate form 17. 
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424 Chapter 7 Transcendental Functions 


(c) Let f(x) = (1-4) => In f(x) = x и (1+х 2) 


> lim Inf(x)- lim "0 2Х52- lim 
х — CO х oo X 


Therefore lim (1 + Ll) = іт х) = lim eM = =] 
х — OO х X — oO х oo 


> 


ұ-2 
u түк _ In(1+rk7!) : ш(1--:К77) | |: (= =) = 4e г 
85. Letfk) = (1 +) => Inf) = "рг - lim т = Нш оце = lim таи 
= lim р = lim i-r. Therefore lim (1-0) - lim ҚО- lim е" e, 
k — oo k — oo k — оо 


k—oo К коо ! 


86. (a) y = x'^ In y = х Y Geo 185 = y = (LR) (x'*). The sign pattern is 


y x 
y= | +++++| - — – - which indicates a maximum value of y = e'/ when x = е 
0 е 
2 / Li 2) _ 4 | : 
(b) y 2 x'/* In y = 5j (0 6 1 ARE es у’ = (4-32) (x'*). The sign pattern is 
у= | +++ | -- - – which indicates а maximum of y = e/* when x = ме 
0 е 
n Ё "је n n- - n ‘ 4 
(с) y 2 xl/* Iny = 2х (5) 6 mE аа E y= шиг - x/*', The sign pattern is 
у= | +++] — — - — which indicates a maximum of y = е!/" when x = 4/e 
0 ye 
(d) lim, xx = , lim, (е^) = , lim. е(шх)/х" — exp (lim, nx) = exp (lim, (29) = е0 =] 


P 


87. (a) y=xtan(4), lim (xtan(})) = lim (5222) = lim (2208) = Шизес? (1) = 1; lim (xtan(!)) 


1 вес? (1) (— 
= lim (257) = lim (=x) = lim sec? (1) = 1 > the horizontal asymptote is y = 1 as x — оо and as 


Зх + е2х А 3x + e% А 34 2е2х А Де2х 1 4 Қ i Зх +e% 
O y= Hse, а (л) = (НЗ) Нэ(45)- Ни(5)-0 а (Xi) 
un 3 


Х—>оо Хо Х——оо 


1 
5 
М 
корш 
ШЕ 
МЕ 
о © 
АУ 
~ 
| 


3 => the horizontal asymptotes are у = 0 as x — oo and y = 3 as X — —oo. 


1 
, _ qnaf(0-h)-f(0) ео |. ем“ _ |. ү. = БИ ћ 
88. f (0) = Пт и = lm h = lim hi = ]im и ] = lim Г 2% = lim elie 
һ-0 һ-0 һ-0 һ-0хе ћо0 | е/“(- h—0 \ 2e 


= lim(Be-!/* | 20 
в-0 \2 


89. (а) We should assign the value 1 to f(x) = (sin х) to 
make it continuous at x = 0. 


(b) In f(x) = x In (sin x) = "C5? => dim. т х) = lim. "ipo = im, C 
= lim = = lim = =0 = lim х) =e? = 1 
х— 0 апх x0 sec^x x0 


(c) The maximum value of f(x) is close to 1 near the point x == 1.55 (see the graph in part (а)). 
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Section 7.6 Inverse Trigonometric Functions 


(d) The root in question is near 1.57. 


(a) When sin x « 0 there are gaps in the sketch. The width 
of each gap is 7. 


(b 


— 


— 


Let f(x) = (sin x)™* => Іп f(x) = (tan x) In (sin x) 


lim 
x 1/27 


lim 


x> T/V 


=> 
x 

lim 
х — m/2* 


(c) From the graph in part (b) we һауе а minimum of about 0.665 at x = 0.47 and the maximum is about 1.491 at 


lim 
— 1/27 


x ~ 2.66. 


: tanx 
у= (sin x) ши 


ш х) = lim Bru 
— n[2- cot x 
(бах) (C08) _ — lim cosx _ — 
—csc^x x т/27 (- сѕс х) 


f(x) = e? = 1. Similarly, 


f(x) = e? = 1. Therefore, lim f(x) = 1. 
х э 7/2 


7.6 INVERSE TRIGONOMETRIC FUNCTIONS 


11. 


13. 


15. 


17. 


19. 


(a) 3 
(a) —& 
(a) 4 
(а) 3 


sin (cos 


tan (sin! (— 2)) 


lim ш 
х- 17 

lim tan7 
x — CO 

lim вес” 
х — oo 

lim сөс” 
х — oO 


(b – 3 (c) 6 2. (a) —% (b) 3 (c) – 2 

(b). 4 ( -$ 4. (а) 8 © -2 ©: 

b) = (c) § 6. (а) 1 ф)-2 (94 

(b) 2 (c) 2 8. (а) 27 (b) 2 (с) - 
32) = #0(7) = a 10. sec (сов“! 1) = sec (5) = 2 

= tan (=<) = -— 12. сой (sin (- 421) = cot (— 5) = == 

1х-2 14. ит cos !x — т 
1х=$ 16. . lim. tan!x——5 
1х= 1 18. Іш sec! x = „ lim. cos! ( = 5 
1х = а sin! (1) =0 20. „ит све 'х= lim. sin! (2) =0 
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426 Chapter 7 Transcendental Functions 


= а X -2х 
21. у = сов”! (x?) = BI = ла 


22. y cos! (1) = sec! x > %- 


1 
Б| x? - 1 


— «n-l4/2 ду — v2 — ._ М2. — anl dy . -1 — _=l 
23. y =sin Ул 4 Јоу JA 24. y = sin (1-0 а аи 


= —1 dy _ 2 2 2 m 1 

25. у = ѕес (2s +1) = ds |+ 1/05 112—1 [2s + 1| / 4s? + 4s [2s - Ц Vs +s 
-- -1 ду _ 5 = 1 

26. у = вес 55 qs 5з 1 VSP oT 

27. у = све"! (x? +1) > 8 = 2х = -2Х 


раа у ба + 1): —1 (x2 + 1) уха + 2х2 


28. у = csc™! (5) > Z= 


( = —1 = -2 
VE- үй 2-4 


29. у = зес“! (1) = со“ tt > 9 


2 = = = 
30. y = sin! (3) = све“! (5) ду == VOE ий” Js — Bam 
3 


1 —1/2 
па ЛЕ оор ауд ду _ ӨТ "z ш] 
31. у = cot vt —cot ti > + = ry = Es 
32. у = cot! /t-1— cot! (t- УЗ > 9 = C Ln RN -1 2013 
2: dt 1414-1027 2ү1-1041-1) — 2441-1 


xd. 
33. y = In(tan ! x) = dy — (Б) = 


dx tanc! x 


1 
(tan-1 x) (1--x2) 


1 
m dy . x = 1 
34. у = tan (их) = dx — 1+(nx)? ~ x[1+( x] 


35. у=свс (e') = Ф = 


36. у = cos 1 (e^!) dy = те 


1 


~ 

М 
- 
-- 
N 


37. у = 5у 1 — s? + с08"! 8 = 5(1—5 + сов s => ду = (1— 92)? +3 (1) (1 – 82) (28) – = 


= 4/1— 52 s 1:: Rt s 8241 _ 1-s$-$2-1 _ -28 
үЛ-е v1-s v1-sg үл-е v1-s 


- 9.2 аи ва o а о eee ду _ /1) (2 _ 112 1 _ ss 1 
38. y = Vs? — 1 — зе !s = (s^ — 1) весі8 > 2 = (5) (s? — 1) ' (29) mea M 
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42. 


48. 


49. 


50. 


51. 


Section 7.6 Inverse Trigonometric Functions 
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3) – 1) "Q9 
. y= ат 2 T + x = tan! (x? = 1) eset = 9 = sca ed 
1 1 = 
aa йога 0, forx > 1 
у = cot! (5) — tan! x = 5 — tan! (x1) — tan! x > 9 = TES |a cum eus 
.y-xsin!x-4 1—x?-xsin!x4 (1— x27? => SY = sin 'xex( 1 ) + (4) (1 — x2) M 
dx Vi =x? 2 
=з с aea = 
1 
- x d х ЕЕ x 2 x x х 
у =In(x? +4) —xtan™ (5) Зи = gg tan (5) -x ЕЙ = па – п (5) - ја = tan 
BE 9 = епті (8) +C 
1 
. foie x= 3 / 7d - Јо = , Where и = 2x and ди = 2 dx 
= f sin! u +C = 1 sin™! (2х) + С 
1 zs ub -1 х 
[| dx аз) НТ a= 5 n Jn ТС 
| ах Л : dx — tan ! (X) + С = УЗ tan! ЕЗ +С 
9 + 3х 3 (v3) 4x2 ТЕ 3 9 3 
Шан - Jas ‚ Where и = 5x and du = 5 dx 
= gee s +с= vi вес” 
Jud = 59 where u = Ух and du = УЗ dx 
! Ads 1 2 
T 13 [4 sin“ 5] —4(sin! 3 -sin!0) 24(2-0) == 
32/4 | 32/4 
Ї to = ЕЈ Fea W where и = 2s and du = 2 ds; $ = 0 u=0,s 2/2 u зүй 
= [$ sint $577 = (өші Y 50) -1(1-0)-1 
2 2/2 
N LEN gs , where и = 2t and du = у2 dt; t 0 u=0,t=2 u 2/2 
2/2 
= E . Vi tan! ~ | у = i (un! уо - tan“ 0) = 1 (tan! 1—tan 10) — i (2 – 0) == 
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428 Chapter 7 Transcendental Functions 


52. 12 4138 


s. |” 


=. [эл уйт. whereu = V/3t and du = y3 dt; = -2 => п=-–2у31=2 > u-2V3 


2/3 7 
| Та 28 [tan 3 — (апт! (-У3) = Е [5 -(-5)] = 3/5 


=] Е , where и = 2y and du = 2 dy; у = —1 и = —2, у шаа u 4/2 


= вес”! lul]? = вес” 1 v2] - se -1-1--4 


54. | e 


4 3 12 


-v2 
В =, тон where и = Зу апа ди = 3 dy; у -2 »u--2,y е u —\/2 


= |вес“! jul] УЗ = кес” 4 v2] - se =f-f=-4 


55. Јон за =3f A = , where и = 2(r — 1) and du = 2 dr 


56. се 


3sin ји +C = ё sin™! 21 — 1) +С 


zy =6 | Ju ;, Where и = r + 1 and du = dr 


6sin ! € ;TC- 6 чи“! (=+) +C 


57. 12 = | 3. where и = x — 1 and du = dx 


58. | 


1 -1 u = cub —1 [x-1 
5 5 +С = yum (55) «c 


p - [ (4, , where и = 3x + 1 and du = 3 dx 


= 5 tantu + С = 1 tan! (3х + 1) + С 


59. | = ai JI , Where и = 2x — 1 and du = 2 dx 
=}- 1 зес“! |3| +С = І зес“! |Z| +С 
60. J owes = Jot: , where u = x + 3 and du = dx 


= 1 вес” Т | +С = 1 sec"! |3 | +С 


5040 


п/2 1 
61. J эг 8y = 2 f. i» , Where u = sin д and du = cos 0 dé; 0 = — 


т 
2 


= [2 кап“! u]*, = 2 (tan! 1 — tan! (-)) = 2 [2 - (- 2)] = « 


4 
п/ 2 1 
csc rdt __ du 2 = 2 ан Т "E T = 
62. S LEGS = Ї, га, Where и = cot x and du = - сөс x ах; х = 6 => u=/3,x=" >u=1 
= –1,11— =) -1 ИК ян 
= [-tan! u] уз = — ап! 1 + tan з= —7 =p 


In /3 V3 
63. |, == = | 7% , where u = е" and du = е" dx; x 0 = u=1,x In /3 > u= уз 


= 


—1 УЗ _ -1 –—11— т T_T 
tan“! иу“ = tan УЗ — tan у о 
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л/4 


ет т/4 
64. | мама 148. where u = In t and du 145-і u = 0, t = е" u 
y tf о lcu t 


1 4- In? t) 
= [4 tan! u] Т” = 4 (tan! 7 — tan 10) = 4tan! 7 
65. {= Чы аи, and du = 2y dy 
= 1 зіп !1+С = 2 Гап ју +C 
ѕес2 у ду _ ди = = 2 
66. Еу J , where u = tan y and ди = sec* у dy 
= sin! u + C = sin™! (tan y) + C 
= х — enl 
67. |: nm 3 = [т-а ETT Гл sin (х—2)+С 
dx — pel 
68. Js x = f СЕН = Г sin (х—1)+С 
Ы 6 dt 2 0 dt —1 (t+1))9 
69. | Jaane =6 | рт =6 6] ту = 6 [ви (5531, 
= 6 [sin (2) – 510710] =6(®—0)=т 
1 
ба 2 dt 2 2% = +1 (2t-1)) 1 
70; ЈЕ Узи ай | Елес тег теу енді IN E. = 3 [sin (=) 1/2 
= 3 [sint (1) — sin! ol -3(2-0)-22 
= = d 2241 -1(y-1 
71. 1-4 27% 21275 = ту == | = 3 tan"! (75) +С 
а а E 
72. E трет = = Глау = Jm = ап (у +3) + С 
8 dx ? ax bk x3. “Ахаа E cle us. ncn 
73. ее ie ee = =8 -e z = 8 ап (x — 1)]; = 8 ((ап ! 1 — tan 0) =8 (7 0) = 27 
4 
= dx - - = т п I 
74. | 6-ю T = 21 Id — 6x49) -2), me ТЕ 239 = 2 ап” (х – 3); = 2 ап“! 1 — tan ! (-1)] -2[i- (- 2)| =" 
To; ы 2. 1445; Јах = 1 | Ldu where u x? + 4 => du = 2x dx tdu x dx 


= jin(x? + 4) +2tan™!(ž) +C 


76. a [Lew=t-3>w+3=t>dw=di| — Ја аи = иен + Ј фи 
faw: |! du where и = w? + 1 => ди = 2w dw idu wdw Тая [а 
= In(w? + 1) + tan! (w) + C = Пп((6— 3)? + 1) + ап“! — 3) + C = Hn(t — 6t + 10) + tan™! (t — 3) + С 


dw 


77. [кешке (1+ 2551) dx = [ах+ [ Pax 10 f dx; f ах = |! du where и = x? + 9 
= du = 2хах > Јах + | 2 4х 10 f —dx = x + In(x? + 9) — хааг! (х) +С 


ө 


78. [etta = f (c7 2 222)ac— f(t—2)at+ | a2 at; fe = fidu whereu = 8 +1 


> du =2 => f(t—2)at+ f ac - 2 f а = 18 — 2t + in(t? + 1) 22127! (0) + C 
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430. Chapter 7 Transcendental Functions 


where u = x + 1 and du = dx 


79. f =f dx =f dx =f du 
EN IET (х+ Dx? -2x -1-1 (x у(х + 12-1 uv u?-1' 
—sec ! |u| + С = sec! |x + 1| + C 


dx = ах = dx = 1 m сы _ 
80. [| ———À = [>See lowes Jz du, where u = x — 2 and du = dx 
= sec™! |u| + С = sect |x — 2| +C 


а 15 К 221 gu" 
81. Ade fe du, where и = sin ^ x and du = VITRO 
= е" + С= eix y C 
ecos ly an — dx 
82. 2 ах = J e" du, where u = cos~! x and du = т 


= e + С = —eoos” кс 


83. [ex dx fw du, where и = 81071 x and du = 7-2 


="4C= = ху +С 


84. jus dx — fur du, where и = tan! x and du = dx 


1+x? 


= 23/2 + С = 2 (tan! x)? + C = 2 y (tan! x? + C 


(аа) | а 
85. fasta dy = | те ду = f: du, where u = tan^! y and du = pu 
= In |u| + С = In [tan ! y| +С 


(аҙ) 
86. Г: лав гу угт ay= f iy dy- f: du, where и = зш Гу and du = a 
= In [u| + C 2 In [sin ! y| + C 


IE 


2 2 1/3 2 
7. see (sect) dy = f sec? u du, where u = зес“! x and du = — S ; x 2 и=7,х=2 u 
8 №2 xvx- 2/4 ? хүх2-1 ? V2 5 4° 


= -— = tan 5 — (ап 7 = У3-1 


88 | собе) ах = [cos udu where u = зес“! x and du = —— ; x = 4 u=2,x=2 u 
И 2//3 xyx -1 БЕСІГІ * EE хуж-1” Ne 6" 
= [sin u] = = sin $ — шт = 3-4 
89. 1 dx = 2 | — re u = tan™!,/x > du = — = -dx > 2du = ах 
Пат СЕСЕ [=з yt 1+ (Vx) 2ух (1+ x) үх 
= fan (HE) + С 
ех чп 'е — ejn—laX uu 1 x 
90. deg fe а e = ди = m dx 


= i(sin-le xy +C 


5 
91. lim iia — lim (лава) _ 5 


х- 0 х—0 
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Section 7.6 Inverse Trigonometric Functions 


1 2 1/2 
2 хр 2 (2-1) = (5) (x^—1) (2x) Ш 
92. Mn sec ix = sec ік ш 1 = lim х |х| = 1 
|х| Ve -1 
E 
гапт! (2x7! Р ( =z) s 
93. lim xtan 1 (2) = lim = 9) — jim Ye = lim = =32 
х X — 00 х х > ою —х х > оо 1+4х 
| ( 2x7) 
| 2tan 3x __ J; 14947 _ | 6 _ 6 
94. lim Са = lim, Ha = lim тие) = 7 
, —2(зх®-1) ЭР 
х 2 -2(0- 
| тұ ^ 1-4 
95. ne lim (; i - тет) = lm E) Z- == =1 
х-0 х-0 vi-xl x0 (1-2)? (1—0)3/2 
x e2x (е2х +3 
МИН ui ean te + + 2 e*tan l ех + PI 
96. lim Sate 2 jim "n T vui qim E c fin — a а 
` хәо €" х— о 2e* +1 x—oo Де? х—оо 4e? 
| өп! ех (5-3) | _ |. кап“ 1ех (1+ 3е“>) 2 
ны ка| 4e* ся а(ех +1) | 20 lim 4e* + 4(ех tex)? | — 0+0=0 
2 ZU 
E E 1 tan! (у) i 
: [tan (Vx) | Шан: (кая m + _ |: Жап”! (МХ) _ + уха) 
97. lim = = lim — ————— = lim = т lim | 55 
ход“ xyx+1 x—0* gy КУХ+! x—0* AT х-0 \ (3x42) ухух+1 х-э07 pea 
— lim = === 
x0* \ (12x? + 13x -2) / x +1 2 
in (x2) 2x 
sin”! (x : : : 
98. ара == lim (7253 = ]im (=) = lim (; = ең l 1 Ji ) = 
х—0+ (sin x) x—0* VIE! x—0* ут x TX х—0+ sin FL Vd Tx 


99. 


100. 


101. 


102. 


103. 


У1--х2ү1-х2 


= lim ( Je 
x0* 1+2 ХМ х2 sin“! x 


E X.|]-—tan 1х 
жи Гэр (таа) IE 


x2 


жен fo dl x 1 tan! x __ x(14+x?)—x3 — x + (ап! x)(1 +x?) — tantx 
= (: lox х(1--х7) + ) dx = dx = x dx, 


which verifies the formula 


х Ш 5 х 2 х4 E х 
If y = 5 cos ОН 555 dx then dy = [x? cos Sce (8) Cas) 3) 


= (x? сов”! 5x) dx, which verifies the formula 


If y = x (sin-! x)? — 2x + 2/1 — x? sin"! x + С, then 
= 


ду = (Б ху + жаға 2+ лс sin”! x + 24/1 — х2 (=) dx = (sin! ху dx, which verifies 


the formula 


If y = x In (а? + x”) — 2x + 2a (ап ! (5) + C, then dy = ме + х?) + а 2+ - al dx 
T 


а ха 


= [in (a? + x?) + 2 (5 + x) - 2 dx = In (a? + x?) dx, which verifies the formula 


dy 1 


dx — Vi-x ду = 7 у = за 1х + С; х = Оайу= 0 = 0=sin!04+C > С=0 = у= sin 
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104. 


105. 


106. 


107. 


108. 


109. 


110. 


111. 


112. 


113. 


Chapter 7 Transcendental Functions 


9 = st -1> ду = (r4 – 1) dx > у = tan™! (х) — x + C; x = O and y = 1 > 1 = (ап !'0- 0 + С 


C=1 у = tan™! (x)— x + 1 


ду 1 24 ПН с т ПОНТЕ. Ей -1 

T ei dy uci у =sec |х| + С; х= 2 апау =r = «—sec 2 +C = С-т-56с 2 
л—:== у = зес 1(х)+ м, х>1 

а 2 "E 

€ = та To dy = (r - 2) 4х у = tan™! x — 2 50 !х + С; x = O and y = 2 


= 2 = tan™! 0 — 2 sin™t 0 + C C=2 у = tan™! x — 2 sin™! x + 2 


(a) The angle а is the large angle between the wall and the right end of the blackboard minus the small angle between 
the left end of the blackboard and the wall = a = cot! (&) — сог! (5). 


аа _ 15 H 15 3 _ 540-122 _. да _ 22 2028 
(5) ч = TENES + ry = ни фона = ве: а 030-12 = 0 > x = +3\/5 


. р = 3/5 = Зу5 о 3 
Since x > 0, consider only x = 3/5 > a(3/5) = cot! ( $) cot! ( x) = 0.729728 = 41.8103°. Using 


1 


= – 82. < 0 = local maximum of 41.8103? when 


9 . . да 
the first derivative test, <“ — des 


? dt 565 


= B > бапа € 
1 х 


х= =10 


x = 34/5 = 6.7082 ft. 
1/3 | 
v 2s, [2 — (sec уу! ду = ту - any] == (4 - v3) 


V = (3) mh = (1) 1G sin 0)?(3 cos 0) = 97 (cos 0 — cos? 0), where 0 < 0 < 5 


=> M = —9n(sin 0) (1 — 3 cos? 0) = 0 > sin 0 = 0 or cos 0 = + ve = the critical points are: 0, cos ! (5) , and 


соя”! (- 5) ; but cos! (- 5) is not in the domain. When 0 = 0, we һауе a minimum and when 0 = сов”! (4) 


дш 54.7°, we һауе a maximum volume. 
65° + (90? — 8) + (90° — a) = 180° = а = 65° — 8 = 65? — tan! (21) ~ 65? — 22.78? ~ 42.22? 


Take each square as a unit square. From the diagram we have the following: the smallest angle o has a 
tangent of 1 = а = (ап ! 1; the middle angle 9 has a tangent of 2 => В = tan ^! 2; and the largest angle у 
has a tangent of 3 = y = tan !3. The sum of these three angles 57 => а +8 +7 = т 

=> tan ! 1 + (ап 1 2 + tan 1 3 = m. 


1 


a) From the symmetry of the diagram, we see that 7 — sec ^ x is the vertical distance from the graph of y = вес” x to 
Е the sy y of the diag that 1 һ 1 dist ћ the graph of y t 


the line y = т and this distance is the same as the height of y = вес ! x above the x-axis at —x; 


1 


ie. m — sec !x = sec ^! (—x). 


(b) cos! (-x) = т — cos! x, where -1 <x < 1 = cos! (- +) = m — cos! (1), where x > 1orx < —1 
1 


= зес“!(—х) = п — зес“! x 


sin! (1) + cos! (1) = о "<> sin! (0) + соз !(0) = 0 + 5 = 5 5 апа sin! (—1) + cos! (C1) = сл = 5. 
If x € (—1,0) and x = —a, then sin! (x) + сов“! (x) = sin! (—а) + cos! (—a) = — ут“! а + (л — соѕ а) 


= п — (її 'а+ cos 1 a) = л — $ = 7 from Equations (3) and (4) in the text. 
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14. 


115. 


116. 


117. 


118. 


119. 


120. 


121. 


122. 


123. 


Section 7.6 Inverse Trigonometric Functions 433 
x => tana —xandtang =! > т=а+ 8 = tantx + tan i. 
1 
1 т 1 а 1 а (m 1 m m 
= = = — = AE. 5i = == (1 = = dx = dx 
сөсіп = 1 — есіп = 4 (сѕс Ти) = £ (7 —sec tu) = 0 т по 
у = ап 7х > tay=x = © (апу) = £ (x) 
2 ду ду 1 1 1-х 
=> (весгуја =! 4 = у (Vie) 
= т: ‚ as indicated by the triangle 
1 аг! Ей 1 = 1 = 1 
f(x) = sec x f'(x) = sec x tanx = ra Ee = Seen = БЕ 8-1) 
ш dx |x = £-1(p) P 
Since the slope of вес”! х is always positive, we the right sign by writin Ч ес к= Lx 
p ys р 5 gn by 5 1 Esca 
1 1 d 1 d En A 
сөгіп = 5 — tantu => £(cot!u) = £ (5 — ап“! u) =0- ти: = – т 
The functions f and g have the same derivative (for x > 0), namely Teri . The functions therefore differ 
by a constant. To identify the constant we can set x equal to 0 in the equation f(x) = ан + C, obtaining 
sin! (—1) 22tan^! (0) + C -т-0-С C= – 2. Forx > 0, we have біп” 1 (x1) =2 111 /x—- 7 
The functions f and g have the same derivative for x > 0, namely +7 . The functions therefore differ by a 
constant for x > 0. To identify the constant we can set x equal to 1 in the equation f(x) = g(x) + C, obtaining 
жү ү ЕЕ —1 пл = 4-1 1 - -11 
sin (+) tan 1+C = 1 т ЕС => C=0. For x > 0, we have sin ат tan +. 
уз 2 v3 
2 1 E 1 B -МУ — -1 —tan i (— УЗ 
Men ( i) =”, ею dx = тап x] 54, — m [tan 3 — tan ( a J 
2 
xU mu 
Consider y = Vy °? — x? > = = m =; Since 9 is undefined at x = r and x = —r, we will find the length from х = 0 


t (іп other words, the length of 1 of a circle) = L = [^h 1+( E Ja ај“ 
охе 1n other words, the length о of a circle Venn Х = б 


= Марс / мэн dx = И = =4х = [г sin! (5) | ue =r sin”! (42) = rsin (0) 


=f за ( ! ) 0- 163) - e Тһе total circumference of the circle is C = 8L = 8(=г) = 271. 


4 


2 b 1 
(a) A(x) = £ (diameter? = 7 m ( 21) mir У = f A(x) dx = J, D 


2 


lw ап”! х]! = = = (п)(2) је F 


2 b 1 
® код = et? = [s = (вы) = to = Yo Га fth 
= 4 јап“! x]; = 4 [tan ! (1) — tan! (-1) = 4 [Z — (-=)] = 27 
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124. 


125. 


126. 


127. 


128. 


129. 


Chapter 7 Transcendental Functions 


(а) A(x) = 5 (diameter)? = 5 ( 2-1 0) == ( ^ z) = у > V= f " A(x) dx 


v2/2 Р мн 2/2 2 ГУЙН т т т 
— эзли dx = т [sin 98, = т [sin (4) біп 4! X) -т|-(-4)|-- 
у2/2 


(b) Ар) = нш” = 1 (720) = 2 = У = Аа = Г rers d 
= 2 2 ЛЕР М х2 а ^ J-yan 4/1-х2 
; —1 1У7 T 
= 2 [sin | ee =2 (2-2) = 
(а) sec! 1.5 = cos ! i = 0.84107 (b) esc! (—1.5) = sin! (— 15) = —0.72973 
(с) cot 1 2 = 5 — tan 12 ~ 0.46365 
(a) sec 1 (—3) = cos“! (— 1) == 1.91063 (b) csc“! 1.7 = sin! (4) ~ 0.62887 


(c) cot 1 (-2) = Я — tan 1 (—2) == 2.67795 


(a) Domain: all real numbers except those having 


у= tan! (tan x) 


the form 5 + Кл where К is an integer. 


Range: -5 « y «€ 5 


(b 


— 


Domain: —oo < x < oo; Range: -оо < y оо 
The graph of y = tan! (tan x) is periodic, the 
graph of y = tan (tan ! x) = x for —oo < x < оо. 


(a Domain -оо < x < оо; Range: – 5 Sy € 5 


у= sin! (sin x) 


(b Domain: —1 <x < 1; Range: —1 Ду < 1 


The graph of y = sin™! (sin x) is periodic; the 


хи 


graph of y = sin(sin ! x) = x for -1 < x € I. 


yz sin(sin | x) 


(a Domain: —oo«x«oo;Range: O< y € v 
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(b Domain —1 < x < 1; Range: —1 Ду < 1 
The graph of y = сов”! (cos x) is periodic; the 
graph of y = cos (сов ! x) = x for —1 <x € I. M 


-i 
y-cos(cos x) 


130. Since the domain of вес”! x is (Coo, — U [1, оо), we 


have sec (sec! x) = x for |x| > 1. The graph of 
у = sec (sec! x) is the line y = x with the open P d 


у= зес(кес“! xy) 1 


line segment from (—1, —1) to (1, 1) removed. 


131. The graphs are identical for y = 2 sin (2 tan^! x) 
= 4 [sin (tan! x)] [cos (tan ! x)] = 4 (==) (===) 
M х2 +1 
4х 


= іт from the triangle х 


у= 2sinQtan ! x) 


132. The graphs are identical for у = cos (2 sec ! x) 


= cos? (вес“! x) — sin? (sec! x) = 1 — €! 


- LE from the triangle х 


133. The values of f increase over the interval [—1, 1] because 
f’ > 0, and the graph of f steepens as the values of f” ^ 
increase towards the ends of the interval. The graph of f 
is concave down to the left of the origin where f" < 0, 
and concave up to the right of the origin where f" > 0. 
There is an inflection point at x — 0 where f" — 0 and 
f' has a local minimum value. 
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134. The values of f increase throughout the interval (—oo, oo) 
because f" > 0, and they increase most rapidly near the 
origin where the values of f' are relatively large. The 
graph of f is concave up to the left of the origin where 


f" > 0, and concave down to the right of the origin 
where f" < 0. There is an inflection point at x = 0 


where f" — 0 and f' has a local maximum value. 


7.7 HYPERBOLIC FUNCTIONS 


3 
23 / е 20. = ha 5-3 sx _ (-3) 3 
1. sinhx =— 1 = coshx = y1 + sinh 1+ ( 3) = +, tahx = соу С) 25 
el. === = 4 E 
coth x — E734 sech x — UN ==, and csch x = ETE: 
2. sinhx = 4 = coshx = V 1 + sinh? 1+1 = = $.tanhx = sx _ (3) _ 4 coth x = — = 3 
* 3 m екі 9 2» 77 сойх (3) 5? ^ tahx 4, 
1 _ 3 NM 
sech x — coshx ^ 5° and csch x — sinh x — í 
3. cosh x = x>0 = sinhx = у cosh? x — (5) 289 = B tanh x = Ух — 0) 
£ E T , mi m (15) 225 225 = , 77 coshx — (3) 
= & coth x = = L sechx = —— = 5, апа csch x = = 15 
17? аша х 87? cosh x 17? ХХ х 8 
12 
2013 2. 1. /169 _ [144 _ р чаћх _ (2) _ 12 
4. coshx = =,x > 0 = sinhx = y cosh? x 55 = 4/ 55 , tanh x = 20125 = (20) = 1, 
1 _ 13 59 1 5 
coth x — tanhx 12? sech x — coshx ^ 13° and csch x — sinhx оо 5 


5. 2eosh(Inx) = 2 (22522) = e 4 d; =х+1 


2 za 
—2Inx In x* Inx 


х1 | 
6. sinh(2Inx) = HE — ete A. Ed жы 


N 
Ге] 
N 
~ 
E 


4 ЭХ —5х Sx _ p—5x Ж 3x —3x — e-3x 2 
7. cosh 5x + sinh 5x = SHE + £—g$— = өз 8. cosh3x — sinh Зх = HH = —e 3 


9. (sinh х + cosh x)! = (=== + ee) = (ex)! = ex 
10. In (cosh x + sinh x) + In (cosh x — sinh х) = In (cosh? x — sinh? x) = In 1 = 0 


11. (a) sinh 2x = sinh(x + x) = sinh x cosh x + cosh x sinh x = 2 sinh x cosh x 
(b) cosh 2x = cosh (х + x) = cosh x cosh x + sinh x sin x = cosh? x + sinh? x 


12. cosh? x — sinh? x = (= на) (® =. = i [(e*  e7*) + (е — e79)] (е +e) — (ех — e)] = 1 (2e*) 2e) 
4 (4е') = 404) = 1 


13. у 2 6sinh + = ду = 6 (созћ 5) (1) = 2 совһ 3 
14. у= 1 sinh (2х + 1) = dy — i [cosh (2x + 1)](2) = cosh (2x + 1) 


dx 


15. у = 2 /ttanh yt = 201/2 tanh 01/2 => ® = [sech? (t/2)] (21/2) (24/2) + (tanh 4/2) ((-1/2) = sech? /t + = 
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16. у = ё tanh 1 = C tanh t! => % = [sech? (171)] (~t?) (t?) + (20) (tanh t^!) = — sech? 1 + 2t tanh 1 


17. y = ln (sinb z) = dy _ coshz — coth z 18. у = Ш (cosh 2) => dy — шп» — tanh z 


dz sinh z dz cosh z 


19. у = (sech 0)(1 — In sech 0) => 9 = (— 22006180) (sech 0) + (— sech 0 tanh 0)(1 — In sech 0) 


= sech 9 tanh 0 — (sech 0 tanh exi — In sech 0) = (sech 0 tanh 0)[1 — (1 — In sech 0)] = (sech 0 tanh 0)(1п sech 0) 


20. у = (csch 0)(1 — In csch 0) => v = (csch 0) ( =esch ¢ coth 6) + (1 — In csch 6)(— csch 0 coth 0) 


= csch 9 coth 9 — (1 — 1n csch pM Ө coth 0) = (csch 0 coth 0)(1 — 1 + In csch 0) = (csch 0 coth 0)(1а csch 0) 


21. y = In cosh v — 1 tanh? v => & = sinhv — (1) (2 tanh v) (sech? v) = tanh v — (tanh v) (sech? v) 


cosh v 


— (tanh v) (1 — sech? у) = n" v) (tanh? у) = tanh? v 


sinh v 
coth? v 


22. у = ln sinh v — 1 coth? v => & = shy — (1) (2 coth v) (— csch? v) = coth v + (сой v) (esch? v) 
= (coth v) (1 + csch? у) = (coll v) (coth? v) = 


dy _ 


)=2x > 


23. у = (x? + 1) sech (In x) = (x? + 1) (2) = + 1) (2) = (х2 + 1) (25 


24. у = (4х? — 1) csch (In 2x) = (4x? — 1) (sexx) = (4x? — 1) (===) = (4х? – 1) (324) =4х = “= 


1 x 2 
25. y = sinh! ,/x = sinh“! (x12) S = E ny — шалт = ТЕК 


0) (1) «+I? Е : 7 | 
VR«+ DP —1 Мх+1\/4х+3 М4? +7х +3 


26. y =cosh"! 2/x + 1 = cosh™! (2(х + 192) > € = 


27. у= (1 – 0) tanh ^ 0. = 9 = (1— 0) (1-5) + (- D) tanh! 6 = zh — tanh 0 


28. y = (0? + 20) tanh! (0 + 1) > ду = (02 + 20) | 
= (20 -2)tanh 1 (0 + 1) - 1 


тате | + (20 + 2) tanh! (0 + 1) = 220, + (20 + 2)tanh7! (0 + 1) 


—1/2 


29. у = (0. - сов 1] =  — Осон (07) > %-(1-0 H 


t ti 2)? 


4-(-1)сойг (472) = ой — софт! /t 


30. у = (1—12) coth tt = € = (1-8) (1H) + (720 coth™! t = 1 — 2t coth^! t 


31. у = сов“!х — х зесћ !х a = == [x (=) + (1) sech! ша VE -+ A sech^! x = — sech^! x 


32. у= ах + V1— x? sch! x = lIn x + (1 – х?)!? sech^! x 


2g-icü0-x)^(——)«)0-x 2) 17 2x) sech“! -1-1- 2-7 sech x = = sech x 
0 
33. у = свећ“! гу > 5- B(G) ming ин 
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34. 


35. 


36. 


37. 


38. 


39. 


40. 


43. 


44. 


45. 


46. 


47. 


-4 


Chapter 7 Transcendental Functions 
— —1 50 ду _ (In 2) 2? —1n2 
y= csch™ 27 => 99 — 20 УД n (29) үл 4-220 
= «nh! dy _ sec? x sec? х sec? x „ес x| |sec x] __ 
у = sinh (tan x) a Uu с eA lees [sec x| 


dy _ (secx)tanx) _ (sec x)(tanx) __ (sec x)(tanx) __ 


у = cosh ^! (sec x) > = ѕесх,0<х< 1 


dx sec? x - 1 ytan? x [tan x| 
(a) If y = tan! (sinh x) + C, then ` = ts -= cosh х = sech x, which verifies Фе formula 
с. 2 5 2 . . 
(b) Шу = sin™! (tanh x) + C, then чу = —Sech x — sech’x — sech x, which verifies the formula 
x vA — tanh? x sech x 


Ify = х sech! $V 1 — x? + C, then 4 cs sech ^! x + 5 (s TE >) + IE = x зесћ ! x, which verifies the 
formula 

Ify — ix + 3 +C, then ду = x соћ 1х + (ez 2: 1) (==) els 3 = x coth ! x, which verifies the formula 

If y =x tanh! x + 1n (1 — x?) + C, then 2 = tanh7! x + x (1-55) + 1 (125) = tanh"! x, which verifies the formula 


, J sinh 2х dx — 1 f sinh и du, where и = 2x and du = 2 dx 


— coshu __ cosh 2x 
= =>" + C = = ФС 
: J sinh х ах = 5 | sinh и du, where u = 5 and du = 1 dx 
= 5 cosh u + С = 5 cosh $ + С 
| 6 созћ ( In 3) dx — 12. | cosh и du, where u — 5 —1n3 and du = 1 ах 


сн 
= 12 sinhu + С = 12 sinh (3 — 103) + C 


ны хялар 4 f cosh и du, where и = Зх – In 2 and ди = 3 dx 


= 5 t sinh u +C = 3 4 sinh (Зх — In 2) + C 
f tanh х ax =7 f sinh du, where и = 7 and ди = 1 dx 


= 7 1р |cosh u| + С; = 7 In |cosh 3| + Ci = 71а = + C4 = 7 1n eV? ет | =7m2+G 


=7 ln |e’? +e™| +C 


J coth -% 40 = ya famn 
= УЗ In |sinh u| + C; = Уз [sinh | +С = Узш 
2... 


du, where и = NE and du — я 
ив 


“4G 


f sech? (x - 1) dx = | зесће а du, where и = (х - 1) and du — dx 


= tanh u + С = tanh (x — 2) +С 
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48. f свећа (5 — х) ах = - f csch? и du, where u — (5 — x) and du — — dx 
= —(— coth и) + C = coth u + C = coth (5 — x) + C 


49. f sect ушат Vi dt = 2 f sech u tanh u du, where u = Jt = t!? and ди = - 


= 2(— sech и) + С = —2 sech /t + C 


50. | Semen dt = | csch u coth u du, where и = In t and du = € 
= — csch u + С = — csch (In t) + С 


In4 In4 15/8 
= sh E loe 15/8 _ 15 Jj 15 4| m5 
51. ГГ coth x dx = |, e dx = m a du = [In |у] 3/4 = 1а |2| 2 а |3 = 1n [2-4 2 1n 2, 
26-2 2- (3) 


where u — sinh x, du — cosh x dx, the lower limit is sinh (In 2) — = 2 = i and the upper 


TE 4- (i 
limit is sinh (In 4) = “=e = (4) _ 15 


ш2 120. 17/8 = 
52. 1 tanh 2х dx = f shax dx = 1 1 + du = i [In ПІРІ = i[n(Z)-1n1] = $ In Z , where 


u — cosh 2x, du — 2 sinh (2x) dx, the lower limit is cosh 0 — 1 and the upper limit is cosh (2 In 2) — cosh (In 4) 


1 
ет фе 4 _ 4+ (+) _ 17 
ЕЕ 2 m 2 7708 


—]n2 – 12 «s — 112 28 —]1n 
53. Ј „се сов 0 ад = J," 2^ (===) ав = | (езу 6 = [Sr 0] 7, 


—2ш2 e 214 


= (5 2) ( ә In4) = (3-152) - (4; – 114) = $ 12421525 5 +2 


2 


2 2 2 5 In2 
54. |, 4e sinh 0 ай = |“ де (55) ад =2 f a- e)a = 204 S| 
0 


-2|(ю245 2 )-(045)|-2(8241-1)-21241-1-104-3 


п/4 1 - = 
55. ЇГС: (кап 0) зес? 0 40 = f coshu du = [sinh uj. = sinh (1) — sinh (-1) = (= = 3 (+ ==) 


= — M = е — el, where u = tan 0, du = sec? 0 40, the lower limit is tan (— 7) = —1 and the upper 


limit is tan (2) = 1 


п/2 1 2 
56. |7 2sinh(sin 0) cos 0 40 = 2 | sinh u du = 2 [cosh и] = 2(cosh 1 — cosh 0) = 2 (sse = 1) 


= е+е“! — 2, where и = sin 0, du = cos 0 40, the lower limit is sin 0 = 0 and the upper limit is sin (ғ) =1 


2 ш2 Ый ма 
57. [ eem dt = | cosh u du = [sinh ц" = sinh (in 2) — sinh (0) = 59 — 0 = 2 


u = ln t, du = 1 dt, the lower limit is In 1 = 0 and the upper limit is In 2 


X 


4 : 2 9 E E 
58. f SV ах = 16 cosh и du = 16 [sinh u]? = 16(sinh 2 — sinh 1) = 16 (52) Е (= 3! 
=$ (e? —e?-—e + e7!) , where u = ух = х1/2, ди = 5 x И2ах = 555 , the lower limit is VA — ] and the upper 


limit is y4 = 2 
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59. ГГ, cosh? (Әах- Г.авхы dx = | „(cosh x + 1) dx = 5 [sinh x + x]° „3 


Nie 
f 

— 

3 

ы 


= 1 [(sinh 0 + 0) — (sinh (— In 2) — In 2)] = 5 (0+0) – (== – 2) | =: Биш 


In 10 


2 ан cosh x — 1 nn : In 10 
60. J, 4sinh ( јах= f 4 (2131) dx => 2... 


= 2[(sinh (In 10) — In 10) — (sinh 0 — 0)] = e"'? — e-^' — 2 1n 10 = 10 — 4 — 21n 10 = 9.9 — 2 In 10 

61. sinh (3) =In(— 5 + +1) = 1n (8) 62. cosh-! (5) eM ty $-1)-m3 
22 E 1-112) ү _ In 3 -1 79) — (9/4) ү — = 
63. tanh“! (— 3) = } n (HS2) = – m3 64. со“ (3) = In (99) =}in9=In3 
65. sech ! (3) = In (“tee a је! 66. csch7! (- 5) = 10 | 3+ =) езіп (-У3- 2) 
67. (а) ре [sinh-? х] 2V3 — sinh! УЗ — sinh 0 = sinh! УЗ 
. i а“ 210 = = 
(b) sinh! 4/3 = In (Мз + JF 1) = № (уз + 2) 


1/3 


1 
68. (а) f, A =2] oo, where u = 3x, ди = 3dx a = 1 
= [2 sinh! и] = 2 (sinh! 1 — віпһ”1 0) = 2 sinh! 1 
(b) 2sinh-!1 -21(1 +З? + 1) => (1 + v2) 


2 
69. (а) |, те dx = [сох] = coth™! 2 — coth"! 3 


(b) coth™! 2 — со“! 3 = 1 fin 3 — In (%)] = 1101 


1/2 
70. (a) Ї т=г dx = [anh ^! x]; 1/2 Z (апр! 1 — tanh™! 0 = tanh"! 7 


" 1-02 
(b) tanh“? 2 = iin (E582) = 103 
3/13 12/13 
71. (a) Је лава = Ји Je? Where u = 4х, du = 4 х,а = 1 
= [- весћ“! ul = —sech ! 12 + sech ! 2 
/1— 2 /1— 2 
(b) — sech“! Е 3 + sech™ ы = г (= SE ) + (№ m) 
2 Че: ) + (22:289) = в (233) – n (553) -102-104-12(2-2) = + 


72. (а) Sats = [- 1 свећ“! | |]; А ee 1 (свеһ”11- свећ“! 1) = 2 (escht 1 — esch™! 1) 
(b) 2 (свећ“! 4 — csch™! 1) = 4 [in (2+ ұл) = (1+ у2) —iln (2293) 


п 0 
73. (а) Ї Te dx = Г Cs du = [sinh ? ule = sinh ! 0 — sinh~! 0 = 0, where и = sin x, du = cos x dx 
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(b) sinh“! 0 — sinh-1 = In (0+ 0+1) – в (0+ ү/0-1)- 


1 
74. (a) -1, л. ‚ Where и = In x, du = 1 dx,a = 1 


1 E oa xy 


= [sinh~! ш] = sinh-! 1 — sinh-! 0 = sinh! 1 


(b) sinh! 1 — sinh 0 = In (1+ 1? +1) – m (0 + Ут) 2m (1+ v2) 


75. Let B(x) = ЫС» and O(x) = >. Then E(x) + O(x) = HIY 4 -i — 209 — f(x). Also, 
E(—x) = fio) + Co) = foti» = E(x) = E(x) is even, and O(—x) = a — _ Қо) -i9 = – Об) 
= O(x) is odd. Consequently, f(x) сап be written as a sum of ап even and ап odd function. 

f(x) = коню because EO KH = 0 if f is even and f(x) = Ма KM because эле = 0 if f is odd. 


Thus, if f is even f(x) = 29 + 0 and if f is odd, f(x) = 0 + 22 


ee” 


76. у = sinh ! x x—sinhy > х= Š = 2x-e/— 2 = 2хе =е”—1 = еу—2хе – 1 = 0 


ха VAN а > е=х+ухж+1 > sinh! x = y = In (x + +1). Since е” > 0, we cannot 


choose е? = x — y x? + 1 because x — y x? + 1 < 0. 


77. (a) v= Beam ( үй ) >% t= epe (V )]( ЈЕ gsech?( "EDI 
Thus т = mg sech? e ) = те (1 an ( Ек )) = me — kv?. Also, since tanh x = 0 when x = 0, v = 0 


when t = 0. 
(b) lm. v= lim v ДЕ tanh (/%:) - Tum am (уе Ht) = me (1) = /ше 
(с) V 045 =y шоо = s = 804/5 дш 178.89 ft/sec 


78. (a) s(t)=acoskt+bsinkt => $$ = —ak sin kt + bk cos kt => ds = —ak? cos kt — bk? sin kt 


= е = 


= –К (a cos kt + b sin kt) = —k?s(t) => acceleration is proportional to s. The negative constant —k? 


implies that the acceleration is directed toward the origin. 
(b) s(t) = acosh kt + bsinh kt = % = = ak sinh kt + bk cosh КЕ => ds = ak? cosh kt + bk? sinh kt 
= К? (а cosh kt + b sinh КО = k?s(t) => acceleration is proportional to s. The positive constant К? implies 


that the acceleration is directed away from the origin. 


2 2 
79. V =r f (cosh? x — sinh? x) dx = т 1dx = 27 


80. У = 2r [У sech?x dx = 2л [tanh x]! = 2л Es = т 


In y5 In /5 8 
81. у = 1 cosh 2х = у = ѕіпһ2х > L= 1 1 + (sinh 2x)? dx = f cosh 2x dx = [5 sinh 2x] гҮ? 


ж. өх In /5 
“| 55 ке 


0 
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5 . хех . ех— 1 . et 1 . 1- -4 22 
82. (a) lim tanhx = lim 6 = lim = = lim ( ек " = = lim x — 1-0 — 1 
х — оо х оо е-е х — 60 64 х оо (+) x x00 14626 аа, 
1 х 1 
: 2 : ее __ : е-ж : (e*— x) е^ __ Р ех—1 _ 0-1.. 
(b) х lim, tanhx = lim. ==. lim o TEE lim. СЕ т = = lim, =i = от = —1 
ex T = 
1 
: . Ш r е-е у. еө-ж _ +; 1) а 
(с) , im, sinhx = | lim 5 = lim. — = , lim, (5 xx) = о – 0 = ою 
. . . хех " х =X 
(4) | lim, sinhx = lim, = =, Щи, (5 ==) = 0 — œ = —oo 
Ж . 
i = i agek ~ i T = "T = oy = 
e) lim зесћх lim. = 2 lim —2 e lim E г“ 0 
х — оо х — оо хе e+e x X00 1462 | 
А " хц oai у На e* + 2 = 1+5 
(f lim cothx = lim. 6286 = lim ——* = lim (е x) е = lim е® — 1+0 — | 
х — оо x= оо е-е x — оо x (*-x) х x00 1- = 1-0 
(в) lim соћх = lim 6 152- lim © «.ё — lim ЖІ. +o 
в х > 0+ EC II c. ol nS 
: : Харх 5 pilo ox : 2x 
(h) Іш софх= lim 2 --- Ш —*-S= lim SH = –оо 
х— 07 x20 6-68 х-0- ё—х ё x0 © 
. . . . X 4 х 
(1) Іші. свећх =. lim. —2~=_ lim 2 .== jm == =- =0 
х — –оо х oo е-е х об е--х е х oo e 1 0—1 


83. (а) у= H cosh (ў х) = (ап ф = dy — (8) Е sinh (= x)] = sinh (%х) 


ах — Vw 


(b) The tension at P is given by cos ф =H = T =H sec ġ = Ну + tan? ó = Hy/1 + (sinh ¥ x)” 


= Н cosh (ў x) =w (Н) cosh (# x) = wy 


w 
84. s= 1 біп ах = винах — ав => ах = май а > x= 1 sinh! as; у = 1 cosh ах = : у cosh? ax 


= l sinh? ах + 1 = 1 Va?s? +1 = 4/82 + 4 


b 
85. To find the length of the curve: y = 1 cosh ах = у = ѕіпһах > І = Ї 1 + (sinh ax)? dx 


b b 
> L= 1. cosh ах dx = Е sinh ах] | = 1 sinh ab. The area under the curve is А = Ї : совһ ах ах 


= Р sinh ах]? = 2 sinh ab = (1) ( 


1 sinh ab) which is the area of the rectangle of height 1 and length L 


a 


as claimed, and which is illustrated below. 


Y 


угаан 
а 


шін 


х 
b s 


86. (a) Let ће point located at (cosh u, 0) be called T. Then A(u) = area of the triangle AOTP minus the area 
under the curve y = Vx —1 from A toT > A(u) = 5 cosh и sinh u — [Tye dx. 
(b) A(u) = 1 cosh u sinh u — SVZ dx = A’(u) = 2 (cosh? u + sinh? u) — (cosh? а – 1) (sinh u) 
= $ cosh? u + i sinh? u — sinh? и = 1 (cosh? и — sinh? u) = (5) (1) = 5 


(c) A'u) = 5 = А(п) = 2 + C, and from part (а) we һауе А(0) = 0 С-0 A(u) 5 > у= 2А 
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1. (а) 
(b) 


(с) 
(4) 


(е) 
(f) 


(g) 
(h) 


(b) 


(с) 


(4) 
(е) 


Section 7.8 Relative Rates of Growth 443 
7.8 RELATIVE RATES OF GROWTH 
slower, lim *42= lim 4-0 
хоо € х — оо ё 
А зі А 2 сі . 4 2 1 
slower, lim х sin X — lim 3x 3-2 Sin cos X E lim Ox: COS 2x = lim 6 Asin 2x = 0 by the 
X — 00 e X — oo e X — оо e X — oo e 
Sandwich Theorem because 2. < $—452?x < 10 forall reals and lim 2 =0= Їйл 10 
e e e х оо е х оо е 
Li —1/2 
А т 1/2 " 5) x! р 
slower, lim ух = lim => = lim (gr = lim L = 
хоо е X00 е X — оо e х — оо 2ү/хє 
. х . X 8 
aster, lim = = lim 2 = со since 5 
faster, 1 4 1 4 4 -> 1 
х оо е х —> оо \e е 
G) зух з 
ù 2 2 3 2 5 ES 
slower, x lim. po. lim. (=) = Osince 5, < 1 
х/2 3 
slower, lim - = lim =-"=0 
хоо € хоо е 
ех 
А > à; 
same, lim ( ) = lim = 
х= со 6 x002 2 
1 
: logio X _ : Ix __ : х 2 : 1 2 
slower, X lim. е ^x lim (іп 10) x lim. (In 10) х lim (In 10)хех —— 0 
" 4 А 3 4 2 4 Я 
slower, lim 10 30+! — Jim 40% — im 120 lim 240х lim 20-0 
х — оо е х — оо е хоо € X00 е хоо е 
ах=1+х (1 
" Е . Inx—1 " : 2 : 
slower, lim ХШХ-Х- lim Х0Х-0.- ұр - Ө = lim mx! lim hx 
X — оо e X — oo e X — oo e X — oo e хоо е 
1 
= lim (:) = | i= 
x00 е х —> oo хе 
. 4 . 4 è 3 . 2 . Й 
slower, lim у! ік = lim > = lim 2% = lim ВХ = lim 2% = іш 24 
хоо е хоо е х — oo 26 х оо 46 x— оо 8 x= oo 16 
= 0-20 
slower, lim (i) = lim (=) = 0 since = < 1 
"x00 е x= oo \2e/ = 2e 
. —х . 
slower, lim <=. lim x = 0 
хоо е х — со е 
faster, lim * = lim x=oo 
x00 € х= 


(f) 
(g) 


(h) 


(b) 
(с) 
(д) 
(е) 
(f) 


(g) 
(h) 


(b) 
(с) 


. -1 
slower, since for ай reals we have -1 < cosx <1 = e! < ес%х < е! = — < 


1 
< & and also 


4 -1 4 1 4 РА cos X 
lim <--0- lim &,soby the Sandwich Theorem we conclude that шт == = 
хо € X 00€ хо € 
а x-1 2 5 1 2. 1 1.21 
same, „ НИ Сан gem = y lim, e € 
А 2 " š 
same, lim *+“= lim 214 = і 2 =1 
x00 X х оо 2x X — oo 
faster, іт 5% Ші (x? — 1) = оо 
X00 Х X 
А ҮДЕТЕ : ха + x3 ; 1) _ 2 
same, „ Hm. № o 29 Хх: = кіш, (1+4) = УТ=1 
" 3)? : 2 3 š 
same, lim +3 = lim 219 = lim 2-1 
X00 X хоо 2x х — оо 2 
Ө 
slower, lim 5 5- lim "х = lim “+ =0 
X00 х X00 х х Э оо 1 
: x : In 2)2* : In 2)? 2* 
faster, л 2- lim 222 = Jim 222 =o 
X00 х хх 2x х — oo 2 
« Зе-х Е 2 
slower, lim 55-- lim -— lim 4-0 
X00 X X — oo Xx 00€ 
. 2 5 
same, lim 8 = lim 8- 
X00 x х= 
2 
: хх _ |. 17 _ 
same, « lim. E T lim (1 + сз) =1 
" 2 У 
same, lim 1% = lim 10-10 
X00 x X — © 
. 22-х . 
slower, lim 55-- lim ==0 
X00 X Xx 00 € 
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444 Chapter 7 Transcendental Functions 
1 2 (835) 1 21 2 Ө 1 1 
5 0210Х __ 5 n == 5 mx __ 5 x} 22 1 al. as 
(d) slower, X lim. x YX lim. x 10 x lim. x ^ InlO x lim. 2x ^ 110 x lim. x) = 0 
. З . 
(e) faster, lim 85 = lim (х—1)= оо 
x00 X х — oo 
(f) slower, lim (а) Ша | 44-20 
"x00 X х— оо 10% 
(е) faster, lim (L^ jm ООР... jm ШИР... 
}х о * x — oo 2x х — oo 2 
9 х^ + 100х __ 4 100 
(h) same, lim “42% = lim. (1+ 40) =1 
| 5) 
: Og3X __ : п 3 mE . Ты — 1 
5. (а) зате, X lim. hx x lim. hx х lim 5 n3 №3 
2 
(b) same, lim © = lim (5) -1 
х оо hx Х-э00 (į) 
1 
Я 1 7 2) Inx ; 
(c) same, lim = ME uc lim Ө = lm 1-і 
x> оо Шх х > oo Inx х — 00 2 2 
1 —1/2 
š . 1/2 . gjs ~” ri . 
(d) faster, lim УХ2 dim Z^. im Ө На -5-- На У = ою 
x= oo hx x= o0 hx хо (1) x> оо ух х->оо 2 
e) faster, lim = = lim -+ = lim х= оо 
1 
x= оо hx хә 00 1) x — oo 
Я 5Шшх _ а 22 
(f) same, x lim 5 ES lim 9c 
(о) slower, lim (5) = lim 1 = 
5 хә ою ах x> oo хах — 
(h) faster, lim | © Ша ~ = lim. хех = oo 
х= со hx хоо () хоо 
1 2 (1%) 
s оз __ s 12) _ 1 s йи” 1 4 21пх _ 1 : 2-2 
6. (а) same, „ lim 5 lnx = „шп ах ^ In2 x lim. Ix ^ h2 x lim. Inx 2 x lim, 2= ы? 
Тор 10 (5 шк) 1 In 10 1 (15 1 
1 ogio LUX __ : n == : п10х _ : х 22 : = 
(b) same, x їт Inx ^ x lim. lnx `~ hl x lir со dnx ` hl x lim... (1) "1010 x lim. 77 10 
1 
: (2) — y; 1 = 
(c) slower, 4 lim 5 “> lim. ou = 
d) sl li (2) _ li их = 0 
(а) slower, ‚ lim. ах =x limo ру = 
(e) faster, lim 52% = lim (2 - ) = lim -2- lm -қ-|-2- Ша х|-2-оо 
хоо hx х co Mnx х oo hx х — 00 1) х— 
(f) slower, Ші р =, lim 4---0 
X— оо ах Х— oo ёх 
In (In x) (ms) 1 
. n (In x . nx 22 Ч — 
(g) slower, 5 шп ст ний” lim. (1) = шп nx = 0 
: Іп (2х--5) : (525) : 2 А r 
(h) same, lim == =. lim = | Ша == lm 1-1 
х= оо dnx x > oo (2) х Э оо 2545 хх 2 x> 
7. Ша © = lim e = оо > е grows faster than ех/2; since for x > e? we have lIn x > еапа lim 257 
X — oo eV X — oo X — oo 
= lim. (их) = oo = (ln х) grows faster than ех; since x > In x for all x > 0 and / lim. mer ES lim. (SY 
= oo = X* grows faster than (In x)*. Therefore, slowest to fastest аге: е“ 2 ех, (In x)*, хх so the order is d, a, с, b 
Қ х : х . 2 x 2 : 
8. lim (In > - lim (In (In 200 2) ин lim (In (In 2)) (In 2) - (іп (Іп 2)) lim (In 2y - 
х — oo х — oo х х 5 oo 2 2 х — oo 
x 2; | х : D E : 2 = 2 х. 
= (Іп 2)“ grows slower than x^; ” lim. ж-, lim. lum “у lim. пак = О = х" grows slower than 2%; 
x lim. gy lim. (2) = 0 = 2* grows slower than ех. Therefore, the slowest to the fastest 15: (Іп 2), x2, 2* 


and e* so the order is c, b, a, d 
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10. 


11. 


12. 


13. 


14. 


15. 


16. 


Section 7.8 Relative Rates of Growth 


(a) false; lim *=1 
х — oo 


: г PN ! 2 
(b) false; 5 lim. xig ЕТ = 1 
(с) true;sx <х+5 = es < lif x > 1 (or sufficiently large) 


(d) true; x < 2x = э < lifx > 1 (ог sufficiently large) 


. X . 
(e) true; іт ~ = lim 2 = 0 
x > oo х 0 


(f) true; E =1+ ms <1+ ух - -1- NA < 2 if x > 1 (or sufficiently large) 


(9 


i : Inx |. : == : 2 
(о) false; x lim. lim (2) =x lim. 1-1 


In2x ~ x =3 90 


(h) true; хз « at 57 2 x45 =1+ 5 < 6if x > 1 (or sufficiently large) 


(a) true; « lifx » 1 (or sufficiently large) 


X 
Ё 77 x43 
х 
1 
х 


(d) true;2+cosx € 3 = в. < 3 if x is sufficiently large 


(e) true; есік =1+ andy — Оазх — oo — 1 5 «2ifxis sufficiently large 


хіпх 


(f) true; Ши = = lm === lm -0 
3 — 00 X x= 00 х х= оо ! 
(в) іше; us иа) < B* = 1 if x is sufficiently large 
1 
1 : lx _ — : Ө — : 2+1 _ : 1 17— 1 
(h) false; x mo In (x? + 1) = imo ( =) = imo 2x2 = „шп (5 + ==) = > 
х + 


: f(x) _ | gx) _ 1 
If f(x) and g(x) grow at the same rate, then х im, сб) = 1 20 = 5 lim. o TI #0. Then 


f(x) 
gx) 


= f= O(g). Similarly, Ө < | | - 1 > "n. 


— L| < 1 Шх is sufficiently large => L—1« dm <L+1 = w < |] + 1 if x is sufficiently large 


When the degree of f is less than the degree of g since in that case _ lim R9 — 
Хх 5 оо 809 


Юу. 


When the degree of f is less than or equal to the degree of g since _ lim 
x> oo 20) 


= 0 when the degree of f is smaller 


than the degree of g, and lim R9 — 
х > 


Lo 2 = » (the ratio of the leading coefficients) when the degrees аге the same. 


Polynomials of a greater degree grow at a greater rate than polynomials of a lesser degree. Polynomials of the 
same degree grow at the same rate. 


1 1 
lm P&W — lim 21) — dim ~ = im Leland. im 5699 lim 
X nx = () х оо hx x (1) 


mr ZI 1 = 1. Therefore, the relative rates are the same. 
x—0o dnx X — oo é 
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446 Chapter 7 Transcendental Functions 


. М10х+1 _ : 10х+1 _ | Ло : yæl _ : х+1 _ = : 
17. x lim wx Cx lim. = v10 and . lim. A mA. lim. = ут = 1. Since the growth rate 


is transitive, we conclude that y 10x + 1 and у x + 1 have the same growth rate (that of ух : 


Й 4 4 : 4 — x3 x 4 — x3 . . 
18. х Чи, ээ = уу Ш. мэх and , lim Е x= x mo <—* = 1. Since the growth rate is 


transitive, we conclude that \/х* + x and үу хі — x? have the same growth rate (that of x?) . 


. n . . ! . . 
19. lim == x lim. go eI lim. A =0 = x" = о (е^) for any non-negative integer n 


Z n п-1 : рх) _ : x? ; 
20. If p(x) = anx” Фа, 1x" +... Нах + ао, then * lim. poi lim 5 a "ал = lim Е 


+a, іп х +a lim | + where each limit is zero (from Exercise 19). Therefore, | lim PO) — о 
х оо € х Э оо е х — oo 


= e* grows faster than any polynomial. 


21. (a) _ lim x^ — lim Ој = (i) lim x!" = оо = Inx=o (xn) for any positive integer n 


x= оо hx Х-900 x => 0 
1/106 
(b) In (e17:000,000) = 17,000,000 < Cae = е!" ~ 24,154,952.75 


(c) x ~ 3.430631121 x 1015 
(d) In the interval [3.41 х 107, 3.45 x 10!°] we have 0.004 
In x = 10 In(In x). The graphs cross at about 9.002 
3.4306311 x 1015, 


y = In x — 10 In(In x) 


15 
3.45 10 


im (58 lim. 53 
: Inx = x0o Vx! — X00 [axal] __ : 1 нг 
22. % lim. anx” + ар ix® +... +ајх+ар — dim, (s, pd a E | 4) = ап m. lim. (an) (вх) — 0 
=> xe 
=> In x grows slower than any non-constant polynomial (n > 1) 
: п 102 п __ : 1... 
23, (а) n lim... n (log; n)? = шп lgn — 0n log? n grow) y А 
ү :) yzn(og,n) 
А 1082 : һ2 
slowerthann(logo n?; Ша 292" — lim AS? 2500 
n —> oo nr’ noo n” 
) 2000 
1 
2324 li п Е : ANE 1500 
= == lm үч» = үйл lm т =0 
12 n — oo (1) һ-1/2 12 n — oo nz 1000 
= п log) n grows slower than п3/?. Therefore, п 1002 п 500 
grows at the slowest rate = the algorithm that takes 20 40 60 80 100" 


O(n log» n) steps is the most efficient in the long run. 


2 
2 Inn 2 (b) 
24. (a) lim (929 = lim (8) = lim 4» 
n n noo n п — oo 12) 


зе 


2(1п п) А 
( 2 lim л 


n- oo (In 2)? - (In 2)? noo n 


| 
E 


than n; lim -= = 
^ n= оо /nlog; n noo ул 


= "i lim 1178 = о: й шп ni 
1 
= _lim (5) z= lim. <> =0 = (log; п)? grows slower than y/n log» n. Therefore (1022 n)? grows 


at the slowest rate => the algorithm that takes О ((105> n)?) steps is the most efficient in the long run. 
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25. 


26. 


Chapter 7 Practice Exercises 


It could take one million steps for a sequential search, but at most 20 steps for a binary search because 
219 = 524,288 < 1,000,000 < 1,048,576 = 220. 


It could take 450,000 steps for a sequential search, but at most 19 steps for a binary search because 
218 = 262,144 < 450,000 < 524,288 = 219. 


CHAPTER 7 PRACTICE EXERCISES 


1. 


11. 


12. 


13. 


14. 


15. 


16. 


17. 


у = 10-48 > $ = (10) (— 1) e = —2e-v5 2. у= уде“ = # = (4/2) (V2) e = 29^ 


у = т хе“ 2 ie — К = 1 [х (4е%) + e^(1)] m i (4е%) = хе“ + ie" = ie" — xe^ 


y = хе Л х 5 ду = x? [(2x7?) e] + e (2х) = (2 + 2хје “ = 2672/41 + x) 


2 : 2 dy __ 2(ѕіп 0)(соѕ 0) __ 2с050 __ 
у = (ин) => = 5 = 4E = 2 cot 0 


sin? 9 


у = In (sec? 0) > 4 = 2secOysec tanb) _ ^ tan Ó 


вес? 0 


һ(% 
у = log, (5) = (6) = Ed = m3 (5) Е Телі 


= __ In(3x-7) dy (1 3 = 3 
у = Іов; Gx – 7) = 1157 > 2 = (р) (57) = dn 55(3х—7) 


y=8t => S =818)(-1 = –8"01 8) 10. у= 9* = % = 9^(In 9)(2) = 9^( In 9) 


у = 5х%° => ФУ = 5(3.6)х?% = ges 


у= у2х“ = Ei = (v2) (-У2) xcv = 9 4) 


у = (х + 2) > у= (х +2" = (x -2)In(x -2) > У (42 (15) +00) In +2) 
> 9 = (х + 2) [In(x 4-2) + 1] 


у 22ünx)? = Iny = In[2n x 5] = In) + (5) Inn x) > x =0+ (5) ІРІ + (In (In х)) (5) 


= y'= [zl + (4) шах) 2 ав х) = (n 3)? [In (а x) + 4] 


2Inx 


у = віп! vA — u? = sin! (1— 02)? шу d 50 a C2) L 


E" Ш 
du yi- [ue] Vi-w /1-(1-42) |шүу1-ш> 


шу1-а2 Jing 0 1 


1. -2/ 
у = віп! ol |-sin1v12 dyan aA = = E === 
Ж ду yı B vay. 233/2 y1- vi 2y3/2 "Em 282 fv —1 2v/v-1 
У 
(==) 
Ш E 1 1-х2/ __ —1 
у = Іп (сов х) =» у = со8-Їх ` vA —x?cos ix 
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448 Chapter 7 Transcendental Functions 


18. у = 2 с05717 — УЛ — 22 = 7 с0571 z — (1— 22) 72 = Фу = cos 1z :--()(-2у 222) 
—1 7 7. —1 


= cos УЛ — cos Z 
М1—22 T М1- 22 


19. y = Пап“!1– (1) Int > > = tan^ 11-46) – (5) (+) = tai! t + гүй эв 
20. y= (158) аа = # асосі 0-8) (2) 


21. у = 2 вес71 7 — yz — 1 = zsecl z — (22 — 1)! = 5 =2( L ) + (вест! 2) (1) — 1(22—1) 1207) 


= 2 2 7 -1 1-2 -1 
|| Vz —1 2-1 2-1 2 


22. у= рак] sec! „/х = 2(х — 1)/2 вес“! (х!?) 


m =, ду _ — sec 6 tan 0 "E tand __ т 
23. y = esc (sec 0) dj = 0 е0 1 ап 6] = 1,0<0< 5 


tan 


24. y- (1 ЕГЕ x?) ean !x > y! = 2хе'@п x ар (1 3b x^) (s =>) = Ixetan х ER gan !x 


1--х 


25. у = 2-1 шу-ш(20:50) = lIn (2) + In (x? + 1) — 1 In(cos 2х) = £g SH (3) леш оо 


М сов 2x у cos 2x у сов 2х 
x 2 (x? X 
> y'= ті )у- т ТҰН (2-1 + tan 2x) 
26. у= % i > Iny=Iny = ig [In (3x + 4) — ш(2х – 9] = у = (sera аа) 


= у'= E (зо - 15) y= V xu (w) СЕ =з) 


27. y= [о] | = 5[In(t-- 1) --In(t 1) -In(t-2) 2 In(t-- 3| = (11(% 
У 203 xz id п п n | y) dt 


2 1 1 1 1 dy __ (t-- D(t— 1) 5 1 1 1 1 
-5 (utu t—2 d) => # =5 | x3) (ean 1-2 з) 


28. у= AU Iny=In2+Inu+uln2—$In(w?+1) = (2) (8) = 1122 5 (220) 
ду _ 2407 u 
Jm eqn a << 


29. у = (sin 0)V? = ту= 49 In (sin 0) = (2) (8) = V6 (284) + 1 9-1/2 In (sin 0) 
= ay = (sin 0)V? (ve cot 0 + пета) 


30. у 0ахуйн => ту = (2) Indo) => У = (gk) (d) (2) +в [5] () 
= у’ = (In x)!/Inx E 


(In x? 


31. 


к- 


Ге sin ( ех) dx = | sin u du, where u = ех and du = ех dx 


зе ee *) +C 
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32. ГЕ cos ( 3e' — 2) dt t — 1 f сови du, where и = Зе! — 2 and ди = Зе dt 
= į sinu +C = į sin (3е — 2) + C 


33. Ге вес? (e* — 7) ах = J sec? и du, where и = e* — 7 and ди = e* dx 
= tan и + С = tan(e* — 7) + C 


34. Је cse (e + 1) cot (еу + 1) ду = J csc и cot и du, where и = e” + 1 and du = е dy 
= — csc u + С = —csc(e! 4-1) +С 


35. | (sec? х) еч" dx = f e" du, where u = tan x and du = sec? x dx 


=e +" С=етх С 


36. | (csc? x) e'*'* dx = — f e" du, where u = cot x and du = — csc? x dx 


- —el +С = —eoot x +C 


1 —1 
37. 1-5 ;dx = 4 | 1 du, where u = 3x — 4, du = 3 dx; x -1 и = -7,х=1 1--і 
= $ [ln |a] 22-11 |- у – № |-7] = 4 [0 117] = – 57 


е 1 
38. | Ух ax = | u!/? du, where u = Inx, ди = 1 dx; x 1 и = 0, х=е u=1 
[Bw] = a - por { 


39. Ј ап (5) ах = f г" ах = —3 [1 du, where и = cos (3) , du = — 1 sin (2) dx;x = 0 u—l,x-rm 
= u-i 


--3 |ui? = —3 [In |4| 2in|1] = 231n 4 = 1022 = 1n 8 


1/4 1/4 2 n 1 1 
40. f 2 cot 7x dx = 2 созлх dx = = f = du, where u = sin тх, du = 7 cos zx 4х; X = = u 
1/6 1/6 sin 7X п 1/2 u 


1 


= us 7; 


= 2 fim jul] fs? = 2 [in| 3;| - 1 3| = 2 [Ind - 232-142] = 2 [5112] = 2 


4 -9 
41. f 65, ё- ЇГ оронд жасг=0 > u=-25,t=4 > и=-9 


= [In Jul] 23, = In |-9| – ш|--25| = 19 — In 25 = In 2 


-25 . 25 


т/6 : 1/2 К 
42. | cost uM. 1 du, where u = 1 — sint, du = — cos t dt; t =. > u=2,t 


-7/2 l — sint 


ома 


— [In ји = — [In |2| 2 №12] = -1n1-1n21n2—21n2— 14 


43. | = ду = ftanudu = f sinu du, where u — In v and du — 1 dv 


cosu 


— In |cos u| + C = — In [cos (In v)| + C 


44. ee ду = fi du, where u — In v and du — 1 dv 
= In ју +C 2 In [In v| +C 
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ыг | @2 ах = f u™ du, where и = In x and ди = 1 dx 
= +С=-1(шх)%+С 


46. | 5859 ax = fu du, where и = In (x — 5) and du = 3 dx 


[In (x-5)? бе 5p 


= =+<С= +C 


47. Ј 1 сзс? (1 + шт) dr = f csc? и du, where и = 1 + In r and du = 1 dr 
= —cotu+C=-—cot(l+Inr)+C 


48. f = ау = — f cos и du, where u = 1 — In v and = — 1 dv 
= — sinu + С = — sin (1 —Inv)+C 


49. f x3* dx = 1 f 3" du, where u = х? and ди = 2x dx 


= shy 3") +C = gis (37) «c 


50. | 2Un* sec? х dx = f 2" du, where u = tan x and du = sec? x dx 


gianx 


= pz (2) +С = ng +C 


X 


7 th 
51. f, Зах=зј 1 ах =з |х]! = 3117 —1n 1) 23127 


32 32 
52. f, 44-11 l dx = шк? = 2 (032 — Im 1) = 21232 = In (4/22) = n2 


х 


i) ах-1| (1x1) dx = 1 [t x? + 1а |x|] $ = 4 [06 +4) – (ic1In1)] = 2 +414 


4 

53. 1 (5 
15 
1 


s. (4-3)4-37 


(1- шоо = 2 [In |x| + 12x71]? = 2 [(In 8 + 2) — (In 1 + 12)] 
$(In8— 2) = 2 (n 8) — 7 = 1n (8) — 7—1n4—-7 


ES 0 
ss. | eD dx = — f е" du, where u = —(x + 1), du = — dx; x = -2 u=1,x=-1l u=0 


= —[е'] = - (ее) =e — 1 


0 0 
56. | e*dw-i[ е" du, where u = 2w, du = 2 dw; м = – 12 > u=Ini,w=0 > u=0 
-102 In (1/4) 


4? 
1 1 [е0 Е е"0/9) = 1 (1 2 ) = 3 


іне 


= 3 [е ЭР” = 


In5 16 
57. 1 e (3e + 1) 9/2 dr = if а73/2 du, where и = 3e' + 1, du = 3e’dr; г = 0 u=4,r=In5 = 


-- fw] = (te? 44) = (-) (9-2) = (3) С) =: 


119 Ё 8 
58. f e'(e - 1)? ao = f 4172 du, where и = e^ — 1, ди = e^ d0; 0 =0 > u—0,0—1n9 > u=8 
0 0 
= 2 [085] | = 2 (83/2 — 03/2) -2 (29/2 0) = we _ 3272 
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e 8 
59. | 10-713)! dx = 1 f и du, where u = 1 +7 In x, du = 2 dx, x 1 и= 1, х=е 1-8 


8 
= 3 [921], = 3 (8/7 — 12/8) = (2) – == 


60. Г deo fi any? Lax = | u71? du, where u = In x, du = } dx; x е и = 1, х= е? u=2 


= 2 [ш] =>(/2-1) -2/2-2 


114 
= / ‚ч? du, where u = In (v + 1), du = <4; dv; 
“У =1 u—ln2,v—3 и = Ш 4; 


= 1 8 ti = 1 [dn 4 — (In 29] = 1 [@ In 2)3 — (in 25] = 927 (8 — 1) = 2 (т2) 


2 


3 
61. ? (у + DP ау = J [In (v + DP Se 


1 У+1 


4 4 414 

6. ратшоашоа = f ашоа+шоа= |, udu, where u = tint, du = (© (1) + 100) dt 
=(14+Int)dtjt=2 > u=21In2,t=4 
=> u=41n4 

(4 In 4)? — (2 In 2)?] = 1 [(8 In 2? — (2 2] = 282" (16 — 1) = 30 (In 2? 


[02] 414 — 


ы 
Б 
N 
top 


8 8 In 8 
63. јад = 5 an 6 (4) =, и du, where и = In 8, ди = 1 40,0 = 1 => u—0,0—8 > u=In8 


ш8 3 In 2)? 
= тыа 6 = pie [08 8) — 0°] = SF = 282 


e 1 
ба. fo 8092000 gg = ["5m39 ag — fn 9) (1) d = 8 | udu, where u = In 9, du = 1 4; 
0-1 u=0,0 =e u= 1 


= 4 [02], —4(12 02) = 4 


65. ү esta = um x23 [oium 77 d х зет ; du, where и = 2x, ди = 2 dx; 

х--1-50--3,Х-1-5 1-3 
22-1 fuy13/2 E oc. т т т 
= 3 [sin (3)] 3 = 3 [вш (5) -sim! (— 5)] =3 [$ - (-#)] = 3(5) =т 
1/5 1/5 
66. J., Ts «-%/), mg k= ‘fia " du, where u — 5x, du — 5 dx; 
1 1 

= u—-l,x 5 u—l 


1 
лі 
- 

2 
ға 
Б 
UN 
Qe 
Nic 
ег 
кз 
m 
n 
Wo 
- 
2 
E. 
>, 
L 
P snm] 
wie 
М. 
| 
n 
м. 
i=) 
КИ 
quet, 
| 
ој 
ме 
нийг 

1 
әт 
— 
ома 

| 
P sue 

| 
ома 
е 
ний! 

1 
WI 
eX, 
ЖЕ) 
М.У 

| 
v|% 


— p2 2/3 
m Г, aber to УЗ f, L8 @ = УЗ Ја тір du, whereu = УЗ, du = V3 dt; 


+ ( x) 
-2 => u=-2V3,t=2 > п=2,/3 


- 5 өг 012, = а (V5) tu (-5)] = -C= 


1 2 2 2 1 E = 
69. [ Ут ду = | СУТ ду | Е du, where и = 2у and du = 2 ду 
= sec ! |u| + C = sec! |2у| + С 
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то. в dy = 24 р dy = 24 (1 sec ||) + С = 6 sec |3| + C 


2/3 2/3 2 
1 = 3 2 1 = — зао 
7l. Jis. crier Y = Јалти Y = Jie d where u = Зу, du = 3 dy; 
у М2 u V2, y 3 u=2 
= вес”! Ч л 5 Бес! 2 — вес“! м? -1-1-00 

Увы Е -/6 
72 [у= | у5 dy = Гаа 

=з Wee lows Taya H 


where и = (/5у, du = \/5 dy; y 7 > u= —2,y ох п —\/6 


1 —1 [т T 


з [see 2 sec! 2] = V (1 т) m [5 iz] ШЕРГЕ 36 


(не а] = 


1 2 1 2 1 2 1 2 
73. S dx Saa dx So dx SJ du, where u = x + 1 and 
du = dx 
= sint u + C = біп (x + 1)+ C 


du 


74. [= dx = T- dx = S sos dx — Ї луг 


where и = x — 2 and ди = dx 


= sin! (=) +С ==="! (52) +С 


© 


7 2 = a 1 2 = 1 Е ба 
75. Т vi+4v+5 dv =2 f. 1+ (V + 47 +4) dv —2 (Р 1--(у--2) ду = 2 1 +u? du, 
where u = v + 2, du = dv; v = —2 u= 0, v = –1 u 
= 2 [tan-u]; = 2 (ап !1— tan™! 0) = 2 (3 – 0) == 


76. fidi, ea) dv = ji Lay ду-3 Гору du 


where и = v + 1, ди ау; v = —1 u -iLv 1 u 
2 ü 3/2 3 = = 3 [Гл T 3 (2m т 3 m 
= 3 | зао“ (25) „= 5 [tant уз га” ( 5)-21 ( Э|-32(84:)-32-4 
_ уж 
== 


1 2 1 Е 1 2 1 
7. J (t+ УМЕ +2t-8 dt J (t+ УМЕ +2t+1)—9 dt ] (t+ 0) уе 1} — 32 dt | uyu? – 32 du 
where u = t 4- 1 and du = dt 


= d se |] +С = 3 sec | | +С 


1 2 1 = 1 221 1 
78. | (3:4-1)/92 + 6t dt = Танька di J (3t+ 1)4/(31+ 1)? - 12 me ] uvu!-1 du 
where u = 3t + 1 and du = 3 dt 


= 5 вес! |u| +С = 1 sec? |3t + 1| + C 


In2 


w 


79. 37 = 27"! In ЗУ = ш 27! > уй 3) = (у + D 2 = (13 – In2y 21n2 = ат. 
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80. 4-У = 3? > In 45У = In 33? => —y ln 4 = (у + 2) In3 > –2 In 3 = (In3 + In 4)у = (In 12)y = —21n3 


= = 159 
= == ТАР; 


81. 9e? = x? e» g In e? п (2) = 2y(In e) = In (5) = у-іш(%) = =,/5 = и |š| = |х| - 1n3 


82. 37 =Зшх = п У = In(31nx) > уш3 =Шш(Зшх) > у = TERS = mtb 


83. п(у— 1) =х + Њу еп –) = еу) = стећу > у 1 = уе => у —уе = 1 > y (1 — e) = 1 > y = + 


84. In(10In y) = In 5x => е!" (01) — өл > 10шу=5х > Шу 3 ey = ex у = еу? 
2 р а аха-1 Р 
, lim Е — lim 8 = . Ша %4 = lim акт == 
x х- 1 х-1 х-1 1 5 86 x] ol х Әжі b 
tanx _ tang _ 1 tan x : scx _ 1 11 
87. lim, ES 0 88. Jim, x+sinx — im, 1--со8х 141 2 
: six _ | 2віп x-cosx __ |: sin2x) _ y 2cos(2x) E 2 = 
89. Jim, tan(x?) ~~ Jim, 2х sec?(x?) ^. um, 2х зес? (х2) ^. um, 2x(2sec(x?)tan(x?)2x) -2se? (X2) ^ 0424 — 1 


: sin(mx) _ |: mcos(mx) шт 
90. m, sin(nx) ~~ Jim, псоѕ(пх) п 
: НТ cos(3x) _ |; —3sin(3x) _ 3 
91. lim " sec(7x)cos(3x) — are cos(7x) — cere Z7sin(7x) 7 
: EE" Ух _ o 
92. 2 \/х sec х = BS == = +=0 
93, lim (свеж рор) ==: lim +=©%* = lim 9-00 
х— 0 х 0 sinx x— 0 cox 1 


94. lim (5-5) = lim (ғ) = Jim. (1-х2)-4- lim, (1—x?)- lim 1 =1:00 = оо 
х— 


i 2 fax) = li 5 эс Е 
95. lim. (Ух +х+1— ух 3 lim (Ух doe ex x) укын 


х — 00 + Ух? = х 


2x +1 


= pu. Ух x14 Ух? -x 
Notice that x = у x? for x > 0 so this is equivalent to 


А 2x +1 . 2+ 1 
- lim 2 1 2 = lim 1411 Р 1 : =1 
X — 00 | e| E X — 00 үгіт үй-і v1 VA 
: x3 x3 a (x? +l- х (х — 1) _ +. з |: 62 __ - 12х 
96. dim, (ет giz) = „Ви, SSeS = dm, FS = dim, 99 = lim, 5 
_ y 12 _ y 12 
= lim, 2 = ЩИ, ах = 
97. The limit leads to the indeterminate form 0: lim = = lim, аал — 110 
х— х— 
ІК Р | i 32 80-21. 43 ПО 
98. The limit leads to the indeterminate form 2: lim = lim —— —1n3 


90950 ? 0-0 


2sinx zd 
ех-1 


0. 


9: = lim 25 0а 200 х) = |2 


х — 0 


lim 
x0 


99. Тће limit leads to the indeterminate form 
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: : . . . -sinx — x 2- sinx(], 2)(— E 
100. The limit leads to the indeterminate form б: lim 22 т l— jim (00032) 0 
х-0 7 х—0 © 
101. The limit leads to the indeterminate form б: lim Банн = ]im 5 EI = lim Зуны =5 
x—0 х > 0 x 0 
102. The limi s A 0. 1; хвіпх _ ү 2х2 cosx? +sinx? _ y 2x? cos x? + sin x? 
; e limit leads to the indeterminate form B lim DL — lm ASA = lim Axim 
х-э0 tanx х—0 3tan*x зес=х x0 3tan?x + 3tan^x 
= lim 6x cos x? — 4x3 sin x? — lim 6x cos x? — 4x3 sin x? = lim (6 = 8x*) cos x? — 24x? sin x? — 6 -1 
ESO 12tan3x sec?x + 6tan x sec?x x50 12tan>x + 18tan?x + 6tan x xiu 60tan*x sec?x + 54tan?x sec?x + 6sec?x 6 
2 
imi : : . t— In (1 +2t : 1- Tx 
103. The limit leads to the indeterminate form 0 lim 10 320 — lim ( ru) -00 
t—0* t—0* 
. . . . . sin? ж 7 8 7 5 
104. The limit leads to the indeterminate form 0 lim 2808) = Тр) 2i mos mx) 
x34 t+ 3-х х->4 e*^—] 
. сі т М 2 
= lim, TECH lim SEA — 22 
х э 4 х э 4 


105. The limit leads to the indeterminate form 0: lim, (2-1) = Ша (91) = lm, 5-1 


Puget 1 {0+ : с— 07 
106. The limit leads to the indeterminate form 5: lim е /УІіпу- lim hy = lim = Е 
oo у = 07 у = 0 еу у = 0+ еу (77) 


= dni (-=) =0 


у— 0+ еу 


107. Let f(x) = (a) => In f(x) = ах] (£24) = lim, Inf(x) = то InxIn (ŠH); this is limit is currently of 


ех ex—] ex—] 


the form 0 - oo. Before we put in one of the indeterminate forms, we rewrite е+1 — e ter = соћ (5) ; the limit is 


e*—1 ех/2 — е-*/ 

у ; In coth(3 оа > у Қ In со (5 

Ша InxIn coth( 5) = lim давон. the limit leads to the indeterminate form 9: lim Тавин) 
x — оо 2 x — оо ux 0' x 2 oo вм 

= 1) 
: com(3) * 2 : Inx)? В Inx)? 4 2х(шх) (1) + (Inx)? 
= „іт, = G) 0 |= lim. (5 ЖП Uum) = lim. (2 = „шп. | Хи den) 
(Ix)? ‘х | ас 

2 : 2Inx + (Inx)? = : 2(1) -2(nx)(1) 2 : 2+2Inx\ — : 2 
= , im, ( cosh x m im, sinh x m ше ( x sinh x ) ын m. x cosh x + sinh x 
шиг? 2 22 : eins |. Inf(x) — 50 — 
= lim. (теор xus) =0 = , lim. (5-Ң) = шп, е =e =1 


х . . x . . 
108. Let f(x) = (1+ 1)! = под = х (1+) — lim, InfG) = lim, №; the limit leads to the 
х— х— 
(2) 
indeterminate form X: lim 235-2 = lim ах. =0 > lim (1 + 3) = lim е" =е0 = 1 
9 x 0+ cR х-0 ** х = 0" * х— 0" 
i log; x : (13) : 13 _ №3 
109. (a) Іт i = lm = lim 25 = = = same rate 
x= оо logsx х оо (55) хоо ln In 2 
. х = . x) __ . 2х _ . 2 
(b) , lim. Fa = im, тү = im, = = , lim, 1=1 = same rate 
: Gi) y xe" _ oq ех _ 
(с) , lim. 3-3 = lim. 100% = ,lim 100 = 00 => faster 
(d) Ша = ОО => faster 


х — oo tanix 


1 


. . ты = . . 
(е) , lim. T = lim. шэг иж = lim. яасын = , lim, == 1 = same rate 
x 1- (4) 
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(f) lim = їр (8-9? = lim 1-97 — 1 > samerate 
хоо е х — оо 2е X — 00 2 2 
. cR > . 2 х FON 
110. (a) , im. = = lim, (3) =0 = slower 
р In2x _ In2+Inx _ In2 1) _ 1 
(b) x lim, In x? = Um. “208х) = х iim, (one + 2) m => same rate 
(c) lim 10420 = үру 30544 = lim 60х44 = lim 60 — 0 — slower 
X — OO e Е СЖЗ € х — oo е X => 00 е 
tan“! (1 1үу-1 хас 
(d) _lim om lim Шо). lim (55) _ = lim —,=1 = samerate 
х => 00 (1) x — 00 х — оо х х — оо 1+2 
2522 
sin! (1 igi ( ЖЕЛЕГІ ) _ 
(e) шп 9 = Ни S6) = їр iB ы lim — oo — faster 
X — 00 (5) х 00 х х — оо —2х ^ x00 2 
(f) lim S% lim GM Ша 2 = lim T — 2 = same rate 
хоо ех хо ех ^ x= оо ех (ех фетх)  x— oo \1+е2/ — 
(555) 
111. (а) ~= ( i ) =1 +4 z < 2 for x sufficiently large => true 
х2 
(5-2) ^i 
(b) = ( : ) = х? + 1 > M for any positive integer M whenever x > УМ = false 
xt 
c) lim X— = lim l.—] = the same growth гаје => false 
со х+ их х оо 1+5 5 
1 
1 fey 
(d) lim, ШОН , lim a m , lim. EN = 0 = grows slower => true 


(e) tan “x = 5 Тог allx = true 
( SOX (те) <50+)=lifx>0 = ше 


e 


112. (a) s = = < 1Их > 0 > ше 
a @ 
(b) шыг] = , lim, (254) =0 = ше 
"О di 
(c) lim, Ix = , lim, АГ--0 = ше 
(d 02 = 2+1 <14+1=2Нх>2 = true 


G) =fifx>1 => true 


113. 4 -6-1 


#х> 0 = true 


мін 


df 1 1 1 
= (3) == 
dx x=f(In2) (е + 1), in 2-1 3 


па edt) es yes > ea tO) кеңи лао 
f(f-(x)) =1+ 742, = 1 + =х 52) ==) ==, = 2, 
( (х)) (==) ( ) 4х қ) (х = І) қ) 10--1 
f'(x) = 1, => aS "m = FU 
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115. у = 


od =0 = x= 1;у/ > 0 forx > 1 andy’ « 0 for 


x«i 


and EC) = 0 = absolute minimum is — 5 atx = 5 апа 


the absolute maximum is 0 at x = = 


116. y— 


= 20 – 


=> 
=> 


y(e 
at x 


117. 


118. (a) 


(b) 


2) = 10е2(2 — 2 пе) = 


А = 


Chapter 7 Transcendental Functions 


xlnn2x—-x => y xA =) + In (2х) — 1 = In 2x; 
= = relative minimum of — 5 atx = 


pig = 


2 


10x(2 — In x) = у’ = 102 — In x) — 10x (1) 
10 In x — 10 = 10(1 — In x); solving y’ = 0 
x—e;y'«Oforx»eandy' > Oforx «e 


relative maximum at x = e of 10e; y > 0 on (0, е?| and 


(e, 10e) 


у = 10x (2 — In x) 


0 = absolute minimum is 0 
= e? and the absolute maximum is 10e at x = e 5 


e 1 
f 2inx gx — | 2u du = [и?] = 1, whereu = In x and ди = 1 
1 x 0 x 


20 2 
A, = f, 1ах = [ш |х[ 0 = 1120 – in 10 = 1n 20 = 12, and Ay = f тах = [In|x]]] = 112-101 = 2 


А: = | 1вх- 


ду 


[In |х|] = In kb — Inka = In 2 = In = In b — In a, and A; = fo dx = [In |x|]? = In b 


1. dy dy dx dy dy 


119. 


120. 


In x 


(3) Ух 


1 1 
dx — x? d — dx d dt Vx at | e msec 


1 
дез. dx — (ФИШ) 02 dx (-3)У9-» 


(dy/dx) :х=9 > у=9е 3 


1 Уез Ve? — 1 = 5 ft/sec 


dt -Зе-/3 


> dt 
TER 
C3 


dA 


121. A 


— 


Ээ 


122. А- 


4А < 0 for x > eand ЧА > 0 forx < е = absolute maximum of me = 


123. (a) 


m 
= tL. 

х= V2? oa 
> units long byy — e 


> ет т ((-29е%-е”(1- A | 
< О for x > vs and <= дА >Ofor0<x< a = absolute maximum of 7 e 


4А =0 = 1- 2х2 =0 
–1/2 — 1 


Vie 


xy Solving 


-1/2 1 


units high. 


dA 1 
dx ж? 


xy = x (44) = "х = nx = Ех. Solving $ = 0 => 1-Шх=0 > х=е; 


= та х = е units long and у = 5 units high. 


— 2-lnx 


2x /x 


Inx 
2х3/2 


Inx d 
Ух у хүх 
= у" 53422 3х-5/2(2 — In x) — 1х -5/2 — 
0 2 
and у’ > Oforx < e? = а maximum of 2; y" 
8 


3 
(0, e8/3) and concave up оп (е 


зал ) й 


у- 
x 9? (21nx — 2); 
е?; у’ < 0 for x > e? and 
-0 

e8/3; the curve is concave down on 

8/3. 


solving y' In x x 


In x x 


о) ; so there is an 


inflection point at (е5/3, 
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(D у-е” = y'—2—2xe * = y" = —2e-* + Axle * 
= (Ax? — 2)e’; solving y’ = 0 > x = 0; у’ < 0 for 
x > Оапау' > Oforx < 0 = a maximum at x = 0 of 


е? = 1; there are points of inflection atx = + T ; the 


: 1 1 
curve is concave down for — Vi <х< Vi and concave ot l 23 


up otherwise. 
(с) у = (1 +хје“ = у’ =е*- (1 +хје“ = —xe^ 
= у" = —e™ + хе“ = (х – Пе“; solving y' = 0 
—xe™ = 0 > x = 0; y’ < ОТогх > бапду' > 0 
for x < 0 => a maximum at x = 0 of (1+ 0)е? = 1; 
there is a point of inflection at x = 1 and the curve is 


concave up for x > 1 and concave down for x < 1. 


124. у=хшх > у' = 1 х + x(D) = Inx 1; solving у’ = 0 y 
> шх+1=0 lnx = –1 >x = ег; y’ > 0 for 
x > еті andy’ < О for x «e ! > a minimum of e! Ine! 2 а: 
== 1 at x =е 1. This minimum is an absolute minimum 5 
since у" = 1 is positive for all x > 0. 4 
2 


125. Z = уусов /y = Foes = dx > 2tan/y =x +C > y = (an (55) 


126. y'= шин - ODay = 3(x + 1dx > y Iny = (x 1 +С 


ж 


127. уу’ = ѕес(у2)ѕес2х => n = зес?х dx => ээ! = tan x + С = ѕіп(у2) = 2tan x + С, 
128. у cos?(x) ду + sinx dx = 0 > y dy = вах = Y = ae +С=у= = а) + С; 


129. ay =e%-Y-? = суду =е “+ dx = e” = —e~ +2) + С. We have y(0) = —2, oe? = —e? + C > С = 2e? and 
е = —е 092 + 2e? => у = In(-e- 2) + 2272) 


tan 1(х)+С tan 1(0)+С 


. We have y(0) = е? > e? = e° 


130. Z = ЁРЕ > уру = тг > Ш(Ш у) = tan(x) +С = y= e 


tan~!(x)+In 2 


= gan (04€ = 2 > tan (0) + C=n2304+C=n25C=In25y=e 


131. x dy — (y+ /y)dx =0 Са: 2In( /$ + 1) = шх+ С. Wehave y(1) = 1 => 2 (Ут +1) =ш1+С 


21n2 = C = In2? = 14. So 211 („/у + 1) = In x + In 4 = In(4x) => п(„/у + 1) = Пп(Ах) = ш(4х)"“ 
= е"(/У+1) — ет)" 2, VI + 1= 2\/х => у = (2 x— 1): 


132. у 2& = = > ах = Бе е + С. Wehavey(0) =1= 0 = c2 С = 1. 


So У =e ет + 1 > y? = зе“ — e™) +1 => у = [3(е ех) + 1] 
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133. 


134. 


132: 


136. 


Chapter 7 Transcendental Functions 
Since the half life is 5700 years and A(t) = Age“ we have 2° = Аде > 1 = e°% = ]n(0.5) = 5700k 
> k= nO) With 10% of the original carbon-14 remaining we һауе 0.1Ао = Аџе ‘ot => 0.1 =e so! 
=> In(0.1) = 1105) t> t= ES дш 18,935 years (rounded to the nearest year). 


T-T, = (T, —T,)e™ = 180 — 40 = (220 — 40) е, time in hours, => К = —4 In (2) = 4 In (2) = 70 40 

= (220 — 40) е "09/7: => t= mm (n = 1.78 hr ~ 107 min, the total time => the time it took to cool from 180° Е to 
T 

70° F was 107 — 15 = 92 min 


ын шиш 
д = т – cot (40) — cot (3 — +),0<х<50 > %- ( z+ С») | 


= 30 [a — врт бор |} solving % =0 => x? — 200x + 3200 = 0 => x = 100+ 204/17, but 
100 + 204/17 is not in the domain; 99 dx > О1огх < 20 (s = y 17) and £ < 0 for 20 (5 — y 17) «x«50 


= х= 20 (5 — у 17) дш 17.54 m maximizes 0 


у= х? (1) = х (ln 1 ах) = –х? х = ау = —2x ln x — х? (i) = —xQ In x + 1); solving Ж dv —0 
=> 2Inx+1=0 шх--і х=е"; у < Oforx > e^? and ЧҮ * »0forxce ? = arelative 
maximum at x = e 7"; г = x andr = 1 h Jh Jer А 1.65 cm 


CHAPTER 7 ADDITIONAL AND ADVANCED EXERCISES 


Хо = lim (віп 1 — віп-10) = lim (ѕіп-1ь— 0) = іш sin™!b = 
Б— 1" b—1- b—1- 


Lo lim f Jd = pim- [sin 


= : “авла 
lim N 4 tan !tdt— lim = (2 form) 
х — oo х х — оо х co 
tan ix __ т 
ni ше І 7-2 


у = (cos \/х) ^ => Iny=iIn (cos (/х) and lim шу) E lim SCR. == lim Bit 


х— 0+ 5 = x OF 2./Хсов Ух х-0 vx 
1,-1/2 sec? 
Idi . 5х | sec үх sec? Ух _ 221 . Их _ 1/2 — 1 
= 5 lim, PEL 5 А (cos (/х) -е = ЈЕ 
2 хү2/х _ 2In(x+e*) : EET 2119 . је _ | 2 __ 
у-(х-е) => шу= x = „шп. In y = , lim, х--ех = im, Tre = lim, ex =2 


1 х\2/х __ 1 y md 
= lim (хе) “= lm е-е 


dim, (күт Жуз ta) = im, (о [ + (о) ie) шиг =l) 
which can be interpreted as a Riemann sum with partitioning Ах = = = х lim, (ан Щщ өз T Ы x) 


1 
=}, I dx = [In (1 + х)] = 2 


,lim, Е [ее +... +e] = а [(1) e? + (1) 9/9 +... + (1) e/9] which can be interpreted as a 


1 
3 : 841 3 1 х 1 fata 2/n x х] 1 
Riemann sum with partitioning Ax = = = х lim. 1 [e"/ Tey +... +4 = Је dx = [e] =e — 1 
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10. 


11. 


12. 


13. 


14. 


15. 


Chapter 7 Additional and Advanced Exercises 


A(t) = f e> dx = [-e7]; = 1- es У@ = r f e^ dx = [е] = £(1 - e?) 
(a) _ im, AO =, lim мон ег) =1 


(b lim У9- lim E = 


t ОО Ай) t oo | dJ-e* 
NO _ 4; 30-6?) |. 5-е) (+e) т -tj = 
© езі, AG = іш, 1-е' ES (65) = lim, 5(1+е') — m 
: : In2 : 
(а) lim log,2= lim, 2 =0; (b) 
lim log, 2 = ,um 12 — оо; 
а 1 >l- ha 
lim log, 2 = m №2 = оо; 
а> 1+ а- 1t №! 
Іп 2 


Ші 109,2 = lim. m = 
a — oo a — oo n 


e e e e e 
2 2 1082 х 5122 f In x _ | пху 1 21054 х EE f In x 
A= f =. = из; Аз = ; 4 ОКЕ аа o ЧК 


— (ШУ i А, — 2: 
= ЕЧ" > А:А = 2:1 


(-2) : 


салдаг ВЕ / 
у =tan х + tan (2) =» у = MM 
ai 9 
1 m 1 4 2 у= 7 
— I+-x = т m => => tan Ix + (ап (3) isa y= tan! х + tan! Б 
constant and the constant is 7 5 for x > 0; itis — 5 for >: | 


х < 0 since tan! x + (апт m ) is odd. Next the 
lim, [tant х + бап! (1)] 2042-2 


х > 


апа , lim. (tan! x + tan“! (1)) =0+ (- 2) = – т 


459 


In x) = хх In x and In (хх) = x In хх = x? In x; then, x* In x = x? In x = (x* - х)шх = 0 > х = x? огах = 0. 


2 


lnx =0 > x= 1; хх-х хшх = 2 шх => x = 2. Therefore, x") = (x*)* when x = 2 or x = 1. 


In the interval m < x < 2r the function sin x < 0 
=> (sin x)??* is not defined for all values in that 


sin x 


Дх) = (sin x) 


interval or its translation by 27. 


f(x) = ег» f'(x) = е%9 g'(x), where g'(x) = та ГО) = е0 (26) = = 
1 
(а) £= 28. ох = 2x ( ко) = f 25 4-0 


(с) T —2x => f(x) =x?4+C; 0) = 0 C=0 f(x) = x? the graph of f(x) is a parabola 


(a) g(x) + h(x) = 0 = g(x) = —h(x); also g(x) + h(x) = 0 = g(-x)-h(-x) = 0 = g(x) — h(x) = 0 


= g(x) = h(x); therefore —h(x) = h(x) h(x) = 0 g(x) =0 
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16. 


17. 


18. 


19. 


20. 


Chapter 7 Transcendental Functions 
р 
(b) toriy = [+09 + foco] + [e9 + fo] = fefe + fol) 4 fux) — fo) = Е. (х); 
f(x) ==> = [fe(x) Bug foco] С + ыз = fale) 3500 — x) + fo) = fo(x) 
(c) Part b = such a decomposition is unique. 
(а) 2(0+0)= ЕО. => [1 - g?(0)] 200) = 2g(0) => g(0) — 20) = 2800) = 20) + g(0) = 
= g(0)[g (0) + 1] 2 0 = g(0) = 0 
D ox) lim D-0 — qus Ew] _ m 0а eo) + 2°00) ва) 
(b 80) = lim a = Mim, h а ВП — БС) 
. 2(x 
= Jim, [9] 9] = 1- [1 + 8265] = 1 + #269 = 1 + [бор 
(с) dy У =1+у: = гол = іх > ап'у=х+ С = tan !(g(x)) = х + С; 2(0) = 0 = tan !'0–0+С 
=> C=0 = tan! (р(х) =x > g(x) = tan x 
М = |, тёр dx = 2 [tan-! x]; —$andM,c- |, Pe dx — [In (1 + х?)]» =112 > x= My 
(9 m 4; = 0 by symmetry 
1 1 Ё T : 1 T T T 4 
а) V=r (ух) а = f, dx = [ар = $(n4-1n1) = In 16 = Fn (2) n2 
2 1 pw 8 _ 1 64-1 _ 63. 
(b) М, = Vu (=) Чх = 5 Ја x? dx = [5 А 1/4 = = (3 54) =a = 0749 
E ЈЕ 1 (1 _1[ 1 4 1 21 : 
м, = fi (s) (е) ix 1f ax [ауд = 16 = 12; 
ч 1 ү—1/2 1/2 id. y. [6/2| — 21 
M= f; iz dx- f, ix dx = [x не 25255 therefore, x = 2 = ($) (2) = = апа 
9-4 = n2) = 
(a) L = k (22000 + beset) = a =k (ese 0 верен) ; solving $% dL -0 


=> rb csc? 0 — БВ csc 0 cot = 0 = (b сөс 0) (r* csc 0 — R* cot 0) = 0; but b csc 0 Æ 0 since 
0-І => 1*cscÓ —R*'cot0 = 0 


pa 
Rt 


cos 0 


0 = cos! (=), the critical value of 0 


(b) 0 = соз”! (3) £z cos! (0.48225) ~ 61° 


In order to maximize the amount of sunlight, we need to maximize the angle 0 formed by extending the two red line 
segments p dd vertex. The angle between the two lines is given by 0 = т — (01 + (т — 02)). From trig we have 


tan; = ,220— => 6, = tan! (122—) and tan (л — 62) = 20 = (л — 65) = tan ! (200) 
= 0 =r — (01 + (п- 6)) = т —tan ! (1229) — tan ! (200) 
“- 1 350 1 200) _ -350 200 
> & = 1 + (qe)? ` (450 — х)2 1+ (200)? : ( x? ) — (450 — x)? + 122500 + xri 40000 
do _ —350 200 _ 2 
4 0-9 30 + ig = 0 = 200((450 — x)? + 122500) = 350(x + 40000) 


= 3x? + 3600x — 1020000 = 0 


Using the first derivative test 


x = —600 + 1004/70. Since x > 0, consider only х = —600 + 100 70. 


> 0 and 


= 351) < 0 = local шах when 


2 ae g = эф 


= 100 = 400 


х = —600 + 100 70 ~ 236.67 М 
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CHAPTER 8 TECHNIQUES OF INTEGRATION 


8.1 INTEGRATION BY PARTS 


X. 
DE 


1. u = x, du = dx; dv = sin 5 dx, v = —2 cos 


| x sin х dx = —2х cos х — f (-2 cos 5) dx = —2x cos (5) 4-4 sin (х) +С 


2. и = 0, du = 4; dv = cos т0 ад, у = + sin 70; 


п 


| ө совлд ад = ? sin zo — 1 sin 10 dô = 2 


T 


sin 76 + E cos tô + C 
3. cost 
2---4 sint 


2t———— | —cost 


—sint 
0 ГЕ cos tdt = В sint + 2tcost - 2sint C 
4. sin x 
г (+) 
x?— ——  —cosx 
(=) | 
2X ——  —sinx 
(+) 
COS X 
0 J x? sin x dx = —x? cos x + 2x sin x + 2 cos x + С 


2 
5. u = ах, du = &;dv=xdx,v= 4; 


Р x 2 2 2 dx Хо У 3 3 
Ј хахах |$ шх| - ЛЕ 4 =>т2– |] =22-}=ш4—} 


4 
6. u= lnx, du = ду = x? dx, v = 5; 


e e e e 
3 шиг f xt dx _ ef x! 22361 
Јо nx ax = [$ mx] (иг = Қайы” 


1 


7. u = x, du = dx ; ду = e*dx, у = ех; 
Јхеах = хех — Ѓеах = хех — е* +С 
153х. 


8. u = x, du = dx ; dv = e?*dx, v = le : 


Јхезах = хеј - 1 f'eax == ze - ge^ +С 
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462 Chapter 8 Techniques of Integration 


10. 


11. 


12. 


13. 


14. 


15. 


e 

+ 
х2 ( ) ах 

(=) Р" 
2х ———2 е 

+ 
2 Sr —е * 
0 | узе ах = -x° e" —2хе Х— 2е + C 

е2х 
+ 
х2 2х +1 (+) e” 
2х-2 (же, ie^ 
: CM 
0 Јо — 2х + 1)e* dx = 1(x? — 2x + 1)e* — 1(2х — 2)е?* + 127 + С 
“(je фе фес 

u = tan! y, ди = гал ; dv = ду, v = у; 


Ј ап“ у ду = y an! y — үд л = уши-1у — 1 ш (1+ y) + С = ytan! y - путу + C 


u = sin! y, du = 72-5 ; dv = dy, v = у; 
Jsintydy=ysinty- fF, =ysinty+ уто у +C 


u = x, du = dx; ду = sec? x dx, у = tan x; 


[x зес? x dx = x tan x — ftan x dx = x tan x + In [cos x| + C 


(Ак sec? 2x ах; [у = 2x] > Ју sec? у dy = y tan y — f'tan y dy = y tan y — In [sec y| + C 
= 2x tan 2x — In |sec 2x| + С 


x? ES NN e 
3x? 22, Ы 
(+) 


0 КЕ dx = x?e* — 3x?e* + бхе* — бе“ + С = (x? — 3х? + бх — 6)е + (С 
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16. 


17. 


18. 


19. 


Section 8.1 Integration by Parts 


0 f ple? dp = —рје“"Р — 4p?e? — 12p°e™® — Аре > — 24e? + C 
= (-р* — 4p? — 12р? — 24p - 24)е° + C 


0 fo — 5х) e' dx = (x? — 5x) e — Qx — 5)e* + 2e + С = x?e — 7хе“ + Те“ + C 
= (х? — 7x +7) +C 


0 Ја ++ )е = (2 +r4 Ie — бг + ђе +2е + С 
= [1 +г+ 1) – Сг+ 1) +2]е + С = (2 —г+2је + (С 


0 fre dx = x°e* — 5x4e* + 20x?e — 60x7e* + 120xe* — 120е + C 
= (x° — 5х4 + 20x? — 60x? + 120x — 120) e* + С 
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464 Chapter 8 Techniques of Integration 


20. е“ 


2 1,4 
e —— ie 
(—) 1 24 
2t 16 € 
(+) 
1 24 
64 ° 
0 . e+ С = e tet etc 


21. I= fe’ sin 046; [u = sin Ө, ди = cos 6 46; dv = е” d9, у = ё] > I = e' sind — f e” cos 6 dd; 
ПАН АЈ ИЗА РО РНК 
= e^ sin 0 — е” cos 0 — I-- С’ = 21 = (e^ sin — e’ cos Ө) + C' = I= + (e? sin 0 — е” cos 0) + C, where C = - is 


another arbitrary constant 


Е 


22, I= fe» cos у ду; [u = cos у, du = — sin y dy; dv = e? dy, v = –е>ј 
=> IĮ = —e™” сову — fc *)(—sin у) dy = —e™ cosy — Је sin y dy; [u — sin y, du — cos y dy; 
ду = еу ду, у = –е>]ј = I= —e” cos y – Є siny — f( —е) ) cos y dy) = —е > cos y + e” sin y — I + С 


=> 21- e”(sin y — cos у) + C = I= (= ¥ sin у — e? cos y) + С, where C = с is another arbitrary constant 


23, I= | е? cos 3x dx; [и = cos 3x; du = —3 sin 3x dx, ду = e^ dx; у=е “| 
le" cos 3x + fe sin 3x dx; [u — sin 3x, du — 3 cos 3x, dv = е dx; v = e^] 


= 3 
3 
2 


= [= 1 e™ cos 3x + (ie sin 3x 2 Је“ cos 3x dx) = Ье” cos Зх + 3 ез sin 3x — 


9 
4 
> BI-le* cos 3x + 3 e* sin3x + C' = = (3 sin Зх + 2 cos Зх) + C, where С = С 


24. Је ~* sin 2x dx; [y = 2x] — fev sin y dy = Г; [и = sin y, ди = cos y dy; dv = е dy, v = —е?] 
ele. (-е> siny fe^ cos y dy) [и = cos у, du = — sin y; dv = e? dy, v = —e?) 
-01--169 siny +} (-е? cos y – (е) C sin y) dy) = — į e”(sin y + cos y) - I + С’ 
=> 21 = — те (ту + cos у) + С => І--іе-(віпу-- cos y) + С = — 57" (sin 2x + cos 2x) + С, where С = 5 


3 9 = х? 
25. Бағын > Је -2хах = 2 fxe ах; [u x, du = dx; dv = е dx, v = ех]; 


2 | хе dx = 2 2 (хе - Је dx) = 2 (хе — е) + С = 2 (V35 + 9 ev — ev) +С 


26. и = x, du = dx; dv ад «ONU 
[vi -za [- 2/07 39x], +3 2 Уа а = 21-24 =], шав 


27. u = х, du = dx; dv ta? x dx, v = ап? x ax = | zs dx = | === х ах = | - f ах 


т/3 т/3 = 7/3 
=tanx—x; f x tan? x dx = [x(tan x — x] 5^ — f, (tan x — x) dx = 1 (У3- 5) + [in [cos x| +] 


0 
=3(v3-$)+in}+% = -ш2-8 
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Section 8.1 Integration by Parts 465 


28. u = In (x + x°), du = CEDE фу = dx, v = x; Ја (к + х2) dx = x n(x +х2) — f 28) -xd 


=x In(x-+x2) – Ѓоре = x In(x +x”) аа dx = x In (x + x?) — 2x + In |x + 1] + C 


и = ах 
29. IE (In x) dx; | ди = 1 ах | - J (sin u)e" du. From Exercise 21, fisin u)e" ди = e" (Seen) +C 
dx = e" du 


= 5 [^x cos (In x) + x sin (In x)] + C 


и = 102 
30. [тап >)? dz | 44-1421| — Ге - u? - е ди = Ге + и? du; 
dz — e" du 
е?" 
2 (+) 1 52а 
и ——— je 
20 О je" 
(+) 1 220 
86 
0 f wer du = £e» — ве» 1e + С = 5 [202 —2и + 1] +С 


= = [21 2) -21nz--1] +С 


31, | хзесх? 4х [Letu х?, du = 2x dx => idu хах > |хэвсхд dx = 1 [веси ди = jIn|secu + tanu| + С 
= Ипјзес x? + tanx?| + C 


32. ЈУ а [Letu = х/х, ди = aR dx => 2du = + dx] > [S£ dx = 2 f cosu du = 2sinu +С = 2sin/x + C 


и = Шх 


33, Јах) dx; | du = ах | — Ге - u? - e" du = је - u? du; 
ах = е" du 
е?" 
2 (+) 1 220 
и —— je 
(—) Ше 
20 ———À9 16 


0 f wee du = £e» ез 1e + С = 5 [202 2а + 1] +С 
2 


== [2n х) – 21 х + 1] + С == 


(In x)? ЕС 


34. J le dx [Letu = mx, du = t ax] fay dx = fia =-i+C=-+C 


Inx 


35. u = ах, du = 1 dx; ду = 4 dx, v = –1; 


fax -- ва аах х-1-С 


36. ШЕН [Letu = Inx, du = 1а » Jex dx = fw du = łu +С = 1(ах)* + C 
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466 Chapter 8 Techniques of Integration 


37. fe? dx [Letu x^, du = 4x? dx idu x? dx] — fe dx — 1 fe du = ie" + С = le +С 


3 3 
38. u = x, du = 3х2 dx; ду = х2ех dx, у = ie 


3 3 3 3 3 = 
fe dx — Гее хах - Ix'e — ife Зх2ах = зхЗех - Тех +С 


39. и = x°, du = 2x dx; dv = \/х2 + 1 хах, у = iQ + iy? ; 
хз уха + тах = xti 1? — 1 (2-1) охак = 1202 1^ — 262 + + С 


40. | мах! ах [Letu хз, du = 3x? dx idu x? dx] > Јах dx = 1 Јали du = —icosu -С 


—icos x? + С 


41. u = sin 3х, du = 3cos Зх dx; dv = cos 2x dx, у = $sin 2х; 
IE 3xcos 2x dx — $sin 3x sin 2x — 3 | сов 3xsin 2x dx 
u = cos 3x, du = —3sin 3x dx; dv = sin 2x dx, v = —jcos 2X5 
| sin3x cos 2x dx = $sin 3x sin 2x — 3 | 1005 Зх соѕ 2х — 3 | sin3x cos 2x ax 


= $sin Зх sin 2x + 3со8 Зх сов 2х + 9 f'sin3x cos 2xdx => - Ба 3xcos2xdx — $sin Зх ѕіп 2х + 3 соѕ 3x cos 2x 


= | мазхсов 2х ах = —2sin 3x sin 2х — 3со8 Зх cos 2x+C 


42. u = sin 2x, du = 2cos 2x dx; dv = cos 4x dx, у = isin 4x ; 


IE 2xcos 4х dx = isin 2x sin 4x — 1 [соз 2х 8ш 4х ах 


u = cos 2x, du = —2sin 2x dx; dv = sin 4x dx, v = — {cos 4x ; 


IE 2xcos 4х dx = isin 2xsin 4х — 1 ЁС 2х cos 4x — 1 [зїп 2x cos 4х ax 


= Ísin 2x sin 4x + 1008 2х cos 4х + ШЕТ 2х cos 4x dx = з Гап 2х cos 4x dx = Ísin 2x sin 4x + 1008 2х cos 4х 


= IE 2xcos 4х dx = isin 2xsin 4x + 108 2x cos 4x + C 


43. | &sine dx [Letu = e, du = e* dx] — fe sine dx = | sinu du = —cosu + C = —cose* + C 


A4. | ах [геги = Ух, du = ж 2du = + dx] ГЕ ах =2 fe du = 28 + С = 2e + C 


X 
45. | совү/Х ах; dy = уур dx — | eosy2y ду = Ј 2y cos y dy; 
Еее 
u = 2y, du = 2dy; ду = созуду, у = siny ; 


\[2усозуау = 2ysin y — f2sinydy = 2y sin y + 2 сову + С = 24/xsin ух + 2 с0$ ү/х +C 
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у= ух 
46. Ј xev? ах; dy = уур dx > Јуе 2y dy = |ру2 e ay; 
dx = 2у ду 
еу 


(+) 


---- е 
4у О уе 


4 Rom 


2y? 


0 Гоу е? dy = 2y% — Aye! + 467 + С = 2xeV* — 4. /хеу + 4e V* + С 
47. sin 20 

+ 
02 аў, -i cos 20 
2 ©), —1 sin 20 

(+ 4 
2 = $cos 20 

2/2 2 1/2 
А 22 6 9 <: 1 

0 Ї 0 sin 20 40 = |-- © cos 20 + $ sin 20 + } cos 28| | 


48. сов 2х 
+ 
x? 2, 3 sin 2x 


3х2 МЕ — i cos 2х 
pti is 

бх -----» — у sin 2x 
(—) 1 


6 — је cos 2x 


п/2 
0 1. X? cos 2х dx = % sin 2х + ax cos 2x — 3% 


2 


-(-04-4:0-1-(-0|-1004041-41-5-41-58 


A п/2 


sin 2x g COS 2x] 
0 


4 


217 372 3т 
-| -0+ js аг. 8 


a 
49. u = sec! t, du = — =: ду = еф у = Б; 


2 


t 


-0-3-(-b] - [o+0-0- 3-1] =- 8 +3 = 2652 


2-1 2? 


2 
e — 
Ji тес tdt = 


в 1 2 | dt 
27% Т M OP = @- 


2. т) f. t dt 
376 2//3 2/0 —1 


E 


2 

Sr 2. Sa 4 = 5т 

=F 3 Еа V2 ТЕ )-3 
50. u = sin™! (x?) , du = A dv = 2x dx, v = x?; 


кюн 


(Уз у?) - H зт эт ЗУ 


Им. 20 "EZ уу? 
T 2x sin! (x?) dx = |х? біп”! COPAS - Ї x?. ede 
1/у2 
E / 4 т 3 _ л+6у3–12 
= 5 + | 1-ю], zh xx o eer 
51. (а) u = х, du = dx; ду = sin х dx, v = — cos x; 


51 = | xsinx dx = [-хсозх + [cos x dx = п + [sin x]f = т 


0 
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2n 
(b $ = - f xsinxdx =- 


2n 
[—x cos x]?" + Ї COS X ax = —[—37 + [sin x]?"] = Зл 


Эт 
(с) 5з = f x sin x dx = [— х cos х + ЈУ cos x dx = 5r + [sin x]3" = 5л 


(п--1)т 
быт ci" f ee x sin x dx = (—1)**! [[—x cos хје 9“ + [sin хје 7] 
= (у [-(n + 1)л(—1)* + пт(—1)**!] +0 = (2n + 1r 


(а 


хи 


52. (а) и =x, du = dx; ду = cos x dx, v = sin x; 


со 34/2 = А зг/2 E ame c 31/2 __ 
= --Г, x cos x dx = — |ж sin хх], — Т, sin x ах == (- = т) — [cos х], = 2m 
51/2 51/2 

(b 5» = 2E Х cos x dx = [x sin xD - ІШ sin x dx = [57 — (—-3")] - [cos г. = Ат 

Е 77/2 Е z/2 77/2 | Ш Ta m 
(с) S3 = — (йн x cos x dx = — |ж sin xl — |. sin x ax] = — (- ы = жу — [cos хо = бл 

5 --1)т/2 " А ил /2 4 (2n-1)7/2 А 

(d) S, = (-1) ји ңуз X COS X dx = (-1) |ж sin X]o, улу — Ls. sin x ax 


-(-1у (шым (-1y — 20" ( i| [cos хб = à Qnm + т + 2вл — л) = 2пл 


In2 In2 In2 
53. У = |" глаа2—х)е ах = 27102 | e dx – 27 f xe dx 


In2 
= (27 In 2) [e]? — 2л (е - f e 8) 
= 2r In 2 — 2л (2112 — [e] у“) = –2л In2 +2л = гл] – In 2) 


1 1 
54. (а) У = Т, 2nxe^ dx = 2л (кэе + 1 ет 8) 


(5) оси ш. 
у=-е*;У=ж ЕТЕ 2 - Је“ ax 
= 27 "n 10-13 + еі =2л(1+1—-1)=® 


е 


п/2 m 7/2. 
55. (а) у= |, 2пх cos x dx = 27 (жал - f, sin x ax) 


= 2л (5 + [cos x13”) = 2r (Z +0- 1) = т(т- 2) 


п/2 
(b) у= / 27 (3 — x) cos x dx; u = 5 — x, du = - dx; ду = cos x dx, у = sin x; 


V = 2r [(£ — x) sinx] "/ | sin x dx = 0 + 27[— cos x]7/? = 2n(0 + 1) = 27 
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56. (а) V = |/2лх( sin x) dx; 


sin x 
х өмд СО X 
2Х > —SsinX 


2 = COSX 


0 = У = 2л fx sin x dx = 27 [—х? cos x + 2x sin x + 2 cos x], = 27 (1? — 4) 


(b) У = Јол(т — xix sin x dx = 22? fx sin x dx — 27 | x? sin x dx = 212 [-x cos x + sin xIz — (213 — 87) 


= 8m 
57. (а) А = f Inxdx = хал - ак : 
= (elne — 1111) — [x], =e-(e-1)=1 
(b) У = f тапх) Y dx = т([х( (In x) y - Ј глахах) 7 
СШ - 1(101) y)- (ахх), Јов) 


= afe- (ете —2(1)1m1) - []7)] 


= rle (2e — 02-2) = z(e — 2) 


(© V= '2л(х +2)Inxdx = 20 | ( (x + 2) nxadx = 2 ( s 2 + 2x) ч Гаде) 
1 


- за (је 420 не (+ 21 – [Gx 2 42x) | Jem e + зе) — ((4e? -- 2e) – 2)) = z(e? +9) 


(d M= f In x dx = 1 (from part (a); x = 5. хшхах = - = Ј ixax = (Je Ine - КО? шт) - м 
1 


= je — (је - 4(1)°) = (e + 1); у = a (шх)? ах = Ч. ховх - ЕШ 
1 


- (0 -1-(ш1))- (хээ! СЭ) = }(e – (бете– 20)m1) – [2x] )) 


= }(e — 2e + 2e — 2) = (е—2) > (х,у) = (=н, =>) is the centroid. 


1 1 1 
58. (а) А = ап" хах = ants] -1, тх у 
0 ! » угаа x 
а 

= (tan! 1— 0) — Ш + x) 
0 

= 4—}(In2—Inl) = 7 — 512 

(b V = Ј 2zxtan-! xd 
= | 2rxtan™! x dx 1 2% 
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59. ау(у) = + I 2e cos t dt 


— 1 [е“ (ва сов!) | a 


(see Exercise 22) — av(y) — x (1 — e) 


Qn 
60. av(y) = i 4e™ (sin t — cos t) dt 
2 рт . 2 27 
== f e™ sin t dt — = f e™ cos t dt 
0 T 0 


T 
2 (е- (ш: cost) ез (sint cost) ] 27 
2 
T 


= [-е sin i; =0 


61. I= | хов x dx; [u = x”, du nx dx; dv = cos x dx, v = sin x] 


> [= x’sin x — Јах ап х ах 


62. I= 


— 


x"sin x dx; | = x”, du = nx" * dx; dv = sin x dx, v = —cos x] 


=> [= —x"cos x + f пх"-1соз x dx 


63. I— fe dx; [u = x", du = nx"! dx; dv = е” dx, v = lem] 


ax 


= [= EE _ в [xm le dx a £0 


64. = (ап х)" ах; [u = (0 х)", du = nn) dx; dv = 1 dx, vx] 


—I-x(Inx)' — Јаја x)" dx 


65. Га) о) ах; Ju=x-a, du = dx; dv = јаку = feat = Је) ај 
= ШОН а] f. (fto dt) dx = (в-4Г dt — (a — a) f Қо) а) = КЕС а) ах 
=0+ (Лю) a= (да) ах 


66. | 1 =x? dx; [и = а „Ах; dv = dx, v =x] 
=xy1-x? J= xVl ZEE LI ХУ1-Хх2 ( pS dx Joke) 
Бу југа [а х 
> | 1—x?dx=x 1-2 + f тәж f^ dx > 2f 1—x?dx=x 1-x4 f 
> ГМ а= six f ах + С 


1 
7g 


67. Jf sin! x dx = x sin™! x — Бау ау = хш 1х + cos y + С = x sin™! x + cos(sin ! x) + C 


68. ва x ах = х!ап !х – (һа у ду = x tan"! x + In |cos y| + С 2 x tan ! x + In |сов (tan ! x)| + C 
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69. f secx dx = x sec! x – sec y dy = x sec“! x — In [sec y + tan y| + С 
= x sec”! x — In |вес (sec ! x) + tan (вес“! x)| + C = x вес“! x — In Ez ух? – 1| +C 


70. flog, x dx = x log, x — [> dy = x log, x – 2; +С = х1ор х – [5 + С 
71. Yes, cos ! x is the angle whose cosine is х which implies sin (cos ! x) = y 1 — х2. 
72. Yes, tan ! x is the angle whose tangent is x which implies sec (tan ! x) = y 1 + x?. 


73. (a) J sinn: x dx = x sinh"! x — J sinh y dy = x sinh ! x — cosh y + C = x sinh! x — cosh (sinh! x) + C; 


check: а |х sinh! x — cosh (sinh ! x) + C] = x+ jie — sinh (sinh ! x) "EI dx 
= sinh ! x dx 

J sion: x dx = x sinh™! x fx ( 
= x sinh! x — (1 +x?) +C 
check: d Е sinh"! x — (1 + x?) 


-1/2эх dx 


(b ) dx = xsin-!x — 1 Ја ex?) 


wm 


1 
MESS 


Ms | dx = sinh^! x dx 


= : —1 х х 
+C] = [sinh КАР лол VES 


74. (a) Jf ann x dx = x tanh! x — (аһ y dy = x tanh ! x — In |cosh y| + С = x тапћ“ ! x — In |cosh (tanh !x)| + C; 


check: d[x tanh ! x — In |cosh (tanh ! x)| + C] = [tanh х + = А 


1-х? cosh(tanh! x) 1-х? 


= [tanh^! x + т^» — >] dx = tanh! x dx 
anh! x dx = x tanh“! x – {3 dx = x гапћ ! x — пој зе dx —xtanh !х + ż In |1 - x?| +C 
check: d [x tanh7! x + 2 In |1 — x?| + С] = [tanh! x + t — t] dx = tanh! x dx 


(b 


wm 


8.2 TRIGONOMETRIC INTEGRALS 

1. | сов2хах = 1 | сов2х · 2dx = }sin2x + С 

2. зәт зах = f, sin $- ах = 9[-сова | = 9(—cos$ + сово) = 9(—4 +1) = 3 
3. С sinxdx = - f соз?х (віп x)dx = – 1008'х + С 

4. | мийх cos 2х ах = 1 | хийх cos 2x -24Х-- i Sin? 2x +С 


5. | майхах = J sin’x sinx dx = fü — cos^x) sinxdx — [зїп хах - сойх sin x dx = —cos x + 10053 x + С 


6. Јсоѕзах dx = | содах cos 4х dx = if — вш24х) cos 4x - 4dx = 1 [соз 4х · дах — 1 f'sin?4x cos 4x · 44х 


= isin 4x — біп 4х +С 


7. J sin’x dx = Ј (зїп?х)?вїп хах = Га - cos?x)" sin хах = fa — 2cos?x + cos*x)sin x dx 


4 9 . 2 
= Ба хах- | 2совх sin x dx + С sin x dx = —cos x + сов х — iCOS)x +С 
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8. Ї sin? х)дх (using Exercise 7) = | sin(3)ax — со (3)sin(2)dx + | cos*(2)sin(3)dx 
= [= E ) + $cos (5) – со (|) = (0) - (-24$-5) = 15 


5 


9. С ах- J ссовдх)сов x dx = Ја - sin?x)cos x dx = | oos x dx — J мах cos x dx = sin x — isin?x + С 


7/6 


10. ЈУ зеовак ах = |” (cos3x)'cos3x.3dx = |“ (1 — sin?3x)’cos 3x : 3dx = fe (1— 2sin?3x + sin*3x)cos 3x - 3d 
. Jo. 30093x dx = |, (сов“3х) соз 3х. Зах = |, (1— віп“Зх) сов3х · Зах = J, (1- 2віп “Эх + біп Зх)соѕ 3x · Зах 


т/6 ТШ 228 T - 4 2 : sin?3x sin?3x т]6 
5 cos Зх · Зах — 2 о sin Зх cos Зх · Зах + о sin Зх cos Зх · Зах = [sin Зх — 255 35-55 | ð 


-0-1-0-0)-4 


11. J sinx соѕ?х dx = J мах cos?x cos хах = J sin’ x (1 — sin?x)cos x dx = J sin’x cos x dx - J sin5x cosx ax 


= ТИХ - łsinîx +C 


12. Jf eos2x sin?2x dx = 1 | сов?2х sin?2x - 2dx = 1 [соз 2х cos?2x sin?2x - 2dx = ifa — sin?2x) sin?2x cos 2x - 2dx 


= 1 sin?2x cos 2x · 2dx — | біп 2х cos 2x - 2dx = isin? 2x — sin? 2x +С 


13. | оёх ax = f 1+2 dx = 1 f (1 + соз2х)ах = 1 [ах+1 | вовдхах = 1 1 [ах+1 f соз2х · 24х 
= ix + Isin2x + C 


14. [sioe dx — 15 1—сз2х dx = ыға — сов 2x)dx = 1 ax = ЊЕ cos2x dx = МУ ах – 1 | сов 2х · 2х 
= [bx – 35124." = (4(4) - dsin2(3)) - (200) - 450200) = (5-0) – (0-0) = 


т/2 п/2 л/2 т/2 т/2 
15. f sin’y ду = 1 sin$y sin y ду = Ј; (1— cosy)? sin y dy — |, sin y dy — 3f cos?y sin y dy 


n . cos? cos? cos” т/2 ў 1 
1 cos*y sin y dy — Г. созбу sin y dy = |-cosy + 3 a ee + aj -(0)-(-1-1-2-1)-4 


16. [сок dt (using Exercise 15) = 7 | feos tdt — з f sint cos t dt + з f sint cos t dt — (Баба cost di 


= 7 (sint ges + jn sin n) + С = sint — 7sint + 21 21 51156 — sint + C 


17. ЈУ 8sin*x dx — 8| (певала = 2 а — 2cos2x + cos?2x)dx = 2 Га - 2 ЈУ cos2x - 2dx + | ten: dx 
= [2x — 2sin 2x]7 + | ах + | совахах = Qn + [x+ 15іп 4x] ; = 2m + т = Зп 


18. | веом лх 4х = ЖЕСЕ B 2Га + 2cos 4тх + cos”47x)dx = 2 [ах + 4 f cos4nx dx + д ева ах 
= 3 Јах + 4] соз4тхах + | воввлхах = Зх + 15іп 4тх + sin ӛлх--С 


19. | 16 sin?x cos?x dx = 16 | (е2) (онох) qx = 4 f (1 — соз?2х)ах = 4 f ax — 4 f (142%) ах 


= 4x — 2 [ах —2 | соз4хах = 4x — 2x — Asin 4x + С = 2x — Asin 4x + C = 2x — sin 2xcos2x + C 


= 2x — 2sin x cos x (2cos? x — 1) + C = 2x — 4sin x cos? x + 2sin xcosx + С 
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20. ЈУ 8 sintycos?y ду = 8 f" (55822)? (1m) dy = f dy | cos2ydy — [У cos?2y ay + ЈУ cos'2y dy 


= [ = іш =, (емін dy + f" (1 — sin?2y)cos 2y dy = — 1f ay- 3 | cos4y dy + |” cos 2y dy 
1. ший т т 
2' 3 


= %Г == 


- Ї sin?2y cos 2y dy = т + |-ђу - ісіп 4у + isin 2y : 2 —$ 


21. | 8cos'20sin 20 do = 8(—1) 526 + C = —cos'20 + C 


т/2 т/2 т/2 т/2 
22. Ї $11220 сов 20 40 = ГА sin?20(1 — sin?20)cos 20 10 = Ї sin?20 cos 20 40 — 1 $11120 cos 20 ад 


га v. т/2 
— |1. 51120 1, 51720 -0 
2 3 2 5 E 


0 


23. йн ТЭЭН 
24. Ї 1 — cos 2x dx = f, \/2 |sin 2x |dx = | V/2sin2xdx = |- V2cos 2x] = \/2 + V2 = 2/2 


п т т/2. 
25. Ї М эша = f | cost а = | costdt— |" cos tdt = [sin "2 — [sin t]7, 21—0—0 7-122 
26. ЈУ V1 – cos? dd = || sin 9 јад = f sing ад = [—cos 6]7 =1+1=2 


27 |. sin? x dez | sin? x У1+созх q == "Эн эн sin? х V1 +созх q к= |, 1/2 sin? sin” x y 1 +cosx dx 
° Әт/3 У1-совх т/3 ./1—cosx 7 т/3 М1 – со x V sin? 


1/2 т/2 
- Ja sinx y 1 + cos x dx = Е + a = -2(1 + 2 + а + + cos (2j = -2 T AO 


з_2 
3 


28. |“ Tp sinx dx = ния улова gy 7 0-а ay "4 est dx = ЈУ а ax 
= [2а - ваи] = –24/1 — sin (Z ) +271 - sind = -2,/1 +2V1 = Seal 
29. ТАК Fe dx = dore еба VL d к= | eta | = ука ах 
па ДРЕ dx = Доод x VT + sinx dx = — f; cos x(1 — sin? x) y 1 + sinx dx 
- ЈА а совх VTF sinx dx + тоог 1 + sin x dx; и /и du 
[Letu = 1 + sinx u— 1 = sinx = du cosx dx, x = 27 > u= 1 + ѕіп(ё7) З, х T u I sing = 1 | 


E |-30 sim) о], пи + зв (8 — 1) ? /udu = |-3a + sinx)*”] БЕРІС 5/2 — 203/2 + Мт) du 


= (-$0 + sin)? + $( + sin (5) 7) + ий? — ju e]; 
3/2 /2 315/2 3/2 /2 /2 
-(H«:507)«6-1«9 - GQ? - $^ «$97 = $^ – - 8 


72/12 
т/2 


77/12 77/12 72/12 
alb У 2: A V cos? 2x 
V1 —sin2x sin 2x dx = 1 — sin 2x + sin 2x dx 2... sin 2x d Сиа _Vcos* 2х_ V cos? 2x 2555. ах 


т/2 1 +sin 2x т/2 нас © У + sin2x 


77/12 


EP —cos 2x =! : ш 20 : Тп тү. 1 _ y2- 1 
= Jan mE. dx = | ра = m тт) оо = -ү! +1=1- A= љ 
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31. 


32. 


33. 


34. 


35. 


36. 


37. 


38. 


39. 


40. 


Chapter 8 Techniques of Integration 
т/2 т/2 л/2 
ЈЕ Өү — cos 20 40 = | Ө\/2 | sin Ө | 40 = V2 f. д зїп 040 = \/2[- Ócos 6 + sin 0|77 = У2(1) = /2 


- сов) ын dt = i sin?t 3/2 dt = : “| sint dt = — ° , sin?t dt + | sin't dt = — | 1 — cos?t)sint dt 
Га Л. (звер - 24 ) 


9 0 
T n 1 —cos’t)sint dt = -f sint dt + Г cos?tsint dt + | sint dt — | cos?tsint dt = Lus exi 
ВЭ " 


[mem] -0-141-040-191-07-1 
J sec?x tanx dx = Ј tan x sec?x dx = jtan?x +С 


J secx tan?x dx = (Бес x tan x tan хах; и = tan x, du = sec? x dx, dv = sec x tanx dx, v = sec x; 
m 2 3 2 2 2 2 2 2 

= sec x tanx вес” x dx = sec x tan X ѕес x sec хах = sec x tanx капе x + 1 )sec хах 
— sec x tanx — ЕГЕ x sec хах + | sec xdx) = sec x tanx — In|sec x + tanx| — Г х sec хах 
=> f sec x tan?x dx = sec x tan x — In|sec x + tan x| — f av х 5ес xdx 


= 2 f tan? x sec хах = sec x tanx — In|sec x + tan x| > f tan? x sec xdx = isec x tan x — 4]n|secx + tan x| + C 


f secx tan x dx = J sec?x sec x tan x dx = вес 5x +С 


| зесјх tan?x dx = J sec?x tan?x sec x tan x dx = f sec?x(sec?x — 1)sec x tan x dx 


= = f sect x sec x tan x dx — | sec?x sec x tan x dx = = isec?x — 1sec? x+C 
Jf sec?x tan?x dx = СЕ зес2х 4х = itan?x +С 


J sectx tan?x dx = J зес?х tan?x sec?x dx = J (tan?x + 1) tan2x sec?x dx = (вх sec?x dx + | ших sec?x dx 
= itan?x + itan?x +С 


0 
Ј__. 2 зесЗх dx; и = sec x, du = sec x tan x dx, dv = sec?x dx, у = tan x; 
Jf? „2. secx ах = [2 sec x tan x]? 5-2 tan?x dx =2-1-0-2-2- 3-2" (вес2х — 1)d 
5 2 Sex dx = [2 sec x tan x], _ „в SEC X tan?x dx = з SEC X (вес?х х 
0 0 0 
-4ү3- 21. sec?x dx + л sec x dx; 2f 2 sec?x dx = 44/3 + [21 | sec x + tan х[]° уз 
0 Е 
2f „2 зебх dx = 4/3 + 2In| 1 0| — 202 — V/3| = 4/3 - 2 (2 – уз) 
0 
Ј „2 весх ах = 24/3 — In (2 - v3) 


| esec? (ех) ах; и = sec(e*), du = sec(e*)tan(e*)e*dx, ду = sec?(e*)e*dx, у = tan(e*). 
ТГезес (ех) dx = sec(e*)tan(e*) — J secte *)tan?(e . e*dx 

— sec(e*)tan(e*) — | secte (sec?(e*) — 1)e*dx 

— se an(e*) — fse 
2 f'e*sec?(e*) dx = 2. mE + In|sec 
ТГезес (ех) dx = $(sec(e*)tan(e*) + In|sec(e*) + tan(e*)|) + C 


(e*) јечах + | sec(e*) XJe*dx 
(ех) + tan(e)| + C 
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; | sect 40 = fa + tan?0)sec?0 а0 = f seco 40 + fiano sec? ад = tan 0 + itan?ó +C 


= tan 0 + Чап 0(sec?8 — 1) + C = Шап 0 sec? + 2tan 0 + C 


42 


т/2 4 т/2 5 5 
' Ја свс 0 10 = 118 (1 + cot^8)csc^0 10 = 


(0) -(-1-3) = 


4 


3 


44. | зесбх dx = J sectx sec?x dx = J (tan?x + 


== | ших sec?x dx + 2 ftan?x sec?x dx + 1 


45 
= 2tan?x — 41n [sec x| + С = 2tan?x — 21 


1/4 


Р f Звес“ (Зх) ах = Ја + tan? (3x))sec?(3x)3dx = Бес (3х)3ах + f tan? (3x) sec?(3x)3dx = tan (3x) + tan? (3х) + C 


т/2 1/2 36 T 
f свс20 аб + || cot?0 свс20 10 = ЕШ — Фе 
л/4 т/4 3 | ла 


1) secx ах- J (tantx + 2tan?x + 1) sec?x dx 


sec?x dx = itan?x + ап х + tanx + С 


: 4 tan3x ах = af (sec?x — 1)tan x dx = 4 | sec?x tan x dx — 4 f tan x dx = дит — 4 [sec x| + С 


ес? x| + С = 2tan?x — 2 (1 + tan? x) +С 


т/4 т/4 т/4 
46. 12 б tanx dx = of (sec?x — 1)tan?x dx = of sec?x tan?x dx — ef... tan?x dx 
т/4 т/4 т/4 п/4 т/4 

== 2 2 2 = an?x 2 

= 6 sec^x tan^x dx — 6] a (sec^x — 1)dx = (ШЫ Mm 6 sec^x dx + 6 a ах 

=2(1- (—1)) – [бап x], + [6х "4, = 4- 6(1— (-1)) + "+ м = 37 —8 

2 

47. (һа ах - fitantx tan x dx = J (sex — 1) tanx dx — J (sec*x — 2sec?x + 1)tan x dx 

= J sectx tan x dx — 2 | secx tan x dx + franx dx = f sec3x sec x tan x dx — 2 | sec x secx tan x dx + Гах ах 

2 

= {secx — зес?х + In|sec x| + С = 1 (tan?x + 1) - (tan?x + 1) + In|sec x| + С = ¿tanx — jtan?x + In|sec x| + C 
48. Јох dx = J cot*2x eot ax dx = | одох (сѕс22х — 1) dx = J cot*2x csc?2x dx — J одох dx 

= J cot*2x csc?2x dx — J сое2х cot?2x dx = J cot*2x csc?2x dx — | сов2х(све2ох — 1)4х 

= | сойх csc?2x dx — | сов2х csc?2x dx + | сов2х ах 

- | сойх csc?2x dx — | сов2х csc?2xdx + f (csc?2x — ах 

= | сойх csc?2x dx — | сов2х csc?2xdx + Јсзс22х dx – fax = —i5cot 2x + łcot?2x = 1сої 2x -х - C 

т/3 т/3 т/3 т/3 т/3 

49. T. собх dx = T. (сѕс2х — 1 )cotx dx = (28 csc?x cot x dx — | cotx dx = Е + 1р | esc x|] P 

— ifl 2 24 

--1(1-3)4 (1-3, -102) = f уЗ 


50. f? со dt = 8 | (сэс? — 1 )cot?t dt = в [с 
= —Scot*t + 8 cott + 8t +C 


. IE 3x cos 2x dx 1 ff (sin X + sin 5x) dx 


: IE 2x cos 3x dx 


1 f (sin) + sin 5x) d 


sc?tcot?t dt — 8 | соса dt = – собі — 8 | (све — 1 )dt 


1 
2 


COS X — 7008 5x+C 


1 


2 


1 


2 


хэс J -зпх + sin 5x) dx = Ісоѕх — 15008 5x + C 
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53. J sin 3x sin 3x dx = У (сов 0 — cos 6x) d =: dx – 1 |" cos 6x dx = 5 [x — віп 6x] ",-т-1-0-7 


54. 


55. 


56. 


57. 


58. 


59. 


60. 


61. 


62. 


64. 


qu 
0 


1/2 т/2 a 
sin x cos x dx — Ч, (sin 0 + sin 2x) ах = 1, sin 2x dx = —1[cos 2x] о n- -1(-1-1)-1 


2 


| со 3x cos 4х dx = 1 | (соз(–х) + сов 7х) 4х = 1 (созх + cos 7х) dx = #5їпх + isin 7х + C 


п/2 п/2 
1 cos 7x cos x dx = A MAC бх + cos 8x) dx = 4| $sin 6x+{sin 8x] ^ 


т/2 c 


| sin? 0 cos 30 40 = f 1=°%2# cos 36 40 = 1  сов 30 do — 1 | cos 20 cos 36 40 


1 | сов 30 40 — 1 
1 | сов 30 40 — 1 


f: (cos( 2 — 3)0 + соз( 2 + 3)0) 40 = 1 [сов 30 dé — 1 | (соз(—0) + cos 50) 40 
Im dé — 1 | сов 50 dé = isin 30 — 1зїп 0 — 5;810 50 + С 


(ров: 20 sin 0 10 = | (2cos? 0 – y sin 0 10 = | (cos 0 — 4с052 0 + 1) sin 0 40 


= Ѓасов? Өзїп 0ад — f4cos? дат 0 ад + | sin 040 = —$cos? 0 + $cos? 0 — сове + C 


(сов 0 sin 20 10 = f «o9? 9 (2sin 0 cos Ө) 40 = 2 | сов! Ө sin 0 40 = —2cos 0 + C 


IE 0 cos20 ад = J sin? 0 cos 20 sin 0 40 = Їй - сов? 9) cos? 0 — 1)sin 6 40 


= J (-2сом 0 + 3cos? 0 — 1)sin 0 dó = – ['cos* 0 sin 6 40 + 3 | cos? 0sin 0 dé — J sin ө аө 
= 22057 0 — cos? 0 + cos 0 + С 


IE 0 cos 0 cos 30 40 = 1 [вњ 0 cos 0 cos 30 ад = 1 [їп 20 соз 3040 = TE (sin(2 — 3)0 + sin(2 + 3)0) 40 


1 f (sin(—6) + sin 50) 40 = 1 f (sine + sin 50) 40 = 1с050 — $ cos 50 + С 


Ба 0 sin 20 sin 30 ад = f: (cos(1 — 2)0 — cos(1 + 2)0) sin 30 40 = 1 f (eos(—6) — cos 30) sin 30 49 


7. 


1 [5130 cos 0 10 — 1 Гапзе cos 3040 = ШЕГЕ -1)0--віп(3-- 1)0)d0 — 1 [25130 cos 30 49 


1 (sin 20 + sin 40)d0 — 1 | ап 60 40 = 1 f (5120 + ѕіп40)а0 — 1 f'sin 60 40 
—$cos 20 — 15с0$ 40 + 5160$ 60 +C 


sec? X х= | == X 
tan x tan 


secx tan? x+1) sec xX tan? x sec x sec x 
=) х= | ах + | == ах = ftanxsecxdx + Ј свсхах 


x tanx tanx tanx 


= sec x — 2 + ЭН +С 


os 


cos* x 


sin? x sin? x sin x (1=cos? x) sinx —cos? x) sinx sinx со” xsinx 
= x= | их х= f = x= f= х- јен ах = Бес хлапх dx — f secx tan x dx 


cos* x 


cos* x cos* x cos* x 


= ie x sec x tan x dx — 2 ЯК lsec?x — sec x + C 


J 


2 1-2 
tan^ x sın“ X 
ЖЕЛЕ ах = 5 

CSCX COS^X 


= sec X + cosx + C 


3 


7 1—с05 x cos? x : 
sinxdx = | Ч=®®®ыпхах = fe sinxax— f 52 ~ біп х dx = sec x tanx dx — | ѕіпх dx 
со: 
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66. 


67. 


68. 


69. 


70. 


71. 


72. 


13: 
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cotx cosx 1 2 2 
Таса х px sinx ! cos? х dx = m dx = Їнэ dx = Ј све2х 2ах - -In| csc 2x + cot 2x | +С 
J xsin2x dx = {те dx = = 1 fx dx — 1 | хсов2х dx [о x, du = dx, dv = cos 2x dx, у = jsin2x 


— 1,2 _ 111 — | igi = 21 241 
-01Х Ч [{xsin2x ff 1sin2x ax] = 4X 4X sin 2x cos 2x + С 


| хсоёхах - | xcos*x cos x dx = Га — sin?x) cos x dx = | хсозх dx - fx sin?x cos x dx; 


| xcos x dx = xsinx — f sinx dx = xsinx + cos x; 


— 
= 


x, ди = dx, dv = cosx dx, у = sin x] 


| x sin?x cos x dx = 5x sin? x — (Пп? x dx; 


[о x, du = dx, ду = sin?x созх dx, у = isin? x 
= ix sin? x — ifa — cos? x) sinx dx — ix sin? x — 1 f sinx dx + 1 | соё x sinx dx = ix sin? x + cosx — 50083 x; 
=> | xcos x dx - | x віп2х cos x dx = (xsinx + cos x) — (4x sin? x + icosx — $cos? x) +C 
= xsinx — ЕХ sin? x + cos x + cos? x + С 
4 
у = In(sec х); у’ = SZE — tan x;( = tan?x; 17 М 1 + tan?x ак = |" [sec x| dx = [In|sec x + tan x|] 0” 


= п(/2+1) - ш(0--1) 2. 


т/4 - 
М = J see x dx = [In|sec x + tan x|] 7, -ш(у2-1) —1n|V2 — 1| = In -— 


у = 1 | M sec?x di 1 [tan x]? л/4 1 (1 ( 1)) = 1 
In VE —п/4 2 2In уды emi 2m H uu 


У = тј зшхах ==, Loess dy = т | dx т | cos 2x ах = z[x]; — z[sin2x]g = (л 0) – 1(0—0) = 


т т п/4 30/4 п 
А= f. 1+ cos 4x dx = f V2 |cos 2x\dx = V2 |, cos 2х4х = V2 Ј n nn j4008 2х dx 
= X? [sin 2x] 7/4 — X2 [sin 2x] /* + Y? [sin2x] = М2 (1-0) - X3(-1- 2) + 52 (0+1) = Уа + /2— 2/2 


= js (х + cos x)dx = е + sinx| й = (от)! + sin (2т)) - (200) + sin (0) = 212; 


2n 27 27 2n 
TE 2 2 20 2 1 
X = yu 1 х(х + cos x)dx = zx]. (х + хсов x)dx = эс), x dx у= f x cos xdx 


[u x, du = dx, dv = cos x dx, v = sin x] 


27 27 2n 2n 
єт рој ! + = ( [x sinx| "Чи | sin 23 - єр (873 — 0) + 55 (2л sin 27 —0— 1, sin мк) 


27. 27. 
T — 8m = =z y= 2 
= + 1, 5 [cos x] = + 55 (cos2r сов0) = # +0 = 4; у = ы) 3(X + cos x) dx 


2n 2n 27 2n 
EE. 2 2 _ 1 2 1 1 2 
= au Jo (x* + 2x cos x + cos? x)dx = aJ. x^dx + 5-1, x cos xdx + zs | сов“ x dx 
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2n 27 27 
- zs [| 4 ss [x sin x + cos x] + ЛС seul dx == 7 О р Lf cos 2x dx + ёс af dx 


2m 27 5 
1 1 — 2x | m 28 I 4n 82° +3 
a [sin 2x] + «= Is]. == + 0-- 4= = => Тһе centroid is ( 30-17) ў, 


| 
| 

ES 
с 
3, 


7/3 . 2 ШЕРІН р 
74. У = 1 т(5їп х + sec x)“ dx = т], (sin?x + 2sin x sec x + sec? x) dx 


т/3 т/3 т/3 т/3 т/3 т/3 
22 2 af 1 — cos 2x 
wf, sin xdx taf 2tanx dx + r f sec хах= тј, —— dx + 2п In|seex|] т tanx] 
т/3 


o = 5 fT cos 2x dx + 27 (In|sec £| — In|sec 0|) + л (tan 5 — tan 0) 


ш 
2 


-3 7 — s[snzx] +2ntn2 +03 = §(§ —0) - $Gin2(5) —sin2(0)) 2702-3 
n (4x 21/3 482) 


= © — УЗ | тжш2 + ry3 = - 


8.3 ТКІСОМОМЕТКІС SUBSTITUTIONS 


= T T 2 = 2 1 1 сов 6| сов 0. 
1. x 23tan6, - 2 «0 < т, dx = 3% 94x? = 9 (1 + tan? 0) = 9sec? 0 Tora = Зей) 3 = 


гард сов0 > 0when- 5 < 0 < т) : 
- =3 || e% — fa- In [sec 0 + tan 0| + C = n [B 4-3 


3 cos? 0 


= 2 
NET: =In| 9+x +x/+C 


3 dx _ dt 2 — ээ ‘ 
2. [3I 3x = ul ЖЕСЕ fae" tant, — 5 << 5 „да = x. У 1 +12 = |вес = sect; 
wae = Г = Јеестаг= In [sec t+ tan t| + С = In| 14 +С = |/T-+9x? + 3x| +С 


2 Р 
з. [| „х®з = Пас), = Stam 1 — 2 tan (0) = (1) (8) — (0) (- 9) = = 


2 2 
dx _ 1 dx _ 1[1 -1x]2..1 -1 1 -1 1) (1) (т _ r 
4. fif д = 1 ааа | (2 tan 2 tan’? 0) = (5) (5) (5) -0— %5 
3/2 
dx = incl x 3/2 — s,-l 1 | —1 шат 
5. f Z = [sin ala =sin 5 sin 0-2 0-4 
1/2,/2 1/2,/2 
2dx .n d __ Гое —1 1 ИУ? — qal 1 ly 7 EE. 
6. Ї у =>] |, гов = [sin t," = sin ysin 0=7-0= 7 


7. і-58һ0,-1 <0< 1,4 = 5 cos 0 40, /25—1 = 5 cos Ө; 
| v25 — ёа = f (5 cos 0)5 cos 0) 40 = 25 | cos? Ө 0 = 25 | 15228 ag = 25 (£ + $29) + С 
= 5 (0 + sin 0 cos 0) + С = = Ев (3) + (i) (з= 5-8) С = 2 ап (1) + 5 +С 


8. (= isin0,—2 <0< у Ф= 1 cos 0 40, v 1 — 9€ = cos 0; 
J Уз - 98 dt = 1 f (cos вусов 6) ад = 1 f cos? 0 40 = 2 (9 + sin Ө cos 0) + С = $ [sint (30 + 3t/1—98| + С 


9. x = 7 sec б, 0<04%, dx = 1 sec Ø tan 0 40, ү/4х2 — 49 = 1/49 sec? 0 — 49 = 7 tan 6; 
T =e = fE эз = 1 f sec 40 = 1 In |sec 9 + ап 0] +С=1 n 2 + С 
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10. 


12. 


14. 


15. 


16. 


17. 


18. 


19. 


Section 8.3 Trigonometric Substitutions 


x= 3 весб,0<0< т, dx = 3 sec 0 tan 0 40, \/25х2 — 9 = \/9 sec? 0 — 9 = 3 tan 6; 


ЕЈ 
7-22 = 5 (есап) d 2 l'sec Ө 40 = In [sec 6 + tan 6| +C = In Sx ү vase -9 +С 


‚ y =7 sec, 0 < 0 < 1, ду = 7 вес 0 tan 0 dé, \/у? — 49 = 7 tan Ө; 


[579 ay = | G0 609 — 7 Газ ө 40-7 f (sec? Ө — 1) 40 = Titan 0 — 6) +С 


7 зес 9 


-7| 8-5 — see (c 


у = 5 5ес 0,0 < 0 < £,dy = 5 sec 0 tan 0 dd, „/ y? — 25 = 5 tan 6; 
fee dy = f Stam OS кобиле — Lf tan? 0 cos? 0 40 = 1 Lf sin? 9 10 = ® Ја – cos 20) 40 


125 sec? 0 


о-ва кс = fee") – (978) ()] += хуй эв +c 


y 


‚ х = вес 0,0 < 0 < 5, dx = sec 0 tan 0 0, үх 2 — 1 = tan 6; 


4х НЕҢ sec 6 (ап 640 __ ад yx-i 
J ын Ї sec? Ө tan 0 = |. =sind+C= +С 


х = sec 0, 0 < 0 < 5, dx = sec 0 tan 0 40, үх? — 1 = tan 6; 
f 2 dx = fagod — 2 [сове дө =2 | (1528) 90 = 0 + sin 0 cos 0 + C 


x3 yx — 1 sec? 0 tan 0 


= 0 + (ап 0 cos? 0 + С = sec! x + vx? — 1(1) + C sec! x + УТ + С 


u = 9 — x? > ди = —2x dx = —jdu = x dx; 


Js = -i f du = уа -V9-x «c 


x—2tan0,—5«0«5 ‚ dx = 2sec? 0 10,4 + x? = 4sec? 0 


fis = ГЕ Факс _ (um өдө —2 f (sect Ө — 1)а0 = 2 f sec? 040 — 2 [ад = 2tan 0 — 20 С 


= x – 2tan ^! (1) +C 


2 5 т — 240 = 
x = 2 tan 6, <0< 5, dx тау х7 = ру; 


x? dx -fe (8 tan? түүн psu 0 ав Msc cos? 0 — 1) (— sin 0) 90. 
Ve+4 cos? m 7 соме › 


«= сов 0] + 8 fé a-sf(3-1)a-s(-1- 4)4c- 8 (— sec 0 + ©) +С 


-s( CER 4x? +4 + С = 1(х? -8./x? +4+ С 


2... = sec 0; 
f dx =f sec? 0 48 = | гийг = Les е +С 


xxl tan? 0 sec 0 sin? 0 sin 18 


у = 2 5їп 0, — 7 < 9 < т, дм = 2 соз 0 40, \/ 4 — w? = 2 cos 0; 
|| 8 Фу 1 8-2 cos 6 dé =2 | 4. = –2сод + С = 24-4. С 


4 sin? 0-2 cos 9 sin? 9 
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20. w = 3 біп0,- 5 < 0 < 5, dw = 3 cos 0 40, у 9 3 cos 0; 
[38538 дууг | Рана |Ж и. 2) a6 = f (csc? 6 — 1) 40 
= —cotü—0-C— МЭ? sin! (5) +С 


21. и = 5х > du = 54х, а = 6 
[2% ах = [ст 9710507200 = = 20 | ; т ди = 20. ап! (2) +С = tan! (73) + C 


22. u=x?-4 du = 2x dx tdu x ах 


[x V —4ах= 1 f yudu = +C = 1(х? cap +С 


23. x =вїпӨ,0 < 0 < $, dx = cos 0 40, (1 — x2)?? = cos? 0; 
3/2 2 т/3 š т/3 2 2/3 
4х? ах __ 4 іп? 0 cos 6 dé 1- соѕ 9 2 2 
| аө шй La | ( ) а#=4 [ (зесд — 1) 40 


(1–х5)72 77 Јо cos? 0 cos? 0 


4 [tan 0 — 0118 = 4/3- 


24. x = 2 sin 9,0 < 0 < Z, dx = 2 cos 0 d0, (4 — x2)? = 8 cos? 6; 


1 6 т/б 
T dx 1 2со80408 _ 1 15 8021 [tan 6] 7/5 = УЗ _ 1 
0 (4 - xxi? ^ Jo 8с050 ^ 4 Jo согб 4 12 4/3 


25. x = sec 0,0 < 0 < 5, dx = sec 0 tan 0 40, G2 — D? = tan? 6; 


dx = sec 0 tan 040 сов 080 __ ИМ x 
Гл = | tan? 0 =f si? ð = ве +C= coc PE 


26. x = sec 0,0 < 0 < 5, dx = sec 0 tan 0 40, G2 — 1)?” = (ап? 6; 
24 2 6-зес б tan 0 40 0 1 8 
ана = неба — [ө 00 = — dag + C= — и +С 
27. х= sin0, —5 <0 < т, dx = cos 0 40, (1 x2)?" = cos? 0; 


3/2 : 
fox & — [г gcosa = | cot! 0 сөс? 040 = – 9e co – (4) +С 


sin? 


28. x = sin, — 5 < 0 < 5, dx = cos 0 d6, (1 x2)? = cos 6; 


241/2 3 
еі & = festes = сод бос 0 do = – 568 +С = - 1 (У =) +С 


sint 0 


29. х= пб, — © < 0 < т, dx = 5 sec? 0 40, (4x? + 1)? = sect 6; 


x ee 
aii. = [*8 = = 4 Ј cos? 0 40 = 200 + sin Ө cos 0) + C = 2 tan! 2x + gD + C 


30. t= 1 tan 0, — 2 < 0 < 5, dt = 1 sec? 0 40, 9 + 1 = sec? 0; 


Г = је“ уе) — 2 [сове 040 = 6 + sin 0 cos 0 + С = 


8-1) +С 


31. и=х? — 1 ди = 2x dx > idu х ах 


тах = |] ( т=т)Чх f 


dx = 1х2 + 1 f idu = 52 + Hn |u| + C = 52 + Паре С 
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32. 


33. 


34. 


35. 


36. 


37. 


38. 


39. 


40. 


41. 


42. 


43. 


Section 8.3 Trigonometric Substitutions 


и = 25 + 4х? => du = 8x dx => idu = x dx 
J tie = Pf 14а = Пију +С = Im (25 4x?) +С 


v = зїп 0, — 7 < 6 < 7, ду = cos 0 40, (1 — v2) = cos? 6; 
3 
Л P res e Jino sec? o 40 = 990 + С = 1( Y ) +e 


v2)’ cos? 9 


г= іл0,-17 <0 < 5; 
5/2 7 
Ге dr = [е 1559 — Гсоб0 csc? 40 = — © C= [Е] +С 


sin? Т 


Let e' = 3 tan 0, t = In (3 tan 0), tan! (1) < 0 < tan! (2 ), dt = же 0 Дө, Ме“ +9 = 4/9 tan? 0 + 9 = 3 sec Ө; 


ап 0 


In4 ї шап”! (4/3) tan“! (4/3) 


а 3 tan 0-вес? 040 _ E tan (4/3) 
225 = Janan See = satiny SEC 0 49 = [In |sec 0 + tan 0|] ^ (13) 
ме! +9 (1/3) (1/3) 


-In($ $) - In (2$ + 1) =1n9 — In (1 + /10) 


Let e' = tan 9, t = In (tan 0), tan! (3) <0< tan! (3) , dt = 5€? 40, 1 +e” = 1 + tan? 0 = sec? 0; 


tan 0 
In (4/3) tan“! (4/3) (tan 0) sec? 9 40 tan! (4/3) 
І ot = can) (ы) ao = cos 0 10 = [sin 6] (3) = 4-3 = 1 
In(3/4) (14-е2)7 шаг (3/4) sect 0 ша (3/4) uE a M. 


АСТ А 1 du Я 
Ји, Tes: |92 = 5 га „Јо баби ши = аб, E < 0 < 5, du = вес? 0 ад, 1 + u? = sec? 6; 


1 п/4 Р Е 
fj, d = Јо, с. -2(-0-3 


y = е@,0<0 < 7, dy = e? sec? 0 10, 4/1 + (In y? = V1 + tan? 0 = sec 0; 
3? T, ims = 
Јоан = J St ao = fe sec 00 = [In [sec 0 + tan бу = m (1 + УЗ) 


х = sec 0, 0 « 0 < 5, dx = sec 0 tan 0 40, ух? — 1 = Мес? 0 — 1 = tan 6; 
sec 6 (ап 0 40 - 
=] t =0+С = sec! х + С 


зес 9 (ап 0 


x = tan 0, dx = sec? 0 00, 1 + x? = sec? 0; 
{2 МЕНЕ 046 — O + C = tan! x C 


sec? 0 


х = вес 0, 4х = вес 0 (ап 0 40, Мха—1 = М зес2 0 — 1 = tan 6; 


Е E | во нийн = Бес? ад = tano + С = vVx—14C 


х = sin 0, dx = cos 040, - 2 «0 < 5; 
с05 040 __ — ein—l 
u$ =Ө+С=5ш x4C 


Јо = 


Let x? = tan 0, 0x0 < т, 2хах = sec? 0 40 = x dx = ес? 0 40; МТ + = V1 + tan? 0 = sec 0 
= 1 [= 240 = 1 [зес ба = Ппјвесе + tan 0] + C = Мај 1+4 + х?|+С 


вес 9 


Ја 
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44. Те шх = sinü, —5 <O <00г0 < 0 < 5, хах = сов 0 d0, V1- (вх)? = cos 


1 
x 


f^ ох ax = = | дав = | tag = | сзсвав — | sino ae = —In|csc@ + cot 6| + cos + C 
1 + V/ 1- (шх)? ñ 14+4/1-(Inx)? + 


Inx Inx Inx 


— —]n +4/1-— (Inx +С= -1 1— (Inx) + С 


45. Letu = \/х o x =? dx = 2udu = f узак = 55 2udu =2 f V/4 – ч?й; 
u = 2sin 9, du = 2cos 0 49,0 < 0 < 2, V/4 ш = 2с050 
2 | V/4 – ч? du = 2 f (2cos Ө) (2cos 6) 40 = 8 f cos? өдө = 8 | =" ag = 4 f a6 + 4 f cos 200 
= 49 + 2 sin20 + C = 46 + Asin 8 cos Ө + С = 4sin- (2) + 4(3) (У) +C = Asin (5) + ү/х\/4—х+С 


= аяа (32) + У4х – х2 + С 


46. Letu = x??? w/3 = dx i udu 


Tex ;dx = Е-е zu u-!5)du = (5 45)du = 2 f _ -_ ди = $ па +C = 3 sin! (x?) + C 


47. Letu x x = и? = dx = 2udu IP 1-xdx- fu 1 из диди = 2 f? 1 — v? du; 
u = sin 0, du = cos 040, 5 < 0 < 5, МЛ — и? = cos 0 
2 fu 1 — u? du = 2 | sin? 0 сов cos 0 40 = 2 f sin? 0 cos? 040 = 1 1 [52 2040 = 1 | 1-259? ag 
= ifae- 1 | сов4040 = 1 10 — 155140 + С = 10 — 35120 со8 20 + С = 10 — Га 0 cos Ө (208? 0 — 1) + C 
= 10 — $sin ð cos? 0 Иек isin Ти — 4u (1 гу? Ут — +С 


= 1“ Ix — à /x( fa e Tec 


48. Теру = Vx - I w^ =x- 1 => 2wdw=dx = | Yax = | УМЕ 2w aw = 2 f Vw? – Гам 
w = sec 0, dx = sec 0 tan 0 d0, 0 < 0 < 5, Уз: — 1 = бап 
2 Гула — тах = 2 [tan 8 sec 6 tan 046; u = tan 6, du = sec? 0 40, ду = sec 0 tan 0 40, v = sec 0 
2 | tan 6 sec 0 tan 040 = 2 зес 6 tan — 2 f sec? 040 = 2 sec 6 tan 0 — 2 f sec? A sec 040 
= 2sec Ø tand — 2 f (tan? 0 + 1)sec 80 = 2sec 8 tand — 2( f'tan? 9зес 040 + Ј sec 448) 


= 2sec 0 tan 0 — 2In|sec 6 + tan 6| — 2 f tan? 0sec 0 ад = 2 | tan? 0 sec 0 40 = sec 0 tanÓ — In|sec 9 + tan0| + C 


=w Vw? —1-1In|w + Vw? ЦС = yx Тук 2 = пију 14/240 


х = 2 5ес0,0<0 < 5 
49. х € = yx -4:4у- V2 4 %;у= [У dx; dx = 2 вес 0 tan 0 dé 
Мх? — 4 = 2 (ап 0 
— y= femeto _ 9 f tan? 9 дө = 2 | (вес20 — 1) 49 = 2(tand — 6) + C 


2 ѕес 0 


= 2 [5-5 — sec" (8) | +C;x=2andy=0 0=0+С = С=0 у 2 |У5 - вест! 
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23. 


54. 


55: 
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х = 3 5ес0,0<0< 5 
/х®—9 2 = 1, (у= 7%; кез = = ; | dx = 3 sec 9 (ап 0 40 КЕШЕНІНЕ 


x? — 9 = 3 tan 0 


5 + XI | + С;х = Sandy = 113 => In3=In3+C > C=0 


= J sec 9 ад = 1n [вес 0 + tan 6| +С = 7 
53 Vx 9 


= у= 3 


(x? +4) = 3, бу = 3% ;у=з f dx —$tan!i4C;x-2andy-0 = 0-4 n!14C 


х2--47? х2--4 
C= $ әу-іше()-ф 
(x? + 1)? ) 9 = уха + l,dy = с repre 5х x = tan 6, dx = sec? 0 40, (x? + 1)" = sec? Ө; 


y = f S29 = [cos Ө 40 = sin 6 + С = tan 0 cos 9 + С = аб | OW 


sec? 0 зес 0 


> 1=0+С у 


+ С; х = Оапау = 1 


NAT +1 


+1 


NOE 2 
vx? 41 


А = |; У9-5 dy x = 35110,0<0<2, ах = 3 сов 0 40, 9 — х2 = М9 – 9 sin? 0 = 3 cos 0; 


2 б 
А-Г КЕНЕН 3 [7 cos? 9 ад = 3 [0 + sin 0 cos | = 3: 


хр -1-у-4Ы5/1 Авај b1- $dx=4b f ү/1—%@х 


[x= asin 8, - < 0 < $ dx = a cos 0 46, 1— 5 = cos 0, x 0 = asin > 9 = 0, x = a = a sin 0 = 0 


a т/2 п/2 т/2 
4b f. V1-Sdx- def. cos 0 (а cos 0) 40 = 4ab (/ сов20 40 = 4ab f сое dg 


т/2 т/2 п/2 п/2 
= 2ab f; 0 + 2ab f, cos20d0 = 2а[0) + ab[sin26] = 2ab(3 — 0) + ab(sin 7 — sin0) = та 


т 
2 


1/2 
(а) А = Т, ѕіп х dx ш- біп !x, du = ——— dx, dv = dx, = x] 


vA 
1/2 1/2 1/2 
- -1 - = = band 232| = z+6y3-12 
= [xsin Х|, 3 үгы x= = (sin 5 0) + | 1 21 = 1 
1/2 1/2 
ЭНЭЭ | _ л+буз—12,— _ 1 f ius] = 12 f | 
(b) м= | sin хах = т EX ев , xsin х ах = eredi | хѕіп хах 


[u = sin^!x, du = = -dx, dv = x dx, у = рој 
5 


3 Jo Cr) 
NOMEN | са 0—sinü—60—0,x—-l-sinü—0 А 


2 
17112: —1/1 0 Тш sin? 0 0 dé 12 п t (7 sin? a0 
; (#6) sin'(j)-0) —3]J, 55 cos = Fees аз, BB 
т/6 т/6 т/6 
= 12 T 1 1- cos 20 E T 1 1 
als 3 2 2 Ян Hos – +], 40 + ij, cos 20 вв) 
т/6 1/2 
т 0110 2 3/3-т 1-2 1 dps. К 
(а + | at Бат 20] ) = +6519): у = 221 5(8іп х) dx 


[о = um 1x)’, du = ізі dx, dv = dx, v= x] 
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6 EI 2 s 1/2 2x ап !x 
Lucem x(sin х dx) | =, үлэг 


— enl = 1 м. 2х LAS 52 
[u= sin x, du т 5296 dv үгэ ХҮ 24/1 x] 


1/2 1/2 - 
= ses (Ha rip. -0) + р 1-x? i| — Т, Уа) 
E ын 2 л? т\з _ 12413-72 
= (8 «(2/1-07 (1) sin- i =) - 2 х), ) (е 6 Пера 
56. У = Ї n(Vxtantx) dx = nf, х (ап 1х dx ш- tan !х, ди = D : 
І 1 І 1 
= (решо, = т) = «(ап р г) в) -«(i E es Sr) 
І 1 1 
-4(1-31 dx Lf. те) =л({+ [—1х + ав) ) = 1(5 + (—} + L tan!1 +0- 0)) = £572 


о 


3 


3 


57. (a) Integration by parts: u = x?,du = 2x dx, dv = x y 1 — x? dx, v = -4(1 -Х 


Јо 1—x2dx = – 12 (1 x al к= 2 sede: 142 (1 жауу? 2 (1 xy + С 


Substitution: и = 1— x? х2-1-1 du = —2х dx > —idu — xdx 


fx 1-х20х- Гут 2 хах = 1 fa — u) y/u du = -1 f (а – vi?) du = — 1192 + u + С 
етеп тойн 
(c) Trig substitution: x = sin 0, 5 < 0 < 5, dx = cos 0 40, М1 — x2 = cos 0 
Јо к М 0 cos? Ø sind 40 = f (1 — cos? 0)cos? 0 sin 0 40 
= | сог 0 віпба0- (сов! 0 sin 40 = —1cos 0 + ico? 0 + С = —1(1 х2)? + 1(1— x 279 С 


гү? 


(b 


wm 


58. (a) The slope of the line tangent to у = f(x) is given by f'(x). Consider the triangle whose hypotenuse is the 30 ft rope, 


the length of the base is x and the height h = 4/900 — x?. The slope of the tangent line is also — a, thus 
f'(x) — _ ¥900 — x? . 


х 


(b) f(x) = f -x9-9ax [x = 30 sin£, 0 « 0 € т, dx = 30cos 0 40, у 900 — x? = 30cos 0] 


= 9? 


— [300030 cos 6 40 = ЛЕН 8 90 = 30 | ! (1—sin? 6) ) do = зо | свсв аб + 30 | sin dd 


30 sin 0 sin ĝ sin 0 


= 30In|csc 0 + cot 6| — 30 cos 6 + С = 301n| 30 + УӘ0- | — 4/900 — x? + C; 30) = 0 
0 = 301020 + У200—30 | _ „/900 — 302 + С = C > f(x) = 3030 + У90-х 900 — x? 

8.4 INTEGRATION OF RATIONAL FUNCTIONS BY PARTIAL FRACTIONS 
L g EE ты > 5х – 13 = AK — 2) + BK — 3) = (А + В)х – QA + 3B) 

А+В=5 2 - 55-13 _ 2 3 

97 с => -B = (10—13) > B=3 > A-2;thus 25213, = r5 + 3, 

2. 7 = 7 = et SE = 5х — 7 = А(х – 1) + В(х – 2) = (А + B)x – (А+2В) 

A+B=5 


. 5х—7_ __ _3 2 
22. В-2 А = 3; thus, a7 = po үст 
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10. 


11. 


12. 


13. 


Section 8.4 Integration of Rational Functions by Partial Fractions 


А = 
A+B 


~ 

+ 

~ 
+|> 


= Maem > x+4= A(x + 1)+B = Ax + (A +B) = 


5a] = А = Тапа В = 3; 


+4 — 0l 3 
GG = а ta 


5 " А => 
2 = 2 = АВ => 2x +2 = А(х- 1) +В = Ах+ (-А+В) = ix 


=. 2х+2 2 4 
= А = 2 and B = 4; thus, = AE ГЭР г? 


(х 


зр = +8 + 27 = 2+1 = А7(2 — 1) +В(2 — 1) + С22 = 2+1 = (А + С)22 + (А + В)х – В 
А+С=0 

=> -A+B=1 В=-1 > А=-2 = С=2; thus, И, = 2 + uà 
—В = 


23 2 62 — 72 P 6 с SUID os 208 =? 1 = A(z + 2) + B(z – 3) = (А + В)2 + СА – 3B) 


А +В = 0 1 1 1 21 

Б ые 5В | В 5 A 3; thus, 73 — 72 — 67, г. 
2-8 5-2 па ~. t42 _ _ 542 _ А B 
пв = 1+ pO. (after long division); е 6-6 3x 2) ^ { 31 2 
A+B=5 


= 5+2 = А(–2) +B- 3) = (А + Ву + (-2А -3B) > 44" ip L5 


В=-12 > А = 17; thus, ре, =1+ 5 + 22 


+9 — -98 +9 _ —9 +9 Dusony 29029 — A | B | CHD 
é+ 1+ 48-927 1+ e (e +9) (after long division); В (2+9) t tet +% 


=> —9Р +9 = At (t +9) +B (P +9) + (Ct + D)? = (А +С) + (В + D)? + 9At + 9B 


A+C=0 
Ба == | А 9 _ —10 
03-20 A=0 > C=0;B=1 > D=~—10; thus, £53, = 1+ 5 + 25 
9В = 9 ) 

Е = тэ + rk = 1= АП +) +В(1- х)ух=1 > А=1;х=-1 > B=}; 


fies Јава Го = о ши -х]+с 


1 = A(x + 2) + Вх; х 20 A-i;ix2-22 В=-1; 
f > = 1 о — In fx +2] + С 


-- 
м 

te 

N 

я | 
мін 
— " 
* [x 
юн 


xit. А В > х+4=А(х—1)+В(х+6);х = 1 В=#;х=-6 > А==-==2; 


x? + 5х — 6 x 


f 2A ox = 2 | ко 3) 4 = nx +643 шк у +С = 11 х + 6) – 1 


T o=; +t; Bi = 2х+1= А(х — 3) +В(х – 4); х = 3 В 4 —7;x=4 A 2 9; 
Д?Н dx = 9 [l8 7f 5 =9|х—4|—71а|х—3|+С = = + С 

л: = A +h => УБА ++ В(у — 3); у = -1 > В= = ру=3 > A=}; 

5 yy _3f8 Say _ 1 8 (3 1 3 1 
pitt = |, 9,1 ‚узт = [ Шу 31+ 41 |у+ 1], = (3 15+419) – (21n1 + i 185) 


my 1 — In15 
= 5115 +5 103 = 2 
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15. 


16. 


17. 


18. 


19. 


20. 


21. 


22. 


Chapter 8 Techniques of Integration 


+4 _А В _ : ! 3 : 
пе и 0 А = &; у = –1 В-- 3: 


1 1 
Sa yt4 dy=4 -3 = [4In |y| — 3 In ly + у = (4 In 1 — 31n 2) – (41n 1 — 3 In 3) 


1/2 У ФУ то 7 2 у+1 
== 1 1 27 _ 271,1 = 
= п-п + Я = (2. 1.19 -ш 


my = 44+ B45 = 1= Att- +В - + Си + 21 =0 > А =— 1= –2 


8--2- t 


B 31 1 С Nn e 21 jJ aac ifa 


Som РИК ост 


EAS = А Bt SG = i(x43) = AK + 2)(х – 2) + Bx(x — 2) + Сх(х +2); х=0 = А= 5 :х = –2 
1-4 bien 3 = 3 а 1 а 5 а 

В = 16:х= 2 С ii] th di “5 хо 16 a+ 2 | 

= – + |+ Еп јх+ ај + 1n x - 2] +С= 2 сорс 


zh = & 2) + 2559 (after long division); ETT =a + от => 3x+2=A(x+1)+B 
= Ах+(А+В) > A=3,A+B=2 > A=3,B=-1; pe n 
1 0 х2 1 
= /,«-24х+3 | 5 Ју с = [$ —2х+31а[х+1|+ 4] 
=(4—-2+3ш2+1)-(=3ш2—2 
2H (к + 2) + 255 (after long division); - =e = 3x—2-— A(x— D + В 
0 
= Ах+ (-А+В) > A=3,-A+B=-2 > A=3,B=1; | жаң 
0 
= Гоо) аказ Г 254 fms = [Eme зак], 
=(0+0+3m1- 05) – (}-2+32- 55) -2-3m2 
КЕТЕ = ил == b == + ауу = 1=АС + ОС - 1)? + В(х – 1)(х + 1)? + С(х — 1+0 + 1); 
x=-l1 > C=4;x=1 >D es coefficient of x? = A+B = А-В = 0; constant = A -B+C +D 


=> A-B+C+D=1 > А-В = 1; иѕ,А = 1 > E UR 


=} fe -i f+: le arp ti = Ш |1, zz mj С 


2 
ese БЕСТЕ ЭГ 22” => х? = А(х + 1)? +В(х – 1)(х+1)+С(х—1);х = —1 
С -lix 1- А 1; coefficient of x? = А+В > A+B=1 > B=}; бп 
1 ü _ 1] 3 In |х — D + D | 
=1 f+ е 1 ati = 4 Ш п |х—1)+ In [x Фаг РС= 4 +æ +C 


Баа] = гэ + Bec = 1= А (х? +1) + (Вх + С)(х + 1); х= –1 = A= 1; coefficient of x? 


1 


= АВ > А+В=О = B = – 1; constant = А + C => А+С=1 > С-1:| чё 


0 


1 1 i ; 
-11 t 0 EY ax = [Lim ce 1] — 118 (2 +1) + į tantx]; 


= (1 ш2- 1112 + 1 tant 1) — (101 — 101 + itam 0) = 102 + 1 (5) = HeD 


жа Ay МС = 32 +0+4 = А(2 + 1) + (Bt - C); t 20 = А = 4; coefficient of t? 


ВЕ ( 2-1 


=A+B > A+B=3 => B = —l; coefficient oft = С = ceu f SH dt 
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ТЕ V3 
=4 f * fO GHD at = [ain fe] — Fin +1) + tan УЗ 


= (41n 3-14 + tan! УЗ) – (411 — 1102 +1ап-1 1) -2113-112-1-112-1 


=2In3-}in2+5=mn(4) +5 


2 na 
23. f = сн Y 20у 1 (Ay B) -1) Oy D 


= Ay! + By? +(A+Qy+(B+D) > A=0,B=1;,A+C=2 > C=2;B+D=1 = D=0; 
24 2y +1 2 1 = 5 ; 
Дамы! dy = fh dy +2 feo dy = ап УЕ 


24. 2. = АВ + TE LIU = 8х2 + 8x +2 = (Ax + B) (4х? + 1) + Cx D 


= 4Ax? + 4Вх? + (А + C)x+(B+D);A=0,B=2;A+C=8 = C=8:;B+D=2 = D=0; 
8х + 8x + 2 х ах 1 
[ег «-2/ EIN = ап! 2x — гүү С 


28-2 — А848 € D E 
25. (82--1)(8-1)3 8-1 Р I ' (s D tg Dj = 28--2 


= (As + Bs — 1 + C(s + 1) (s — 1)? +D (52 + 1) (s — 1) + E(s? + 1) 
= [Ast + (3A + B)s? + (ЗА — 3B)s? + (-A + 3B)s — B] + C (st — 253 + 252 — 2s + 1) + D (s? — s? +s — 1) 


4 E(s? + 1) 
= (А + С) + (23A + B — 2С + D)s? + (ЗА — 3B + 2C — D + E)? + (CA + 3B – 2C + D)s + (-B+C—D+E) 
A + С =0 
—ЗА+ B-2C«-D -0 
= 3A—3B+2C—D+E=0 summing all equations => 2E = 4 Е- 2; 
-А438-20-0 -2 


-B+ C-D+E=2 


summing eqs (2) and (3) = —2В +2 = 0 = В = 1; summing eqs (3) and (4) > 2А +2 = 2 A=0;C=0 
from eq (1); then —1 + 0 — D + 2 = 2 from eq (5) = р = –1; 


Jerie ds = Jatt Јаз +2 у = -6- DP 6-07 tants +С 


26. TT = A+ BIS. DE = st 48I = А (82 +9)? + (Bs + C)s (s? + 9) + (Ds + E)s 
= A (s! + 18s? + 81) + (Bst + Cs? + 9Bs? + 9Cs) + Ds? + Es 
= (А + В)5* + Cs? + (18А + 9B + D)s? + (9C +E)s +81A = 81А = 81 0гА = ;А+В=1 > В-0; 


C=0;9C+E=0 > E=0;18A+9B+D=0 > D=-18; f sib, ds= fà — 18 fe, 


s (s + 9)? 
— In |s |+ г е СЕЗ) +С 
27. ERE А ВЕС => х2 х+2=А(х2 +x +1) + (Bx + С)(х - 1) = (А+В)х? + (A - B + C)x + (A - C) 


> А-+В = 1, А-В-+С = -—1, А — С = 2 = adding eq(2) and eq(3) => 2A — B = 1, add this equation to eq(1) 
v х-х 22 2/3 1/3)х-4/3 
ЗА-2-А-2-8-1-А-1-С -1-А4В--5 ах = f (28, 885-38 ax 


x’ +х+1 
= IA dx + 4 ata — ах | х + +=0—– 1: =х => ди ax] 
х-1 Гете И 2 2 


"i дат 1 u 3 1 
=3f act ЕЈ зада = Ff 1{4х+1 ди – а-а 
2 1 12 1 3 з 1 ( X45 _2 Lal? - (2x41 
= Fin|x - 1] + in| (x + i) +3 — gun (122) +с= Bmx — 1] + nis + х + 1| — Зап ( 1) +C 
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28. 


29. 


30. 


31. 


32. 


33. 


34. 


Chapter 8 Techniques of Integration 


wey uM IE => 1 = A(x + 1)(x? — x +1) +Вх (ха - x + 1) + (Сх + D)x(x + 1) 
= (A +B C) + (—B + C + D)x? + (B +D)x ФА >A=1,B+D=0s D= -В, -В+С+р=0 
=> -<28--С-0->С-2В,А-В--С-0-1-В--2В-0->В--і-С -4 De 

1 1/3 EE = 1 1 1 2х-1 
ках = | (1 xu xs x—x4 )dx — [1 dx 1 fax 2 = 0х 
ANON FD M n 


PS = MSRP = А(х — 1)(х2 + 1) + В(х + 1) + 1)+(Сх + D)(x - D) (x4 1) 
= (A+ Bt С)? + (CA Ba Dy? +(А+В – С)х-А+В-р=А+В+С= 0, -А +В+р = 1, 
А+В-С= 0, —A- B - р = 0 = adding eq(1) to eq (3) gives эг adding eq(2) to xd gives 


—2A + 2B = 1, adding these two equations gives 4B = 1 = B = ;,using 2A + 2B = 0 > А = — 1, using 


= fis + 23 ын E )dx 


= = [ыы f zum 1 fax = —iln|x + 1| + iln|x — Т + ах +C = Па E jtan х+ C 


-A4B-D-0-D- LandusngA-B-C-0- С= NE 


x41 


= (A + B + С)х? + (2А — 2B + D)x? + (A+B – 4C)x + 2A -2B -4D— A+B+C=0,2A—2B+D=1, 
А-В —4С = 1, 2A —2B — 4D = 0 => subtractin eq(1) from eq (3) gives ЕЖ =1=С = -4, subtacting eq(2) from 
eq(4) gives ron --1-0- 1, substituting for C in eq(1) gives А + B = =, and substituting for D in eq(4) gives 


ЗА —2B— = i> А-В- 2, adding this equation to the previous equatin gives 2A 3 А i В-- i 


3/10 — 1/10 , (-1/5)x 4 1/5 _ 3 1 1 1 1 1 1 
Ї eo dx = ДЕН х--2 “р х2-1 )ax = 3 Гах h Jax ЗР ТЕ Lf adx 


х2 


4 m д = 545 +585 + SEP => x «x = А(х +2)(х + 1) + B(x – 2)(x? + 1)+(Сх + D)(x — 2)(x +2) 


Злајх – 2| —  ијх + 2| — јх + 1| + ian^!x +C 
20 + 50? + 80 +4 _ _Ad+B СӨ + 3 2 2 
GENES AEBS СЕР => 208 + 502 + 80 +4 = (Ад + В) (0? +20 2) + СӨ+ D 


= A05 + (2А + В)? + СА +28 + ОЈ + СВ +D) ~ А = 2 А +-"В=5 > B=1;2A+2B+C=8 = С-2; 


= салу» 203 + 502 +80 +4 20 + 1 20 + 2 
2B+D=4 > раан ад = | sus LOI dó 


=f 26 + 2 o- f PNG = fa а (0? + 20 + 2) f 1 
97172915 4 PII (0 +20 +2)7 — 9? + 20 + 2 т 209 


= яз + Ш (0 +20 + 2) — tan! (0 + 1) + C 


0* — 403 + 20? — 30 + 1 _ А0-В C0 D E04 Е 4 3 2 — 
(8 + Г)? = gii] T 12 + 1) {өз 1» => 0* — 40? + 20 30 + 1 


= (A0 + В) (8? + 1)? + (CO + D) (8? + 1) + E8 + F = (A0 + В) (64 + 202 + 1) + (СӨ? + DG? + CÓ + D) + EÓ + F 
= (Аб? + В? + 2403 + 280 + A0 + B) + (СӨЗ + D? + CÓ + D) + E0 +F 

= A0? + B0* + (2A + C? + (2B + D? + (А +C +E) + (В- Рр+Е) > А = 0; В = 1;2А+ С = —4 

> C=-4;2B+D=2 > D=0;A+C+E=-3 > E=1;B+D+F=1 = F=0; 


йл аё зэм сэрэл дө = | sr. 4| ва. f 040 = гап“1 0 + 2 (02 +1)! +С 


(62 +1) (@ + 1) (+1 = 
= 2+ BE р = Кут = 1=А(х- 124+ Bu x=0 > А=-1; 
х=1 > В= 1; ыы. [2х ах [®+ [9 = х2 In |x| + In |x — 1] + Сех + In | +С 


АВ: = 1= А(х– 1) +В(х +1); 


х-1 


AS = (Х + 1) + zH = (х + 1) + 


х-1 


yec-l|eáAàix-l = B=}; |a= Г) ак f+} jm 


-4153-х-110| 4141 |х— | +С=5 +х + tn (-С 


1 i 1 == 
(x-Dx—-D??(x-Dx-1) х 
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35. 


36. 


37. 


38. 


39. 


40. 


41. 


42. 


43. 


44. 


45. 


Section 8.4 Integration of Rational Functions by Partial Fractions 489 
ox x - 1=9+ и TES +1 (after long division); © Ta Pa Ay RYO 
= 9x? — 3x + 1 = Ах(х — 1) + В(х – 1) + Сх?;х = 1 C=7;x=0 В= -;А+С=9 > А = 2; 


БИГЕ 


= 9х + 2 а |х| + 1 + 710 |х– 1] + С 


6x? 2x—-4 . 12-4 _ A НЬ 
Roe = (4х +4) + pe 22200 = 507 o тт = 12х – 4 = А(2х – 1) + В 
> А=6;-А+В= -4 > В = 2; f га dx-4 | 6 Ddxe6 f = 2 f ot 
= 2(х + 1)? + 3 In |2x — 1| — ет + С! = 2x? + 4х + 3 In |2x — 1| - (2x – 1)! + C, where С = 2 + Cy 
“+у?—1 — 1 : 1 __А | By4C 2 2 
EET =y i у T ya => Ре А (у + By Су = (А4 В)у? +Су+А 
| +y -1 d 
7> A=1;A+B=0 = B=-1,C=0; [HEZ ау = f yay- f+ |қ 
= Y а |у + i In(1 +y?) + (С 
2 2 
2у! E 2 . 2 E 2 — А Ву +С 
у фут = 23 +2 + у у +у- 1° у-у +у- 1 (2+0) (у-0) y Tt у 1 
= 2=A(y? + 1) + (By + Оку – 1) = (Ау? + А) + (Ву? + Су – Ву - C) = (А + By? + (CB + Oy + (А - С) 
=> A+B=0,-B+C=0orC=B,A—C=A-B=2 A=1,B=-1,C=-1; 
Ја- ер -тду=2Ј o Days fo – Г ау fe 
= (y+ 1)? + ш ју – 1] – § In (y? + 1) – tam y + Cı = y? +2у + In |y — 1| — 4 In (y? + 1) – tan ! у + C, 
where С = Су + 1 
et di а В а L 
[2385 = e = y) f =] [у = ю| +с= п (5 H)«c 
ей + 2e% — et е + 2е! — 1 ata. у=е 3-2у-1 22 -1 _ у? а 
Ї е +] dt = J a edt; | га Л ду = f(y+ $33) у= ® + Јат Фу [s 
== + 5 а (у? + 1) – ша ју +C = 36 + 5 In(e* + 1) – tan™ (et) + С 
cosy d d 1 1 1 1 - 2 
jam 6; [sin y = t, cos y dy = dt] — Ла: = J Gs - = dt = 5 In | -С 
= sin 2 
= ln аз С?! + С 


0 ад 1 ду 1 dy | 1 y+2 1 0-2 
Ге рабад; [cos 0 = y] = -Л yii. = у+2 3J y-1 о сан i*c- 3 In [бт Пс 
2525 2--со80 cos0— 1 
d | T C7 -ih|mer-C 
(x — 2)? јап“! (2x) — 12x? — Зх = [ат (2х) Í x 
Ї (1574:1) — 2) dx жі dX—3 J сэр dx 
= = tan~! 2x)? 
= 1 f tan Ох) а (апт! Q3)) -3 f 5-6 | m; = 08729. З x - 2] e +С 
(x + 1} tan-! (3x) + 9x? + x 2 tan! (3x) f x 
Ї (9x1 + 1) х + 1)2 dx = | чучу dx J «iiy ОХ 
= = tan“! 3 
- fran ! (3x) d (tan * x) ET Jere 2 Tui 


1 = 1 = 1 = ill 2 5 
Jah dx ЭЭ [Letu ух du = zx dX 2 du dx > J =2 чаи; 
wy = 547 + т = 2 =А(и — 1) +В(и+ 1) = (А+В)/и -А+В=А+В=0, -А+В=2 
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490 


47. 


48. 


49. 


50. 


51. 


252. 


: forte m Gaye x [Let x = uf => dx = баш ^ ЗУ E та ту Ou 54и = | бе аи = f( 


= 6 Ј du + | баш 6 = А+ 2) = 6 = А(и— 1) + В(и+1) = (А +Вји—А+В—А +В = 0, 


Chapter 8 Techniques of Integration 
-8-1-А--5| zd f( +) = - f du + | uda = -nlu + 1| + Inju — 1] + C 
EF 
= |n КЕ +С 


6 )du 


-А-8-6-8-3-А--3 кеі „ди = би + f (53; + 3;)du = 6u – 3 ааз | аи 


= би — 3In[u + 1| + 3In[u — 1| + C = 6x!/6 + 31n| 5 1 


xl/6 1 +С 


[355988 [Letx +1 = и => dx = 2udu| > Jes 


=2fdu+ | 2 au; ui = A+ 


ич 


= [ 2u* „ди = f (2+ 2 z- -)ди 


u 


8 = 2 = A(u- 1) + B(u 212 


-А+В=25В=15 А = –1;2 а [2 (+) = 2u- f 
= 2u — Inju + 1| + Inju — +С=2\/х+1+ In Ран +С 
Jazi [Letx +9 =u? => dx = 2u du - Јер 5; 2udu = |5 du; 225 = 25 + 255 
ао ыы ыш лш 2-А-1-8--1 
1/3 1/3 х-9-3 
= 44-Г(12-123)а8-1|, аа є au = Паја – 31 – Паја + 3] + C = 11 99-3 + C 
— — 3 5 — A 
Гах = Герта [геги = x* => du = А? ax] 1 Гуа iie = t 
> 1=A(ut D-FBu-(A-Bju-A A212 B- 1; 1 сс ай = 1 (1 ат) 
= } fidu- 1 Ј аи = Над – Паја + | + С= Ein( 2) + С 
5 4 1 1 = 
223 ах = Jagat [Let u х ди = 5х ax] Іт = A + 8 + а 
= 1= 20 +4) + B(u + 4) + Cu? = (А + Сјиг + (4A + B)u РАВ > A--C—0,4A +В = 0,48 = 1 — B 
1 1.1 1 201 1/16 , 1/4 , 1/16 21111 1 1 1 1 
В cg dif dede = 1 ] ( u ++) = anf idu apf ado s аи 
= отм — a; + 80019 + 4| + С = – про] ais + ы +4] + C = Gin] H] - xx + С 
(3+2) % =1;x= fee =f а = и | [22] + С; H = Ce; t= 3 andx =0 
да (ээ X ав In t — 1| +122 
Gt +42 +1) & 22/3 x 23 fs = УЗЈ s — УЗЈ Ч 


= Sian (Мз) — V3tan! (+ C; t = 1 and x = == = ын = т + С > С--т 
=> x= 3 tan"! (Мз) — V3 tan! t— r 
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53. (2+2) * =x 42; 1 | ® = fet, > impe -21f$-1f& > к= || 
и ei Е ї12-13-116- In[x - 1] 21n6] 5| > х+1= 5 


t+2 


54. а+1)®=х?+1 > fo = fy > tax = ш [tt ++ СЕ = 0andx 20 = tan! 0— In | + С 
> бошой өн се и х = tan (In (t + D), t» —1 


2.5 2.5 2.5 
55. Var fy ахет [dm (- 45 +1))4х=[ 


xl] к = Зт In 25 


1 
56. У = 27 f хуйх = 2s f. 


WIN 
ема 
NI 
BL 
я 
Ши 
2 
с. 
E 


0 ees 5 dx = 4« (- 
- [- # (In x + 1|+2m [2-х] = 47 (ш2) 


з уз 
57. А= Т, tan ! x dx = [x tan“! x] = I Tae dx 
== [2 In (x? + 1)] У" = d – 12; 


х-2|” x (ап! x dx 


58 А = [ Sg === dx—3]. в _ КЕ 


5 
х 5 А 
IAS “На m z% = Bh |x| Ш 2 и = |] = In Р 


кез fxh 9 gr. НЭ 2. 5) = 1(8+ 1112-3116) = 390 


59. (а) ®=кх(М—х) = fa = Јка o 1 [+1 | = = [ка = кш к + С 
k = z> М = 1000, 1 = 0andx = 2 = туу In|gg| = С 


1000 Іп | 100051 = 550 + 1000 In (дф) 


| = 46 > ee = e" => 499х = е"(1000 — x) = (499 + е“) x = 10002" = x= ie. 


(b x = iN = 500 => 500 = 290. => 500 - 499 + 5002“ = 10006“ => е“ = 499 = t= 1 In 499 ~ 1.55 days 


=> In 


60. 4: = k(a — x)(b — x) = еее kdt 


@ а=: Ји = ки > 2 =m+Ct=0mdx=0 > 1-C => 1 =и+1 


a 
1 akt + 1 а а akt 


а-х а-х akt + 1 x urs akt+1 _ akt+1 
1 dx 1 4 1 
(b) а 7 b: f Б х) = ка = b al x b T b—a 
= Оапах =0 > f = (6 — ак + (8) = 2=* = Б eb-akt 


аһ [1 2 etma] 
а — be(b-3)k 


= х = 


8.5 INTEGRAL TABLES AND COMPUTER ALGEBRA SYSTEMS 


- = a кап“ з +С 
(We used FORMULA гс with a = 1, b = 3) 
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Z EE 


(We used FORMULA 13(b) with a = 1, b = 4) 


1 -1 
21-51 Гоа А ца 
3 1 
= (2) DES +2 (2) = = Vx-2 [2-2 +4] +c 
(We used FORMULA 11 witha = 1,b = —2, п = 1 and a = 1, b = —2, n = –1) 


4. | 221 f @x+3)dx 3 _ 1-2 ој ах 
(2х-- mam T (2x + 3)3/2 (2х 2 E) 2 Je +3 2 (2x4 3) 
T 


=} Ј(ужаз) a-i f(v) ак= (0) (8) Ч - (з) (8) GSP с 


an 0 +3+3) +С = HC 
(We used FORMULA 11 with a = 2, b = 3, n = —1 and a = 2, b = 3, n = —3) 
5. Гу Зах =} fox - 32x -3àx 3 f 2x -3ax =} (ух 3) dx 3 f'(V2x-3 Vax-3) dx 
5 3 
=) @ £2. + (рр B нс = ааг ng i] с ntn үс 


(We used FORMULA 11 with a = 2, b = —3, n = 3 and a = 2, b = —3, n = 1) 


6. [xax 5$? ах = 1 [ах + 90х +5)? ax — 5 f (7х + 52 ax = 1 f (7x5) dx - 3 | (7x5). ах 
= (1) (2) ТАРАН _ (2) (2) peg. ЕСЕ Ене 2 +С 


7 7 7 7 7 


= [ex (14-4 4) +С 


(We used FORMULA 11 with a = 7, b = 5, п = 5 and a = 7, b = 5, n = 3) 


7. | У2255 ах = ме ЭР 233. 


(We used FORMULA 14 with a = —4, b — 9) 
У9 — 4х ( 1 ) EE 
x 2 Е Іп о +С 
(We used FORMULA 13(b) with a = —4, b = 9) 
cocci. 2 jp і +С 


х 3 М9 — 4x -3 
dx ЭР у4х – ах 
8. Jats m (—9)x + 18 & SoS +С 


(We used FORMULA 15 with a = 4, b = —9) 
= Аа Д. (2) (5) tan"! нез +С 


9х 9 
(We used FORMULA 13(а) with a = 4, b = 9) 


у 9.2 = tan- «D.C 


9. fx 4x — x? dx = fx 2- 2x — x? ах = и + 2 sin! (===) + С 
- +200 буу хээг +4 sin! (=) M = ал Зужсх Asin"! (552) +С 


(Ме used FORMULA 51 with a — 2) 
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/ 4/2-1х = х2 Хос у 
10. [Sz ax = ЈА ax = 21x +} ( Т ЕЕ х= x? + $ sin™ (2х — 1) +С 
2 


(Ме used FORMULA 52 with a = 1) 


кі 
A 


“вэ 


[x J 407) 1: In MS Los + С = J, In | +С 


(We used FORMULA 26 with a = v7) 


— 


х 5 Vis (vr) е 
й Тойн Ј тај "d x +C=- 5 | 


(We used FORMULA 34 with a = v7) 


13. [LZ ах = [Z ах = VP 2 In | 2 -ай 


(We used FORMULA 31 with a = 2) 


+C=/4-x EE +С 


14. [EH a= | У®=® ax = Ух — 2 – 2 sec! || +С = Vx? -4-2sec! |х| +C 
(We used FORMULA 42 with a — 2) 


15. fe cos 3t dt — 52р (2 cos 3t + 3 sin 3t) + C — Š (2 cos 3t + 3 sin 3t) + C 
(We used FORMULA 108 with a — 2, b — 3) 


16. Тез sin 4t dt = = Сый (—3 sin 4t — 4 cos 4t) + С = <= (-3 sin 4t — 4 cos 4t) + C 
(We used FORMULA 107 with a = —3, b — 4) 


-1 юм 1 = —— Ж х ах __ “с A mE 
17. fx соз хах = fx cos x dx = со 1х + үл = тх +1 


(We used FORMULA 100 with a = 1, n = 1) 
= Ë соз”! x+ i(isin!x)- 1 (оху x2) +С= $ cos™! x+ sim! x - 1x1 2С 


(We used FORMULA 33 with a — 1) 


18. Јх tan ! х dx = fx tan! (1x) dx = 1 tan ! (1x) — т = = x tan !x— 1 [zs 
(We used FORMULA 101 with a = 1, n — 1) 
= E tan !x — 5 Га - paw) dx (after long division) 
x? 


£ tan™ ix-1 Гата f dx= 8 фап“1 х – 1х + 1 tanx +C = 5((x? + Пат x — x) +C 


19. Ге tan! x ах = 2 tan! х 2258 dx = = шп x — 1 f Xs ax 
(We used FORMULA 101 with a = 1, n — 2); 
Jez ах = f xax- f 2% =£- im(1+x)+C = fx? tan! x dx 
= E јап“ ІХ-Х + Ни (1+2) + С 
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an !x E —2 -1 _ хот" -1 +) x -1 x 
20. | myx dx = fx tan х dx = тту tan X cales fx ах = čp tan x Jus dx 
(We used FORMULA 101 with a = 1, n = —2); 


ТЕС. = fats = ] = [28 = In |x| - 5 n(1 +x’) + C 
> fam dx = — 1 tan! x + In |x| – § n(1+x?)+C 


21. J sin 3x cos 2x dx = — ex - 295 + С 
(We used FORMULA 62(a) with a = 3, b = 2) 


22. J sin 2x cos 3x dx = - 7-2 +С 
(We used FORMULA 62(а) with a = 2, b = 3) 


23. Їз sin 4t sin 5 dx = 5 sin (2) == 5 sin (3) +C=8 |: — “n 9) 


(We used FORMULA 62(b) with a — 4, b — 1) 


24. J sin $ sin £ dt = 3 sin (4) — sin (1 ie 


(We used FORMULA 62(b) with a — i b= D 


25. f со g COS 1 9 40 = 6 ѕіп (©) 46 $ sin (4) 


(We used M 62(c) with a — 5, 


0 1 on (130 1 on (150 sin (2) sin (5%) 
26. (сов £ cos 70 a6 = + sin (13) + зїп (18) + С = r + —— + С 
(We used FORMULA 62(c) with a = 1, Б = 7) 


27. [Sg ах = Г, + Ја = AES ae 5 + f as 


= 1 In(x? + 1) + 55 + а 1 х+С 
(For the second integral we used FORMULA 17 with a = 1) 


n [а= [ә®з+ авв [рк = [Фу +з] Шаў эв 


= vs tan! (=) grs) 3 (Уу (07) +=) + ч (ап! (==) + С 


(For the first integral we used FORMULA 16 with a — V3 ; for the third integral we used FORMULA 17 with 


и = \/х 
29 f sin ухах х = џ2 – 2 ји біп” иди =2 (55 r Г a) 
ах = 20 ди 
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— 12 eil ч? du 

= ци? sin u- [Ae 
(We used FORMULA 99 with a = 1, п = 1) 

= u? sin™! u — (i sin !u— зат) +С = (02 — i) віп 10+ liu/1—-w4C 
(We used FORMULA 33 with a = 1) 


= (x — 1) sin! ух-1їух-х2-С 


1 1 


u 
30. [Ut ах х = u - f= -2u du = 2 со u du = 2 (u costu — 1 V1-w) +С 
dx = 2u du 
(We used FORMULA 97 with a — 1) 


= 2 (Ух совт! yx- V1-x) +C 


TR- 
зт. fÆ ах; х = u? ^ Јо ài 22 [ 75 ди - 2h} sinu- УТ) +С 
dx — 2u du 


—sin'u—-uV/1—u^ +C 


(We used FORMULA 33 with a — 1) 


= sin! J/x — yx V1 -x +C = sin! J/x— Ух— хе + C 


32. [35-5 ах, 2. - ЈУ зада => (42) - du 
dx = 2u du 
2 
=2 | (v2) u? + wa) біп”! (45) + С = иу2—и2+2 біп"! (=) +C 
(we used FORMULA 29 with a = №) 


= V2x х2 +2 зіп! ЕС 


33, foo Г-зийгас- зена, | шанг | = [EI 


sint > | du = cos t dt 
хн 1 02 ш | ут +C 
u 


(We used FORMULA 31 with a = 1) 
In | 1+ viz sin? t +C 


= y 1 — sin? t 


+C 


dt 2 cos t dt А и = ѕіп Фа eux сэн 
34. Г = Jee Ба | Jos = 2 In u 
(We used FORMULA 34 with a = 2) 


їл НЬ? sin? t +С 
и = пу 
ау B — au e" du = du = / 2 
33; J; 3 + ny?" 1212 i J | In fu + З+и |+ с 
у = е" du 


= In [In y + уз + (In y?| + C 


(We used FORMULA 20 with a = V3) 
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t- vy 


36. Гап y әу; у= 2 — 2 fttn tdt = 2 [$ заа?! 1f £s] = P ant- f ыш 
dy — 2t dt 


(We used FORMULA 101 with n = 1, a = 1) 
= Panli f$ ac f 5, —t tan !t—t-Ftan 1 + С = ytan ! /у + tan! У — у +C 


| 


37. e =l = |- Тана 
(We used FORMULA 20 with a = 2) 


= |+ Ve +4] +C=In|(x +1) + (x+ 1)? +4+С= (х1) + уза + 2х +5| + С 


х2 22 х2 _jt=x-2 (+2)? 4, _ ferax 2 4t 4 
38. E Ju | dt = dx | = Ја up em Тана + Ја + Гада 
(We used FORMULA 25 with a — 1) (We used FORMULA 20 with a — 1) 


= ЕШ Уе + + WE) LAE +1 + ШЕ мет] +С 
= (х - 2) + yx - 2? « 1|. 272 Woo HTS a(x - 2? 14 4| — 2) + V x2? 1| C 


= шк — 2) + у - 45 | 595978 с 


39. f зак а = [9 — (х+2ўйж |1552) - f v»- eat; 


(We used FORMULA 29 with a — 3) 
= -1ү9-82- + Xsin- (5) + С= 


9—(х+2) + 2sin ! (242) +C = 5224/5 — Ax — x? + 2sin ! (442) +C 


40. [2x — зах = [х?\/1- (x – 1? ах; (| 5 fe) т-баг- f(e +24 )vi-ea 
= [еу ват |ро/1-Сба- f 1– са 


(We used FORMULA 30 with a = 1) (We used FORMULA 29 with a — 1) 


= өсч) 11-112 22] (1 аул 1— 6-і" (1 ЁС 


WIN 


+ Asin“ (x — 1) +C = 2sin-!(x — 1) — 2(2x — x2? 4 x1 2x — х2(2х2 — 4x +5) + С 


A]. J sin? 2x dx = sint 2х сов 2х 43 = 1 | чий 2х ах = sint 2х сов 2х 4 3 | sin? 2x сов 2x m 3 3 1 Ба 2х ax] 
(We used FORMULA 60 with a = 2, n = 5 and a = 2, n = 3) 


= sin! 2x cos 2x 2 29 8 ED sint 2x cos 2x 2 sin? 2x cos 2x 4 cos 2x 
Ею gsm 2x cos 2x + Ё (-1) cos 2x +С = 18 is iue 


42. | 8 cost 2nt dt = 8 (sitzen + 451. feos? гле dt) 
(We used FORMULA 61 with a = 27, n = 4) 
= cos? 27t sin 21 +6 [$+ sin gamo] +C 


T 


(We used FORMULA 59 with a = 27) 
= cos? Zat sin 271 --3t4- 3 sin dnt +C= cos? 27t sin 271 4 3 cos 2л sin 271 4-3:4-С 


T 
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43. J sin? 20 cos? 20 40 = eM + iG f sin? 20 cos 20 а0 


(We used FORMULA 69 witha = 2, ш = 3, п = 2) 
— sin? 20 cos? 20 + 2 J sin? 20 cos 20 40 = sin? 20 соз" 20 ES 2 BE 20 d(sin 20) — sin? 20 cos? 20 + sin 20 +C 


44. Í 2 sin? t sect t dt = f2 sin? t cos t dt = 2 ( ны mE + 2-1 f cos t d) 
(We used FORMULA 68 with a = 1, n = 2, m = —4) 
= sintcos ?t— f cos ^t dt = sin t cos™? t — f зес“ t dt = sin t соз 31 (= Li f sec? t dt) 


Zi 
(We used FORMULA 92 with a = 1, n = 4) 


= sintcos ?t — (то —$tnt--C = 2 sec? t tan t — 2 tant + C = 2 tan t (sec? t — 1) + С 
= 3 tan? t +C 
An easy way to find the integral using substitution: 


|Р si tcos-^tat = f 2 tan?t sec?tdt = f 2 ап? аап 0) = 2 tac С 


45. JA tan’ 2x ах = 4 (8925 — [чап 2x dx) = tan? 2x — 4 f tan 2x dx 


(We used FORMULA 86 withn = 3, а = 2) 
= tan? 2x — $ In [sec 2x| + C = tan? 2x — 2 In [sec 2x| + C 


46. Ј8 сонга = 8 (– = — feo? cat) 
(We used FORMULA 87 with a — 1, n — 4) 
= 8(—1icoPt--cott-- t) + C 
(We used FORMULA 85 with a — 1) 


47. [25e mx dx = 2 = + з=} [see mx ax | 
(We used FORMULA 92 with n = 3, a = п) 
= 1 sec пх tan zx + 1 In |sec zx + tan тх| + C 


(We used FORMULA 88 with a = л) 


48. f3 sect Зх dx = 3 = + == f sec? 3x dx] 
(We used FORMULA 92 with n = 4, a = 3) 
— sec? тшк 4 : (ап 3x +C 
(We used FORMULA 90 with a = 3) 


(We used FORMULA 93 with n = 5, а = 1 and п = 3, а = 1) 


= — 1 csc? x cot x — $ csc x cot x — 8 In [esc x + cot x| + С 


(We used FORMULA 89 with а = 1) 


3 22 3 ux 
49. fec x ах = aata | 552 fosed x dx = өдісек 4 3 ( «елеш 4 2-2 Јово x dx) 


50. f'16x?dn x)? ах = 16 | 9837 — 2 fx? nx ax] = 16 | бах? — 1 [989 — 1 Зах | 
(We used FORMULA 110 with a = 1, n = 3, m = 2 and a = 1, n = 3,m = 1) 
=16 (= Е" 5) +С = 4х x? – 2х Inx + £ + С 
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= 
51. Је вес? (е — 1) dt; (| > ff sec x ах = келша» | 3-2 | soc x dx 


(We used FORMULA 92 with a = 1, n = 3) 
= &exunx + 1 In [sec x + tan x| + С = 4 [sec (et — 1) tan (et — 1) + In [sec (e! — 1) + tan (et — 1)|] + C 


52. — 2 fec tat = 2 |- нен + 322 | све гај 


N 
-- 
8 
se 
ШЕ 
с. 
> 
<> 
i 


ад = 2t dt 
(We used FORMULA 93 with a — 1, n — 3) 


—2[- Sete — 1 In [esc t + cot | + С = — esc 0 cot VØ — In [cse М + cot \/8| + С 


1 т/4 т/4 т т/4 
53. Га x? + 1 dx; [x = tant] — zj sec t - sec? t dt = 2 f sec? tdt = ы РД 0 


(We used FORMULA 92 with п = 3, а = 1) 
= [sec t - tant + In [sec t + tan 47 114 = = у2 + (У2+1) 


cos? х 


(We used FORMULA 92 with a = 1, n — 4) 


: т/3 
- | аних + 3 tan x] = (4) 43+ (2) V3 = 24/3 


ү/3/2 4 т/3 т/3 2 7/3 т/3 
4 4 У 4—2 2 
54. f пу; ; [y = sin x| —^ Т SOS X CX — f sect x dx = [zm Р a4 1 sec? x dx 


sec 9 


= [= - ango)” = МЕ а 
(Ме used FORMULA 86 with a = 1, n = 4 and FORMULA 84 with a = 1) 


55. je dr; [г = sec 0] — 15 ame Csec Ø tan 0) d0 = fT tant 0 40 = Ен 48 EN d tan? 0 40 


1/3 т/6 о т/б ds 7/6 т/б 
а К = sect 640 __ 5 — | eos! 0 sin 0 5-1 3 
56. f сут: = tang] э xt = |7 соб do = etm] _ (351) (7 создав 
7/6 1/6 


А ыы т/6 т/6 у 
__ | cos! 0 ѕіп à 4 сов 6 sin 0 3- __ | cos! 0 sin 0 4 : 8 с: 
= [е || | ч өм 1, epp cos 80) = [tont оо sin sine]: 
(We used FORMULA 61 with a = 1, n = 5 and a = 1, п = 3) 


МЗ“ a 
~) (5) зү? | . 
- ©) ® Lu BY (8) + (8) (8) = пр + + ана 


юн 


57. $ = [элу I+} dx 
зол ШЕГЕРУГЕ. 
= љуби [У МЕТ dx 
= 2 уби [SIE + а ју + у |] 


(Ме used FORMULA 21 with a = 1) 


= ут [Vo + In (2+ "3l = 2т\/3 + туга (/2 + уз) 


3/2 v3 v3/2 
58. L- f | VIFF ах =2 f Пак = 2 ы exa (1) (1) In(x+ ү +х?)|` 


(We used FORMULA 2 with a = 5) 


Copyright О 2010 Pearson Education, Inc. Publishing as Addison-Wesley. 


.semeng.ir 


Section 8.5 Integral Tables and Computer Algebra Systems 


14:49 + (х+ i ге) | = "А 


“оны са ғ 


-1.2 TE -1-4 


Оо Оо аг цаг 1,6 = 1, п = 1 and 
a= 1,b = 1,n = —1) 


у= ж SH 1 а (х D]; = 1104 = 5112 = у 


3 
60. М, = fx es ) dx =18 | 2+3 dx 54 f^ „® = [18x — 27 In [2x + 31]? 
—18-3—271n9 — (-271n3) = 54 — 27 -2 In 3 +27 In 3 = 54 — 27 113 


61. 8-2 | ха? dx; 


5 = 
2 
| КЕ = "аз 1 + u? du 


2 
E [$1 20) /1 Fu- Ил (u+ ЕКІН 


(We used FORMULA 22 with a = 1) 
= а +2-9ут+ – 11 (2+ VEZ) 
2035 2:3) LE 44 En (224 V1*4)| 


-i[vs-im(255)| әт 


62. (a) The volume of the filled part equals the length of the 
tank times the area of the shaded region shown in the 
accompanying figure. Consider a layer of gasoline 
of thickness dy located at height y where 
—r Су < —r- d. The width of this layer is 


—r4d 
2. /r! — y2, Therefore, А = 2 f. mri 


andV=L-A=2L | Vg — y? dy 


-гға -гға 

л.) у уау = 21. Бин шин, EH ј 
(We used FORMULA 29 with a = г) 

= 2L Б 2rd — d? + г sin! 


(222) + 5 (3)] = 2x [(5) v2ra =a? + (5) (sin (454) + 


T 


a 
wn 
| 


63. The integrand f(x) = y x — x? is nonnegative, so the integral is maximized by integrating over the function's 
entire domain, which runs from x = 0 tox = 1 
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— f vx-x ax = f /2- ix ax = 


(We used FORMULA 48 with a — 1) 


1 тү? Ч 
62) 2 1х — x24 Gy sin ! (55) 


2 
(x- 3) 2 1 см —1 ! 1 л 1 T п 
= [562 х= x^ + g sin 0х-0|,-4:1-1(9- 


64. The integrand is maximized by integrating g(x) = x v 2x — x? over the largest domain on which g is 
nonnegative, namely [0, 2] 


2 
= fx 2x — x? dx = [Se aa a Liste n] 


(We used FORMULA 51 with a — 1) 


2 
0 


CAS EXPLORATIONS 


65. Example CAS commands: 
Maple: 

91 := Int( x*In(x), x ); # (a) 
q1 = value( q1 ); 
q2 := Int( x^2*In(x), x ); # (b) 
q2 = value( q2 ); 
93 := Int( x^3*In(x), x ); # (c) 
q3 = value( q3 ); 
44 := Int( x^4*In(x), x ); # (d) 
q4 = value( q4 ); 
45 := Int( x^n*In(x), x ); # (e) 
q6 := value( q5 ); 
q7 := simplify(q6) assuming n::integer; 
45 = collect( factor(q7), In(x) ); 


66. Example CAS commands: 


Maple: 
ql := І In(x)/x, x ); # (a) 
41 = value( q1 ); 
q2 := Int( In(X)/x^2, x ); # (b) 
42 = value( q2 ); 
93 := Int( In(x)/x43, x ); # (c) 
q3 = value( q3 ); 
44 := Int( In(X)/x^4, x ); # (d) 
q4 = value( q4 ); 
45 := Int( In(x)/x^n, x ); # (e) 


q6 := value( q5 ); 
q7 := simplify(q6) assuming n::integer; 
45 = collect( factor(q7), In(x) ); 
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67. Example CAS commands: 


Maple: 
q := Int( sin(x)4n/(sin(x)4n+cos(x)4n), x=0..Pi/2 ); # (a) 
q = value( q ); 
а! := eval( а, п=1 ): 3t (b) 


41 = value( q1 ); 

for N in [1,2,3,5,7] do 
41 := eval( а, nzN ); 
print( q1 = evalf(q1) ); 

end do: 

441 := PDEtools[dchange]( x=Pi/2-u, а, [u] ); # (с) 

992 := subs( изх, 441 ); 

993 := q + q = q + 992; 

qq4 := combine( qq3 ); 

qq5 := value( qq4 ); 

simplify( qq5/2 ); 


65-67. Example CAS commands: 
Mathematica: (functions may vary) 
In Mathematica, the natural log is denoted by Log rather than Ln, Log base 10 is Log[x,10] 
Mathematica does not include an arbitrary constant when computing an indefinite integral, 
Clear[x, f, n] 
f[x_]:=Log[x] / х" 
Integrate[f[x], x] 


501 


For exercise 67, Mathematica cannot evaluate the integral with arbitrary n. It does evaluate the integral (value is 7/4 in 


each case) for small values of n, but for large values of n, it identifies this integral as Indeterminate 


65. (e) [x Inx ах = инь. 1 Је ax n2 —1 


п--1 
(We used FORMULA 110 with a = 1, m = 1) 


E х" In x xnl 2 хі 1 
7— nel (041) +С= п+1 (In x – Бор +С 


66. (е) Ге In x dx = х nx _ нэ Tes dx,nz 1 


—n+1 
(We used FORMULA 110 with a = 1, m = 1, n = —n) 


шах mx UI (==) +C= == (рх— =) + С 


1—n 1-п 1-п 1—n 


67. (a) Neither MAPLE nor MATHEMATICA can find this integral for arbitrary n. 
(b) MAPLE and MATHEMATICA get stuck at about n — 5. 


(c) Letx = 5 —u = dx= — du; x 0 u зэх - и = 0; 


т/2 " 0 : T 7/2 7/2 
1- f / sin'xdx __ f = біп" (= = u) du = f / cos" u du = f / cos" x dx 
^ Jo sin" x+cos"x ^ — л/2 sin? (5 = u) + cos? (= = u) ^ Jo cosu-sinu ^ Jo COS" x + sin? x 


=> 14-1- | (irten) к= f ass > 1-1 


sin? x + cos? x 
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8.6 NUMERICAL INTEGRATION 


1. Ї хх 


I. 


II. 


2. fo -1)х 


I. 


II. 


Жин 


I. 


Xi f(xi) m mf(x;) 
b-a = Ах > Хо 1 1 1 1 
(а) Еогп=4, Ах = юэ 1 > С HE x, | 5/4 5/4 2 5/2 
Ул х) =12 => T= 4 (12) =2; x | 32 | 32 | 2 3 
fx) 2x > f'x)21 > "=0 = M=0 ха | 7/4 | 74 2 7/2 
= ЕН = (0) X4 2 2 1 2 
2 2 2 2 
® Ј хах= [5] 22-13-23 > | = | х&-Т=0 
Is _ 
(c) True Value x 100 = 0% 
(a) Forn = 4, Ax эса ni 1 Ах 5; х; f(x;) m mf(x;) 
> шк) = 18 > S= $ (18) =3; хо | 1 1 1 1 
(a) х | 5/4 | 5/4 4 5 
: ШЫ “ыа. „165 ч x | 32 | 32 | 2 3 
b) /хах-3 = [El = | хх-$=3—23=0 s ЈА | ТА | 4 | 7 
5 X4 2 2 1 2 
(с) m x 100 = 0% 
Xi f(xi) m mf(x;) 
x | 1 1 1 1 
ђ-а - 2 Ах $ 
(а) For п 4, Ах Ч шин а 1 25 “төс 1 3 Xi 3/2 2 2 4 
У шїїх) = 24 > T= 104-6; х, | 2 3 2 6 
fx) 22x—1 > fx) 22 > К=0 > M=0 хз | 5/2 4 2 8 
=> ЕН -0 X4 3 5 1 5 
3 2 3 3 
b) f Ох—1)4х=[х2—х]} = (9-3) - (1-1) =6 = [E] = f, Qx- Dàx- T-26-6-0 
IE; = 
(c) True Value x 100 = 0% 
(а) Forn = 4, Ax па ыы 2 1 » Ах HE Xi f(x) m mf(x;) 
Ут) = 36 = S=1(36)=6; ха | 4 | ! ! 
а) х | 3/2 2 4 8 
f eo 0 2 M=0 = |El -0 ог 5 ы 5 
0) f @x-Ddx=6 > | = f Ох- 04-8 ха | 52 | 4 4 16 
|Б = 
(c) True Value x 100 = 0% 
Xi (ху) т mf(x;) 
хо | 2 1 2 
b-a 1-(-1) 2 Ах 
(а) Богп=4Ах=> = == =4=+ > д-р u|-i2|s4| 2 | 52 
уп) = 1 > T—1(11) = 275; х | 0 1 2 2 
f(x) 2x?41 f'(x) 2 2x "бо 22 M=2 |x| 12 | 5/4 2 5/2 
> В < ЕС A ) (2) = + or 0.08333 чл 2 i 2 
| 2 1 1 8 : 2 8 
&) 6841) dx = |5 + | = (ц(+1)-(—1-1)=# в =] (7%1)ж-т-% 
= |El Жэ P = 0.08333 
© s gs x 100 = (4) x 100 = 3% 
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П. (а) Forn=4,Ax= 223-01-00-2-1- Ах = 1; x | f(x) | m Га) 
У mf(x;) = 16 = 5 = ! (16) = $ = 2.66667; хо | i | 2 ! 2 
оо PAM е PN m x;|-I2| 54 | 4 5 

кин ај. ш IEs| x | 0 1 9 2 
® Ј бе+ђах=|5 +х| =} о | 12 | за | 4 | 5 
P P" 
| ха | | 2 1 2 
> Б-Г (2 +1ах-5=85—8=0 
Es 
(с) all x 100 = 0% 
4 f (2-1) ax x | fox) | m Га) 
S Хо -2 3 1 3 
b-a 0-(-2) 2 Ах 

L (а) Forn=4, Ах = ^; à -4-2-3-3 | маја | 2 | 5/2 
ууш(х)=3 > Те лаје x | -1 0 2 0 
f(x) = х? — 1 f'(x) = 2х f"(x) 22 хз | — 1/2 | —3/4 2 —3/2 

> М=2= |в < ®С® (1) = 1 = 008333 ІЗІ 9 |-11 | |-! 
ЈЕ 2 _ [x до 8 222 = | 2 22230011 
o е0) ак |$- =0-(-$+2)=3 + &- f; -nax-T-3-$--4 
> |Б|= $ 
O таг ae X 100 = (2) x 100 ~ 13% 

IL (a) Forn =4, Ax = = =% =2=1 x | 6) | m |mf&) 
= 4-і; у ткх)=4 > $=14=3; И ПА э | 1 | 
Ех) 20 = #0) =0 > M=0 = |Б|=0 X Бн 

А Е " 7 Хо —1 0 2 0 
© f@?-1)dx=? = |= | (02-1) dx-s x | 2 | 34 | 4 | —3 
= 2. 2 == 0 X4 0 -1 1 -1 
-2-1- 
IE. 2 
(c) True Value x 100 = 0% 
| 3 m 
3. gU FU di ! 

. (a) Forn=4, Ax = 2° = 220 = 2 =} 5 
> “=; ош =25 > Т=105)= 2; t{ 1 [2 2 4 
КО = ВЕ > f'(t) 3? +1 = f"(t) = 6t в | 3/2 | 398 | 2 39/4 

ТҮЗЕ uf 2 | IO | 1 10 
М=12=#'2) = |61 x 22 (1) (12) = 1 Е 
з “ е]? 2 2 2.3 25 1 
o }@+да=[ +5] = (#+2) -0=6 = I - ] в+да-т=6-8=-} = |El 
1 
(с) mE. x 100 = Б х 100 ~ 4% 
П. (а) Forn = 4, Ах = = = 2709 = 2 = 1 = Ах = 1; t | fi) | m | mf(t) 
Y) mf(t) = 36 = S = 1(36) =6; о 0 |0 1 0 
а | 12 4 2 
f8() =6 > f9() 20 > M=0 = |E,| =0 E A 5 > 
2 2 
© f (®+)&=6 = |у = f (6+94–5 о | 32 |398| 4 | 39/2 
р арол 10 
IE; = 
(c) True Value x 100 = 0% 
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1 
6 Г T 
to 
b-a lC 252.1 
L (a Боп = 4, Ах = = 4 “45: u|-u2| 78 | 2 | 74 
=> 55 =}; Хаб)-8- T= 18) =2; t| 0 Л 2 2 
кд=8+1 = f = 32 f'Q 6t t | 1/2 | 9/8 | 2 9/4 
ul 1 2 1 2 
M=6=P0 => |Е < 528 Gost : 
ШТ: “ (-1% a 
(b) Га +1) dt= ted (на +1) ( + ( D) =2 > i| = f ( -1)4-Т-2-2-0 
Ет 
(с) all x 100 = 0% 
IL (а) Forn=4,Ax= ==" = 120 2 =1 t [| т | т) 
Ах 1. 1 | t -1 0 1 0 
> 4х=1. уш) = 12 > S= 1(12) = 2; 0 
" а ни ы : Б ы |-12 | 78 | 4 | 72 
(0-6- {4% = 0 =0 [ЕБ] = 0 510 i 5 : 
б) / (в+уаф=2 = в = | (6 na-s 51121 98 [4 | 92 
-2-2-0 u| 1 2 1 2 
Es 
(с) те e x 100 = 0% 
7. fia s | Ms) | m [mfs) 
1 8 
I. (а) Forn = 4, Ах = = = 2=1 1 Ах — 1. 50 : : : : 
i , n Ж 4705 =; sı | 5/4 | 1625| 2 | 32/25 
179,573 2 179,573 \ | 179,573 
mis) = ain > T= 5 a) = 352,800 52 | 3/2 | 49 2 8/9 
Шил ео 53 | 7/4 | 1649 | 2 | 32/49 
= тұ шин: “| 2 1/4 1 1/4 
(6) = 5 2 M=6=f"(1) 
= [E < 25: (1) (6) = 4 = 0.03125 
2 2 ‹ 2 
= |Е,| = 0.00899 
[E:| 0.00899 ES 
(c) mn va 100 — as X 100 z 296 
IL (а) Forn = 4, Ах = 5-= = 28! = 1 = 8 = 5; s | № | m Таҝ̆) 
264,821 264,821 264,821 50 1 1 1 1 
Ж, mf(s;) = 44,100 => S= р (s &)- 529,200 $1 5/4 16/25 4 64/25 
& 0.50042; #8) (5) = — 24 = fO) = 50 s2 | 3/2 | 4/9 2 8/9 
к м=ш = IBI < ТҮ ДӘЙ 53 | 7/4 | 16//9| 4 | 64/49 
Бу < [шр (4) (120) “| 2 1/4 1 14 
= d; = 0.00260 
бу f 4%=1 = ње | 44—58 = 1 – 0.50042 = –0.00042 = |Es| = 0.00042 
129 ои 
(с) True Value x 100 — x 100 z 0.0896 
8. МЕЗИ гр ds s | fs) | m Га) 
2 (s— 
8| 2 1 1 1 
b—a 4—2 1 Ax ls 
L (a) Porne4 Are. = = 2 54) я | 52 | 49 | 2 8/9 
У тб) = 1299 ө| 3 | 14| 2 1/2 
> T= i (29) - 126% = = 0.70500; 53 | 7/2 | 4/25 2 8/25 
пар м ERE | 4 | 19 1 1/9 
f"(s) = с Íy > М=6 
> | < 452 (1) (6) = 1 = 025 
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() J, c ds = [an], = (=) - (4) =2 > ње цуг -T= 2 – 0.705 ~ –0.03833 


= |E,| ~ 0.03833 


(с) таш x 100 = G x 100 ~ 6% 
П. (а) Forn = 4, Ax = = = 422 = 1 > 2-1, s | f(s) | m | mf(s) 
— 1813 2 1 1 1 
2 mis) = 4% SR ne des 
813 813 1 
ны 5 (as) = m E ~ б. 2. s| 3 4| 2 | 12 
ҒӘ) = c > fO) = Аҙ => М = 120 ss | 72 |405 4 |1625 
> Яс < 422 (1)4(120) = 4, ~ 0.08333 “| 4 |19 | 1 | 19 
2 i ME 2 
(b J, чу = 3 > Е, = Í. ср ds — S © 2 — 0.67148 = —0.00481 => |Es| = 0.00481 
(с) таныс x 100 = ME x 100 ~ 1% 
9. | sintat & [№ | m Та) 
1 0 
L (а) Богп=4,Ах = === = 720 -7 Ax — 1. = 
е 8 ~ 2 8 ц | ла | /2/2| 2 | у 
У) mft) = 2 + 2/2 ~ 4.8284 5 | ле | 1 21 2 
> T= $ (2422) ~ 1.89612; ts | Зли | /у22 | 2 | y2 
t4 п 0 1 0 


f(t) = sint f'(t) = cost f"(t) = —sint 
> МЕ! > || < 250 (5) 0 = 55 
= 0.16149 

(b) | sint dt = [cos d] = (cos т) — (—cos 0) =2 = |Er| = | sin tdt- T ~ 2 — 1.89612 = 0.10388 


(с) mus x 100 — 0.10388 x 100 = 5% 


UR ола жасын 
У) mf(t) =2+4\/2 = 7.6569 
> 5=4 (2 +42) = 2.00456; 
#96) = —cost > f(9(t) = sint 
> м=1 > [E < 550 (5) (1) = 0.00664 
(b) f sintdt=2 = E, = f“ sintdt S ~ 2 — 2.00456 = —0.00456 => |Es| = 0.00456 
(с) mL x 100 = 92056 x 100 ~ 0% 


е Уаше 


1 
10. | өп тей t [№ | m Та 
L O Бгн Ад ® ит. шил ВВЕ Е Е. 
| ' g #47 2 6: u 14 | /У22 | 2 | V2 
35 mf(t) = 2 + 2/2 ~ 4.828 5 | из | 1 2 2 
= т=: (2 + 2/2) = 0.60355; f(t) = sin mt в | 34 | v22] 2 | v2 
t4 1 0 1 0 


f'(t) = т cos vt 
> f'"(t) = -r° біп ті > M = т? 
= |E,| < 150 (4)? (n?) ~ 0.05140 
(b) f sin mt dt = [— 1 cos лї] = ( : cos п) ( 1 сов 0) E 2 ғ 0.63662 [E;| = f sin mt dt — T 
25 2 — 0.60355 = 0.03307 


(с) па x 100 = 9890 y 100 = 59 
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11. 


12. 


13. 


14. 


15. 


16. 


17. 


18. 


Chapter 8 Techniques of Integration 
П. (а) Forn = 4, Ax = = = 110 = = 2-4, t | № | m | mf(t) 
^ mf(t) = 2 + 4/2 ~ 7.65685 о| 0 7) | 7) 
1/4 2/2 4 24/2 
= a ES à 
= 8-1 ( + 4/2) ~ 0.63807; вв ао 
FOM = —л3 cos mt f(t) = ле sin at в | 34 | /22| 4 24/8 
> Ме=л' = |В; < 150 ie ) = 0.00211 4| 1 0 1 0 
1 
(b) Т sin тї dt = 2 ~ 0.63662 => E, = f sin xt dt — $ ~ 2 — 0.63807 = —0.00145 = |Es| = 0.00145 
(с) тиг x 100 = ane x 100 = 0% 
(а) M = 0 (see Exercise 1): Then n = 1 Ах i (10) = 0 < 107* 
(b) M = 0 (see Exercise 1): Then n = 2 (n must be even) Ax i > |Es| n (5) (0) =0< 107 
(а) M = 0 (see Exercise 2): Then n = 1 Ах = (2)?(0) = 0 < 1074 
(b) М = 0 (see Exercise 2): Then n = 2 (n must be even) Ах =1 [Es| Éo (0) = 0 < 1074 
(а) М = 2 (see Exercise 3): Then Ax = 2 > |E;| < 4 (2) (2) = 45 < 107 = п > $(10 = n> 4/4 (104) 
=> n> 1154, solet n = 116 
(b) M — 0 (see Exercise 3): Then n — 2 (n must be even) Ах =] 159) i (1)4(0) = 0 < 1074 
(a) M = 2 (see Exercise 4): Then Ax = 2 = |Е < = (2 ЈЕ (2)= <= < 1074 = п? > 2 (10') = n» 4/4 (104) 
=> n> 1154, solet n = 116 
(b) М = 0 (see Exercise 4): Then п = 2 (n must ђе even) Ах =] 159) Іш (50) = 0 < 1074 
(а) М = 12 (see Exercise 5): Then Ax = 2 > |Er| < 5 [2 (12055 $ «10 8 (10°) > n8) 
— n » 282.8, solet n — 283 
(b) M = 0 (see Exercise 5): Then п = 2 (n must be even) Ах =1 [Es| Г (D^(0) = 0 < 1074 
(а) M = 6 (see Exercise 6): Then Ax = 2 > |E;| < 4 (2) 6) = 5 < 1074 = n? > 4(10*) = n» „/4 (105) 
= 200, so let n = 201 
(b) M — 0 (see Exercise 6): Then n — 2 (n must be even) Ах =1 159) n (D^(0) = 0 < 1074 
(а) М = 6 (see Exercise 7): Then Ax = + => |E € Б (ЗЕ (6) = 45; < 1078 = n? > 1(10) = п> 4/4 (10%) 
= n> 70.7, so let n = 71 
(b) М = 120 (see Exercise 7): Then Ах = : = |Е;| = m (9) (120) = zu «1072 п > 2 (104) 
=> n» 4/3 (10) > n> 9.04, so let n = 10 (n must be even) 
(a) М = 6 (see Exercise 8): Then Ax = 2 > |E;| < 4 218 (6) = $ < 107" = n? >4(10') = n» „4 (105) 
= n > 200, solet n = 201 
(b) М = 120 (see Exercise 8): Then Ax = 2 = |E,| < = (2) (120) = 6 < 10-4 = nt > (104) 


тээг us (101) = n > 21.5, solet n = 22 (n must be even) 
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19. 


20. 


21. 


22. 


23. 


24. 
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a) f) = x--1 > fa) (х + 17 У = f"(x)——l(xp1)32—2——31—, = М= — 5, =}. 
(a) fo) = У (0 = 16+) ) = —1(х+1) vm quy + 
Then Ax = 3 = | < 3 (3) (1) = d < 107^ = R > 2 (10°) > n» / 5 (10) > n> 75, 

so let п = 76 
b) fOQ) = 3 1)—5/2 — £((y)— — 15 1)-7/2 — 150 M SS Then Ax = 2 
(b) #00) = (х+1) 00--48 06-41 = Тел 

5) _ 35) Е 35) (10*) 4 1345) (10) 

=> |Es| < 35 (5) (5) = riso: < 10 бэл» 16080 7 B7 160180) = n 10.6, so let 

n — 12 (n must be even) 

fi 1 f’ _ 1 1)-3/2 ғ” — 1 1)-5/2 = 3 : М = 3 — 3. 
С АС салж сда ж. 

Then Ax = 2 = [E] < 4 (3)? (3) = йт < 10-4 o? > 209) э п> [909 п> 1299, so letn = 130 
(b) f(x) = — PB (x + 172 > f(9(x) = 18 (x + 1) 902 = = M= — 5 = 19, Then Ax = 3 


16(/ ен)” 16 (vi) 


1057 _ 3*(105 -4 4 3°(105) (104) 4 /35(105) (104) 
> |Es| < 18б (1 ) (ле) = rasom < 10 > m > щаз) > on 16080) = n > 17.25, so 


let п = 18 (n must be even) 


(a) f(x) = sin(x + 1) > f'(x) = cos(x - 1) = f"(x) = —sin(x - 1) = M=1. Then Ax = 2 = || E 5 (ya 
8 (10*) 8 (105) 
~I 12 


= xXx > n? > => n> = n > 81.6, so let n = 82 


(b) Ғ9(х) = – ов (х + 1) > Ғ“(х)-віп(х-- 1) > М = 1. Then Ax = 2 = Е үр ee (1) = xa < 1074 


32 (101) 
180 


> nf > У 57. = n > 6.49, so let n = 8 (n must be even) 


(a) f(x) = cosx + п) = f'(x) = —sin(x + п) = f"(x) = —cos(x +r) = М = 1. Then Ax = 2 


= [EL < 2 (2) (0 = dis < 1075 > по > 500) э ns „/ 500) = п> 816, soletn = 82 


(b) f(x) = sinx +) > 100 = сов(х +) > М = 1. Then Ах = 2 = |Е € iz; (2 її (1) = тут 107" 


4 
> п > И => n» = = n> 6.49, so let n = 8 (n must be even) 


5(6.0 + 2(8.2) + 2(9.1)... + 2(12.7) + 13.0)(30) = 15,990 10. 


Use the conversion 30 mph = 44 fps (ft per 
sec) since time is measured in seconds. The 
distance traveled as the car accelerates from, 
say, 40 mph = 58.67 fps to 50 mph = 73.33 fps 
in (4.5 — 3.2) = 1.3 sec is the area of the 
trapezoid (see figure) associated with that time 
interval: 1 (58.67 --73.33) (1.3) = 85.8 ft. The 


total distance traveled by the Ford Mustang 


Cobra is the sum of all these eleven trapezoids 
(using 4! t and the table below): 

v (mph) 
v (fps) 
t (sec) 
At/2 
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25. 


26. 


27. 


28. 


29. 


30. 


$ = (44)(1.1) + (102.67)(0.5) + (132)(0.65) + (161.33)(0.7) + (190.67)(0.95) + (220)(1.2) + 249.33)(1.25) 
+ (278.67)(1.65) + (308)(2.3) + (337.33)(2.8) + (366.67)(5.45) = 5166.346 ft лг 0.9785 mi 


Ax b. 


Using Simpson's Rule, Ax = 1 = 9 — 3 х, у т ту; 
У) ту; = 33.6 => Cross Section Area ғ 1 (33.6) Хо 0 15 1 1.5 
= 11.2 f. Let x be the length of the tank. Then the x : Ге 5 A 
Volume V — (Cross Sectional Area) x — 11.2x. Xs 3 19 4 76 
Now 5000 Ib of gasoline at 42 Ib/ft? ха 4 20 2 4.0 
= У = 0 = 119.05 ft? x | 5 23 4 84 
= 119.05 — = 11.2х = x 10.63 ft X6 6 2.1 1 2.1 


24 [0.019 + 2(0.020) + 2(0.021) +... +2(0.031) + 0.035] = 4.2 L 


(а) |Es| < 552 (Ax) Man 24 = Ах = 550 = 1; |r| «1 > M=1 = [E] < 850 (z)*0) = 0.00021 
(b) Ax=i > == 2; (59) т пху) 
У шй) = 10.47208705 1 1 1 
= S = = (10.47208705) = 1.37079 0.974495358 4 3.89798 1432 
0.900316316 2 1.800632632 
0.784213303 4 3.136853212 
0.636619772 1 0.636619772 
(c) = (0002) x 100 = 0.015% 
(а) Ах = = = 150 = 01 = е1) = FF) (уо + 4у + 2у2 + Aya +... + Ayo + ую) 
ат (e + де“ 0.01 4 Je 0.04 + 4е- 9.09 dis: .. + 4e 981 + el) ғ 0.843 
(b) |Es| < 150 (0.1)*(12) = 6.7 x 10-6 
Т= AX (ур + 2yi + 2у2 + 2уз +... + 2у„—1 + уп) where Ax = = Га, b]. So 


T= НА ау) - aa (To) и) E f) 5 002) 3220 пады). 


fa) + Қоқ) 


Since f is continuous on each interval [хе 1, xy], and is always between Қхқ-1) and (ху), there is a point cy in 


Қоқ-і) ЈА (хк) 


[Xk-1, Xk] with (ск) = ; this is a consequence of the Intermediate Value Theorem. Thus our sum is 


>> (==) f(ck) which has the form Ў) Ах (ск) with Ax, = 2-5 for all k. This is а Riemann Sum for f on (а, b]. 
k=1 k=1 


5 = A (yo + 4у + 2y2 + Aya +... + 2Yn—2 + 4уһ—1 + yn) where nis even, Ax = ?-* and f is continuous on (а, b]. So 
we =a (Yor Ay +y2 4 Уз | Чи Буа | уа P Ys ү Yount Hott Yn) 


— b-a (1% 
=n 


f(xox) 4-4 хээл) + Хээ) 
6 


| 


+4f(x1) ш) | Қа) Аз) ықы) f(x) +4655) + же) 
S x) | fx бз ха) | Юм e) (x6 ШЕ, 


‚+ 


£(Xn—2) + Af(xs 4) + Ека) ) 
6 


is the average of the six values of the continuous function on the interval [хэк, Хэк- |, so it is between 
the minimum and maximum of f on this interval. By the Extreme Value Theorem for continuous functions, f takes on its 


maximum and minimum in this interval, so there are x, and xp with xoy < Ха, Xp < X2k+2 and 
f(xax) + 4 хээл) 
Кха) < 5 


Кака) < f(x»). By the Intermediate Value Theorem, there is сұ in [хок, X2x+2] with 


n/2 


Кск) = кок) Ашы) Како) бо our sum has the form Ако.) with Ax, = ? р a Riemann sum for f оп (а, b]. 
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31. 


32. 


33. 


34. 


35. 


36. 


37. 


38. 
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509 


1/2 
(а) а=1е=1 = Length = 4 1 — Ł cos? t dt 
2 5 0 4 
Хо 


1.732050808 


1.732050808 


ш 
л/2 л/2 ! 
-2 f nated Ї f(t) dt; use the Xi 1.739100843 2 3.478201686 
| | без. Ей хә 1759400893 2 3.518801786 
Trapezoid Rule with n = 10 > At = =F = Ч Fy, 1790560631 2 |3.581121262 
T, 10 

28: Је Д cos dt = Y mf(x,) = 37.3686183 | № 1.82906848 1 3.658136959 
a х; 1.870828693 1 3.741657387 
= T= м (37.3686183) = 2 (37.3686183) Хб 1.911676881 2 3.823353762 
= 2.934924419 — Length = 2(2.934924419) ы С Саз Есалы 
nies Xs 1.975982919 2 3.951965839 
E X9 1.993872679 2 3.987745357 

ЕЕ - Х10 2 1 2 

= |в € =* (АМ) < %-9(ғ)71 < 0.0032 

Ах то а > 242 У) шКх,) = 29.184807792 X f(x;) m mf(x;) 
Em 7 (29.18480779) ~ 3.82028 Хо 0 1.414213562 1 1.414213562 
xi | «/8 | 1361452677 4 5.445810706 
x; | 14 | 1224744871 2 2.449489743 
ха | 37/8 | 1.070722471 4 4.282889883 

x, | т/2 1 2 2 
х | 57/8 | 1.070722471 4 4.282889883 
хс | 37/4 | 1224744871 2 2.449489743 
x: | 77/8 | 1.361452677 4 5.445810706 
xs | т | 1414213562 1 1.414213562 


The length of the curve y — sin (27 х) from 0 to 20 is: L = ТІК 


Or? 2 (3л 2 
= 206 COS (27 x) = L= 1- V 1 35 cos? (4 


3n 


1+ (1 3) ах: % = Эл cos 


? dx 


25 2 
First, we'll find the length of the cosine curve: L — f. 22 1+ (8) ах 


2 2 
=> (8) -1 біп? ( (=) > L= ЇЕ \/1 + £s (2) 1+ T sin? ( (=) dx. Using a numerical integrator we find 
25 


length - width ~ (73.1848)(300) = 21,955.44 ft. 
— $38,422.02. Answers may vary slightly, depending on the numerical 


dx 
L ғ 73.1848 ft. Surface area 15: А = 
Cost — 1.75A — (1.75)(21,955.44) 
integration used. 


y =sinx ay COS X 
14.4 
2 
EX ly dy x dy x 
У= 4 dx — 2 dx) 74 


. dy _ 2597 s (z 
ах 


50 sin 


A calculator or computer numerical integrator yields sin~! 0.6 ~ 0.643501 109. 


A calculator or computer numerical integrator yields 7 ~ 3.1415929. 
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50 


20 


= (8) 


x) dx. Using numerical integration we find L = 21.07 in 


2 7T 
(8) = cos? x > S= f 2т(віп x) y 1 + cos? x dx; a numerical integration gives 


2 2 
5 = Ї 2n (5) 4/1- х dx; a numerical integration gives S ~ 5.28 
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Chapter 8 Techniques of Integration 


8.7 IMPROPER INTEGRALS 


оо b 
dx : ах : -1 17 : 1 -1 п _ Т 
1. Т 34 = lim «хут = , lim Кап x], = lim (ал b-— tan™ 0)=2—0=5 


3. 


= 


© 


12. 


lim 
— ОО 


dx __ dx 22 1 –0.0011% __ 1 1000 
‚ ш = ‚ хт = lim | | 1000х 990115. lim. (50 + 1000) = 1000 


1 1 
dx y -1/2 А у min y B = 
f Kim, f X dx = lim, [2х' ],-,lim, (2 2 /b) = 


4 b af : 
“As lig, frs e im, аав (454) eae 


1 0 1 
ах _ ах ары 1/3] : 1/3] 1 
f. A = f. ait J, us = lim_ [3x9] + lim, Е-Е 


0 


= im [3573 — 3(-1)/3] + lim [30013 — 3:1] = (0+ 3) +3 —0) =6 
— с — 


| 0 
ах _ : 3 х2/3] ” : 3 х2/31 1 
E жеш К a= Em. [5х ] + lim, [5x | 


= lim, [30° - 3-9] + tim, B^ - 39^] = 0-34] + (8-0) - -1 


ие qm 1 -1 = 
х= lim. (sin "^ b—sin 0) = 5 -O=$ 


олж т: Pu 


1 
f - = lim, [1000199]! = lim (1000 — 1000b°*') = 1000 — 0 = 1000 
5 b—0* b—0* 


а = Ја fim = im imp al = нт ок 02 іш [m [ez] 


= ïm (ај — |60) изв (№. 2-4) =In3—In1 = №3 


SUB lim (аа 5]: = іш (an 1-175) = 2- (78) = € 


ЈГ ry = lim, [2 In | 4|]; = lim (21n|*z1| -21n |251) =>та)– 21 (5) =04+2In2=1n4 


у = У b 
Газ = lim [in [к], = lim, (In |H] 2 In |2=+|) = ша) -In (4) =0+In3 = аз 
оо = 241 1 d 2 : с 
Г. ве = m M -/ шог , p КА : (Гв E 1 2 uu T [= i, T ln. [- ali 


( 
= lim ЖҰТА 1 —(—1)] =(–1+0)-+(0+ 1) =0 


оо 0 оо — A 4 
x dx EN x dx x dx s 12- Хх +4 
Г (х2 +4) m Г. (х2 +4) + J, (x2 +4)? i Е = 2х | | Là Aw y ІШЕ 5.7 2 


= ви, ГЭ ав nim, Cn) + ли (de) 01040: -0 
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! 41 : и = 0° + 20 3 з y Е E 
15. Jy Vere 98; ЕЕ | ? 1: a/a = p e 14 2у a уе, (v3 vi) = v3 
- А 


2 2 
16. 5+1 ds— i 2s ds 


u=4-s° 9 ац А ^^ ds 
о у4- s? уе" +f A Tani ^ -ij uim Јоле 
= im, ақш, Sts = іш, [Vit i [sin a] 
= m, (2- vb) + lim (sin РАСА = (2-0) + (Z – 0) = 4+" 


oo u = ух oo b 
dx " 2du _ |; 2... | = түр 
17. f а- Tx , Ё = “| = Ї 2-1 lim Ї 2-1 , im | [2 tan ul, 


= , lim, (2 tan b — 2 tan™' 0) = 2 (2) — 200) = т 


18 4 2 4 со m. | =. 
E X lim. Гон 
1 xyx -1 1 xyx?—1 + 2 x 2 1 - b тэу гри SS 2x dec 


= lim, [sec-! |x|]? + lim. [sec! |x|]; = lim 2. — sec™! b) + lim — - sec 1 2) 
b It с = 00 bI с = 00 


ыг у А 2 b : 2 2 
19. Ї EE EE ELT = lim. [In |] + tan BIN [In |1 + кап“! b|] — In |1 + ап“! 0] 
= (1+2) 2 In(14-0) = (1+ Z) 


20. jets dai х ах = im 8 (tan! 5) | = pim 8 (tan! Du — 8(tan-! 0) = 8 m = 800) = 27° 


0 


21. /` бебав= tim бе” — e^]; = (0-е? = e°) = lim [6-е] = —1—, lim (254) 


—оо b — —oo 


—-—]- Іш (==) (l'Hópital's rule for 2 form) 
оо 


oo b 
22. | 2e sino a0 = lim. J, 2e7* sin 0 ад 
zh b 
= lim 2 Е (— sin 0 — cos 2 (FORMULA 107 with a = —1,b — 1) 
b — oo * 0 


—2(sin b + cos b) 2(8ш0-4-с080) . 2(0+ 1) _ 
265 + 267 =0+ 2 1 


= lim 
0 0 

23. | емах= f ейх- lim [= lim (1-6)-0-0)-1 
то то — —oo — —oo 


30 2 0 2 ын 2 " 216 
24. Ј хе“ ах = Гәхе” ах + f. 2хе“ dx—, lim [-е7“], + lim [-е-*]* 


с — 00 
= „ва [-1-(-e*)] + ва [-e* - (-D] = C1 20) (0 D =0 
21 x: x? = УТ 1 p? Di. 1 Inb 
25. | xinxdx= іш [£x- =] = 11-3) - ви (%шь-%)--і- Ш, REL 
--і- lim (5) —-—4- lim (2) --140--1 
a 4 b—0* (-2)- b 0+ 4 т 4 m 4 
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1 
26. J, nx dx = lim, |к- хах) = 1-18 - іт, [b — БШЫ =1-0+, limi, mb =1+ lim 


> 


2 
4882-04 4-1 816 — 4; 3-1 b) _ с 10 — 1 _ 0 — 
27. Ї я = mm- [sin zo =, lim. (sin 2) sin 0=5-0= 5 


1 
28. Ї = im [2 sin (12)]° = im [2 sin! (Һ?)| 22sin 1022-2 -0— т 


2 
ds — | –1 J]? — -19- ү -ІҺ--7 (рт 
29. 1 =з ЕТ = m, [sec ^ $], = зе ^2— lim, зе ђ=<—0=5=5 


b— 1+ 
4 
ә. fio lim, Пе $]! =, tim, [seot 4) - рые] = 1 (3) –1-0=1 


31. ME ENTE Паһ lim, f ж-ш |-24/-х| + lim, |). 
> с— с— 
= lim (-2М-5) - (-2V=( па іш, 2/6 =0+2+2-2-0=6 
— с— 


Ээ 
ы 


2 1 2 b 5 
dx =: ах dx 2 А E = . - 
kra 152 +], ух = 1 n. | 241 x] + lim, [2 x Ц 


с 


= и ( 2/1 b) ( 2/1 0) -2/2-1- lim. (2 с-1)-04242-0-4 
-» с— 


зз. ЈУ ез im [in| |" = на Пеј |] — in [3| 20 - m (2) =1а2 


E x : EN : " 24219 
34. Ї кр кту lim. [5 In |x + 1| - 4 In(x? + 1) + ап! x]; = lim ЕЦ H ) +} tan tx] 
1 


_ y; 1 b+1 spree 11. 1 lepio — 1 lla 10-1 
т/2 
35. Ї миша Hn. [— In |cos 9] E [- № |сов 6] а [— In |cos b|] = + оо, the integral diverges 


7/2 2 : А А : | 
36. Ї cot 0 40 = pu. [In |sin |] = In 1 — іш, [In [sin b|] = - mm, [In |sin Ы] = + оо, the integral diverges 


т 0 т т 
sin 040 . EE = sinx dx __ sin x dx : sin x 1 dx 
37. eee [r -0 =x] > Ї ке = Г UE Since 0 < E < Ta for all 0 < x < лапа Ї ух converges, Шеп 


Ї UE dx converges by the Direct Comparison Test. 


" х=л- 20 o , 

7 0 dà — 7 x — cos (2—%) dx ^" sin 

38. Ld СЕРІНЕН 0-2 Ё I Go = Ї Sus. Since 0 < 5 sah < зат forall 0 € x < 27 and 
= х 
Low 95 


Сл 2л X 
sin 5 dx 
Ї oh converges, then Ї “ууу” converges by the Direct Comparison Test. 


In2 —2. 1x 1/In2 yle -Yd Әб Ш З = . 5ч —1 Ла 
39. 1 x Зе их dx; Е = У] — | шин = i Уду = И [-e ЕС = , im Їн::2 — 5 хан 


со -y — ОО 
=О-е "=? = е-/ so the integral converges. 
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40. [ SE dx; 


2 1 
ae ly = vx] ЕЕ 2] еуау-2- 2, so the integral converges 
41. 


| em Since for O < t < 7,0 < лон ша д апа ІМ ШЕ т converges, then the original integral converges as well by 
the Direct Comparison Test. 


1 : 
jur s 8 qn 32 6t 
42. 1-8. Sa let fO = к. sat and g(t) = у then lim, 800 (50 та = dim, I-cost (-50 sint 
1 
о . 1 1 . 
um h E = 6. Now Je в = Бан, [- эн | $773 ыг [- эт] = +оо, which diverges => 3 c diverges 
by the Limit Comparison Test. 


43. fs E n 


diverges — 


--- апа 


‚тё yim [шо =, іш [$ In 6] — 0 = оо, which 


2 
= diverges as well. 
0 im 


A4. Г. eee ү® + ак 


1 1-х 


1 
dx - ? = 2 b : m E 
and |, 15 ШІН [- In (1 — x)], ШІН [- In (1 — b)) 


— 


— 0 — oo, which diverges 
: m х diverges as well. 


1 0 1 1 
45. | шах = f In dx & f шхах f шхах= tim, ххх] -11-0-11- lim, [bInb — b] 
2 2 f 2 Ї _ 
=-1-0=-1; | ш(-ху4--1 = | 1 |х| dx = —2 converges 


46. Ј (—xin |x|) dx = Ј |-х in o9] dx + f(x nx) dx = lim [$ mx- 


1 : b? b? 1 1 : с? с? 
[;1- 3] - tim, [$ mo- £] - [31-4] + tim, [$ me- 4] 
converges (see Exercise 25 for the limit calculations) 


21! А 42 gl! 
1 — Іші [5 ln x — 1 
b C= 0+ с 


1 


1 0+1+0=0 = the integral 


47. 


1 | T :0< == <z L for 1 <x < oo and 1: х? converges => |, тїт converges by the Direct Comparison Test. 


1 
a Гаа, (B) - am, aso am, а a= а Г 


= = шин, Dx] — oo, 


which diverges — 


Я = — diverges by the Limit Comparison Test. 


49. d dd lim 


50. Ї 15; 0 < < на < г ЮГО < 0 < oo and f = lim. [-е“'је = lim. (-е>"+1=1= 774 S converges 
= Ji m converges by the Direct Comparison Test 


jl со 
dx EN dx dx — ESL 
0 \/х6+1 ^. Јо v x8 +1 +] Vx + 1 ара meum NE 1 s "ава | = m » im | [ 281, 
201 1 lY. i “© dx 
" lim. (- zm + 1) => f “еті converges by the Direct Comparison Test. 
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oo oo oo 
1 д ү х " x 
53. Í ХЕ dx; lim = lim ME эе lim — i; f VE dx = | s 
1 x x — оо ( тау х— оо үх4-1 x> Ла 1 x 1 хУ 
x 


XE 
= lim [2х1] lim (3 + 2) =2 => 17 CETT dx converges by the Limit Comparison Test. 
— oo b — oo b 
x dx ( "m ) 2- 5 M 2 1 1 cds = хах _ 7 ах m 
54. Ї а Ын = lim, Ш, нэн : в =], f= lim [In x]; = oo, 


which diverges — 


55. f 23:85 ду. (у < 1 «25608 for x > папа | = іт [In x]? = oo, which diverges 
т т b — oo 


= f шан dx diverges by the Direct Comparison Test. 


56. Г 1-х dx; 01358532 forx > mand | 3 dx = lim [- 2]° = Ша (-24 =< 


= ј = 24x converges => 1 Lynx sinx dx converges by the Direct Comparison Test. 


99 2 А = b . = 
57. Ї m 73, lim, ah =1 and | 24 a = pim [-4t uL (= +2) == => LN 5% converges 


=> converges by the Limit шаа Test. 


dt 
4 8741 


58. fe nee <! = for x > 2 and f? 4х diverges => j= diverges by the Direct Comparison Test. 


ТЕ 


59. f i dx; 0 < 2 < < for x > 1 and f так diverges => J | E diverges by the Direct Comparison Test. 


60. f mani) dx; [x — e] — f (In y)e dy; 0 < шу < (пује for y > саад | In ydy = lim [ylny - y]? 
e? e e b — oo Ы 


which diverges => | "Ine dy diverges => | | In (In x) dx diverges by the Direct Comparison Test. 


1 
29 ах 5 1 (==) MA Ve ZEN р ji EN 1 НТ x dx __ = —х/2 
61. | Ме—х ; lim, (Ж) E lim, е-х | х lim, Ero Ue 1; 1 ye oc ) Bor de 
= i; —9е-*/2] 8 — y “ ”д-9/2 —1/2) — 2 2, е“х/2 
pim, [—2е7*/2]; pmo (—2e *? + Зе“ "7) Ja ds dx converges => = шоог converges 
by the Limit Comparison Test. 
7 dx | (xix) : e -x]b 
62. 1 ак; im, (i) = lim, e = lim, 07: = үү 1 and | = pim, НЕ 


= lim (-е фе! = 1 > [E < converges => 


1 


63. Гун ZET -2/ dem 22. апа 
Ј = ва [- = ва (-241)=1 Јо 


b — oo b — oo 


т converges by the Direct Comparison Test. 
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64. 


65. 


66. 


67. 


68. 


69. 


70. 


71. 


72. 


Section 8.7 Improper Integrals 


f = =2 | О < 4 for x > 0; T 9х converges => 2 g ^ = converges by the 


оо ех + e™* etek? Spet 


Direct Comparison Test. 


In2 In2 
dt = 1 1-р ЕЕЕ 
(а) солы =d e= | тігі |! x 1: pes 
= the integral converges for p « 1 and diverges for p > 1 
(b) Ї ESI ;[t=Inx] = f р 9 and this integral is essentially the same as in Exercise 65(а): it converges 


for p > 1 and diverges for p < 1 


f м = , lim, [In (x? + 1)]; = lim. [In (b? + 1)] -0-,lim In (b? + 1) = oo => the integral Г = dx 


diverges. But Um. | 2ЕЙХ е „п [In (x? + 1)]”, = „п [In (b? + 1) — In (b? + 1)] = lm In e =) 
— ОО = ОО — ОО 


х +1 
= , im | (In Dc = 


xe: Ју xe dx = lim. [-хе* — e7]? = lim (—be™ -— e™)-— (0-е е9) =0+1=1; 


A b — оо 
2 1 БОЛОГ jou А 1 1 22х15 А 1 1.2 1 1-2. 1 1 
у= XJ, e aif, e^dx—-,lim 2|-26 | = Ма 3(-5e7?)-53(73e7) -0* =, 


У = E e) 24 эм -2х dx = , Hir _ law)? — 1 — 1l &-2b 1) т 
fx х = п ЈУ“ е х= тп ип. | е | T mm, ( eo + ) 2 
ES = Ч b я tan b 
А |, (sec х — tan х) dx = | lim _ [In [sec x + tan x| — n [sec x]; = lim _ (In |1 + £?| — In |14- 0|) 
2 2 


= im In |1 + sin b| = In 2 
=> 


т/2 


п/2 п/2 п/2 
(4) У= Т, т sec? x dx — Ї п tan? x dx = т Ї (sec? x — tan? x) dx = f п [sec? x — (sec? x — 1)] dx 


1/2 т? 
т/2 т/2 . 2.15 
(b) Souter = Ї 2m sec ХА/ 1 + sec? x tan? x dx > Í 2r sec x(sec x tan x) dx = 7 : lim _ [tan* x], 
ә? 
т/2 
=л | lim. [tan? b] — о =T lim_ (tan?b) = оо => S, diverges; Siner = , 2m tan xy 1+ sec x dx 
-» 5 -9 5 


т/2 
> |, 27 tanx ѕес?х dx = т » im ші =|, tim [tan? b] o =r dim. (tan? b) — 
hers >37 а 


=> Sinner diverges 
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516 


73. (а) 


(5) 


74. (а) 
(b) 


75. (a) 


(b 


wm 


76. (a) 


77. (a) 


Chapter 8 Techniques of Integration 


Je de = uim, [-3е*] = tim, Cie) – (— he) = 04 fre? de 


= 0.0000411 < 0.000042. Since e^" < е“ for > 3, then Ї “өг” ах < 0.000042 and therefore 


ES 2 3 2 у А % 
Ї ех dx сап be replaced by Ї е * dx without introducing an error greater than 0.000042. 


3 2 
Ї е dx = 0.88621 


99 112 a 115 F 1 1 
у= ffs ax =m tim [- у = | im (C - C D] 2n 077 
When you take the limit to оо, you are no longer modeling the real world which is finite. The comparison 


step in the modeling process discussed in Section 4.2 relating the mathematical world to the real world fails to hold. 


CTT TT 


X 
Si(x) = 4 ЕШ 
0 y 


1 Lx 
25 


> int((sin(t))/t, t=0..infinity); (answer is 7) 


(b) > £:z 2*exp(—t’2)/sqrt(Pi); 
> int(f, t=0..infinity); (answer is 1) 


e 


erf(z) = fo dee dt 


02 
0 $-X 

f(x) = уе‘? 

fis increasing on (-оо, 0]. f is decreasing оп [0, со). 


f has a local maximum at (0, f(0)) 


(0 2) 
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Section 8.7 Improper Integrals 517 


(b) Maple commands: 


>f: = exp(—x^2/2)(sqrt(2*pi); 


>int(f, x = —1..1); яе 0.683 
>int(f, x = —2..2); = 0.954 
>int(f, x = —3..3); = 0.997 


(c) Part (b) suggests that as n increases, the integral approaches 1. We can take f у f(x) dx as close to 1 as we want by 


choosing n > 1 large enough. Also, we can make f f(x) dx and f » f(x) dx as small as we want by choosing n large 
enough. This is because 0 < f(x) < e^? for x > 1. (Likewise, 0 < f(x) < e? forx < —1.) 
Thus, f^ f(x) dx < f° е “ах. 


fo eax = lim | е-*?йх = lim | —2e-*? | = lim [ 26-9? + 26-42 | = 20-87 


c—oo 


As п — oo, 2e"? — 0, for large enough n, Г х) dx is as small as we want. Likewise for large enough п, 


| Е f(x) dx is as small as we want. 


b a b со оо b 
78. (a) The statement is true since |” fo) dx = х) dx + f fœ) dx, | fœ ax = f^ feo dx — Ј feo dx 


79. 


80. 


ь 
апа 1 f(x) dx exists since f(x) is integrable on every interval (а, b]. 


© f foo dx-- | feo dx = f^. бо) axt f. f(x) dx — f fx) ах + ЈУ f(x) dx 


= Г «ко dx + f° feo dx + | feo ах = Г ко dx + f^ f(x) dx 


Example CAS commands: 


Maple: 


f := (x,p) -> x^p*In(x); 

domain := 0..exp(1); 

fn list := [seq( f(x,p), p=-2..2 )]; 

plot( fn_list, x=domain, y=-50..10, color=[red,blue,green,cyan,pink], linestyle=[1,3,4,7,9], thickness=[3,4,1,2,0], 
legend=["p= -2","p = -1","р = 0","р = 1","р = 2"], title="#79 (Section 8.7)" ); 

ql := Int( f(x,p), x=domain ); 

q2 := value( ql ); 

43 := simplify( q2 ) assuming p>-1; 

44 := simplify( q2 ) assuming р<-1; 

45 := value( eval( ql, p=-1 ) ); 

il := 41 = piecewise( p«-1, 94, р=-1, q5, р>-1, 43 ); 


Example CAS commands: 


Maple: 


f := (x,p) -> x^p*In(x); 

domain := exp(1)..infinity; 

fn list := [seq( f(x,p), p=-2..2 )]; 

plot( fn list, x=exp(1)..10, y=0..100, color=[red,blue,green,cyan,pink], linestyle=[1,3,4,7,9], thickness=[3,4,1,2,0], 
legend=["p = -2","р = -1","р = 0","р = 1","p = 2"], title="#80 (Section 8.7)" ); 

q6 := Int( f(x,p), x=domain ); 

47 := value( q6 ); 

q8 := simplify( q7 ) assuming p»-1; 

q9 := simplify( q7 ) assuming р<-1; 
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518 Chapter 8 Techniques of Integration 


q10 := value( eval( q6, р=-1 ) ); 
12 := q6 = piecewise( р<-1, 49, p=-1, 410, р>-1, 48 ); 


81. Example CAS commands: 
Maple: 
f := (x,p) -> x^p*In(x); 
domain := 0..infinity; 
fn list := [seq( f(x,p), p=-2..2 )]; 
plot( fn list, x=0..10, y=-50..50, color=[red,blue,green,cyan,pink], linestyle=[1,3,4,7,9], thickness=[3,4,1,2,0], 
legend=["p = -2","р = -1","р = 0","р = 1","p = 2"], title="#81 (Section 8.7)" ); 

911 := ШК f(x,p), x=domain ): 
911 = Ihs(i1+i2); 
` = rhs(il+12); 

7 = piecewise( p<-1, (4-49, р=-1, 454410, p»-1, 43--48 ); 

` = piecewise( р<-1, -infinity, p=-1, undefined, p>-1, infinity ); 


82. Example CAS commands: 
Maple: 
f := (x,p) -> x^p*In(abs(x)); 
domain := -infinity..infinity; 
fn list := [seq( f(x,p), p=-2..2 )]; 
plot( fn_list, x=-4..4, y=-20..10, color=[red,blue,green,cyan,pink], linestyle=[1,3,4,7,9], 
legend=["p = -2","р = -1","p = 0","р = 1","p = 2"], title="#82 (Section 8.7)" ); 
412 := Int( f(x,p), x=domain ); 
q12p := Int( f(x,p), x=0..infinity ); 
q12n := ШК f(x,p), x=-infinity..0 ); 
412 = а12р + 4125; 
` = simplify( q12p+q12n ); 


79-82. Example CAS commands: 

Mathematica: (functions and domains may vary) 
Clear[x, f, p] 
f[x_]:= ХР Log[Abs[x]] 
int = Integrate[f[x], {x, e, 100)] 
int/.p— 2.5 

In order to plot the function, a value for p must be selected. 
р-3; 
Plot[f[x], (х, 2.72, 10) ] 


CHAPTER 8 PRACTICE EXERCISES 


1. u=In(x+ 1), du = ду = dx, v = х; 


х-1 х+1 
= (х+ Ои(х+1—х+- С, =(х+ 0) (Хх+1)—(х + 1) + С, where С = С) +1 


fimo 1) ах = xmi D- fa 4х=хш(х+1)— faxa [S xmi )—х+-и(к+ 046i 


2. и = lnx, ди = S;dv—x?dx,v— 1x3; 
х 3 


fi mxax- 1х3 mx — fix (2) dx—* Inx— $C 
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Chapter 8 Practice Exercises 


3. u = tan ! Зх, ди = ;295 ; dv = dx, ух: 
Е Е xd —149x? E 
[тап 13x dx = x tan 1а = | anie. Panes — х!ап l3x- 1 2 


= x tan! (3x) — 1 In (1 + 9х?) + C 


4. u=cos!(%),du= ; dv = dx, у = х 


— dx 

У4-х ° 
= х - x xdx . 4- (5 

ee N > xo (3) -3S 9 


= x сов“ 1 (>) - МА —хХ2 + С = х сов 1 (х 24/1 


a + 192 — e 


>) 


2Х-1)---- е 


(+) 


ех 


= Јо e ах = [x 0? - 2 + 02e + С 


6. sin (1 — x) 
НЕ: 


Xi ————9  cos(l- x) 


(- 


2x ———  -—sin(l- x) 
(+) 
2 =  -—cos(l- x) 
0 = ГӘ зїп (1 — x) dx = x? cos (1 — x) + 2х sin(1 — x) — 2 cos (1 23) + C 
7. u = сов 2х, du = —2 sin 2x dx; dv = е dx, у = ех; 


I= fe cos 2х ах = e cos 2x +2 fe sin 2x dx; 


u = sin 2x, du = 2 cos 2х dx; dv = e* dx, v = ех; 


I = e cos 2x + 2 | sin 2x — 2 f'e cos 2x ax] = ех cos 2х + 2e* sin 2x — 41 => [= Жох 4 28582510 


8. и = sin 3x, du = 3 cos Зх dx; dv = e? dx, у = — 1 еті; 


І- fem sin 3x dx = — le^ sin 3x 4- 3 Тез cos 3x dx; 


u = cos Зх, du = —3 sin Зх dx; dv = e? dx, v = – 165; 
1= – е sin 3x + 3 [Не cos 3x — 3 f'e sin Зх dx =—{е” sin Зх — Зе > cos3x — 31 
= 1-44(-16:5 sin3x — Зе“ > cos 3x) + С = — & e? sin 3x — бе cos 3x + С 

13 2 4 13 13 


9. Јоза = [25 - Јов 2mik-21- к-С 


10. f 228 = 5 Гоа а Гоа -imkes-limienec 


ах == 1 1 
11. је -f(G-2 + ashy) dx = in |х| — In 


х-1 


D. Јозо ах = f (2-2-3) ак = | =] + 1 C 2 21 x + 1 -21n x — 1] C 
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..,Sin8d) — dy _ :| 8 [ж =i уза 
13. [жк а z > [cos = y] ј = у-1 = у+2 — з in 4С 
= Ж cos 0 + 2 — _ 1 cos 0 — 1 
= #11 || +C = z ја || + С 


14. 


cos 0 dé dx өз dx 1 dx . 1 віп0-2 
sin? 0 - sin 0 — 6 ? ; [sin 0 = x] ж Ї х2-х-6 5 {= 5 foie 75 In EXER +С 


16. 


17. 


J 

15. [t ах = | 4ax— | х=4 dx —4In|x| — 4 n(x? + 1) + 4tan ! x + C 
18 
J 


+3)d 
зг ( 3+ gin я) = - а М+ 3 In v 21+ In |v - 2 +С 


ed 4C 


v- ese +С 


(3v — 7) dv I (—2) dv dv иг 
18. [дне ле. | у-1 +f: -2 +f = № (у — 1)? 


|- 


а ___ ај «а Га ina t КОРЕ СИЕ РОНЕ 4 
19. IE = 241 1 | = 1 tan обе tan | (Ы) eco ав t— “с tan ATE 


Ps 


20. f == fas, - 1 f да = 1:8 -2] - 3n (8 + 1) +С 


е-2 Е-1 


21. jer. ах = f (x 2 = х-5) dx = Јхах +2 145 4 ЭРЭР кеін ка 2 in |e 1/6 


2. Ја ак = Ја + st) ах = fre phy] x= fixe fy - ЈЕ =x к-С 


23. fete dx = f'(x— 35) ax = [хак і Г - 2 | == — о јх+3]+ |С 


+2 Ја, 


24. [| шэг. dx = f [Qx - 3 + >] ах = (о 


x’ +2x—8 


=x? — 3x + 2 In |x +4] + 4 In |x — 2| +C 


dx В ЭЭ 4х 2 u du _ 1 du 1 du __ 1 1 
25. Јозо | Ч=з | ІЛЕ = 8 Г = аа-аа +С 
dx = 2u du 
= | х-1-1 
-18| | +С 
и = ух 
dx $ — х Зи? du _ = u => Ух 
26. Ла ot du = зул е 17-59 3 [+С =з |05, 
ах = Зи? du 
1- е – 1 
ds . = eS du 2 ди c s 
27. |е о > fay Га Је = ај |+сенје +с=ш|-е+С 
$ — i41 
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29. 


30. 


31. 


32. 


33. 


Chapter 8 Practice Exercises 


п=уе+-+1 
ds 2 — _eds 2u du du du |. и—1 
р Joa: du 2/e41 Ip з= Таж Га = + С 
ds = 2000 
4-1 


@ Г = ЛЯ = -уб-у +e 
(b) [cum nt 4 | sinxcosx dx _ 4cosx+C=—-8-¥ + С = – улб— y! + C 


х ах 1 а(4--х2 71.2 
(а) Г = ЕЯ = уа +С 


(b) ET [x = 2 tan y] , [emea 2 [ес y any dy 22sec y C= d ae y3 +С 


— x? 
(а) [2% --ifii-9--1impa-x44c 
® Јак =2sing] — [25225559 — аө 40 = — In [cos 6| +С = -n (457) +С 
=-Ёш 4 -х?|+С 


(а) f и = = M -1/42-1-С 


(b) || ast ‚к= Ке 2р шээг 1 f sec? 940 = = + С = Маго 


xdx . и=9—х? 1 | du — 1 2 1 = 1 
[ез| 2 н| — Е] = юше In Jc +С = In 4i +С 


ах _1fa 1 а 1 dx _ 1 1 1 
РЭН ийг E f= 11а |] ig In [3 — x| – в In [3 +x| + С 


5 In |x| – 5 1n|9—x?| + С 


= Еп |3 —x|+ 4 In|3+-x|+C = 2 | 3 |+С 


ах $ x = 3 ѕіп 0 3 сов 0 ‘nl Х 
көтен - | Ном ад Гав 0+С = ап +С 


. . . . 5 27 
37. J six cos^x dx — сөй — cos?x)sin x dx — | оёх sin x dx — | совех sin x ах = -S Фе + С 


"T 
38. С ѕіп?х dx = J sin’x cos^x cos x dx = J six (1 — sin?x) cos x dx 


. . © in6 sis 24,10 
= J sin’x cos x dx — 2 | хийх cos x dx + пх cos x dx = "A 2sin X + Uo. +С 


39. Jf aix sec?x dx — fan +С 


40. Јалх sec?x dx = J (sec?x - 1) ѕес2х · sec х · tan x dx = ЕСУ · sec х · tan x dx — f sec?x · sec x · tan x dx 


5 3 
— sec x X Secx 
= 3 + С 
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41. f sin 50 cos 60 40 = 1 | (sin(-6) + sin(110)) 4 = ШЕСІ 0)а0 + 5 1 f'sin( 119) 40 = 1cos(—6) — cos 110 + C 
= 1cos 0 = сов 110--С 


42. | со 30 cos 30 40 = 1 | (cos 0 + cos 60) ай -1|а0-1 сов 6940 = 10 + + | 60 + С 


43. ІЛ + соз(%) dt = [М cos H| dt = 4/2 |sin 1| - C 


44. Је tan?e! + 1 dt = fi sec e' | e! dt = In| sec et + tan et | + C 


45. |E.| < у (Лх) M where Ax = 21 = 2; х) = 1 =x"! f'(x) = —х“2 f"(x) = 2x73 f"(x) = —6x~4 
= f(x) = 24х7° which is decreasing on [1,3] = maximum of f(x) ue 315 #91) = 24 = M = 24. Then 


|) | < 0.0001 = (3-1) (2) (24) < 0.0001 = (28) (1) < 0.0001 = 4 < (0.0001) (180) = пі > 10,000 (258) 
=> п > 14.37 = n > 16 (n must be even) 
46. |Е | < L5? (Ax)? М where Ax = !=0 = 1;0 < f(x) <8 = М = 8. Then |Е,| < 10? > 4 [tr (8) € 10? 
= Еле 3 = 3 > 1000 => по > 200 = п> 25.82 > n> 26 
47. Ax= = = 120-1 = 5-5, X; f(x;) m mf(x;) 
6 Хо 0 0 1 0 
У mfx) = 12 > T= (Б) 42) ="; xi | 7/6 12 2 1 
a" хә TB 3/2 2 3 
X3 л/2 2 2 4 
ха 21/3 3/2 2 3 
X5 57/6 1/2 2 1 
X6 T 0 1 0 
л Xi f(x;) m mf(x;) 
x mf(x) = 18 and 5" = 1; тт Т 0 1 0 
$ = (5) (18) = т. ХІ т/6 1/2 4 2 
X2 л/3 3/2 2 3 
X3 л/2 2 4 8 
ха 21/3 3/2 2 3 
х5 5116 1/2 4 2 
X6 п 0 1 0 


48. |f960| <3 > M = 3; Ax = 2=! = 1. Hence |E,| < 10-8 = (254) (1) (3) < 1075 = A, < 10-5 > nt > 10 


n 


=> n > 6.38 = п > 8 (п must be even) 


365 


365 
49. ул, = ae Т [37 sin (27 (x — 101)) + 25] dx = 445 [-37 (3 cos (255 (x — 101)) + 25x)] , 
= as [(-37 (38) cos [27 (365 — 101)] + 25(365)) — (—37 (38) cos [27 (0 — 101)] + 25(0))] 
= — 57 cos (27 (264)) + 25 + 27 cos (27 (—101)) = — 32 (cos (27 (264)) — cos (27 (—101))) + 25 
& — $1 (0.16705 — 0.16705) + 25 = 25°F 


675 7 
50. С )= geb |» 1827 + 1075 (267 – 1.87т2)] ar = 1. [8.277 + 13 T? — 082398 18] 95 
= 515 (5582.25 + 59.23125 — 1917.03194) — (165.4 + 0.052 — 0.04987)] ~ 5.434; 


8.27 + 1075 (26T — 1.8712) = 5.434 = 1.87Т° — 26T — 283,600 = 0 = Тя У CT DOS а, 396.45 С 
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51. (a) Each interval is 5 min = b hour. 
2[2.5 + 2(2.4) + 2(2.3) + ... + 2(2.4) + 23] = 
(b) (60 mph) (15 hours/gal) = 24.83 mi/gal 


2 = 2.42 gal 


Chapter 8 Practice Exercises 


52. Using the Simpson's rule, Ax = 15 = & = 5; X f(xi) m mf(x;) 
Y. mf(x,) = 1211.8 > Area ~ (1211.8)(5) = 6059 #2; Хо 0 0 1 0 
The cost is Area · ($2.10/ft2) ~ (6059 ft?) ($2.10/f2) Ч = 26 5 та 

2- 1 X2 
= $12,723.90 = the job cannot be done for $11,000. хз 45 51 2 204 
X4 60 49.5 2 99 
Xs 75 54 4 216 
X6 90 64.4 2 128.8 
Хт 105 67.5 4 270 
Xg 120 42 1 42 
53 T dx = | » dx — ]i : 1 (x\] — || 1 (Ђ · —1(07у т 0-1 
а badi yp- ак = [sin (= lim. sin (3) – sin" (3) =5-0= 5 


1 
54. J, 1б хах = lim, кіпх-х),-(1-Ш1-1)- lim, [b In b — b] = — 


=-1+0=-1 


55 f =f + | =>] Ж 


=2-3 lim, [у] = 


ос —1 2 од 
56. Г шил = Г. Se Y бїрт +] (ут converges if each integral converges, but 


ойт, atm 


= Land | 


275 diverges => | „ут diverges 


s. J “ъ= JP atts є = Ни а 8521] = Ви [m ezl 


58. Јо mae Ј (+ 5-744) Чу = lim [у ау 0) 


In |232| = 0 - 1n (3) = 103 


04-222 


= OO 
= lim [№ (527) – 5] - @1-1-№3) = Ing c1 In3- 1 In 4 
59. || хе“ dx= lim [-x?e* — 2xe™ — 2e™] = lim (Һе —2be* 
0 b — оо b — oo 
0 
60. fx dx= lim | ге“ ier]? = -$-,lim- (Be — łe”) = 


ах __ dx _1 dx _1 y 2 -1(2x]^ 1 
61. Г =2] ъз - Л Ше а И [san  ($)], = 2% 


62. f te, = 2 f° == 


о x2+16 


s 0 2 7 ag А ^ 49 . 
63. РА Jiri = 1 and Ї 7 diverges = Ї Ут diverges 


2e*) — (—2) = 


=2 lim ап“ (3)]}=2(, lim ап"! (8)] – tan 0)) =2 (5) -0=7 
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524 Chapter 8 Techniques of Integration 


64. I— fre cos и ди = , lim [—e cos и] о — Ге sin u du = 1 + ше (е sin u]; — fe) cos u du 


— ОО 


= 1=1+0-—1 21-1 І 1 converges 


оо е оо е b 4 
65. | me de = fone dz + | ме dz = (SP) + На [E2] = (4-0) + На | 9-1 = 00 


= diverges 


66. 0 < = - Се" fort > 1 and 15 e™ dt converges => 1 5 нэ - dt converges 


2dx .. 2dx 4 dx 2 ах 
67. T Е 2 f жүс ® Ї =“ converges => T s.s converges 


oo —1 
а 2 ах E 
68. 1- RETS m J. x (1+e*) ЕТО т и (1+e*) + 0 сан ЕЛ + 1 mm 2 


1, 2 х : : ! : 
Jim, Б (9) | = Jim, Pre) = im (1 4- e*) = 2 and f. $; diverges => : sur diverges 
х2(1--е) 


=> | = Ето T5) у diverges 


69. Кел [е — | ав = (202 — 2u+2- ү.) ди = 28 — 2+2 -2щ1+щ+С 
= 292 —х+ 2 /х— 21 (1+ \/х) +С 


7o. Зак - fes) dx = как Ја - 2 f = 8 Најкжај- Fine] +0 


dx Р x = tan 0 sec? 0 40 cos? 0 ад pee 0 
71, Г , Га 20 f e = J sin 0 = Ј (= ) dcin 9) 


2 
= In [sin 6| — 1 sin? @+C = In] 72. 4 4) ын 


т. [ zing = f де у mii ee Duc 


73. (сем ax = | 2 св? х ax — fesse + f'escx dx = —2 соёх + J. — In [ese x + cot x| + С 


sin* x 


= —2 cot x + све x — In |esc x + cot x| + С 


74. | ад = [19s * ад = [sect a0 — [ад = tano 6C 


cos? 0 cos? 0 


Duy. I dv 1 dv 1 dv _ 1 3--у 1 -1 у 
75. Та = 1 fora 3-sv + i S = 5 ln |30 + i tan 3 С 


ЕУ ах 5 b $ 
76. ЈУ ср = ни [г]; = Ва [55-0] =0+1=1 
77. cos (20 + 1) 
rt itus 
0----- :5іп(20--1) 
1 ©), —1 cos (20 + 1) 
0 = | дсов(20 + 1) 40 = £ sin (20 + 1) + 1 cos(204.1)+C 
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78. ет = f (427 zan) јах= Ј крах +3 f i + f ots 


== +2х+3ш|х—1]— = +С 
ѕіп 2040 1 d(1+cos 20) __ 
79. (1+ cos 20)? ^. 2 Ј И +соз 20 — арт +С == 1 sec? 0--С 


т/2 л/2 " 
80. f. Га cos 4x dx = – 2 ]' cos 2x dx = |- E sin 2х)" _ v2 


п/4 


81. х ах | JERS = зу — 4у! +С = 2-х 42-0 +С 


_ a 2/2—x 


+C 


82. has * dv; [v = sin 6] > ЗЭ ое | їсэг 06 festado- |9-со0-6-С 
sin! v 1-и +С 


ёс Pf ЕА аг 
83. fot = Јат = ау) +С 
х х — 1. —1 [+1 
84. Ест Ден MU | 2 sin ( 3 )+с 
85. m СЕТ) dá-if(ü-i-z 4) dz = 11 |z| — 4: Ф In (z? +4) — лап 1% +C 


нь fer аи = Дает аб) = ае ce) + = ове ec 


а (9 — 40 
87. | --i o = 19-48 +С 


88. u = tan! x, ди = zidy = 


= 
tan хах = -1 tanix + f у = =_= : tan 1x4 fs- | х dx 


1--х2 


ЕТ ЭЛЭГ 


89. | 555 :::58-31- Јак тээ/24-Г к = к-к] + С= |ыс 
= In ($H) + С 


90. Јалта = | (ап) (вес? — 1) dt = 8 — f'tan tat = 8 — mn [бес t] + С 


х= пу 

“руду, _ dy La Ї -2х 2- 5 NP TX EL 

әт. | "xe : ВЕ. > = dx = о хе dx= lim | 26 де {Р 
ду = ех dx 


= lim (æ - дж) – (0-4) = 4 


In (sin v) (sin v) In (sin v) > 


cotvdv __ cos v dv ч = In (sin у) du __ „= 5 
_ J iav) Tee = f 2 =1һ |п| + С = In [In Gin )| + C 
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526 | Chapter 8 Techniques of Integration 
93. Језухах = | ухах = 2x8? + c 


———— = 0 1 
94. fot TE в; | PT – 1 fV/3Fudu=!-284u3?24+C=1(3 4e)? + С 


sin 5:4: . u=cos5t | if да ___ 1... -1 ЕН 
95. [niea а > —3 J тр = - [ап u+C=—; tan™ (cos 5t) + С 


x=e ах _ gt 2123 
96. NAE Бай > f- с — = sec x + С = sec (е) + С 


Мө) 

~ 
-- 
< 


Ta] > Јев = f(2- 12) а = 2w- 2 а | +u c C 2 2yr- 21 (1+ r) + 
= ;® 


4 qnd ) : 
98. |ы е. ах = Ip n has s 33 = In |x* — 10x? + 9| +С 


99. Го. а= f(x- та) ах = fxax- 1f 2 ах = 1х2 - Пи(1 +x?) + С 


3x, dx = 3ln|1 + x°] +C 


юм. Јак HS = гї, + PAG => Le = А(1—х+ х2) + (Вк C ex) 
= (А + В)х2 + (~A +В + C) + (А +С) > А +В = 1, -А+В+С=0,А+С=1=> А=ЗВ=Т,С 
14:52 qx — f (2/3 | Чжи ак — 2 f 1 ШЕТІ 1 -— | 
Ја = | (28. + 1-х--х2 и 2 са dx=2f кеі рө 
ucx-g 1 Цай -1 u 

[рея а = gs ; duc 5 fea ин +? + — ‘ап (25) 


E X-53Y _ 1 2 1 -1| 2х-1 
ЕКІ (55) -601-х-4х | + ап a 51) 


= 2 | des ме в dx = 231+ х|  zln|l — x + х?|+ Зраг (251) +С 


2 


102. |х, dx; с - fee аи = 252 ди = fidu- | 2 ап + [2 а= шы+2-5+С 


е отт ттт ае 


= 2 __ 
103. f vx ухах; 222 - fav /1 +w dw 


+ 
2w? EVA 2(1 +з)??? 
(—) 
4w s +з)??? 
(+) 
(1 + и) 
0 = [ом а сн ыы $2 0 4-3) +C 


= §x(1+ yx)? - уха vx) gs уж” 
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: м = \/1+х= у? =1+х | 
104. Југ Vira | 2. БЕ 1+w dw; 
[u = 2w, du = 2dw, dv = 1+ wdw, v = 2(1 +w)” 


fow V1 +з dw = twa + wy? — f5(1 wy" dw = bwa +)? — 8 w)? + С 


3/2 5/2 
=$/T+x(1+ vix) - 8(1+ Vix) +С 


1 [nex =x 2 Күле т т БИИ; — 
105. Jdem | n npa | Јоде [u = tan 8, -4 < 0 < 5, du = sec баб, УТ + 1? = sece] 


2а = JSF ад = ] 2зе2040 = 2in|sec 0 + tan | + C = 2 УТ + u + uf +C 
V1 + х+ ИХ] +С 


106. ГМ Bay Паје 


[x = sin, а 5 ‚ dx = совдад, y 1 — х2 = cos 0, x = 0 = sin 0—0,x i sind = 0 d 


шэг сбой = [ай gas [е аш a - lim f^^ збе. ag 


| = cos 9, du = —sin 0 аб, dv = JE dé, v = 2(1 — cos "m 


= 21 


т/6 


т/6 
- lim 2сов0( (1 – сов0)/27 + "20 – сове) "sino J 


im |(2eos(2) (1 — cos(3))'? 2cose(1 = сово) + [$0 овор] 


lim, ) ^ — асовс(1 — cos)" + (4(1 сов (=)) 7“ 4 (1 соко) 
— lim. V8 (1 – 38) 7 - 2eose(1 — cose)!” + $(1 D (1 сон 
1/2 3/2 1/2 4+ 3) 2- V3 
= Vi(1- 8)!" «i(1-38)^ = (1-4) ^ (9) - 528 


107. f ма ах = f" dx 1: > Јата = fdu- fidu =u- muj + С 


= (1 + Inx) — 1 + Inx| +С = lnx – In|] + Inx|+C 


u = In(Inx 
108. f cens dx: е “ax E 5 [та = ши + C = а(х) + C 
109 | rax; Ё хх > ши = Јах!" = (Inx)? > ldu = 2х ах > ди = 2х dx 2х" шх ax] — NE 
Ы x u шиг 2 
= + С = 1х"Х-С 


110. Јалу] + шэн [о = (шх)"* = Inu = In (Inx)"* = (Јах) In (Inx) > tdu = ЕЕ + ints) ) ах 


xInx x 


1 
= du—u Ё + шэн - (mx) | + n» ах] > fau =u+C= (Inx)"*+C 
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528 Chapter 8 Techniques of Integration 


111. Ли ах- Jas dx; [x = sin0, 0 < 0 < 5, 2xdx = cos 040, | > if cos) _ 40 


sin 0 cos @ 


= 1 | сведад = — Нисзсй + согдј + C = — На +C=—-il n 19 = 


/1 — x4 
„+ xl 


= || ет) du; 


= + => 2 = А(и 4. 0 


=A=1>B=-1; | (2+ =) а = 4) du 
= 2u + ши — 1| 2 Inu + | +C 22/1 — x + Па E +С 


а 0 а 
113. (а) Jofa- x) dx; [п =a- x = du = —йх,х 0—u-ax-a-u ој > = f f(u) du = Ко) du, which is 


the same integral as Је) ах. 


(6) Ју ie а dX = = Г xm біп ( = —— dx = Їнэ EP ни 


5) cosx — сов (5 )sinx 
віп(2) совх-сов(2) sin x + cos ( 
п/2 


т 
ғ) cos x + sin() sinx 
т/2 s т/2 т/2 т/2 
cos X . Sinx . . Sinx . ___с05х — sin x + cos x 
ud ү, cos x + sin x soif" "PET TA x= |" sinx + cosx dx Ју mae x= |" ae = ЈЕ ах 


"204 spo sinx d _ T Ги sinx d 
= |x 0 UD = 0 sin x + cos x к= 2 = 0 sinx+cosx А = 1 


sinx 2 sin x + cos x — cos x + sin x — sin x = sin x + cos X —cosx+sinx —sinx 
114. J dx — | sin x + cos x dx = Js 1 dx+ f in dx + (255 


sin X + COS X sin X + COS X 


— fax D dx f СЭВХ | dx = x — In|sinx + cos x| — Jm. dx 
sin х + COS x sin x + COS X 


sin X + COS X 


sinx 2 Н sinx Xd : 
= 2f sx d x = x — In|sinx + cos x| => Ј n dx = 5 — 5In|sinx + cosx| + C 


т. 


зийх х 5 
cos x tan?x — | зад x + sec? x — зес?х _ | tanx +sec?x зес?х 
115. 18. 1 pees dx = E re dx — f ѕес2х + tan? x dx = f sec?x + tan?x dx = f sec? x dx f 2 dx 


—- ЕЗ 2 " an? 
+ вх sec^x + tan sec^x + tan^x 


cos^x cos?x 


Е = x — t (Мах) + С 


1 — cosx (1 — cos х)? = [2 х [ 1 fas Ja x 
116. [ dx — f 1 — cos? x dx = sin^x dx — sin? dx — dx + sin эх dX 


sin* x 


= | свег хах — 2 | свехсогх ах + f cot? x dx = —cotx + 2евех + f ( csc 2x—1)dx = = —2cotx + 2с5сх —x + С 


CHAPTER 8 ADDITIONAL AND ADVANCED EXERCISES 


1. 


и 2 anl 
u = (sin! x)", du = 288 ; dy = dx, v = x; 
X 


== 2 
in^ 2 ДЭВ 2 in 
Ј in x)? ах = x (sin! — f asia 
шин egit c es ‚у =2\/1—х?; 


- аргаа =2 = 2 (sin™* x) V 1 — x? — ны (sin! x) У 1 — x? — 2х + C; therefore 
| (sin! х)? dx = x (sin! xy T-2(sn!x)y1—x?—2x4C 


cd... M 
x(x+1) x xl? 
1 == ЙЕ 1 + 1 
xa Dat.) — 2x x+1 | 2x42)? 
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od о 1 
3 6x 205-1) '2«x42  6x43^ 


1 


_ 1 1 1 1 | 
DRED = 3k оту + 4x43 6645 + masa = the following pattern: 


ах 
=; Cone “Өү го; therefore Б ооны 


—1)* 
Ии In |x + к] +С 


dx 


"NE 2 
3. u—sin!x,du— cog) decxdey oco 
—= 


4-1 x? еі x!dx . x = sin 0 f inl x4 icd sin? Ө cos 0 40 
xsin x dx = 5 sin xf  |xsin xdx= $ sin x— | 222 
J 2 2ү1-х27 222. 2 2сов0 


2= МУ 
4. J маг" Уу ду; [к 
2 /y 


22. 
— 24 біп 


1 


біп” х— fsin?9 a0 = = зіп 1х — 1 (£ — 974) +C = £ sin Tx 4 smécs6—6 LC 


422 О ГУЛЕ дал 
sin е: 1-х sin х ЕС 


4 


— f 2z sin™! z dz; from Exercise 3, fz sin! z dz 


E v ? —sinlz DE E VI-y-sin^! 
ва: = 2405 J sine! \/y dy = y sin 1 fy e МУУ уу С 


x. sin! 
= y sin! /y+ X37 Y — ааа 


u = tan 0 


„| t=sind сов 0 40 | 40 = gar? "I ги шал 
5. —7— 2 Тэн" 5 | аг, = тап 0 —1 2 du ВЕК шон (u— атт) 
40 = 
u? ет 
_ 1 ди 1 ди 1 udu | 1 0—1 1 {ап 0 — 1 1 
ша [cw ЛЭ 1 1g Vi 41 - 5 апт 1и+С = 5 In | "22+ “sec NN 20+С 


1 = 
= па (:- v1- 9у-1 —3sin't4C 


1 2 1 
= Га dx = J| rex a 


7. dum. Г sin tdt = , lim, [—cos 0°, = Ши, [- cos х + cos(—x)] = , lim. (— cos x + cos x) = Ші 0-0 


2x +2 2 2х-2 
ШЕ. eara: аа | dx 


1 
cost 


— + 5 [tan (x + 1) + (ап! (x – 1] + С 


1 1 1 
dt; lim ( = lim = =1 = Ш сор dt diverges since T g diverges; thus 
t — 0+ (m ) t= 07 805 х— 07 Ух 0 


1 
X ЈЕ 8021 dt is an indeterminate 0 - оо form and we apply l'Hópital's rule: 


of ma lim € = lim m) _ lim cosx— I 

! х— 07" х— 07" (-3) х— 07" 
n u = 1 + x, du = dx 
нү = lim, »ETE к(1)) (2) ) = Ја +юа |, Е 


2 
> f Inu du = [u In u — u]? = (2 n 2 2) — (n 1 — 1)=2In2 -1 —In4- 1 
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530 Chapter 8 Techniques of Integration 


п—1 n— 


. 1 2 . 


Ж 
= 
1 
ж 
то 
„жаманы 
ж- 
5 
Nvr 
| 
8 
ЇЕ 
8 
8 
Mi 
- 
< 
~ 
е 


k=0 


NIA 


! sopa 
= f, z & = [sin Ex], c 


2 7/4 | 2 л/4 
11. Чу = А/сов 2x => 1+ (8) = 1 + сов2х = 2 со x; L = f 1 + (cos 27) а= 2f cos? t dt 
1 


= 2 [sin t]7/4 = 


2 2 2 2 1/2 
ду _ -2x ду | (1-x) +4? _ 1+2x2+xt _ (1х2 5 -- dy 
а-ы > 1+ (#) нм ден эн ( ) =] ista 


= J (323) ax = f Ci a) axo f(g ty) ак [а ры? 


= (-1--13)- (04111) = 3-1 


(за) shell [| y 
13. У = Г 2n Lacus Їнэ dx = Т, 2тху dx уз ГЭХ 
i и=1-х 
= бт | ху x dx; du — — dx 
x? = (1 — uy 
0 
э —6т | (01-49 /u du 
0 
= бт f° (ша REL 
= виа — du ДЕСТЕНІ 


- ө (TREM) (в) 


b 4 
14. V= | лугах == | 25% 


1 Х(5-х) 
4 
an Ген +) 
= r [in |;=] - 5], =л(ш4- $) - a(n} - 5) 


х11 
= 57 2m In4 


у=5/(ху5-х) 


hell) shell | 
15. У= Ј ( shell ) ( shell ) ах = | Qnxe* dx 
E ө), height 0 


= 2л [xe* е = 2т 
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In2 
16. V = f 2x0n2 — x) (e – 1) dx 
In2 
= 2r ЈУ [in 2€ — ш2 — хе +x] dx 
27 In2 
= 27 |@п2)е* — (In 2)x — xe + е* + ® | 
0 
= 2л [22 – (12)? -2 2+2 BP] —2n(In2 +1) 


= 2л |- t — 2+1 


17. (а) V= Ј [1 - Qnx?] dx 


= r [x — x(n xy]: + 2m | In x dx 
(FORMULA 110) 
= m [x — x(In x)? + 2(x In x — x)Jj 
= п [х – x(In х)? + 2x In х]; 
= q |—e — e + 2e — (—1)| = r 
(b) У = Ј та ах) dx = |, [1 — 21n x + dn x?] dx 


=л x — 2x Inx — x) + x(In xy] — 2s |" In x dx 
—m[x — 2(x In x — х) + x(In x)? — 2(x In x — x)Jj 
= п [5x — 4x In x + x(In x)?]} 

= т [Ge — 4e + e) - (5)] = л@е — 5) 


18. @ У- fee? - 1]dy- n fre" - Day- т [5 - y] ==] 
©) Ут (e - 1)? dy = 1 f, (e –2е + 1) dy = n [© – 


2 5 ? — 4e +5) 
== (5 – 22 +5) lS er) 


19. (a) lim хшх=0 = Іш f(x) 20—f(0) = fis continuous 
х > 0+ х— 0+ 


и = (In x? 
2 du = (2 In x) % 349 2 
(b) У = | sx! х) dx; 2 “| -% 46: [5 йа x) - f, (5) my Э 
З 
у= 5 


%|%; 


= |( ава» - G) in [$ nx- |, = | ман SaD 16) 


1 
20. V = | m(—In х)? dx 


. 211 : 
== (ува, [x(In x) 1-2 Inx ax) 


--27 lim [хах — x]; = 2r 
+ 


— 
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21. М-| шхах = кшх- х =(е–е) –(0– 1) = 1; 
м, = f; (In x) (х) dx- iff (In x)? dx 
= 1 (хаа х)2]; - 2 Ј Inx dx) -1(е- 2); 


е 


М, = Ј хшхах = |на - 1 х ах 


Му _е+1 _ М, _ e-2 
therefore, x = < = and y = у = 5 
1 
22. M= Г, 6 =2 bin ху =; : 
1 
М, = | = = = | /1 х2 = 2; 1—7 
0 % 
Му — 2 Н 2 222 У га 2 х 
therefore, X = 4? = 2 andy = 0 by symmetry 2% ue 4 
22 — 


шин 1 — [^ veri А х = tan 0 ЖЕСІРІ 2040 
23. 1 = f° /1+ 3 dx У Гэ? >=]. 


-16 


- i Gee) Gam 0+1) 90 = LO (tan 0 sec 0 + csc 0) 40 = [sec 0 — In |csc 0 + cot ДЕЛ | 


(ап 0 


= (М1+е? In | + |) [v2 n(1+v2)| = утте ш (>= + 2) V2 n (14 v2) 


2 d i mm 


e - —t 0 галт! е 
> S=2nf МТ + u? du; Пав > Za sec 0 - sec? 0 40 
= 2n (5) [sec 8 tan 0 + In [sec @ + tan Ө, * = т [(VT +e?) em | T +e? «e| -[V2-1-4 n (021) 
[rre en (ИТ) - vi 


1 b | D 
25. 5 =2т | ка) /1-- ОР ах; 100 = (1 32/2) = [PG +1= dy > 5=2 f (1-2 xi^ . ж. 
3 ч п-х ! ! 
= 4r f, (1 — xt/2)*^ (1) ах; | | -4-3т аш du = -6r f (1—)9?4(1—и) 


= —бл · 


2 [a — иу] = 12 


26. y= ГУУу-іш-ез-/үх-1-1- KE М1) V x-1) ке /ЇГү14/х-16х 


= f“ “хак — БИ — (169^ - Зүс m E 


1 — + а 2 1 b y 1 үн ED]? 
27. |, — эу) ах = ШЙ | Ei x) dx— lim [3 In (x +1)— вз] = іш (наны) 
qu 5 [ш ® ыу E d. " pou > , im | ы = m, b?@-2) = со Та > 5 => the improper 


5 1/2 
integral diverges if a > 5; for a = Іші вы = „п 1+5=1 = „п i L QD — In 2 
оо — со 
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. . 2 » . 2а . 
= 5 (іп 1- 1 In 2) —— №2. ға < i: 0< » im | шэн um « , im. oor = mm, (0-1) 7-0 
- ,um In с» = —oo => the improper integral diverges if a < 5 ; in summary, the improper integral 
— ОО 
Í | (= = x) dx converges only when a — 5 and has the value — мг 
b —xb 
28. GG) = іш ое lim [-1e*];— lim (1-22) = 12 = 1 ifx 2 0 = хоб) - x (2) = 1ifx > 0 


20. A— [| та converges if p > 1 and diverges if p < 1. Thus, p < 1 for infinite area. The volume of the solid of revolution 


about the x-axis is V — Г T GY dx = пт Г RS which converges if 2p > 1 and diverges if 2p < 1. Thus we want 


p 1 for finite volume. In conclusion, the curve у = х”? gives infinite area and finite volume for values of p satisfying 


i <р< 1. 
1 
30. Тһе area is given by the integral А = | 4 1 
p=1: A= ьт, [ln x]; = — lim. In b = оо, diverges; 
р>: A= Tod [x=]; 2 1— ыг. Ы? = —oo, diverges; 
р<1: А = : іш, [x], -1- QU. b' = 1-0, converges; thus, p > 1 for infinite area. 


The volume of the solid of revolution about the x-axis is V, = 7 f | Як which converges if 2p < 1 or 

р< 5 , and diverges if p > i . Thus, V, is infinite whenever the area is infinite (p > 1). 

The volume of the solid of revolution about the y-axis is V, = 7 f 7 [RG)]? ау = 7 f 7 ae which 

converges if 5 >1 = р < 2 (see Exercise 29). In conclusion, the curve у = x ? gives infinite area and finite 


volume for values of p satisfying 1 < р < 2, as described above. 


со b 
= = = 9 =t = : ЬЫ _ : 1 =, = 
31. (a) ГО) = f e dt= lim fre d= lim [-е“| = lim [-4-(-1] =0+1=1 


b — oo 
(b) u = t, du = хе“! dt; dv = e™ dt, v = —e ^; x = fixed positive real 
МИР е 2 г Хд-15 ыг = ‚ b* x 40 - 
=> Г(х+1) = f бе dt = lim [-t'e |, tle dt = lim (= 5 + Ое?) + хГ(х) = хГ(х) 


(с) Га +1) 2 nI'(n) = n*: 
п = 0: (0+1) = I(1) = 05 


п = К: Assume Г(К + 1) =k! Тог ѕоте К > 0; 

п= К+: Pk+141) —(k4 DIYk- 1) from part (b) 
= (К+ Dk! induction hypothesis 
= (К+ 1)! definition of factorial 


Thus, I'(n + 1) = nI'(n) = n! for every positive integer n. 


32. (a) TG) = (1) 2 and nr) = n! => п! en (S) за = (5) Уля 


(b) n (3) 2пт calculator 
10 3598695.619 3628800 
20 2.422868 x 101% 2.432902 х 1018 
30 2.6451710 х 10° 2.652528 х 1072 
40 8.1421726 x 1047 8.1591528 x 1047 
50 3.0363446 x 1094 3.0414093 x 1004 
60 8.3094383 x 105! 8.3209871 x 1081 
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(c) n (2) /2лт (8) у 2пте 2" calculator 
10 3598695.619 3628810.051 3628800 
33. ез (+) сов 3х 


e ek їл Зх 
s> O — 1005 3x 


9 
———————— 
I= 5 sin 3x + 2 cos Зх – 41 > 21-05 (3 sin 3x + 2 соѕ Зх) > 1 = © (3 sin 3x + 2 cos Зх) + C 


34. e* (+) sin 4х 

ge os —1 cos 4х 

т у — sin 4x 

I = – cos 4х + S" sin 4x — 21 > 21-65 (3 sin 4х — 4 cos 4х) > I= 5; (3 sin 4х — 4 cos 4х) + С 
35. sin 3x (+) sin x 


3 cos 3x Ни" —cos x 
—9 sin s (p ea —sin x 


> ———»- 
I = — sin 3x cos x + 3 cos Зх sin x + 91 = —8[ = — sin 3x cos x + 3 cos 3x sin x 
= f= sin 3x cos x3 cos Зх sin x +С 


36. cos 5х (+) біп 4х 
— sin 5x Ни” сов 4х 
—25cos Ro ен sin 4 
І-- 1 COS 5x cos 4х — 5 sin 5x sin 4х + 21 = 81- І cos 5x cos 4х — Б sin 5x sin 4х 


= [= 5 (4 cos 5x cos 4х + 5 sin 5x sin 4х) + C 


3T, e (+) sin bx 


ae™ M stt — i cos bx 
d qp е — ib sin bx 


----------%- 
I = — cos bx + 857 sin bx — 51 = (5) 1= $7 (a sin bx — b cos bx) 
= I = af (a sin bx — b cos bx) + C 
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38. 


39. 


40. 


41. 


42. 


43. 


44. 


45. 


46. 


47. 


Chapter 8 Additional and Advanced Exercises 


e (+) cos bx 


ае" = Е sin bx 
ве o — р cos bx 


--------- 

1 = & v sin bx + 86 7 совбх — I = (zs =g (a cos bx + b sin bx) 
оет: 

Тп (ах) (+) 1 

= 


шах (+) 2 
1 Nye. ix) 
I= 153 In(ax)— f (4) (5) ах = 1х? In (ax) — 1х +C 
x (245) 7. 
Ce TES = dms = PLEBE. 


FEE 85) 2 dz 
е ссе [as -4) dene d = [1 = In |1+2| + С 
(a+ 


= In |tan (х )+1|+С 


p a ter) =f 24, _ [52У]; = (1—2) =1 


1+ ап x 0 1+ ( 22 ) (1+2)? 
1+22 


т/2 ах ! (255 ! 47 111 УЗ 
ЇН Г соѕх — v31- (125) = (ИР 2 — [ A M3 — 3 


15 a ff (22 Ї 2d = [з= Е z 1; arta 
o 2-cos0 — 024 (15) о 2+2224+1-22 — о 2+3 /3 уз о МЗ V3 


1+2 
= л _ УЗт 
aya 9 
27/3 L2 уз — 22) dz уз 25 
J. aeg = 15 ын 2 =] e = 1 158 dz 
K +2)? =) 
| in 4-0 їп \/3 3) (0—1) = 53—1 = 1(13—2) $ (m v3- ) 
2 4 || 2 2 4 4 4 2 
| dt =f (7) =f 2 dz =f 2d _ l jn жы +C 
sint— cost 00 ( 2,- 15) ш 22-142 = (2+12—2 /2 z414 V2 
1424 1424 
m tan (1) +1— у2 
7 Е на eie Va TE 
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mL : 
48 f ма = fS 1--22 142 =f (1— |. 2(1-z)dz  — 
у 1—cost — (=>) ВЕ unt RUN пру TEES 14-22) 
1+ 


= | аш = = = [= кет i 2 tantz +C = -cot (5) - (+ C 


PE 
49. fsecoao= | 35; = ph tem = = = z = = |1, Jf 
(т 
1 +tan ($) 
Боясь с 


50. Јосе = fat, = ГЕ = f2 = и || C — mn [an 2| +С 
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x + y => slope of 0 for the line y 


CHAPTER 9 FIRST-ORDER DIFFERENTIAL EQUATIONS 


www. гетепд. 1Е 


9.1 SOLUTIONS, SLOPE FIELDS AND EULER'S METHOD 
y ф 


м м м м 
À À 
cec ec c c есе ес RR $ S фр Ууж жжж - У + + а ч bee mmm | 
ce*cec c c c c o9 ww 311 7 МАЧ ЧУ ЧУ аа КИР иже ЗЗ ЧУ М М w-beee—n ф». 
жээ dss wc wc www b A horror Sooo ewww КА ЧИ ЧИ bere 
c ааа Уи пе 3 0 йл лж ие жж АКА orm РЕД {++ 
жээ 955 Ж ow ow wA БУУ жж PAP dK eww УУ ЧУ ЧУ -——— roce doe {$ ++ + 
жожо еа фрли ж А фрлил PPP Pd eww mammary born) domm 
жа А фрлил we ЧУ ЧУ b A oorr 113344 Ул ЗЕКЕН: жээ) 50290 * 
осол) фри ee фу йл лж я и фа + 
рч ee eh gd 5 5 Рав а > м у 
Seu рр XS exar ТЕТЕ Пером 
хос фу fg хос фи ФАА HT } $} фф A 009 хэжэ 
MURR Si eww ЕРИКА ee фи упали жи 80997 жээ фул ужи фи 
Mx Л mmm nnn SIT СУРРРРРЕ been Mn RR 
А E Egg mmm ааа хос. фри цию $ Я $ жээ) лжалжжжл ла 
ТЕРІ? 222222024 amannan фу л е МЕЧАР donna d жэфилжлжжаүжжжжлхж 
ыы cR RA iR RR d rrr P Я «іж-----4.......-. 
О РРРРРРИ —— (C 11112122 КОРЕ T ... 


Ф ~ . 
583 
© 
‚ 8 d d d в © 
"- 2 = = 3-8 5 28 Be ok Е- 
= = © o o o Su о Of o < o 
> 2 ч + ~ „ ч > 2 | & 
= aA V л V o о о © оно 6 
БОП о о Ф 2 ос & | — >ч Б | > 
255 В 5 5 8 SEZ код ess > 55 
5 5 a ч "4 2 > 8 = Еш он ы —- 
едеу d 85 ё 2 © © 
tt 1 1 Т 5 572 - 2 18-43 ч М ё 
я = © 2 = |o 8 Ч — = 
фе йа > > > ui ZAS x Wd 709 ш 2 а 
о о T on ~ 3 "о [5] Ui 5 t2 = 
avt T t + = 85835 8 Z Peg x 5 8 
= 
wu ” ж ж 2 = BR x Я © у Б ноя 
& б | [ [ [ п 58 | 5 HOLS ? $5 
o o B = > = pu. u. » ~ 8 5 
= = E 2%. E oo 5 в о о 4 e uw ы o О 
; : 5 S'g 9 я л ~ © 
# Таја = = 48 285 == а^ 288 
х | | a 8 a.f = = LA» о л о 
~ >» у 1 viv V " 5 = 5 бен a 24 
FNIT || | = um ud дс 2997 bd ше 
„о еден он а Sv Ras 
к к с SAS ; 4 2 5 : rin 
їл 59785 ЕЗЕ оо Биг 422 
12182845 ЛЕВЕ 475 RT 9 = 
БЕУВЕВЕНЕАВЕ 118 d» 858 fag 
A an c N X Е = © = © a — "Ф 
за © ud © : 
Eg aeg greg Re S = lg 150848, км 
AND om ду B ә - Oo "4 о а | . 
= = “Ма Л а в + >. мкм» 8 2 Я Ло 
ео 52-21 гасе ‘>a Ë 
б 2 ж © = AS 
ка ST BL 3. Ш 543 Ios 
S55 BSBSBSBS Sct ~~ g = б ~ бо 
шеш Ош Уш OLO »- 4 > ~ > том Оо Ө ~ ш = 
N сб + 
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10. 


11. 


12. 


13. 


14. 


Chapter 9 First-Order Differential Equations 


ы-----. ~ 


уре Б 
ААА лак» 
| шэг 
а E 
ЕЕ: he 
ЕЕ: hee 
X. uk n “4 d d 
1 
у--1-1 t—y ())dt = 8 = х – ук); у) = –1 + f, @—у@))Ф&=—1; ¥ =х – у, УП) -1 
x 1 
y= fla = 1;у(1) = (1400: 9 = 1,у(1) =0 


у-2- Га + y(t))sintdt > E = —(1+ y(x))sinx; y(0) = 2 — T: + y(t))sintdt = 2; К = —(1+y)sinx, 


y(0) =2 


0 
у=1+ f y(t) dt => & = у(х); у(0) = 1+ у = 1; € = у, y(0) =1 


yi = уо + (1- №) ах =—1+(1— 5°) (5) = —0.25, 

уз = уз + (1- 8) dx = -025 + (1 — 28) (5) = 03, 

Ys = y2 + (1 = ж) йх-03-(1-023)(5)-0275: 

Ф.(1у-1- Р(х) = !,06)=1 = Гро) ах = [тах=ш |х| =Inx,x>0 = у(х) = е" = х 
> y=! fx Idx =1($+C);x 2y=-1 > -1=1+6 > C=-45 y=i-4 

= у(3.5) = 35 — & = 525 0.6071 

yı = yo + хо (1 — yo) dx = 0+ 1(1 – 0)(.2) = 2, 

yo = yi + хі (1 — у) dx = 2 + 1.2(1 — .2)(.2) = .392, 

уз = y2 + хо (1 — ух) dx = .392 + 1.4(1 — .392)(.2) = .5622; 

1. = хх = – 1 |1– у = =-+-" Сх=ју=0 => –11=4+С => С=-: = Ini-y|2-241 
--у-і1-ей-%/2 > у(1.6) = .5416 

у! = yo + (2хоуо + 2yo) dx = 3 + [2(0)(3) + 2(3)(.2) = 42, 

Уг = yi + (2х1у + 2y) dx = 4.2 + [2(.2)(4.2) + 2(4.2)](.2) = 6.216, 

уз = Yo --(2хәуә + 2у2) dx = 6.216 + [2(.4)(6.216) + 2(6.216)](.2) = 9.6969; 

% = 2у(х +1) > У = Xx + 1) dx > |у =@+1?+CGx=0,y=3 > аз=1+С > C-1I3-1 
=> ту=(к+ у +ш3-1 = у=е® 1 gnige2x — 39002. = у( бу 5; 14.2765 

yı = Yo + y2(1 + 2x) dx = 1 + 12[1 + 2(—1)](.5) = 5, 

yo = yi + У2(1 + 2х1) dx = .5 + (.5)2[1 + 2(—.5)](.5) = 5, 

уз = ya + y3(1 + 2х2) dx = .5 + (.5)?[1 + 2(0)](.5) = .625; 

5 =(1+2x)dx > -}=x+x+C;x=-l,y=1 > -1 =-1+(-1}+C > Се > }=1—-х-х 
> у= pace => (5) = гуур = 4 
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15. 


16. 


17. 


18. 


19. 


20. 


Section 9.1 Solutins, Slope Fields and Euler's Method 


у! = yo + 2хое® dx = 2 + 2(0 1) = 2, 
ya = yi + 2xie dx = 2 + 2(1)е (.1) = 2.0202, 
уз = y2 + 2xse? ах = 2.0202 + 2( 2) e? (.1) = 2.0618, 


ду = 2хе“ dx > у=е“ + С; у(0) =2 > 2 


yl —Jg:5- 


1--С 


> С 1 у 


(уо е) dx = 2 + (2e?) (5) = 3, 


yo = yı + (yi e*) dx = 3 + (3 · e?5) (.5) = 5.47308, 


539 


е +1 = y(3) =e? + 1 = 2.0942 


уз = ya + (уге“) ах = 5.47308 + (5.47308 · е!0) (.5) = 12.9118, 
9 =уе > 2 = ех = Шу| = е + Сх=бу=2=02=1+С=><С==+2–1=ију| = & +121 
= у = 2е° -1 > у(1.5) = 2е°°-! ~ 65.0292 
yı = 14 102) = 12, 
ya = 1.2 + (1.2)(.2) = 1.44, 
уз = 1.44 + (1.44)(.2) = 1.728, 
y4 = 1.728 + (1.728)(.2) = 2.0736, 
у5 = 2.0736 + (2.0736)(.2) = 2.48832; 
% = х > шу=х+ С => у = Сех; у(0) = 1 1 = Ce? С= 1 у = е* y(1) = e & 2.7183 
yi 2 24 (2) (2 = 24, 
у; = 2.4+ (23) (2) = 2.8, 
ys = 2.8 + (28) (2) = 32, 
у: =32 + (85) (2) = 36, 
ys = 3.6 + (35) (2) = 4; 
= = шу= Inx+C > y-kxyl)-2 2=k у = 2x y(2) =4 
—1)2] 

y = —1+ | | (5) = -5, 

- (–.5) = 
ee | 24 (5) = —.39794, 
уз = — 39794 + |С Rd (5) = —.34195, 
y4 = — 34195 + Б э! (.5) = —.30497, 
ys = —.27812, ув = —.25745, ут = —.24088, уз = —.2272; 
я = Л -i =>/х+ Ссуб)=–—1 > 1=2+C > С=-1 = у Е > Уб) = у = —.2880 
yı =1+ (0.511) (3) =1, 
у =1-+ (1 - sin 1) (2) = 1.09350, 
уз = 1.09350 + (2 · sin 1.09350) (1) = 1.29089, 
ya = 1.29089 + (3 - sin 1.29089) (1) = 1.61125, 
у = 1.61125 + (4 - sin 1.61125) (1) = 2.05533, 
ув = 2.05533 + (5 · sin 2.05533) (1) = 2.54694; 


у’ = хѕіпу = сзсуду = хах = —In|cscy + coty| = 


— 1 + cosy 


= Сет = cot(2) = Се“2“; у(0) = 1 = cot (+) 


siny 


> у=2сог! (со(1)е-), у(2) = 2 сог ! (со (1 је“2) = 2.65591 


1х2 + С = сзсу + coty = ес = Ce” 
= Се =С = со (3) = = со (5 је“ 2 
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21. у= —1 — x + (1+ xo + yo)e* 7? = у(хо) = —1 — xo + (1 + xo + уо)е 0 = —1 — xo + (1 + xo + yo)(1) = yo 
5 = -1+ (1+ хо + уо)е е > у=—1—х+ (1+ хо + уо)е  -2-х-2-х-у 


X 


22. у’ = f(x), у(х) = уо > у = J Коф + С, у(х) = | "ош +C =C > C= y > y= frat уо 


23-34. Example CAS commands: 


Maple: 

оде := diff( y(x), x ) = у(х); 

icA := [0, 1]; 

icB := [0, 2]; 

icC := [0,-1]; 

DEplot( ode, y(x), x=0..2, [icA,icB,icC], arrows=slim, linecolor=blue, title="#23 (Section 9.1)" ); 
Mathematica: 


To plot vector fields, you must begin by loading a graphics package. 

««Graphics PlotField^ 
To control lengths and appearance of vectors, select the Help browser, type PlotVectorField and select Go. 

Clear[x, у, f] 

yprime = y (2 — y); 

pv = PlotVectorField[{1, урпте), (x, —5, 5), (y, —4, 6}, Axes — True, AxesLabel — (x, у} ]; 
To draw solution curves with Mathematica, you must first solve the differential equation. This will be done with 
the DSolve command. The y[x] and x at the end of the command specify the dependent and independent variables. 
The command will not work unless the y in the differential equation is referenced as y[x]. 

equation = y'[x] == y[x] (2 — yIxD ; 

initcond = y[a] == b; 

sols = DSolve[{equation, initcond], y[x], x] 

vals = ((0, 1/2}, (0, 3/2), {0,2}, (0, 3}} 

f[{a_, b 3] = sols[[1, 1, 21]; 

solnset = Map[f, vals] 

ps = Plot[Evaluate[solnset, (x, —5, 5 }]; 

Show[pv, ps, PlotRange — 1-4, 6}]; 
The code for problems such as 31 & 32 is similar for the direction field, but the analytical solutions involve 
complicated inverse functions, so the numerical solver NDSolve is used. Note that a domain interval is 
specified. 

equation = y'[x] == Cos[2x — y[x]] ; 

initcond = y[0] == 2; 

sol = NDSolve[{equation, initcond}, y[x], (x. 0, 5) ] 

ps = Plot[Evaluate[y[x]/.sol, (x, 0, 5}]; 

N[y[x] /. sol/.x — 2] 

Show[pv, ps, PlotRange — {0,5}]; 
Solutions for 34 can be found one at a time and plots named and shown together. No direction fields here. 
For 34, the direction field code is similar, but the solution is found implicitly using integrations. The plot 
requires loading another special graphics package. 

<<Graphics ImplicitPlot 

Clear[x,y] 

solution[c_] = Integrate[2 (y — 1), y] == Integrate[3x? + 4х + 2,х] + с 

values = {—6, —4, —2, 0, 2, 4, 6}; 

solns = Map[solution, values]; 

ps = ImplicitPlot[solns, (x, —3, 3), (у, —3, 3}] 

Show[pv, ps] 
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23. 24. 


+ r rrr r -ЧА»»» м,» », 


—— ө “ө е “ө 79. “ө ә + 
мо. ~ зө. 7. сө е Сө Сө ч 

A OO Сө, Се, C- Сө С < BR BR C» C» C» ч 
қа а 4а w S ~ 44 BBR BY 

L AR RRR arra g | 

, 4355-5-54 (4 зоо оо ээ. 
=—— 3--:2-1-86 Еау Эр т є х 
-1 {0780560428 25050.75 1 


Ни 


25. 26. 


1 fore ea + ү 


27. 28. 


2 


35. Y = 2хех ,y(0) = 2 = улы = ya + 2хне*ах = у, + 2x,e* (0.1) = у, + 0.2хе% 


On a ТІ-84 calculator home screen, type the following commands: 

2 STO > y: 0 STO > x: y (enter) 

у + 0.2*x*e^(x^2) STO > y: x + 0.1 STO > x: y (enter, 10 times) 

The last value displayed gives ygue (1) = 3.45835 

The exact solution: ду = 2хе* dx > у = е“ + С; у(0) =2=e° + С>С=1–> у=1+е“ 
=> усаа (1) = 1 + e ~ 3.71828 


36. % =>2у(х – 1), у(2) = —1 => увы = Ya + 2y2(xs — 1)dx = у, + 0.2 yz (ха — 1) 
ый а TI-84 calculator home screen, type the following commands: 
—0.5 STO » y:2 STO » x: y (enter) 
y + 0.2*y?(x — 1) STO > y: x + 0.1 STO > х: y (enter, 10 times) 
The last value Бесін gives ygue (2) = —0.19285 


The exact solution: 2 = 2у (х T 1) = 2 = (2х – 2)ах = =. =x?-2x+C=> ; = —x?+2x+C 
= 1 ЕНЕ 
y8) = -(y42()-2 — 0.2 
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37, & = Y* y > 0, у(0) =1 => увы = Ya + Мах = ya + Y*(01) = ya ОЛУ 
On a TI-84 calculator home screen, type the following commands: 
1 STO > y:0 STO > x: y (enter) 
ул 0.1*(\/х Ју) STO > y: x + 0.1 STO > x: у (enter, 10 times) 


The last value displayed gives ygue (1) ~ 1.5000 
The exact solution: dy Уақ ydy = /xdx = Y ep + c; 0» = r == 200)? -0-0-4 


= = 29 +1 => у = y 4532 +1 => улаа (1) = у (1)? + 1 я 1.5275 


38. # = 1 y^ y(0) = 0 = улу = Yn + (1 + уд)ах = ya + (1 + уз (0.1) = у, + 0.1(1 + уЗ) 
On а TI-84 calculator home screen, type the following commands: 
0 STO > y: 0 STO > x: y (enter) 
y +0.1*(1 + y?) STO > y: x + 0.1 STO > x: y (enter, 10 times) 
The last value displayed gives ygue (1) = 1.3964 


The exact solution: dy = (1 + y?)dx > fo = dx => (ап у =x + С; ап !у(0) = вп 10-0-0-С--С-0 


= јап 1у = х > у = вах > ушла (1) = tan 1 ~ 1.5574 


39. Example CAS commands: 
Maple: 
ode := diff( у(х), x ) = x + убоде := у(0)=-7/10; 
x0 := -4;х1 := 45y0 := -4; yl :=4; 


b:=1; 

РІ := DEplot( ode, у(х), x=x0..x1, y=y0..y1, arrows=thin, title="#39(a) (Section 9.1)" ): 

РІ; 

Ygen := unapply( rhs(dsolve( оде, у(х) )), x, СІ); # (b) 
P2 := seq( plot( Ygen(x,c), х-х0..х1, у-у0..у1, color=blue ), c=-2..2 ): # (c) 
display( [P1,P2], title="#39(c) (Section 9.1)" ); 

CC := solve( Ygen(0,C)=rhs(ic), С ); # (d) 


Ypart := Ygen(x, CC); 
P3 := plot( Ypart, x=0..b, title="#39(d) (Section 9.1)" ): 
P3; 
euler4 := dsolve( {ode,ic}, numeric, method-classical[foreuler], stepsize=(x1-x0)/4 ): # (е) 
P4 := odeplot( euler4, [x, y(x)], x=0..b, numpoints=4, color=blue ): 
display( [P3,P4], title="#39(e) (Section 9.1)" ); 
euler8 := dsolve( {ode,ic}, numeric, method=classical[foreuler], stepsize=(x1-x0)/8 ): # (f) 
P5 := odeplot( euler8, [x,y(x)], x=0..b, numpoints=8, color=green ): 
euler16 := dsolve( {ode,ic}, numeric, method-classical[foreuler], stepsizez(x1-x0)/16 ): 
P6 := odeplot( euler16, [x,y(x)], x=0..b, numpoints=16, color=pink ): 
euler32 := dsolve( {ode,ic}, numeric, method-classical[foreuler], stepsizez(x1-x0)/32 ): 
P7 := odeplot( euler32, [x,y(x)], x=0..b, numpoints=32, color=cyan ): 
display( [P3,P4,P5,P6,P7], title="#39(f) (Section 9.1)" ); 
<< N|h | percent еггог` >, # (8) 
< 4 | (x1-x0)/ 4 | еуа 51 abs(1-eval(y(x),euler4(b))/eval(Ypart,x-b))*100 ) >, 
< 8 | (x1-x0)/ 8 | evalf[5]( abs(1-eval(y(x),euler8(b))/eval(Ypart,x-b))*100 ) >, 
< 16 | (х1-х0)/16 | evalf[5]( abs(1-eval(y(x),euler16(b))/eval(Y part,x=b))*100 ) >, 
< 32 | (х1-х0)/32 | evalf[5]( abs(1-eval(y(x),euler32(b))/eval(Y part,x=b))*100 ) > >; 
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39-42. Example CAS commands: 
Mathematica: (assigned functions, step sizes, and values for initial conditions may vary) 
Problems 39 - 42 involve use of code from Problems 23 - 34 together with the above code for Euler's method. 


9.2 FIRST-ORDER LINEAR DIFFERENTIAL EQUATIONS 


l Хар фут» (ууш хе Ойша 
Гро) ах = | 14х = |х| =Inx,x > 0 = у(х) = [Род ax enx = x 
оосо 


2. e € + 2еху = 1 > Ë + 2y = e™, P(x) = 2, О(х) = ет" 
сойх Гак = 2x vox) = efr е 
у= = Је“. e™ dx = + [ах = 2 (eo) = e™ 877 


3. ху +Зу= ux» 0 а + (ул ЧИ РО) = 1,009 = 58 


x 4 x? ° 


2. Е ас ш 


у= ЇЕ" sin x ) dx = 1 fsinxdx = 5 (сох С) = Сех, х > 0 


4. y'+(tanx)y = cosx, – 7 <x< 1 = Фу + (tan x) у = cos? x, P(x) = tan x, Q(x) = cos? x 


-1 


Гах 4х = || dx = — № |сов x| = In(cosx) !,— § < x < т => v(x) = e" 005 


= -1 
ОЕ = (сов х) 


у- sls J (cos x)! - cos? x dx = (cos х) | cos x dx = (cos x)(sin x + C) = sin x cos x + С cos x 


5 х +2у=1-1,х>0= 5 + (2)у= 1 1,рк) = 2,00) =1- 1 
2 ах = 2 |х| = ах, x > 0 = убу = ет“ = х2 


У] зјах= а Јк—пах= (5 -х+С) =1-1+5,х>0 


6 Q9 3y «yo xo S (15) у = TPO = 12 Об) = S 


ies dx = In(1 + х), since x > 0 => v(x) = ee» = 1 


ы Ја + (25) ак пе Јухак = (55) ы tS 


7. viy le? Р(х) = — +, О(х) = ех? => [P( dx — іх у(х) = e? 
= у= => few (że?) dx = pes dx = e? (1х--0) - 3 xe"? + Ce? 


8. m +2y = 202" = Р(х) = 2, OG) = 2xe* = р(х) ах f? dx — 2x v(x) = ед 
= у= à Ѓех (хе >) dx = à [2x dx =е = (x? + C) = xe + Ce 


9. Z- (Пу=2шх > P(x) = – 1,069 =2Inx > [Pœ dx=- [1х =-Inx,x>0 
Ec =e" = 1 y x f (3) @ In » dx = x (dn x)? + C] = x (In x)? + Cx 
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10. 9 + (2)y = 9$*,x »0 = Р(х) = 2,06) = 9% = [Рюах= [2 dx =2In |x| = пхах> 0 
у(х) =e"? =x? > у ES (2055) dx = 1 [созх dx = 4 (sin x + C) = “2st 


п. $4 (= > РО) = 5,00 = gb = Јро«= fé a-4mp-1| -ma- 1 


t-1 


> v= gh" -q-p = s= би fa-pt [255] а= су f (e - 0a 


3 


LS e 2 t t 
— (t= (5 -t+C) з 0) (t— 1) + (t 


12. @+1) 5 +2s=30t+1) +a РР > PO = A OOH 3 + CD 
> Јроа«= f 2; аг=>21 | + 1] = mna 12 > м = e^t = (+17 


= s= my fev? [3 + (t+ 1) 3] dt = ci Ј Ва + D? a 071] dt 
= qx t D + + И + C] = (C ++ D7 n+ D+ qf t -1 


13. ® + (cot буг = sec => P(A) = cot 0, 0(0) = sec 0 = Ли ад = Пен 0| => v(0) = eia 
[тап 0 dð = $ (In [sec 0| + C) 


= sin 0 because 0 < 0 < 5 => r= ata fisin 9)(зес 0) 40 = 
= (csc 0) (In |sec 0| + C) 


sin m 


14. tan 0 $ +r = sin? 0 = ES = | = * + (cot 0) г = sin 0 cos 0 = Р(0) = cot 0, Q(0) = sin 0 cos 0 


TE 0 — 


> Чи 40 = со: 0 ад = In [sin 0| = In (sin 0) since 0 < 0 < 5 у(0) = el^ Gin?) — sin 0 
г, | sin 0) (sin 0 cos 0) 40 = =! J sin? 0 cos 0 a6 = (+ ) (2 +c) = st © 


sin 0 


=т= sin 0 біп 0 біп 0 


15. ®+2у=3 > P(0-2,000 23 > [POdt= [24 —21 > м)=е -у-2(| 4 
= = ($e + Сј;у()=1 + 3+6=1 >= Се-–р > у=1 –— 16" 


e 


16. S -22 = 2 = род ==,00=е = fPtodt- 21 | > v=% =P > у= 1 (0) (2) а 
=} Јеш= (5 +с) = < + 6 уб)=1 > $+$ 1 > С=-0 = у=5- 8 


17. 5 + (1) у = 826 Р(0) = 1,Q(0) = 35? = Кө) ae In || у(0) = е“! = |0] 
=> у= a fo (354) do = 1 f'o (529) dô for 0 20 = y=1f sino ao = 5 (— cos 0 + C) 
—-icos04$; у (3) 1 С-2 у — 1 с050 + 7 


18. Z — (2) у = 8? sec 0 tan0 > P(0) = — 2,Q(0) = 0? зесдлапд => Јр) ад = –2 1п |0| = у(0) = ет!” 
=0° ~ y= gs | (0:2) (62 sec 0 tan 0) do = 6? f sec 0 tan 0 40 = 0*(sec Ө + C) = 0 sec 0 + СӨ?; 
у()-2-2-(%)озс(5) > c2 8-22 у= 0 seco (8-20 


2 
х2 


х2 х(х ex ё 
19. (х+1) + —2(х? +х)у = 23 ЭР ~ 2 | eu Y= xx xd | 2ху (х +1) P(x) = -2х, 
х2 2 
Q(x) = Е = [Po dx = f dx = —x? v(x) е“ > у 25 Је“ Iw dx 
ә = x2 
= е | Ly dx =e" [ере 4c] = 3 + Сех; у(0) =5 = — іші +C=5 > -1+C=5 


х+1 


х2 


С=6 = у= бе – = 


х+1 
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20. 


21, 5 


22; 


23. x 


24. 


25. 


26. 


27. 


28. 


29. 


30. 


31. 


Section 9.2 First-Order Linear Differential Equations 


Y + ху=х > Р(х) = x 06) =x > f Poo dx = fx dx E v(x) er /2 y s fer? -хах 
= ds (eh + С) =1+ Siy@=-6 > 1+С=-6 > Се-7 = у=1- d 


-ky-0 > P(t) =-k, QH =0 = Јро«= |-ка = -kt = vit) = ек 
=> у= dx | (e *) © dt = e* (0 + С) = Сем; у(0) = yo C = yo y = уе" 


(a) #+ky=0 РОК, 00 =0 = [Pod= [Ка КЕМ = uft) = еч" 


= у= Um IE -0dt = dm ; (0) = ug "m uo C = uw u = пре“ И 
(b) gu Eu > ш E dt > Inu EU С > u-e-(/mtC = y = ec(k/mt.eC Let ef = C]. 
Then u — us · Cı and u(0) = up = „С, = Сү. Sou = ug e Уш 


f: dx = x (In |x| + C) = x In |х| + Cx = (b) is correct 


E Ј совх ах = x (sinx + С) = tan x + oc = (Б) is correct 

Steady State = У and we want i 1 (3) > 1 (У) = У (1-е) = į =1- e > — i = —e R/L 
In 2 -R -Еші-і-> t= § In2sec 

(а) €4+8i=0 = 14=-Е& = ші--Ж-С) = і =есе = Ce PL (0) =1 =>1=<С 
=> і = Те ВУ" amp 

(b) С. -8-11--ш12- t= In2sec 

(0) Їзэ > пете У = I e~ amp 

(a) t= Ẹ => i= Y (1— eCRUGUR) = У (1 — e) ~ 0.9502 У amp, or about 95% of the steady state value 

(b) t= 2E => i= Y(1— eCRUGUR) = У (1-е?) = 0.8647 Y amp, or about 86% of the steady state value 


(а) ЧЕ: =У = р) = 8,00 => = fPoa- fE d= = voce 
= i= ах [e^ (Dao д [eem +C] = се 

(b) (0-0- к+С 0-С--і-і у ye 

(© i=R > у=0 > у +у1=0+ (1) (5) = 


т = i= #15 а solution of Eq. (11); 1 = Сем» 

y! — y = —y^; we have n = 2, so let u = у! “2 = у“! Then y = и“! and @ = —1у-24% = ЧУ = –уг ши 
= —u 2 du d = u? > їп + и = 1. With ef ® = ех as the integrating factor, we һауе 

x ( du et id S. сту aux + Хас на АХ С 1 1 e 
ех(9 +u) = $ (ехи) = ех. Integrating, we get e*u = e*--C—u-14 © y Jg 
y! — y = xy’; we have n = 2, so let u = у “!. Then y = и“! and = –у 29 = dy = —у2% = и 24. 
Substituting:—u 2 du — 17! = xu? > шш + и = —x. Using е/4 = ех as an —— factor: 

e*(% +u) = &(е^и) = xe = ет =е1—х) +C > u = St ~ y cul = E 


ху’ +y =y > у'+ (1)у = (1)y?.Letu = y. С? = у sy = ш? andy? =u, 


а = 3y° > y'= ® = (P (8)0 = (4) (8) (9). Thus we have 
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32. 


Chapter 9 First-Order Differential Equations 


(3) (8) (u78) + (1)u!^ = (1)u75 = & + (3)u = (3)1. The integrating factor, v(x 
3 


), is 
е = gilnx — enx? — y3 Thus 4 (хЗи) = È)? 2322 ха = х +С=>и=1+ 5 = у? 
су? 


эу-(1- 


x y! + 2ху = у? > y! (2)y = (E). P(x) = (2), Q(x) = (2), п = 3. Let u = y? = y? 
Substituting gives $¢ + (—2)(2)и = —2(&) > 4 + (=)и = =. Let the integrating factor, v(x), be 


x x? x 


ef (dx = епх* — х-4. Thus 4 (x4 ц) = –2х 6 > х4 = $x + С>и= 2 +Сх = уг? 
-1/2 
= y = (2+Сх*) i 


9.3 APPLICATIONS 


Note that the total mass is 66 + 7 = 73 kg, therefore, у = үре (ЗІ => у = 9g-39/73 

(а) s(t ) = foe 90/73 6 — — 21906 -39U7 + С 
Since s(0) = 0 we have С = 742° and Jims(t ) = lim “s 2120 (1 — gom = 2190 ~ 168.5 
The cyclist will coast about 168.5 meters. 

(b) 1 = 9e 29/2 =, 3% = Ind => t = BR? g 41.13 sec 
It will take about 41.13 seconds. 


(k/m)t (59,000/51,000,000)t —591/51,000 


у = уде“ = у = де“! zx erecta 
(a) 8(1 БАГ 000 gt = — 491000 е-59/51,00 | С 
Since s(0) = 0 we have С = “20% and lims(t) = lim 590000 (1 — е“39/51000) — 4590000 ~ 7780 m 
59 t—oo боо 599 59 


The ship will coast about 7780 m, or 7.78 km. 


(b) 129g TUO > X. = OS t= в 1899.3 sec 


It will take about 31.65 minutes. 


The total distance traveled = 77" = (6.750998) = 4.91 => К = 22.36. Therefore, the distance traveled is given by the 


function s(t) = 4.91(1 — e- 023639592!) The graph shows s(t) and the data points. 


хий = coasting distance => (0.80)(49.20) = 1.32 > К = zs 


= к ____998 _ 20 
We know that “ = 1.32 and = = 3:493) = 5; 
— (К/ 


Using Equation 3, we have: М) = See) = 1,32(1 — 139156000) 
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5. y=m =т= Ж” =0>y=*. 


orthogonals: i —* > ydy = —хах 


>x + у? = Су 


ae AN 
6. Your > 5-6 xy 425 = 0 => xy! = Ixy 


И 

= у! = №. So for the orthogonals: dy = = 

2ydy = —хах = y? -£4+Csy=+ ® +C, 
С>0 х 
7. ко фу = 151 у2 = Кх2 = 157 = ^ 

= Убу - (L-YY* со —2yx2y! = (1 — уг)(2х) 

= у’ = t= 1209 — 0-9) . So for the orthogonals: 

х -y z x? 
ay то, lyi lhny-%=5+C x 
kx? + у? = 


8. 2x2 + у? = с2 => 4x4 2уу' = 0 > y'= — 1 = – 28 Бог 


2y y { 
orthogonals: зу x У & => шу = Ипх +С 
= шу = ах!? + ШС, >у= C, |х|’? 
-х 
M = H 
у = се = = С ау - 
->е Ху/--уе * = у’ = —y. So for the orthogonals: 
8 =l = уу = = 5 =Х+С 
= у? =2х+ С>у= + \/2х+ С, И 


Copyright © 2010 Pearson Education, Inc. Publishing as Addison-Wesley. 


www. гетепд. 15 


548 Chapter 9 First-Order Differential Equations 


< 


x(1)y'—Iny 
10. y =e" = шу Је TU =k иом 


> (5) у —пу=д=у'= ушу; So for the orthogonals: 


dy | -x 
dx — ушу 


=> Туту - i?) == (-4х2) + С 


> ylny - У = —х2 + С, 


=> yln y dy = —х dx 


x 


11. 2х2 + 3y? = 5 and y? = x? intersect at (1, 1). Also, 2х2 + 3y? = 5 > 4х + буу = 0 > у’ = —& > у (1,1) = -4 


yi =x 2уџу! = 3х2 > у! = у! (1, 1) = 3. Since y' yj = (—4) (3) = —1, the curves are orthogonal. 


12. (а) x dx +y dy = 0 > g + Y = Cis the general equation 1 
of the family with slope y' = — yi For the orthogonals: 
у == 3 * => Iny=Inx+Cory = Сух 
(where С; = eC) is the general equation of the 
orthogonals. 
x 
(b x dy – 2y dx = 0 = 2y dx = x dy > у = + Y 


> 1(9) = % = у= ах +С = у = Сух? is 


the equation for the solution family. 


2y dy = —x dx > y? = – х + С is the general 


equation of the orthogonals. 


пшу-шх=С= Оу Жы 
=> slope of orthogonals is y = E КШ х 


13. Let y(t) = the amount of salt in the container and V(t) = the total volume of liquid in the tank at time t. 


Then, the departure rate is ЫГ (the outflow rate). 


(a) Rate entering — E . Sgal = 10 Ib/min 
(b 


Volume = V(t) = 100 gal + (5t gal — 4t gal) = (100 + t) gal 
(c) The volume at time t is (100 + t) gal. The amount of salt in the tank at time t is y lbs. So the 
concentration at any time t is i00 = Ibs/gal. Then, the rate leaving = ттт (158/ва1) - 4 (gal/min) 


x AY | 
= on ]bs/min 


d 4 d 
(10-45 > at (то) Y =10 => Ро = көзі» ОО) =10 = fro dt = (2-2 dt 


= 4In(100-- 1) = vit) = e00 = (100 + 08 => у = qul Ј (100 + 9410 do 


= oy = + С) = 20100 + t) + ет: У(0) = 50 => 20100 + 0) + посол = 50 


= С = —(150)(100)* => у = 2(100 +t) — 92009" =, y = 20100 + t) — ТЕЕ. р 
100 


wm 
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(e) у(25) = 2(100 + 25) — (50000). А 188.56 165 => concentration = a Rd ise 1.5 Ib/gal 


14. (а) ¥ = (5—3)=2 = У = 100 + 2t 


The tank is full when У = 200 = 100 + 2t => t = 50 min 
Let y(t) be the amount of concentrate in the tank at time t. 


dy _ 16 al al dy _ 3 
2 нэ (15) (521) (x в) (381) => dt на 3 3 (5057) = 5 + Nos 
Q(t) = 3; PO = 3(55) = = [Pw dt = 25, dt = З (t + 50) since t + 50 > 0 
v(t) = ef Pi) dt — Qn (50) — = (t+ 50)? 
== 865088 at = (t + 50) 35 [ ¢ + 50)? + С] Sy) =1+50 + Lu 
IW) = (50) J 2 = (t+ 50) + У = (rs 


Apply the initial condition (1.е., distilled water in the tank at t = 0): 


y(0) = 0 = 50 + б> => С = – 5079 = y(t) = t+ 50 — (200-2. When the tank is full at = 50, 


(b 


хи 


у(50) = 100 — 0 ғ 83.22 pounds of concentrate. 


15. Let y be the amount of fertilizer in the tank at time t. Then rate entering — 1 э -1 a = =1 i and the 
volume in the tank at time : is У(1) = 100 (gal) + [1 E -3 (валий. min = (100 — 20 gal. Hence 
d d 
rate out = (t-z) 3 = туру Ibs/min => G = (1— қо) Ibs/min => $ (5-5) y = 1 
= Р@ = ma. 00 = 1 > Jew dt = J тоса dt = т => v(t) л. 
р e _ 290-1/2 
= (100 = 2073? = у = z7 f (100 – 2079? @ = (100 — 2979/2 [209972977 + c] 
= (100 — 20) + C(100 — 2092; y(0) = 0 = [100 — 2(0)] + C[100 — 200)]2/2 = С(100)/? = —100 
2 3 — 20 (— 
э С= –(100)-У2 = – 1 = у = (100 – 2) – 090-20 раф 0 > 3 = 2. (000-2050) 
—2 + ve =0 = 20=3\/100 — 2 = 400 = 9(100 — 20) => 400 = 900 — 18t => —500 = —18t 
= te 27.8 min, the time to reach the maximum. The maximum amount is then 


у(27.8) = [100 — 2(27.8)] — 1100—2278" = 14.8 lb 


16. Let y = y(t) be the жигэ of carbon monoxide (CO) іп the room at time t. The amount of CO entering the 


4 үз 3 Me Зла: 
room is Ga x 5) = тю ft?/min, and Фе amount of CO T the room is (25) (5) = ТЭЭХ ft?/min. 


= 2 y dy 222212 23101 23.32 — at/15,000 
Thus, 5) аг = 1000 — 15000 = dt + 15 000 У = 100 = РО = 15, боб, QO = mo = У0-е 


> у= -— f = et/15:000 qt => y= e -'/ 15,000 (2121500 15.000 е 1/15,000 + С) = = g-t/15,000 (18025 „000. | С); 
у(0) 20 = 0 = 1(180 + С) С = –180 у = 180 — 180e "5"? When the concentration of CO is 0.01% 
in the room, the amount of CO satisfies 3306 = n = у = 045 63. When the room contains this amount we 


have 0.45 = 180 — 1807/1550 => 17925 = g-/1599 => t= —15,000 In (17955) ғу 37.55 min. 


9.4 GRAPHICAL SOUTIONS OF AUTONOMOUS EQUATIONS 


1. y'= (y +2)(y - 3) 
(a) у = —2 is a stable equilibrium value and y = 3 is an unstable equilibrium. 


(b) y” = (2y - Dy' = 2(у + 2) (y - (y – 3) 


] 1 
у>0 i у<0 | у>0 
: 1 
E ы; 0 1 2 ! 4 М 
i y'«0 т уво 
1 ' 4 
р 
р 


0.5 
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2. у = (у+2)(у - 2) 
(a) y = —2 isa stable equilibrium value and у = 2 is an unstable equilibrium. 
(b) y" = 2yy' = 2(у + 2)у(у - 2) 


3. у = у" -y= (y+ Пу(у–1) 
(а) у = —1 апау = 1 is an unstable equilibrium and у = 0 is а stable equilibrium value. 


6) у” = Gy – ђу' 236 + (у + + )y(y 2) (у 1) 
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4, у'=у(у—2) 
(a) y = 015 а stable equilibrium value and у = 2 is an unstable equilibrium. 
(b) y" = (2y - 2y' = 2у(у - 1)(у - 2) 


5. у = /y,y>0 


(a) There are no equilibrium values. 


1 1 1 
(b) ЛУ У 


6. у’=у- \/у,у>0 
(а) у = l is ап unstable equilibrium. 


© y (1-5) = (1-29) - v9 = (9 00059-20) 


у <0 | у'<0 | у' >0 

Г752 Т5 Уу 
у"> 0 | y'«0 | y'»0 

0.25 
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(c) 


-10 -75 


7. y'= (у—1)(у—2)(у—3) 
(а) у = 1 and y = 3 is an unstable equilibrium and у = 2 is a stable equilibrium value. 


® у" = Gy? – Ry + Пју – 0(y -2(y -3) = 3(у – (у - £5)G – 2 (у - уу 


1 1 1 
y'«0 ' у>0 у<0 у>0 
+ <-- 1% У % = 3% ---Э 1 y 
у'<0 ‚>01 y«0 | у>0 уо y">0 
$ 1 1 
| | 
SA 16 5+3 sass 


8. у = у -y -у(у-1) 
(а) у = О апау = 1 is an unstable equilibrium. 


(b у” = Gy? — 2y)(y? — у?) = у?(3у – 2)(у – 1) 
y«0 у «0 y»0 
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9. Æ = | — 2P has a stable equilibrium at P = 1. €? = —24 = –2(1 — 2p) 


P'<0,P">0 


-0.5 


10. ар = Р(1 — 2P) has an unstable equilibrium at P = 0 and a stable equilibrium at P = 2. 
ce = (1 — 4P) = P(1 — 4P)(1 – 2P) 


Р'<0 Р'>0 


Р">0 | Р”<0 


0.25 
Р 

0.6 «0, Р'>0 
0.4 P'>0, P'«0 
oo CM DM секса 
«0, Р'>0 

БИС Up 

, ” 
<0 
Er PO. P 
11. ар = 2P(P — 3) has а stable equilibrium at P = 0 and an unstable equilibrium at P = 3. 
ФР 


oF = 2(2Р – 3)4 = 4P(2P — 3)(Р – 3) 
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Nile 


12; ар = 3P(1 – Р) (Р - 1) has а stable equilibria at P = 0 and P = 1 an unstable equilibrium at P = 
2 3- уз 3+ уз 
5t = —}(6P? — 6Р+1)ФЁ = ЗР(Р- 558) P- 1) (Р – 255) 1) 


Р'> 0 P'«0 


p” > o| P” <Q P” > j P” <0 


А 0.21 ~ 0.79 


P'»0 
, Р"<0 


Р"»0 
, Р"<0 
0, P*>0 
Р"<0 


13. 


Before Catastrophe After Catastrophe 


и хэ шэг ы шилэх мәнсав ам Т ТТС 
1 
П 
1 


Шээс 


>t >t 


‘catastrophe ‘catastrophe 


Before the catastrophe, the population exhibits logistic growth and P(t) — Мо, the stable equilibrium. After the 
catastrophe, the population declines logistically and P(t) — Му, the new stable equilibrium. 


14. Ф =rP(M—P)(P—m),r,M,m>0 


а b 

n H 8 | 

| P'>0 |р'<0]Р'>0] Р'<0 |  РэО 
| Р'<0 | P'»0 P'«0 
i i i 

0 т M 


The model has 3 equilibrium points. The rest point P — 0, P — M are asymptotically stable while P — m is unstable. For 

initial populations greater than m, the model predicts P approaches M for large t. For initial populations less than m, the 

model predicts extinction. Points of inflection occur at P — a and P — b where a — i [M + т = 1/ M2 — mM + m? | апа 

b — [M + + ММ? – mM + m. 

(a) The model is reasonable in the sense that if P < m, then P — 0 as t — со; ifm < P < M, then P > Mast — oo; if 
P > М, then P — Mast — оо. 

(b) It is different if the population falls below m, for then P — 0 as t — со (extinction). If is probably a more realistic 


model for that reason because we know some populations have become extinct after the population level became too 
low. 
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(c) For P > M we see that ар = rP(M — P)(P — m) is negative. Thus the curve is everywhere decreasing. Moreover, 
Р = Misa solution to the differential equation. Since the equation satisfies the existence and uniqueness conditions, 
solution trajectories cannot cross. Thus, P — M ast — oo. 

(d) See the initial discussion above. 

(e) See the initial discussion above. 


& = g — Ку? р, К, ш > Оапа v(t) > 0 


Equilibrium: = 8 ДУ = 0 => у = k 
sv Фу — k ду — k Е-2 
Concavity: d? ^. 2(Kv) а 2(Ev) (g m" ) 
a 
dv, | Ф 0 
ı dt + 4 7 
0 du 1 42, 
—<0 Н —>0 
а? 1 ар 
[mg 
а = У [4 
(b) 


1 


(c) Vterminal = 4/ 00 = 178.9 a = 122 mph 


F=F, —F, 
та = mg — ky/v 
ду k 


T =g- АУ, v(0) = vo 

Thus, M = 0 implies v = (за)?, the terminal velocity. If vo < eae the object will fall faster and faster, approaching the 

terminal velocity; if vo > [En the object will slow down to the terminal velocity. 

F-HE-F, 

ma = 50 — 5|v| 

= ш(50 — 5|vl) 

Тһе maximum velocity occurs when ау = богу = 10 i. 

(a) The model seems reasonable because the rate of spread of a piece of information, an innovation, or a cultural fad is 
proportional to the product of the number of individuals who have it (X) and those who do not (N — X). When X is 
small, there are only a few individuals to spread the item so the rate of spread is slow. On the other hand, when 
(N — X) is small the rate of spread will be slow because there are only a few indiciduals who can receive it during the 
interval of time. The rate of spread will be fastest when both X and (N — X) are large because then there are a lot of 


individuals to spread the item and a lot of individuals to receive it. 


(b) There is a stable equilibrium at X = N and an unstable equilibrium at X = 0. 
TX — КМ — X) — КХХ = k?X(N — X)(N — 2X) = inflection points at X = 0, X = М, and X = М. 


Х'>0 Х' <0 


42 


0 №/2 N 
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(d) The spread rate is most rapid when x = X, Eventually all of the people will receive the item. 


19. LË +Ri = V > Ë = У — Ri = R(X — i), V,L,R > 0 


dt L L LAR 
Equilibrium: $ = 8(¥ —i)=0>i=¥ 
Concavity: $$ = —(8)¢ = (2) (x -i) 


Phase Line: 


As t — 00, it — steady state = x. (In the steady state condition, the self-inductance acts like a simple wire connector and, as 


a result, the current throught the resistor can be calculated using the familiar version of Ohm's Law.) 


20. (a) Free body diagram of the pearl: 


W = тр 


(b) Use Newton's Second Law, summing forces in the direction of ће acceleration: 


mg — Pg — kv = ma > % = (Ez*)g Ку. 


(с) Equilibrium: 3 = E (Е — v) = “2 (т-Рв 
а terminal =~ 
=> Vterminal = (m= Pg k 
Concavity: Фу = К = (5) (Ex P)g v) 
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(e) The terminal velocity of the pearl is m 


9.5 SYSTEMS OF EQUATIONS AND PHASE PLANES 
1. Seasonal variations, nonconformity of the environments, effects of other interactions, unexpected disasters, etc. 


2. x = гс050 => ах = -гвіп0 € + cos 9 € =у+х-— x(x? + y?) = гзш0 + гсоѕ0 — г?сов0 
у = гзш0 = зу = гсов0 “% + sing € = —x + y – x(x? + y?) = —rcos0 + rsin @ — r?sin 
Solve for и by adding cos0 х eq(1) to sin x eq(2): 
cos? 0 9 + sin? 0% = cos (rsin0 + гсоѕ0 — г?соѕ 0) + sin Ө(—гсоз Ө + тїп @ — г?ѕіп 0) 
=> а = rsin 0 cos 0 + rcos? 0 — r?cos? 0 — r sin 0 соѕ0 + rsinü — rsin? 0 = r — г = r(1— 12) 
Solve for £ by adding (—sin 0) x eq(1) to cos 0 x eq(2): 
rsin? 040 + rcos? 0% = —sin (rsin 0 + гсоѕ0 — г?сов0) + сов0(-тсов0 + rsin Ө — sin 0) 
= г = —rsin? 0 — r sin 0 соѕ0 + г?ѕіп 0 cos Ө — rcos? 0 + rsin 0 соѕ0 — rsin@ cos @ = —r > ЯН = –1 


If r = 1 (that is, the trajectory starts on the circle x? + у? = 1), then а 


= (1) (1 — (1) = 0, thus the trajectory 
1 


r= 


remains on the circle, and rotates around the circle in a clockwise direction, since % = 


= — 1. The solution is periodic since 


dt 
at any point (x, у) on the trajectory, (x, у) = (r cos 0, r sin 0) = (1 cos 0, 1810) = (cos Ө, sin 0) => both x and y are 


periodic. 


3. This model assumes that the number of interactions is porportional to the product of x and y: 
ах = (а – Бу)х, а < 0, ду -m(1- LZ)y-nxy-y(m- му —nx). 
To find the equilibrium points: 
M 
& =0 = (a-byx—-0-x-0ory- t 


(remember » « 0); 


% —0—y(m-By-nx)—y-0ory- -Mx + M; 
Thus there are two equlibrium points, both occur when 
x = 0, (0, 0) and (0, M). 
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Implies coexistence is not possible because eventually trout 


die out and bass reach their population limit. 


4. The coefficients а, b, m, and n need to be determined by sampling or by analyzing historical data. Then, more specific 


graphical predictions can be made. These predictions would then have to be compared to actual population growth 


patterns. If the predictions match actual results, we have partially validated our model. If necessary, more tests could be 


run. However, it should be remembered that the primary purpose of a graphical analysis is to analyze the behavior 
qualitatively. With reference to Figure 9.29, attempt to maintain the fish populations in Region B through stocking and 
regulation (open and closed seasons). For example, should Regions A or D be entered, restocking the appropriate species 
can cause a return to Region B. 


5. (a) Logistic growth occurs in the absence of the competitor, and simple interaction of the species: growth dominates the 


competition when either population is small so it is difficult to drive either species to extinction. 


(b) a — per capita growth rate for trout 


m — per capita growth rate for bass 


b — intensity of competition to the trout 


n — intensity of competition to the bass 


kı 
К 


(с) & 


= environmental carrying capacity for the trout 
— environmental carrying capacity for the bass 


-0-а(1-%)х-іку- la(1 - &) –ујх =0=Хх=0ог 4(1-2)-5у-0-х-0о 


у= х $-05m(1- £)y-nxy- [m(1- £) - nx|y =0= y = 0or 


m(1 - Э -0Х-0-у-0огу--Ёо- nko х There are five cases to consider. 


m 


Case I: 5 > kz and 7 > ki. 


By picking 2 > К and 7 > Кү we ensure an equilibrium point exists inside the first quadrant. 


Y Y 


(0) > (0.0) (о) > 


1 Ра : TN . Эт атк —bmkjk; ko — ап К! К 
Graphical analysis implies four equilibrium points exist: (0, 0), (ki, 0), (0, k2), and 5017: и. ) 


(0,0) 


(the point of intersection of the two boundaries in the first quadrant). АП of these equilibrium points are unstable 
except for the point of intersection. The possibility of coexistence is predicted by this model. 
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Case II: § > kz and 7 < kj. 
(0, Ко): unstable : 
(Ку, 0): stable Я =| 
(0, 0): unstable (0,5) 

Trout wins: (Ку, 0) 
Not sensitive 
No coexistence 


Case Ш: ; < k2 and 7 > kı. 
(0, k2): stable 
(Ку, 0): unstable 
(0, 0): unstable 
Bass wins: (0, Ко) 
Not sensitive 
No coexistence 


Case IV: „ < № and 7 < ki. 
(0, k2): stable 
(ki, 0): stable 
(0, 0): unstable 


ашк —bmkjky amk)—ankiky \. 
( аш Бак > ат Бак i unstable 


Bass or trout: (0, k2) or (kj, 0) 
Very sensitive 
Coexistence is possible but not predicted 


(n9) а ко) 


If we assume ё < ky and ? < Ку then graphical analysis implies four equilibrium poins exist: (0, k2), (Ки, 0), 


amk,;—bmkj;k; атк—апкк : : . : 5 4 | 
(0, 0), апа ( he. 9 Am PUE ) (the point of intersection of the two boundaries in the first quadrant). 


Case У: в = К and Bh = пк (lines coincide). 
(0, k2): stable 
(Ку, 0): stable (о) 
(0, 0): unstable 
Line segment joining (0, k2) and (Ку, 0): stable 
Bass wins: (0, Ко) 
Not sensitive 
Coexistence is likely outcome 


(№, ) 


Note that all points on the line segment joining (0, ky) and Е 0) are rest points. 


6. Fora fixed price, as О increases, “Р че gest smaller and, possibly, becomes negative. This observation implies that as the 
quantity supplied increases, the price will not rise as fast. If Q gets high enough, then the price will decrease. Next, 
consider 29. For a fixed quantity, as Р increases, 4 ud 148 larger. Thus, as the market price increases, the quantity 
supplied will increase at a faster rate. If P is too small, 49 "аг Will be negative and the quantity supplied will decrease. 


This observation is the traditional explanation of the effect of market price levels on the quantity supplied. 
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dP do 


dt dt 
constant P 


-cQ? 
(a) Œ = 0 and i — 0 gives the equilibrium points (P, Q): (0, 0) and (25.8, 775). 


Now ар > 0 when РО < 20,000 and P > 0; ар < 0 otherwise. 4 > 0 when P > g and Q > 0; 20 < 0 otherwise. 


(b) These considerations give the following graphical analysis: 
Region | № 40 
І >0 | <0 
П >0 | >0 
ш <0 | <0 
IV <0 | >0 


(25.8,775) 


PQ =20000 


The equilibrium point (0, 0) is unstable. The graphical analysis for the point (25.8, 775) is inconclusive: trajectories 
near the point may be periodic, or may spiral toward or away from the point. 


(c) The curve ар = 0 or PQ = 20000 can be thought of as the demand curve; 19 = 0 or Q = ЗОР can be viewed as the 


supply curve. 


dy dy dx dy B (m—nx)y 
dt dx dt dx E (a—by)x 


7. (a) dx —ax — bxy = (a — by)x and % = my – пху = (m — пх)у 


(b) 3 = Ber = (аъ) ау = (2 — п)ах = f (8 —ь)ду = f (2 — п)ах = alnly| - by = minlx| - nx +С 


= In|y*| + Ine^?Y = In|x"| + Ine^?* + ес = In|y?e^*?*| = In[x'^ e^? *e€| => yt eY = хте“ пхес, let К = eC 
= уге“ђу = Кхте-пх 

(с) Ку) = уе”? = f'(y) = ау" le bY — byte PY = y le *Y(a—by)andf'(y =0 > y=Oory = 4; 
ї”(а) = —b(2) les « 0 = Ку) has a unique max of M, = (4) when у = 2. g(x) = 


b Б а. 
=> g'(x) = mx™le™»* — рхће “ах — хи 12% (п — пх) andg'(x) =0 = x = Оогх 


5" (т) = (ye < 0 = g(x) has a unique max of M, = (=)" when x = 7. 


n en 


f) g(x) 


N | хте X 


| 
| 
| 
| 
| 
| 
a 

b 
(d) Consider trajectory (x, y) — (2, : № у?е У = Kx"e^?* = ын . = = K, taking the limit of both sides 


У 


>x 


АН — 8-2) 


j X.) ji MS ec ie Мут j j 
= ан а (5 =) = lim K> м = К. Thus, фу = Мах represents the equation any solution 
y—a/b y—a/b 


trajectory must satisfy if the trajectory approaches the rest point asymptotically. 
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(e) Pick initial condition yo < 2. Then, HOH) the figure at 
ан (уо) < My implies м DA = 3 < Му and thus ^ 
< М,. From the figure for g(x), there exists a 


28 


unique Хо < 7 satisfying 2 N « М,. That is, for each Ж 
у < s there is a unique x satisfying 2 гн = № M nei Thus, ? и 


їе can exist only one trajectory solution approaching м i 


(м, 8). (You can think of the point (хо, yo) as the initial m Trou ^ 


condition for that trajectory.) Unique хо 


(f) Likewise there exists a unique trajectory when yo > Б. Again, Куо) < Му implies м M. e 1x = 25 « M, and thus 


ax < Mx. From the EU for g(x), there exists a unique хо > m satisfying 27 ex < Mx. That is, for each y > р there is 


a unique x satisfying + x = x. x". Thus, there can exist only one trajectory solution approaching (5, a). 
Let z — y' К Z = 7' = у", then given the differential equation у” = F(x, y, y^), we can write it as the following 


system of first order differential equations: ir =z 


g = F(x, у, 7) 


In general, for the n" order differential equation given by y = F(x, y, у, y”, .. „у“ И) Ле zı = у’ = =? 
xd = 21 = у", let z2 = 2) = у", йз 25 = у",.. „Је = 2, iode en >z =y п) This gives us the 
following system of first order differential equations: ду = 71 

Sie = Zi 

тз = F(x, у, 71, 22,..., 2-1) 


In the absence of foxes > b = 0 > бх = ax and the population of rabbits grows at a rate proportional to the number of 
rabbits. 


In the absence of rabbits => d = 0 => Чу = —c y and the population of foxes decays (since the Ғохев һауе no food source) 


at a rate proportional to the number of M 


% = (а — by)x = 0 = у = ё or x = 0; у (—c + dx)y =0 > x = 5 огу = 0 = equilibrium points at (0, 0) ог 


(5, а). For the point (0, 0), there аге no rabbits and no foxes. It is an unstable equilibrium point, if there аге no foxes, but 


a few rabbits are introduced, then M — a — the rabbit population will grow exponentially away from (0, 0) 


Let x(t) and y(t) both be positive and suppose that they satisfy the differential coy 


& = (а — b y)x and 
4у = (—c + dx)y. Let C(t) = alny(t) — by(t) — dx(t) + cInx(t) = C'(t) = —by'(t) — dx'(t) + с £0 
=0 


37) x(t) 
= (si -)v'to + (55 -а)х® = (ур - 5) сах) + (ур – a) (а -oyy 


Since C'(t) = 0 => C(t) = constant. 


Consider a particular trajectory and suppose that (xo, yo) is such that хо < 5 and yo < ? ‚ then & к > O and ay < 0 = the 
rabbit population is increasing while the fox population is decreasing, points on the Ял алан are moving км and to the 
right; if хо > $ and yo < |, then ах > Оапа Фу > 0 => both the rabbit and fox populations are increasing, points on the 
trajectory are moving up ыг to e ае if xo > $ and yo > в ‚ then & к < O and 9 > 0 => the rabbit population is 


decreasing while the fox population is increasing, p on the „з are moving up апа to the left; and finally if 
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хо < з and yo > 2, then ах < 0 and Чу < 0 = both the rabbit and fox populations are decreasing, points on the trajectory 
are moving down ш to Пе left. Thus, points travel around the trajectory in a counterclockwise direction. Note that we 
will follow the same trajectory if (xo, yo) starts at a different point on the trajectory. 


There are three possible cases: If the rabbit population begins (before the wolf) and ends (after the wolf) at a value larger 
than the equilibrium level of x = 4, then the trajectory moves closer to the equilibrium and the maximum value of the 
foxes is smaller. If the rabbit population begins (before the wolf) and ends (after the wolf) at a value smaller than the 
equilibrium level of x = 4, but greater than 0, then the trajectory moves further from the equilibrium and the maximum 
value of the foxes is greater. If the rabbit population begins and ends very near the equilibrium value, then the trajectory 
will stay near the equilibrium value, since it is a stable equilibrium, and the fox population will remain roughly the same. 


CHAPTER 9 PRACTICE EXERCISES 


1. у= хе yx — 2 > edy = хух – 2dx > –е У = Па + Сету = = ено ын) -С 
-2(x-2)" (8x +4 -2(x-2)" (3x +4 

= -y = In| 262e с) у--ш ЕЕЕ 
2. у’= хуе® = E = е“хах > lny = Тех +С 
3. sec x ду + x соз?у ах = 0 a -MR tan у = —cosx — x sinx + С 
4. 2x'dx — 3,/у све x dy = 0 > 3,/уду = 20 dy => 293? = 2(2 — х2)соз x + 4x sinx + С 

=> y?? = (2 — x?)cos x + 2x sin x + Ci 
5. у = £ = ye ау = = => (y+ ђе ? = —In |x| + C 
6. у' = хех Усзсу => у’ = 5“ csc y => ду = = xe'dx > S (sin y — cos y) = (x – 1)е + C 
7. x(x— П)ду - y dx = 0 = x(x – ду = y dx 2 = lny = ln(x — 1) — In(x) + € 

= lny = ln(x — 1) — ln(x) + ШС, = Шу = =) ~ у = 9820 

1 (р -1 dy _ dx (уз) _ 
8. у= (у 1 )> ра =Inx+C>h|( 5 т) =2шх+Шш С > Se 
9. 2у/—у=хе“? > y! — iy = е^, 

р(х) = —1, у(х) = а = e2, 

е—*? y! — le™2 у = (e™2) (х) (eX) = 5 4 (е y) = х se% y=% б шуш (g +c) 
10. 5 фу =e “*sinx > у’ + 2y = 2e™*sin x. 


p(x) = 2, v(x) = ef2& = e. 
езу” + 2e?*y = 2е?хе-хзш x = 2e*sin x > 4 (e?* y) = 2e*sin x => e?* у = e*(sin x — cos x) + C 


= y = e^*(sin x — cos x) + Ce?* 
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12. 


13. 


14. 


15. 


16. 


17. 


18. 


19. 


20. 


21. 


Chapter 9 Practice Exercises 


кух >y (у= i- 5. 


у(х) e$ — е2юх — ох! — „2. 


куку = кб уш сг 


Ajo 


1 
xy’ —у=2хшх 2 у’ - (y = 21ах. 
в 


ig 
2(1-у)- ах > t -y= [nx +C y =x[lnx]? + Сх 


(1 +e*)dy + (уе + e *)dx = 0 = (1 + ех)у' + елу = -е* > У’ = теку = пы. 


v(x) = е Trey = ene) — ех + 1, 


(е + Dy’ + (е“ + 1) (т2=)у = atas (€ + D => alet Пу] = –е“ = (е + 1)y = е +С 
e*+C e*+C 
у= So =e 


e^* dy + (еу – 4x)dx =0 > 9 +y 4x e* => р(х) 1, v(x) = ef lé = e* = e* ФУ + ye* = 4x e” 


=> i(ye)-4xe*-—ye [4xe* dx > ye* = 2xe* — ех +C > у = 2xe* — е*+Се* 


(x + 3y?) dy + ydx = 0 => x dy + y dx = —3y?dy > € (xy) = —Зу?ау > xy = -y + С 


хау + (Зу — x “сов x) dx = 0 = у’ + (Зуу = x 3совх. Let v(y) "Es езіпх — еш x х3. 
Then x? у’ + 3x? y = cos x and x? y = Joos x dx = sin x + C. So y = x? (sin x + C) 


(х+ 1) ® +2у =х = у' + (52 2 ју= = т. Let v(x ) = ет = gane) = eln(x+1)’ = (x + 1). 
Soy'(x + 1? + gent 1)?у = ту +1)” > 4 [y(x - 1?] = x(x + 1) > у(х +1) = fx(x + 1)4Х 
= у(х +1) == += +Съу= (+1) оо нь 


у= (+ у (5 45-41) 


M cm Rog ео = х2, So xy! + 2ху = х? + х 


= 4(х2у)-х--х-» x’y х. -С-эу-Х- 6+1. Мећахеу(1) =1=1=1+С+15 С=1 


х2 xt 4 22 

Жа imu = — 

Y 4 3x?y = х2. Let v(x) = el 3x е .Ѕо еу’ + 3x2e"y = xe" — 4 а (е y) xe" = еу le? + С 
We have у(0) = —1 = е (—1) = te" + С -1-1-0-0--4 те 


хау + (у — cos х)ах = 0 => ху’ + у — cos x = 0 => у’ + (Тју = 985. Let v(x) = ef — ећх =х. 


563 


So xy’ + х(1)у = cos x > 4 (xy) = cos x => xy = fcos хах => ху = sin x + С. We have у (7) -0->(70-1-С 


= C = –1. So xy = –1 + sin x > у = = х 


ху’ + (x - 2)у = 30e * => y! + (&33)y = Зх?е-х. Let v(x ) = ef јак = ох-2ах = 5. So 
Sy + (М2)у-3- (у: 5) = 3З=> у. 5 = 3х + С. Wehavey(1 205 0= 3(1) +C С = -3 
> у. 5 = 3х -3 > у=х?е *(3х — 3) 
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22. y dx + (3x — xy + аду = 0 > & o = OS Hy х 20 р (2 Dx = –2. 
Ру) = 2 –1 = ЈР(ујду = Зпу – у => у(у) = e? = узе“ 
узе“ Ух! + узе“у E - 1х = —2yle => yle?x = f—2y?eYdy = 2e” (y? + 2у -2) С 


2(у? 2у 2) + Ce? 


. We have у(2) = —1 = –1 = СЕЕ = C = —4e and 


2(y? + 2y +2) - 4e! 
x 


= уз = 


>y = 


23. To find the approximate values let ya = ул—1 + (ya-1 + COS Ха—1)(0.1) with хо = 0, yo = 0, and 20 steps. Use а 
spreadsheet, graphing calculator, or CAS to obtain the values in the following table. 


x y X y 

0 0 1.1 1.6241 
0.1 0.1000 1.2 1.8319 
0.2 0.2095 1.3 2.0513 
0.3 0.3285 1.4 2.2832 
0.4 0.4568 1.5 2.5285 
0.5 0.5946 1.6 2.7884 
0.6 0.7418 1.7 3.0643 
0.7 0.8986 1.8 3.3579 
0.8 1.0649 1.9 3.6709 
0.9 1.2411 2.0 4.0057 
1.0 1.4273 


24. To find the approximate values let y; = ул—1 + (2 — Yn—-1)(2Xn-1 + 3)(0.1) with хо = —3, yo = 1, and 20 steps. Use а 
spreadsheet, graphing calculator, or CAS to obtain the values in the following table. 


х у X y 
—3.0 1.0000 -19 -5.3172 
—2.9 0.7000 —1.8 -5.0026 
—2.8 0.3360 -17 —6.3768 
—2.7 —0.0966 —1.6 —6.7119 
—2.6 —0.5998 —1.5  -—6.8861 
—2.5 —1.1718 —1.4 —6.8861 
—2.4 —1.8062 -13  -—6.7084 
—2.3 —2.4913 —1.2 —6.3601 
—2.2 —3.2099 —1.1 —5.8585 
—2.1 —3.9393 —1.0  —5.2298 
—2.0 —4.6520 


25. To estimate y(3), let y = ул 1 + (=) (0.05) with initial values хо = 0, yo = 1, and 60 steps. Use a spreadsheet, 


graphing calculator, or CAS to obtain y(3) = 0.8981. 


X21 = 2уһ-1+1 
Ха-1 


26. To estimate y(4), let 7, = Yn-1 + ( ) (0.05) with initial values хо = 1, yo = 1, and 60 steps. Use a 


spreadsheet, graphing calculator, or CAS to obtain y(4) = 4.4974. 


27. Let Yn = Yn-1 + (т) (dx) with starting values хо = 0 and yo = 2, and steps of 0.1 and —0.1. Use a spreadsheet, 


programmable calculator, or CAS to generate the following graphs. 


(a) 


tid 


we 


[-0.2, 4.5] by [-2.5, 0.5] 
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(b) Note that we choose a small interval of x-values because the y-values decrease very rapidly and our calculator cannot 
handle the calculations for x € —1. (This occurs because the analytic solution is y = —2 + In(2 — ех), which has an 


asymptote at x = — 2 ғз 0.69. Obviously, the Euler approximations are misleading for x < —0.7.) 


ido a ee Рл 


[-1, 0.2] by [-10, 2] 


28. Let Yn = Yn-1 = (f=) (dx) with starting values хо = 0 and yo = 0, and steps of 0.1 and —0.1. Use a spreadsheet, 


eXn-1 + Xn-1 
programmable calculator, or CAS to generate the following graphs. 


(a) (b) 


Y Y 


29. x 1 1.2 1.4 1.6 18 20 Y 


y 1 0.8 0.56 0.28 0.04 0.4 NN ARE E E x ME 
d 2 APER 22238449 
dy = x= = – 2 
qe ив а и 

1-140-С 3 (exact) = € — 3 Trays ower fans 
E 2 72 ytexacU = > — 5 = — ++ x 
22 маг 5 2 2 ЗА ale As» 

= у(2) = = — 5 = 5 is the exact value. жәке pet ИВ 
ee eee жж =” 5» 5 Ж 

ee Wow ow — ж ж ко 5» 5 5 

их — = ж яя 5 з 

ах жож ж и во 

WoW Wow ow — ж яяя 5 


30. x 1 1.2 1.4 1.6 1.8 2.0 
y -1 —0.8 —0.6333 -0.4904 —0.3654 -0.2544 pr a Халы EE 
* - coco ow 8A # ж ж ж э wre 
2 —i-dy-idxoyc-lnx|-Cix-1andy- -1 122222222 
болс c9. чө cC* CX 7 8 # жж” ж ж т э л 
= —1=Шш1-С => С = —1 => y(exact) = |х| – 1 ЕЕ: petty 
= y(2) = ln 2 — 1 ~ —0.3069 is the exact value. SS ЕН, 
æ- ~ AR жж 
~ 4. же 
~ ~ о У Б ж ж 
Істе ыы 


31. х 1 1.2 1.4 1.6 1.8 2.0 y 

= = ааа Рак кик ве 
у 1 12 0.488 1.9046 2.5141 3.4192 ЖЫРА ee dete ee 
" "Bu ЛІ а 
== X s хах n S F MEN 2 = VPE 
а — ХУ > y ши и 
Ec x C x2 A Сө, Сө, C* се ө -9- -ө— -e- ce c c ж ж жох 
ушет бее Cet х= 1 andy = —1 30239 01 5100 а 
12 12 TS рва ЖАКА 573 

= ~ 
—1 = Се С —e y(exact) = —e е2 ‚ #5 4 4 An м а х\к аа: 
(2—1 3n : (41330 9 О ЧЕ ЧИ 
= —е = y(2) = –е д —4.4817 is the яя WOW RR на: 


exact value. 
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32. х 1 1.2 1.4 1.6 1.8 2.0 y 

y —1 -12 -1.3667 —1.5130 -1.6452 -1.7688 раве РО odis odi Воо ОУ 

5 1 > ydy = dx > > = x +C; x = 1 andy = –1 raw ewww ae mmm mma 

i ПИ РАК 

1-1 -4 е КЕЕ <n AS ==; 
ж а руна ку, 2. а 

= = — ~ — i N 1 “ 

= y(exact) = \/2x — 1 = y(2) = —\/3 = —1.7321 is һе К ххх 
exact value. Laos qq ы сре з Борса 5 


33. % =у2 —1= у’ = (у + 1(у – 1). We have у’ = 0 > (y+ 1) = О, (у—1)=0 y= –1,1. 


(a) Equilibrium points аге — 1 (stable) and 1 (unstable) 
(b у' =у-—1= y" = 2уу' = y" 2у(у? - 1) = 2у(у + D(y – 1). Soy” =0=у=0,у = –1,у= 1. 


yz-l ул! 
р 1 
dy. р 2291) ‚оо ‚ФУ 
dx | dx | ах 1 dx 
2. z 2. 9-2 2 
2.9 1 ау о! <o У 0 
de ! ИРТ: ИРТ: 


34. ау =у- у? > у’ = у(1 – y). Wehavey' -0->у(1-у)-0->у-0,1-у-0-> у=0,1. 
(a) The equilibrium points are 0 and 1. So, 0 is unstable and 1 is stable. 
(b) Let —> = increasing, +— = decreasing. 
y' <0 у'>0 у'<0 
0 1 
у'=у—у% = у" = у’ – 2уу = у” = (у — у?) — 2у(у — у?) = у — y -2y + 2y = y" = 2у? - y! фу 
): 


= у(2у2-3у--1)->у”-у(2у- 1)(у – 1). 8о,у”-0--у-0,2у-1-0,у-1-0-у-0,у-41, 


y 


у = 1. 
Let —> = concave up, = = concave down. 
y'«0 у”>0 у”<0 у”>0 
0 172 1 d 
(c) 
35. (a) Force — Mass times Acceleration (Newton's Second Law) or F — ma. Let a — үз = g . fe = ү. Тһеп 
та = —mgR?s 2 > a= —gR?s ? => ve = —gR?s? > v dv = 68257245 > fv dv = J —gR?s~7ds 


> $ = ic sy = + 20 = 2 + С, When t = 0, у = vo and 5=В = v = ВЕС 
= С = vi — 258 = у? = 288 + v2 2gR 


Copyright © 2010 Pearson Education, Inc. Publishing as Addison-Wesley. 


www. гетепд. 15 


Chapter 9 Additional and Advanced Exercises 567 


(b) If vo = \/2gR, then v? = 28 = у = \/ 22 since v > 0 if vo > \/2gR. Then ® RE v/s ds 2gR? dt 


=> [51248 = f /2gR? dt => 2532 = J/2gR?t + C, = s?? = (2 4/2882): + С; = 0 and s = R 
= R? = (1 2g?) 0) + С = C= R? > 3° = (3 /2gR?) + R^ = (Зву) ке 


= RP[(R-2 /2g)t 1] = RP? | (AEE) 1] = RM (ој + 1] 1-4 (3837 


36. XI = coasting distance => (0390089 — 0.97 = k == 27.343. s(t) = X (1 — e- (Vt) - s(t) = 9.97 (1 — e- 0734/50841) 
= s(t) = 0.97(1 —е 98866). А graph of the model is shown superimposed on a graph of the data. 


CHAPTER 9 ADDITIONAL AND ADVANCED EXERCISES 


1. (а) € —k$(c- y) => dy = -k$(y – c)dt > „® = –кай > [5 = — кай > шу - e| = -k$t + Ci 


= y-c- + ебек, Apply the initial condition, y(0) = у = у =c +C = С = уо – с 
= у = с + (уо — cei, 
(b) Steady state solution: yz, = limy(t) = lim [c + (уо — сје КУ | = с + (yo – с)(0) = с 
too t—oo 


d(mv) __ dm _ d(mv) dm _ mdy dm dm dm 
2. “у РР = Ре 5” = шу Рета Ух Vi ий > Б= m$ E. 


am = —b => m = —|blt+C. Att = 0, m = mo, so C = mo and m = то — |БЈЕ. 


mo — [bjt 


Thus, Е = (mo — 40% — ШЫ = —(mo — |Ь)|в| = € = -g + Г > v= -gt ча (5) + С) 


v = Qat t = 0 > С, = 0. So v = -gt um (mb) = 8 у= f| gt ша (2252) | папы = су = Oat 


1=0= у= 126 +c E (т) па (fet) | 


3. (a) Let y be any function such that v(x)y — /у(х)О(х) dx + С, v(x) = e 4x Then 
2 (v(x)-y) = у(х) -y фу v(x) = v(x)Q(x). We have v(x) = с/Р > у'(х) = = еј P(x) “Р(х) = v(x)P(x). 
Thus v(x) : y' + y: v(x) P(x) = v(x)Q(x) = у’ + y P(x) = Q(x) = Ше given y is a solution. 


) 
(b) If v and О are continuous on [а, b] and x € (a, b), then 2 КА v(t)Q(t) d {= v(x)Q(x) 
)Q(x) 


хи 


= 0000 = fv) x) dx. So C = yov(xo) — - Јубдо 


Substituting for C: v(x)y — рэн (x)Q(x) dx - yov(xo) - С) JQ(x) dx = v(x)y = yov(xo) when x = xo. 


x) dx. From part (a), v(x (ху = [v(x)Q Q(x) dx + С. 


4. (a) y' + P(x)y = 0, у(х) = 0. Use v(x) = eS PO) dx as an integrating factor. Then £ (v(x)y) = 0 = v(x)y = C 
=> y = Се“ [P099 Ф ард y, = Ciems PO dx, y, = C,e- SPO) dx. yi(xo) = ya(xo) = 0, yı — yo = (Cy – C;)e- SPO) = 
= Сзе“ЈР6) dx and у! = y2 = 0— 0 = 0. Soy; — у; is a solution to y’ + P(x)y = 0 with y(xo) = 0. 
EOE = y69]) = & (е7 [о c, — с,)]) = £C - C2) = (©) = 0. 
Га (уб) Гу (к) – у(х) ах = Vly) 269] = fox = c 
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568 Chapter 9 First-Order Differential Equations 


(c) у: = Ce SPO) dx уз = Coe SPO) dx y-yi- yz. So y(xo) -0- Cie- SPO) dx _ Coe JP) dx — 0 
=> С — С› = 0 = С, = Со = у(х) = у(х) fora <x <b. 


5. (х2 + у2)ах +худу=0= 9 = EW) Loi ry. lo r.p()oFRy)--i-vo 84+ 4-0 
> %+—4 =05 ее е = co mixp + Пау 41] = С = Чај mp (2)? 41] = С 
=> In|x^| + In эх ELS =C= In|x2(2y? + x) meat y + x?) =еС зэх? Oy, + x?) =C 


6. ходу + (y -xyi = 0 => @ = 290 S g--() +P =F) SRW) = -V vo Ere = 0 


x^ X 


= Ја [= со nk] - 1-с» ш – | = Со ha- =C 


7. (west y)ax—xdy и. 


= [*- Је =c = шх не = С тј +e = C 


а -(х- t- 1 v— x v 
8. (x + y)dy + (x - y)dx = 0 к= Sr 1+ F(ž) F(v) Les 5 g E zu 
= 15 + f Cue EUN =0> [а €f DE + Јо | e 


=> 2 1n|x| + 2 кап“ 'y +In|(2) ES! = С = 1п|х?| + 2tan ! (2 ) t in| 


= С = 2лап (2) + југ -x| =C 


9. у' = У + сов(3==) = У + cos(¥ — 1) = F(x) = F(v) = у + cos(v — 1) => “+ 


X 


=0 


dy 
v — (у + соѕ(у — 1)) 


= js - Бес (v — 1) dv = 0 2 In|x| — In|sec(v — 1) + tan(v — 1)| = C 2 In|x| = In|sec(! — 1) + tan(* -1| -с - 


10. (xsin — ycos¥) ах + xcos dy 20 > % = = ond = У — tan% = F(Y) = F(v) = v — tanv 
= + = шй =0= 15 + Јсогуду = 0 = Injx| + In|sin v| = С = In|x| + In|sin 2| =C 
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CHAPTER 10 INFINITE SEQUENCES AND SERIES 


10.1 SEQUENCES 


1-1 1-2 1 1-3 2 1-4 3 
1. ai 12 0, аз = ^x —4›а3 = т = д» а4 = № = 16 

1 1 1 1 1 1 1 
ао. рт = = зд 

c1» (-19 1 (18-01 (IP 1 
3, а= gop = ђа= gop = = Gat 5 = 7 


2-1 1 22-1 3 Zi 7 24-1 15 
6. ay = ^37 = ра = ^r = 4,83 = ср =, 24 = ^ = 16 
1_ 3 3,1. 7 _ 7. 1 15 _ 15, 1 _ 3 _ 63 
7. да = ја =1+5 =5, а = я = 1,4 = 1+ = ga = я = 16,86 = 32, 
_ 127 _ 255 _ 51 _ 1023 
ат = ба › 48 = 18, 29 = 556, 810 = 51 
$ $ 1 
P от (5) 1 zi) 1 EN ENS шин! 
8. aj = l,a = 5, аз 3 6:04 4 24 > 85 5 120 > 46 = 720 › 97 = 5040 › 88 = 40,320 > 
21 “22121 
49 = 362.880 › 210 = 3,628,800 
u _ CODO) _ _ (190 1 _ (bt (=3) 1 (10 (- 4) 1 
ода = коли“ = 1-4, ара арар 1 1-1, 
1 БОЛН 1 1 Що 
46 = тб › 87 = — 35> 48 бд › 49 128 › 210 = 256 
= _ 12) — 240) _ 2, _ 359 __1 _ 4(-3) _ 2 DM 
10. ар = —2, a = 2 = —], a} = 3 = — 3, 4 = CH 1,5 = (3) --2,а6--1, 
2 1 2 1 
a7 = — 5, аз = — д, а = - д, аю = — 5 


11. ay 1, а; 1, аз 1+1 2, ал 2+1 3, а5 3+2 5, ag 8, ат 13, аз 21, ад 34, 910 = 55 


12. а = 2, a = —1,a3 = —1,a4 c» l,as — —1, aş = —2, ат = 2, ag = —1, ag = — $, a = 1 
13. a, = ("1 п = 1,2, ... 14. a, =(—1)",n=1,2,... 

15. а, = (- 1)? *! n], n = 1,2, ... 16. a, = B ,n —1,2,... 

Hue mesas 18: um une oes 

19.a, =n? – 1, п = 1, 2,... 20. a = 4, р = 1, 2,... 

21. an = 4n — 3,n = 1,2, ... 22. an = 4n – 2, = 1,2,... 

2З. d = ара 212: 24. an = авео 


Copyright © 2010 Pearson Education, Inc. Publishing as Addison-Wesley. 


www. гетепд. 15 


570 Chapter 10 Infinite Sequences and Series 


ун 


25. a, = EGD а-1,2,... 26. ay = 52250386) = ja) п=1,2.. 
27. п lim. 2 + (0.1)! = 2 = converges (Theorem 5, #4) 


1 nt(-l" _ y CD _ 
28. lim. п ША 1+ 7 = 1 = converges 


im L2- jm СЫ ee 214 
29. п im, oA = , im, (Пт? = I. = = —1 = converges 
2n + ( =) 
: 2+1 _ ү a : 
30. lim. 137/5 = а Ш, С 3) = —oo = diverges 
n 


1 1-51 _ | ЭРЭЭ 
31. aim, ta ea = „шп BET 5 — converges 
5 n+3 "E 1 у инээн 
32. п im, Wiss nim i аз гэ DAFI nim, “НБ Вэв 0 = converges 


? йл 4 = 25 = . . 
33. lim “2+ = їр 0-03-0- jim (п—1)=0о = diverges 
п = oo п-1 п — 00 п-1 n => оо 


1 
| — n? А cn А 
nimo т = nim, == = 00 = diverges 
35. п im, (1 + (—1)") does not exist => diverges 36. n iM, (-І) (1 - 1) does not exist = diverges 


37. lim (5 


n— do )1—) = п lim, ($+) (1-1) = 2 = converges 


38. Пт (2 – ж) (3+ ж) — 6 = converges 39. lim С" 


, lim, nim, заг = 0 = converges 


. Түй — . —1)" = 
40. п lim. (- 1) = ,lim, í =“ = 0 = converges 


: п : 2n __ : 2 2 

41. ши. "ЕН = \/ lim, күт = \/ im, (тїт) = у, => converges 
» = ? 10үй _ 4 

42. lim. 09 = n lim, (2) = ОО => diverges 


43. lim. sin (2 + 1) — sin (от, (z + 3) = 5 = 1 = converges 


44. lim пл с0$ (пт) = n lim. (пл)(—1)" does not exist => diverges 


n — oo 


45. lim 32? = 0 because — 1 < $ < 1 = converges by the Sandwich Theorem for sequences 
n — oo n n n n 


46. lim sino — = 0 because 0 < ma п < = => converges by the Sandwich Theorem for sequences 


n => oo - » 
4T. aim, a = n lim. on 57117 = 0 = converges (using l'Hópital's rule) 


Copyright О 2010 Pearson Education, Inc. Publishing as Addison-Wesley. 


www. гетепд. 15 


56. 


57. 


58. 


59. 


60. 


61. 


62. 


63. 


64. 


65. 


66. 


67. 


Section 10.1 Sequences 


lim = = п lim. Ұшы = n im, би = п iM, АШ ЗУ = со => diverges (using ГНОриа! rule) 
: In (n 4- 1) : (= ) EET уп _ |. (%) 2 
p lim, ул nimo (=) = „ш = = , lim, TA = 0 => converges 
Inn (5) 
nim, ТОП = „шп (2ў = 1 = converges 
А aim, 8л =1 > converges (Theorem 5, #3) 
jim, (0.03)/^ = 1 = converges (Theorem 5, #3) 
: , lim, (1 + 1)" =e’ => converges (Theorem 5, #5) 
. lim, (1-1) = , lim, 1 + c ‘set > converges (Theorem 5, #5) 
5 n — г lI/n, ]l/n — 1.1 — 
Е п lim. v 10n = п lim. 10 n/"=1-1=1 = converges (Theorem 5, #3 and #2) 


: Элсэн: VANS 042 
п lim. v n^ = п lim. (Уп) = 1" = 1 = converges (Theorem 5, #2) 


іт 1/n 
п lim. (2) re me ын = 1 = 1 = converges (Theorem 5, ЯЗ and #2) 
„ће (п + 4)!/@+4 = Ии хух=] = converges; (let x = п + 4, then use Theorem 5, #2) 


п lim. ma = а - = T = оо = diverges (Theorem 5, #2) 
y lim, [Inn —In(n+ 1)] = y lim. In (4) =In (lim, =) = 1п 1 = 0 = converges 


п lim. vy 4^n-— п im, 4 «л =4-1=4 = converges (Theorem 5, #2) 


: n/22n+1 - 1 2+ (1/1) — ү 2.91 0.4-— 
, lim, V3 tI = lim. 3 (17 = „шп, 3 ЗИ =9-1=9 = converges (Theorem 5, #3) 


lim == lim PTS Do < lim (i) = 0ад = >0 = lim ==0 = converges 
noo n n- oo n-n-n---n-n по бо n n noo n 
aim, cA = 0 = converges (Theorem 5, #6) 

lm нэг lim -4s 
n= oo 10" п=— оо (sm 


) = oo = diverges (Theorem 5, #6) 


n! 


n lim. Xa = п lim. 5 = oo => diverges (Theorem 5, #6) 
: 1/( л) Я " = = 
slim, (1) = lim, exp (25 In (1) = „lim, exp (8188) =e"! => converges 
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68. lim ln (1 + 1)" = ІП ( lim (1 + 39 = те = 1 = converges (Theorem 5, #5) 
n — oo n n — oo n 


. 30-1ү9 __ : Зһ--1 2 А In 3n + 1) - Inn — 1) 
69. lim. (255) = „lim, exp (nn (2222) = „lim, exp (Мб nen-5) 


3 
21 За 1 _ 3n—1 : би? бу — „2/3 
= lim, exp | Е 1) | = lim, exp (s EE 5) = exp (É) =e/3 = converges 


n 


70. im, (сн) = , lim, exp (n 1n (24)) = „їп, exp (тама!) = lm, exp (=>) 


= f -1 
= „што exp (- iE won) = e™ => converges 


ji. üm (=) 


п> оо \2n+1 n — oo 2n+1 n 


lim, x (s) =x lim, exp (1 In (527) = x fim, exp (2898-0) 


= х шп exp (524) = xe? = x, x > 0 = converges 


n — оо n? 


72. Пт (1 — 1)" = , lim. exp (а (1 — 5)) = „ип ехр ЕЗ9 = п lim. exp Бы 


21) -е0-1 => converges 


- , lim, exp (= 1 


73. lim P = lim =0 = converges (Theorem 5, #6) 
n — oo n: n= 00 n! 
74. п im ee = lim т CD M т = lim (>). -0 = converges 
оо (в) +(0) ао (п) (в) + GH) (В) а-о (пр) +1 
(Theorem 5, #4) 
75; п lim. tanh n — п lim. gee = im, S = п lim. m = lim 1-21 = converges 


76. lim sinh(nn)— lim Se = lim "-() = оо = diverges 
n — ос n — oo n — oo 
1 1 
. п? зіп (1) |. т (1) |. = (cos (1)) (2) НЭГ = соѕ (1) _ 1 
77. aim, 51] = „шп С 1) aim, (3+3) = „шп = 24 (3) = 2 => converges 
1 sin (4 4 
78. lim п (1 — сов 1) lim E нь > lim [ia (50) (8) = Qm. sin (+ ) = 0 = converges 
n — oo (4) n — oo (+) n — oo 


= lim cos (+) = cos 0 = 1 => converges 
n — oo уп 


3!In3 + 51115 


80. lim. (3" + 5") = , lim, exp In" +5)!" = lim, exp| "329 = m, exp E 


= (8) из +5 EE (3)"In3+In5] _ а 
= , lim, exp | an | = , lim, exp | ar] = exp(In5) = 5 
81. nim, tan !n— 5 => converges 82. п lim, A апп = 0 5 = 0 = converges 
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1 1 1 1 \" 
83. n lim, (5) + Jm = HM (Q) + (=) ) = 0 = converges (Theorem 5, #4) 
84. lim Уп? +n = Ши, exp [ = „шп exp (шыу =e? = 1 => converges 
200 199 198 
85. lim. дав) lim и = , lim, 200-19 nw =... = lim. 200: = () = converges 
И (2) 4 Р 
: (Inn? __ : n m : 10dnn)* __ : 80n n)? __ 2 : 3840 . 

86. nim, TVA = Bn. (55) = Hm. ES = „шп. яс vc = lim. Ja =0 = converges 
87. lim (n- n! n) = lim (n n? n) (= ы ) 1 

п со n4 Ут п noo n+yn-n n> jp,- 

ES — converges 

im -=-= li 1 -1+уш+п\ jim та ba +n 
88. nim, Ро Маја | y lim. (==) (мању) во шіні: 
| 1- LIVRE 2 

= „шп, ЕЕ 2- = converges 
89. lim 1 ldx— lim 5 = lim 1-202 converges (Theorem 5, #1) 

noo n 1X n — oo n noo n 
90. п lim, i I dx — п lim. ЇЕ +| Қақ nim, Es (4 1) = т ifp > 1 = converges 
9]. Since а, converges => п lim, аһ =L= п lim an +1 = , lim, rA E DA. = 1+1) = 72 = 12+1.—72 =0 


92. 


93. 


94. 


95. 


96. 


97. 


= L = —9 or L = 8; since а, > О юг > 1 => [= 8 


L+ 


Since a, converges => | lim a; = L = , lim an +1 = lim mts = Г, = 1-4 >L(L+2) -1---6--1241-6--0 


— од ап + 


= L = —3 or L = 2; since a, > Oforn>2>L=2 


. . ME . = . 22 2 22 NN 
Since a, converges — , lim. ад = [= ШЕКТЕН = lim 8 + 2an = L = y8 +21 > L4 - 2-8 = 0 > L = -2 


or L = 4; since an > 0 for n > 3 > L = 4 


Since a, converges => , lim, as == п dm ani = , lim, 8 +ра => L= \/8 +21, 212 – 1 –—8=0= [= –2 


ог L = 4; since а, > Oforn > 2 > = 4 


. . 25 Ж 22 . 22 2 
Since a, converges => „lim a; = L — | lim an+: = lim Зав > L = VSL>L —5L—-0-L-0orL 
a, > 0forn2512oL-5 


. . 2. . m . 22 2 
Since a, converges => п lim, ân = [= ШЕКТЕН = , lim, (12 — VES => [== (12 - vi) => L^ — 25L + 144 
= L = 9 or L = 16; since 12 — ,/а, < 12 гогп> 1 => [= 9 


1 . . . . 1 1 
аһы =2 + zn > 1,а = 2. Since a, converges => n lim, ân = Ls ШЕКТЕН = „im (2 + 1) => 1=2+ ү 


=V-2L-1=0SL=14 2; віпсе а, > Оогп > 1 > L—14 V2 
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98. ang 1 = Vl +аь, п > 1, ау = vA. Since а, converges => n lim, as == п lim, ап+1 == , lim, V1 +а —L-wylcL 


2D-L-1202L- 14%; 


since а > Oforn> 1 =>1,= У 
99. 1, 1, 2, 4, 8, 16, 32, ... = 1, 20. 2, 2 2, 25, 29:53. => Хі = 1 and x, = 2^? forn > 2 


100. (а) 12 — 2(1)2 = —1, 32 — 2(2)? = 1; let f(a,b) = (а + 2b)? — 2(a + b)? = a? + 4ab + 4b? — 2a? — dab — 2b? 


= 2b? — а?; а? — 2b? = —1 = f(a,b) = 2b? – a? = 1; а? — 252 = 1 = Ка, 5) = 252 – а? = —1 
— (a+2b)? — a а + 4b? — 2a? — dab — 2b? _ = (a? = 2b?) _ +1 Y 
b) в -2= (11%) -2- (a b)? — ағы — у ВЕ G 


In the first and second fractions, у, > n. Let 5 represent the (n — 1)th fraction where Р > Тапабђ>п—1 


at2b anda +b > 2b > 2n-2>n = у, > п. Thus, 


for n a positive integer > 3. Now the nth fraction is 
п lim. = 2. 
101. f(x) = x? — 2; the sequence converges to 1.414213562 ~ /2 
f(x) = tan (x) — 1; the sequence converges to 0.7853981635 ~ 
1, —2, —3, —4, 


п 


4 
f(x) = е“; the sequence 1, 0, 


5, ... diverges 
КАх) _ 
Ах 7 
t'O = iig 
#(0) = е? = 1, х) = e — 1 


f'(0) 1035 2, f(x) = In (1 + 2х) 


102. 


Қ0--Ах)- RO) — f'(0), where Ax — 1 


(5) 


lim ntan^! ( 
п — oo n 


: I/n __ 
jim, n(e 1) 


п lim. n in (1 + 2) 


103. Ifa = 2n +1, then b = [® | = [SH+ | = [202 + 20 + 1] = 212 + 2n, с = [5] = [202 --2n 1] 
= 2n? + 2n + 1 and a? + b? = (2n + 1)? + (2п2 + 2п) = 4n? + Ап + 1 + 4n? + 8n? + 4n? 


= 4n! + 8n3 + 8n? + Ап + 1 = (2n? + 2п + 1)? = с. 


% 2n? + 2п 
m a im. 212 + 20 +1 


(b) — lor lim = 5100 = 1 
а — оо 


lim чпб= lim 
а — oo 0 


— т/ 


P 

)= nim, exp Ба = lim, exp (4) 6-1 
п! z (2) ХУ2пт, Stirlings approximation => \/п! ~ (2) Qnz)V/ O9 ~ 8 for large values of n 

(b) n Jn! 


Іп 2пл 


104. z 


i 1/ (21) — ļi 
(a) nim, (пл) = п lim, exp ( 


Е 


105. 


106. 


40 


15.76852702 


14.71517765 


50 


19.48325423 


18.39397206 


60 


23.19189561 


22.07276647 


(a) Іш, ma — lim 


П-9 оо cn 


(a) 


d^. 
т — р 


lim z 
— oo cn 


4--0 


(b) For all e > 0, there exists ап М = e- (^ 9/e such that n > e-(^9/7 = Inn > — me => Inm > In (2) 


221 


nt 


=> п> 1 


Се = |1 


nt 


lim 


0 <e = : 
noo 1 


1-0 


Let (а, | and (0, be sequences both converging to L. Define (с, | by су = b, and су, | = an, where 


n= 1,2,3,.... For all e > 0 there exists № such that when n > № then |a, — L| < є and there exists Мә 
such that when n > № then |b, — L| < є. If n > 1 + 2щах{ М1, №}, then |с, — Ц < e, so (с, | converges to L. 
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107. 


108. 


109. 


110. 


111. 


112. 


113. 


114. 


115. 


116. 


117. 


118. 


119. 


120. 


121. 


іг 
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a lim, n!” = a lim, exp (+ Inn) = , lim, exp(l)-e?-1 


lim. x! = Што exp (1 Іп х) = e? = 1, because x remains fixed while n gets large 
n — oo n — oo n 


Assume the hypotheses of the theorem and let є be a positive number. For all є there exists а Му such that 
when п > № then |an — L| < € => —e < an— L Се = L – є < a, and there exists а № such that when 
n»Nsthen|e; — L| < € = —є<с„—1,<є > «< 1 фе. If n > шах( М1, №}, then 
Г—еса < а <Lt+e > |Һ-Ц<е- nim, bn = L. 


Let є > 0. We have f continuous at L => there exists д so that |x — L| < 6 = |f(x) — f(L)| < є. Also, a, — L => there 
exists N so that for > N |an — L| < 6. Thus for n > N, |Ка) — f(L)| < € = Ка) — 10). 


anti > ay => ЗО > Matt -» mui mil 5 3n? + Зп + 4п +4 > 302 +6n+n+2 


= 4 > 2; ће steps are reversible so the sequence is nondecreasing; AH <3 = 3n4 1 «3n43 


= 1< 3; the steps are reversible so the sequence is bounded above by 3 


Q--1)-3) © (20:53) Qn 5)! .. (22-3) 
=> атр ^ (DF 7 (42! > (4D! 
= (2n + 5)Qn +4) > n + 2; the steps are reversible so the sequence is nondecreasing; the sequence is not 
(2n +3)! 
(1+0)! 


+ 5)! (n 4- 2)! 
Qn + 3)! > (n + 1)! 


n1 > аһ 


bounded since = (2n + 3)(2n + 2): · (п + 2) can become as large as we please 


284131 
2n3n 


2ntlanrl 2n3n 
= п! => 


mon < ах) => 2-3 < n+ 1 which is true for n > 5; the steps аге 


an+1 < а => 


reversible so the sequence is decreasing after a5, but it is not nondecreasing for all its terms; a; = 6, a) = 18, 


аз = 36, a4 = 54, а E 64.8 the sequence is bounded from above by 64.8 


2 > = L = cL >- зе the steps аге 


2 1 2 1 2 
аһы 2 а => 2 qur = 2 n > n һы 2 эн 2n math 2 
2 


n+l 2n 


reversible so the sequence is nondecreasing; 2 — = — ai <2 = the sequence is bounded from above 


а = 1— 1 converges because 1 — ОБу Example 1; also it is a nondecreasing sequence bounded above Бу 1 


a, =п— 1 diverges because п — со and 1 -» 0 by Example 1, so the sequence is unbounded 


1 


n 


— 0 (Бу Example 1) = E — 0, the sequence converges; also it is 


2-1 
pl 


a nondecreasing sequence bounded above by 1 


аһ = — ж and 0 < = < 1;since 


an = > = (2) - i ; the sequence converges to 0 by Theorem 5, #4 


а, = ((—1)? + 1) (2H) diverges because a, = 0 for n odd, while for n even а, = 2 (1 + 1) converges to 2; it 


diverges by definition of divergence 


Ха = max {cos 1, сов 2, cos 3,... , cos п} and x,,; = max {cos 1, cos 2, cos 3,... , соѕ (п + 1)) > x, with x, < 1 
so the sequence is nondecreasing and bounded above by 1 — the sequence converges. 


а, > any < Com > тужио > Vn-4 1-4 202 +20 > „уп + 202 +21 & Vn 17 „уп 


апа uy > y 2; thus the sequence is nonincreasing and bounded below Бу V = itconverges 
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122. 


123. 


124. 


125. 


126. 


127. 


128. 


129. 


130. 


131. 


132. 


133. 


Chapter 10 Infinite Sequences and Series 


а > ац € rl Grp © п + 20 +1 > п? +20 <> 1 > бапа ™ > 1; thus the sequence is 


nonincreasing and bounded below by 1 — it converges 


дээ! n+l 


шел = 44 (а >ы ө 4+ 3)" 24x)" e 07201) 


> 1> i and 


4 + (3)" > 4; thus the sequence is nonincreasing and bounded below by 4 = it converges 


а = 1, az = 2 —3,a3 22-3) — 3 = 2? — (2 — 1) - 3, ay = 2 (2? — (22 — 1) - 3) —3 = 23 — (23 — 1)3, 
as —2p3—(23—1)3]-3—21— (24 — 1) 3, ... , an = 2771 — (21-1 — 1)3 22071 23.2971 4+3 
= 22-1013) +3 = 2^?43;a Раца < —2 432 211 43 ө 20 > 2H ө 1«2 


so the sequence is nonincreasing but not bounded below and therefore diverges 


Let 0 < M < 1 and let N be an integer greater than — . Thenn > N > n» ты => n-nM»M 


М 
> п > М+М = п>Ма + 1 = => М. 


Since M; is а least upper bound and Мә is ап upper bound, M, < М». Since М» is a least upper bound and M, 
is an upper bound, М» < М;. We conclude that M; = М; so the least upper bound is unique. 


2 (-D* s 1313 
The sequence a, = 1 + = is the sequence 2,5, 5,5, ... 


but it clearly does not converge, by definition of convergence. 


. This sequence is bounded above by 3 А 


Let L be the limit of the convergent sequence {an}. Then by definition of convergence, for 5 there 
corresponds an М such that for all m and n, m > М = |am — L| < 5 andn > М = |а – L| < 5. Now 
[а — an| = [am — L + L — an| < lan — L| + |L — an| < § + § = € whenever m > М and n > М. 


Given an е > 0, by definition of convergence there corresponds an М such that for all n > М, 

[Li — an| < € and |15 — an| < є. Now |L — Li| = |Le — an + an — Га| < |5 — an| + Jan — Li] Се € = Зе. 
[Lo — Lı| < 26 says that the difference between two fixed values is smaller than any positive number 26. 

The опу nonnegative number smaller than every positive number is 0, so |L; — Тој = ОогГ = Lo. 


Let k(n) and i(n) be two order-preserving functions whose domains are the set of positive integers and whose 
ranges аге a subset of the positive integers. Consider the two subsequences акл) and aj), where akn) — Li, 
ақа) — Ly and Lı 57 12. Thus | ax(n) - ain) | — |L; — Њ| > 0. So there does not exist N such that for all m, n > N 


=> |am — ап | < є. So by Exercise 128, the sequence {an } is not convergent and hence diverges. 


аж — L < given an € > 0 there corresponds ап № such that [2k > № = [ак — Ц < e]. Similarly, 
акы > L © 2К+1> № = [дал = Ц < є]. Let N = max(N;, №}. Thenn > М = Ja, — Ц < e whether 
n is even or odd, and hence a, — L. 


Assume a, — 0. This implies that given an е > 0 there corresponds ап М such thatn > N = |an — 0] < € 

=> |а| <«е => |lan|| «e => |lan| -0| « e = |а| — 0. On the other hand, assume |a,| — 0. This implies that 
given an є > 0 there corresponds ап М such that for n > N, |a] - 0| < e = |lan|| < e = |а| < € 

= |а,-0| <є = а, - 0. 


2х2 — (х2 а) | х +фа _ (ка + =) 


2Xn EE T 2 


(a) fx) =x? -a = Р(х) = 2х = хы = Xa — 528 => xu 


(b) хі = 2, Xp = 1.75, хз = 1.732142857, x4 = 1.73205081, х, = 1.732050808; we are finding the positive 


number where x? — 3 = 0; that is, where x? = 3, x > 0, or where x = УЗ. 
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135- 
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ху = 1, x = 1 + cos (1) = 1.540302306, хз = 1.540302306 + cos (1 + cos (1)) = 1.570791601, 
ха = 1.570791601 + cos (1.570791601) = 1.570796327 = 5 to 9 decimal places. After a few steps, the 


arc (x, 1) and line segment cos (x, 1) are nearly the same as the quarter circle. 


146. Example CAS Commands: 
Mathematica: (sequence functions may vary): 
Clear[a, n] 
ар ]; 2 n'/ 
first25= Table[N[a[n]]. (n, 1, 25]] 
Limit[a[n], n — 8] 


Mathematica: (sequence functions may vary): 


Clear[a, n] 
ап ]; 2 n'/" 

first25= Table[N[a[n]]. (n. 1, 25]] 

Limit[a[n], n — 8] 
The last command (Limit) will not always work in Mathematica. You could also explore the limit by enlarging your table 
to more than the first 25 values. 
If you know the limit (1 in the above example), to determine how far to go to have all further terms within 0.01 of the 
limit, do the following. 

Clear[minN, lim] 

lim= 1 

Do[{diff=Abs[a[n] — lim], ША < .01, (minN- n, Abort[]}]}, (0, 2, 1000) ] 

minN 
For sequences that are given recursively, the following code is suggested. The portion of the command a[n ]:-a[n] stores 
the elements of the sequence and helps to streamline computation. 

Clear[a, n] 

а[1]= 1; 

а[п_]; = a[n]= a[n — 1] + (1/5)%- 0 

first25= Table[N[a[n]], (n, 1, 25}] 
Тһе limit command does not work in this case, but the limit can be observed as 1.25. 

Clear[minN, lim] 

lim= 1.25 

Do[{diff=Abs[a[n] — lim], ША < .01, (minN- n, Abort[]}]}, (n, 2, 1000) ] 

minN 


10.2 INFINITE SERIES 


— a(i-r) _ 2(1-(3)) E _ 
ua m uc тачы 2-5 
. а a NN (то) (1 (тв) ) А = тп) — d, 
NT Cae > 1— (10) Ed jim, Sn = 1-0) H 
а(1 = 1" 1- = 1)" 9 
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5 8$ 5 5 5 5 5 5 5 5 5 5). 5 
Цэг итеш а ы Ыы = tes са ш шин 
=> lim s,—5 
п — oo 
7.1-1- үд -— 4 +... the sum of this geometric series is = C1 = ГУ) == 
1 
8. x + 4 + 556 +... , the sum of this geometric series is ыг = 5 
4 
9. 74 5 + 2 +... , the sum of this geometric series is 4), => 
4 16 64 , 1- (1) 3 
10. 5 – 5 F n a +... „ће sum of this geometric series is — C =4 
11. (5+1) + (5 + 1) + (5 + 5) + (5 + x) + , is the sum of two geometric series; the sum is 
5 1 3. 23 
гр 61-0 0+2=3 
12. (5-1) + (5 - 1) + (5 - 5) + (5 - 2) +... , is the difference of two geometric series; the sum is 
5 1 mE. 10 3 — 17 
ro 1-0) 72-3 
13. (1-1) + (1 - 1) + (1 + i) + (4 - ты) +... , is Фе sum of two geometric series; the sum is 
1 12 5 17 
Итін oss 
14. 2+4+5 +16 +... =2 (1+3 + $ + т +...) ; the sum of this geometric series is 2 (107) = 1) 
15. Series is geometric with г = 2 = H « ] => Converges to = = 3 
5 373 
16. Series is geometric with r = —3 = Е > 1 => Diverges 
1 1 i 1 
17. Series is geometric with г = р => Д < 1 = Converges to 3 = 7 
18. Series is geometric with г = -2 => ЕН < 1 => Converges to Т = — 
7 Е Bud 
19 023 = Y з (10) w) n 20 0234 = Y: 234 (1) = (85) ом 
у - 100 \ 10? 1- (0) 99 n z 1000 \ 10) — 41 (a. 999 
n=0 100 n=0 1 ( i) 
21 gres pie (5) 207 22 > а (2)" = (5) 24 
: = 103107 ~i (iy 79 = 10 107 ~ 1 (iy 9 
n=0 ( 5) п-0 ( 5) 
= А (1\ (бу (1\2 тб) 6 _ 1 
23. 0.06 = >, (15) (15) (тб) (у 90 15 
п=0 5) 
24 јава а у аа (ти) =1+ (іш) = 1 4 44 = 148 
: m 1000 1087. — ES 999 — 999 
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25. 


26. 


27. 


28. 


29. 


30. 


31. 


32. 


33. 


34. 


35. 


36. 


37. 
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123 
124 123 1)" _ 124 (18) — 124 123 _ _ 124 123 123999 _ 41,333 
1.24123 = 100 E 8 (1) = 10% t 1- (ы) = 100 + 105-107 = 100 + 99,900 = 99,900 = 33,300 
10“ 
X 142,85 n (25487) 42,8 3,142,854 6,402 
КЕТТ ШЙ 142,857 ( 1 үп __ 10 22 142,857 __ 3,142854 _ 116,4 

3.142857 = 3 + 106 (т) =з 1-( 1 ) =3 + т = 999,99 — 37,037 

n=0 106 
lim кы = lim + = 1 Æ 0 > diverges 

: +0 5 m+n 5 21-1 : 2 : 
lm а lim > = lim lim £ = 1 Z 0 => diverges 
aM Тач оаа) = „у Бабан — но 2а+5 24512 8 
lim = д = 0 = test inconclusive 
п—0оо 
lim 524; = lim = = 0 = test inconclusive 
isoo 12 +3 108 2п 
lim cos 1 cos 0 = 1 zz 0 = diverges 
noo 
n n n 

lim = = lim © = lim © = lim! = 1 Æ 0 > diverges 
noo etn поо +1 noo €" п—оо | 4 8 
lim In} = —oo £0 = diverges 
noo 
lim созпл = does not exist => diverges 
noo 


х-0-040-040-04-4(8:-040-15)-1-08 uim s 
1 


— ]im (1 ян г) = 1, series converges to 1 


k — oo 
_ (3 _ 3 3.3 3. 3 3 3 3 3 2 3 : 
= (9-3) +G-8) + 6-8) + + (Gp 8) (8 ат) 3 o Vimus 
Р 2 3 s 
= im. (3 ENT: >) = 3, series converges to 3 


579 


Sk = (my2- шут) + (m 3- пу) + (уз – пу) deed (mV - Ink — 1) + (тут - пук) 


= Inyk + 1- шү/і = In /k + 1 кіт Sk = , im УК + 1 = оо; series diverges 
= ОО - оо 


38. sk = (tan 1 — (ап 0) + (tan2 — tan 1) + (кап 3 — (ап 2) +... + (tank — tan (k — 1)) + (tan (k + 1) — tank) 
= tan (К + 1) — (апо = (ап (k + 1) = , lim sk — , lim tan (k + 1) = does not exist; series diverges 
— ОО — oo 
39. s = (сов (4) — cos"! (1) + (сов- (4) — cos" (1) + (сов- 4) — cos (2) +... 
+ (сов (g) — eos (c) + (соз (e) — eos (eta) = 3 — соз (ен) 
— UM Sk = pmi. Ё С] = Ч a = 6, series converges ioc т 


40. 


x = (Уз- v4) + (Ve- V5) + (V - V6) +... + (Ук+з- Ук+2) + (Мк+4- vVK¥3) 


к+4—2= , im Sk = lim MIT -2| = оо; series diverges 
— ОО — ОО 
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4 21 1 E 1 1 
4l. aom amer ^ s = (1—5) + (5 - 


1 
9 

1 1 ү 1 : ж 
Батар ши т > , lim, s= lim ( 


6 __A в _ AQn+1)+B(n-—1) 2 Е 
42. Gop = ж-т+ а = — Qa-DOnrp 77 An +1) + В(2п – 1) = 6 = QA + 2B)n + (А – В) = 6 
2A +28 = 0 А-В-0 k 6 van 
{ 42 uc 2А 6 А 3 and B = —3. Hence, X a; — nas zn = 3 (aaa ~ mei 
2 t izi rgi i 1 1 1 нэ 1 : 
= (1 3*3-sts—35Tt-—sk-pai Т x-i жн)-3(1- жн) > the sumis 
1 _ 
lim 3(1 = KT) =3 
40 _ A B С D __ A(2n—1)(2n+1)? + B(2n+1)? + С(2п+1)(2п—1)? + D(2n—1)? 
43. Оаа — бп T Qn-1y ка 1+0 + Gu р Qn- 202+ 1)2 


= А(2п — 1)(2п + 1)? + Bn + 1)? + Сп + 1)2n – 1)? + Dn – 1)? = 40n 

= А (813 + 4n? — 2n — 1) +В (4r? + 4n + 1) + С (813 — 4n? — 2n + 1) = D (412 — 4n + 1) = 40n 

=> (8А + 8C)? + (4A + 48 — 4C + 4D)n? + (—2A + 4B — 2C — 4D)n + (-A + B + С + D) = 40n 
ВА +8С = 0 ВА +8С = 0 


4B = 20 B 


—2A + 4B — 2С — 4D = 40 —A-F2B— C — 2D = 20 2B — 2D = 20 


ДА -- AB — 4C + 401 = 0 A+ В-С+ D= 0 { B+ D= 0 
| —А+ B+ C+ D= 0 ES B+C+ Р= 0 


A+C=0 


-А--5-С-5-0 


and D = —5 => ( Qn-1? Qn 1? 


k 
=> C = 0 and A = 0. Hence, У) [os 
п=1 


— 1 1 2 OEE 1 1 1 1 1 
= 5 У [бр - ay] =5(} 9 +9 95 1 95 Toe прете + бе a) 


n=1 


1 1 1 
=5 (1 - — | => the sum is „lim, 5 (1 - эн =5 


n+l _ 1 1 2 1 1 1 1 1 1 1 1 1 
44. Sup (n + 1)? 2s-(-2«G-D2-G- 5) +... + [бр 5-1 x] 


45. x = (1 5) + (45 x) + (X tte + (у x) мет) =1 Ta 
= lim s= lim (1- 


"(о 
+ 
— 
Ми 
| 
- 


46. sy = (5 ят) + (5) 


204 1 1 1 1 1 1 1 1 1 
47. Sk = (25 125) + (s 55) + (l5 ва) +... “Р (заг ик) + (кт ШЕРТ) 
1 1 : 1 
= — 5 + 6-5 7m 85-12 
48. s, = ап“! (1) — tan ! (2)] + [tan ! (2) — tan! (3)] +... + [tan (k — 1) — бап! (Ю)] 
+ [tan^! (k) — tan! (k + 1)] = tan! (1) – tan (k + 1) = lim к = (ап !(1)—2=7=— т 
— ОО 


49. convergent geometric series with sum ты 


3^ 


3 
50. divergent geometric series with |г| = V2 > 1 51. convergent geometric series with sum @) =1 


нэ! 
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52. 


54. 


ЭЭ: 


56. 


57. 


58. 


59. 


60. 


61. 


63. 


64. 


65. 


66. 


67. 


68. 


69. 


70. 


Section 10.2 Infinite Series 


: oye : 
num, (71) n #0 = diverges 


cos (пл) = (—1)" = convergent geometric series with sum cC = 3 
-\=5 


. . . 2 
convergent geometric series with sum | ( гоёл 
= 5) 


. 1 BEN . 
nim, M а = —oo #0 = diverges 
convergent geometric series with sum | 2 2229 — 1 = 2 


(t3 


convergent geometric series with sum =) = т 
(х 


difference of two geometric series with sum | ( ) т ( ) =3 3 - 3 


nim, (1– 1)" = „то (1+ i —elzz0 = diverges 


nnn 


. n! = . . n? = . 
nim, 7000" = 00 # 0 = diverges 62. nim, " = „шп 17) 


2 


[М 
N 
2 
BH 
~ 
|| 
2 ми 
_ 2 
sia 
+ 
м 
_ 2 
2/9, 
|| 
84 
_ 2 
желт, 
Nie 


n=1 п=1 


1 


со 1 ЕЈ 
sincer = 1 = |1 <1andr=} = |3 < 1, respectivley => У) (1)" = 2 = Тапа У (3) = 4 


1= 
п=1 


nis 


у == — 143 = 4 by Theorem 8, part (1) 


4n 
п=1 
. 2n. 4n . ml . (3) +1 1 . th . 
lim == = lim $—— = lim 4 = ТЕ 120 = diverges Бу n" term test for divergence 
n—oo? T noo m + поо (3) +1 


oo 


> а (227) = [n@ – In(n + 1] = у = [In(1) – №(2)] + [In Q) – 1n 3)] + [In 3) – 1n (4)] +... 
п=1 


n=1 


+ [In (к — 1) — In 00] + [Indy — Iln (k + D] 2 -Iln (k + 1) = , lim Sk = —с0, = diverges 
— 00 
nim, an = Ши, In (5554) — |n (2) 50 = diverges 


convergent geometric series with sum = = = 
T 


divergent geometric series with |r| = $ ~ 534% > 1 


oo oo 
non __ n. жашы: — . 1 — 1 
= (-І)х >= за = 1, r = —х; converges to ту = тау for |x| < 1 
оо oo : n 
(— 1)"х2" = —x?)";a = 1,г = —x?;converges to —4, for |х| < 1 
5 1+х 
п=0 п=0 
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53. п lim, cos (пл) = , lim. (-1) Z0 = diverges 


581 


> lm n-oo = diverges 
n n — oo 


J^ +e (3): both = У) ( 3 and > (3)! аге geometric series, and both converge 
n=1 
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71. а=3,г= E; 


= 6- for 1< 51 <10-1<х<3 


баз 


оо оо T 
2 no 1/( Үү. _ 1 1 (3) 
72. 27 (=) =>, 5 (Ена) ‚а= 3, = 37 sinx > CODVerges to - EE) 


п=0 п=0 ЗЕ віпх 
3+sinx —  3-sinx 1 1 1 
— 24 +sinx) 8+2 5х for all x (since 4 = 3 + sin x < 2 for all x) 


Ie 


73. а = 1,г = 2x; converges to 1 


x for [2x| < 1 or |x| < 5 


for | 5| < Lor |x| > 1. 


== MOS 1 
74. а = Lr-— xi; converges to i-(3) E 
X 


75. a= 1,r = —(x + 1)"; converges to forix + || < lor-2«x «0 


1 1 
ТСО 24х 


76. а= 1,г= 25% = 21 for |25 *|<1ог1<х<5 


77. а= l,r = sin x; converges to for x Æ (2k + 1) 5, kan integer 


ТЕГТІ 


78. а = 1, г = In x; converges to т-т- for |In x| < lore а 


oo 1 00 1 > 1 
79. (a) EX (144015) (6) » (n - 2)(n + 3) (c) » (n — 3)(п - 2) 
E 1 со 5 > 5 
oe (a) 24 (n+ 2)(n +3) (b) 2 (n—2)(n— 1) © 2 ПРИ 
ту G) 
81. (a) one example is 5 + д а + т +... = 1- (5) = 
. 3 3 3 3 (- 2) 
(b) опеехатреїз—5—1——16—... = i-( = –3 


(с) опе example is 1 


оо k 
. ntl . А ? А (5) «үх А 
82. The series У) К(5) is а geometric series whose sum is ier k where k can be any positive or negative number. 
п=0 B i) 


83. Let a, = bn = (5). Then»; an=) b = >; (1)' = 1, while»; (&) =>; (1) diverges. 


п=1 п=1 п=1 п=1 n=1 


84. Let an = b, = (5). Then > а = У ba = У (1)" = 1, while 35 (anba) = Y (1) = + # АВ. 


п=1 п=1 п=1 п=1 п=1 


85. Let a, = (1) and bn = (1)". Then А X 


n=1 


[I 
w 


È by land Y (=) => (12144. 


86. Yes: У) (2) diverges. The reasoning: У) a, converges => a, — 0 = 2 ә о = M e -) diverges by the 


nth-Term Test. 
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Section 10.3 The Integral Test 


87. Since the sum of a finite number of terms is finite, adding or subtracting a finite number of terms from a series 
that diverges does not change the divergence of the series. 


88. Let A, = a; +а +... + a, and nim, An = A. Assume У, (an + bn) converges to S. Let 


Sn = (ài + b1) + (a2 + b2) +... + (а + bn) => Sn = (ài +a2 +... + an) + (bi + bo +... + bn) 
=> ђ +b +... + Ы = 5, — А, > nim, (b; + bo +... + бр) = 5—А = УЬ, converges. This 


contradicts the assumption that У) b, diverges; therefore, У) (а; + bn) diverges. 


89. (a) 12. = 5 2=l-r>r 3;2+2(3)+2(3)°+ 
13 
> 2 3 
o El -5> 8=1-r>r=-ġ:2- 8 (8) + 8 (2-8 (5) + 
90. 1-е +e?” +... -ү15-9-1-1-6- & =! > b=In(8) 


91. s = 1 + 27 +r + 213 + 1 + 21? +... фг Hara, р = 0, 1,... 
> 8 = (1+1 +1 +... Б") + (2г + 2P +268 +... + 278) — im s = ти + 2i 
шал are 1ог|г|<1 


1-12 ° 


а a(1-r' ar? 
92.L-s,—,2,—*0-D) = зе 
, 2 2 
93. area = 22 + (/2) + (+ (5) +... 42919 be = =8п? 
= = 4 — 4\2 EN 4\n-l " 2 2 47-1 __ 
94. (а) Li = 312 =3 (4),18=3(4)°,... „1, 23(3) > ш 1, = іш 3(3) = о 


(b) Using the fact that the area of an equilateral triangle of side length s is узур, we see that A; = M 


А = Ај + (22) (4)? = У 3 Аз = Аз + 344) Уа = Ё +2 +7 


12: 2 2,2% 


Ад = Аз + 304) (33) (8)* „Аз = Av + 309? (33) (8)... 


k=2 к=> к-2 
Дін, TEN ЕЕЕ £)) - У es 5) = X5 43/3(4) = 41 +3) 
-F= tA 


10.3 THE INTEGRAL TEST 


оо b b 
1. f(x) = l is positive, continuous, and decreasing for x > 1; f 1 ах = lim f 1 dx= lim Е 
x 1х b—oo YIX b — оо х 


oo со 
(-i + 1) =1= ҮІ E dx converges — Da converges 
n= 


со b b 
2. f(x) = |, is positive, continuous, and decreasing for x > 1; f d. ах = lim f Г ах = lim Ed 
х poA b—oo YIX b 


од oo 

01 5108 _ 57 _ 1 А loa 

== , im | (ib — >) = ОО => f 502 dx diverges = У L diverges 
n= 
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b 
3. f(x) = zd is positive, continuous, and decreasing for x > 1; 44 == dx = , im | fe waa 9 , im | | нап“: | 
— ү 1үлүү-15: 1 1) = digni 
= Qum. (3tan с — ап” 11) = 1 — 5а = ЇГ == dx converges => Хан д converges 
. b . ђ 
4. f(x) = — is positive, continuous, and decreasing for x > 1; Тш = lim ах- , im [inix +4] 
х+4 b — оо 1 ru ёсоо | 
= ш (In|b + 4] — In 5) = œ = T x44 dx diverges => m та diverges 
b 
5. f(x) - e ** is positive, continuous, and decreasing for x > 1; fre P dx Qu fre -2x dx = , im че 
= ОО 1 
= lim (+) = эю = Г e7% dx converges => ye converges 
n= 
1 . ПА . : = 1 а 1 1 ы 1 b 
6. f(x) = аа? is positive, continuous, and decreasing for x > 2; 2 xay dx — p. xm dx — QUA. |- ІН : 
-01 1 1 = 
= » im ( mp as) = ds >J, F z dx converges => a Cm Ti; converges 
7. f(x) = yz is positive and continuous for x > 1, f'(x) = асах уду < 0 for x > 2, thus f is decreasing for x > 3; 
oo b оо 
1 x = Н 1 2 == 1 1 2 1 = X 
Ју ах = lim fium dx = lim [аб +], = lim (11102 +4) – Ип(13)) = oo = Ј, arg dx 
diverges => Хен == уегрев => 2 Қ ЖЕГІ -4 +2 + x торд diverges 
1 2—1nx = 


8. f(x) = mx? is positive and continuous for x > 2, f'(x) = < 0 for x > e, thus f is decreasing for x > 3; 


"P bo. b 
Г ms dx = lim fone ax, lim. posl = lim. (2(Inb) – 2(n3)) = oo > | ^ ax 


diverges => у inn! In diverges => уш шиг = + +o Inn” diverges 


n=3 
9. f(x) = ES is positive and continuous for x > 1, f'(x) = c 9 <0 forx > 6, thus f is decreasing for x > 7; 
са 2 : 522 А 2 b : —3b) — 18b — 
f Zim | а = dim |-325-15-125|- На (2.5) = 
7 e" b— oo 47 e b — oo ех еу 63 |, 505 eb/ ej 
А 3(—6b – 18) 327 : -54 327 _ 327 
= , im | (972) + =в = , im ($3) + = = = = == dx converges => 2 X converges 
Sm 36 
=> » E = 3s + E + т + E/ + 23 нэг + =e n/3 ^; converges 
n= 
= х-4 — _х-4 4 р | хүл ! _ _7=х : 
10. f(x) = смета = ui continuous for x > 2, f is positive for x > 4, and f'(x) — өсір < 0 for x > 7, thus f is 
со b b b b 
: З x—4 = : x-1 шаг 1 1 3 
decreasing for x > 8; Г CERT dx — , im | |) бар ах 1- © ax = , im | |, dx |, (ау к 


b 
= кыл Ш ej =й lim. (In[b — 1| + £24 — 1217 — 3) )=оо= foe ыр ; dx diverges 
на х па рт diverges id > тасын т = 2-7 t+04+ + = + 8 + ae зч diverges 
п=8 
11. converges; a geometric series with г = a «1 12. converges; а geometric series with r = : «1 
13. diverges; Бу the nth-Term Test for Divergence, п lim. z1-71z0 
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14. 


15. 


16. 


17. 


18. 


19. 


20. 


21. 


22. 


23. 


24. 


25. 


26. 


27. 


28. 


29. 


30. 


31. 


Section 10.3 The Integral Test 


diverges by the Integral Test; {= dx = 5іІп(п--1)-51Іһ2 = {= хїт dX — оо 


x+1 


diverges; У) = = 3 У) vs ‚ Which is a divergent p-series (p = 2) 


п=1 п=1 


oo oo 


converges; У) a= -2 Хат ‚ Which is а convergent p-series (р = 


п=1 п=1 


их 
w 


converges; a geometric series with r = i «1 


diverges; Y E --8 Y I and since xd 1 diverges, —8 уу! diverges 


n-l п=1 п=1 п=1 
diverges by the Integral Test: 1 dx = 5 (I?n — 12) = [u mx dx — оо 


t=Inx 


diverges by the Integral Test: Ї UA dx; | dt = z > | te/? dt = , im. (2е/2 - 462 4 


dx = еш 
= lim  [2е5/2 — 2) – 2e 2/2 (12 — 2)] = oo 
b — oo 


2 


converges; a geometric series withr = = < 1 
: 201 5InS _ y Ins) (5) — 
diverges; | lim. та тана epa = а M (na) С) =оо#0 


diverges; У) EC --2У il , Which diverges by the Integral Test 
п=0 п-0 
diverges by the Integral Test: ЇЇ тор 1 In(2n — 1) — ooasn — oo 
: MET X _ y 212 _ 
diverges; lim. a, = lim) 44 =, lim, у = 00 #0 


nequ 


diverges by the Integral Test: Г VEO) | : | du = ШЕ 


i. 
diverges; а lim. um = , lim, -- = lim У--0070 


в 
| 
8 


| ЯВ” ЕЭ” P 
diverges; lim an = , lim, (14 1) -620 


diverges; a geometric series with г = 5 ғ 1.44 > 1 
converges; a geometric series with г = TE 40.91 <1 
аны Еви jJ ed 
converges by the Integral lest: 3 Шок х; dunes Due — Е u 
х 
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32. 


33. 


34. 


35. 


36. 


37. 


38. 


39. 


40. 


41. 


Chapter 10 Infinite Sequences and Series 
= pim |вес“! |] = ШЕ S, Вес“ - вес“! (In 3)] = lim [cos~! (+) — вес”! (In 3)] 
b — 00 
= cos 5) (0) — вес”! (In J= Т. sec! (In 3) ғ 1.1439 


1 


со I и = ах oo 
converges by the Integral Test: ЈЕ TEE dx — 1 NON dx; Е 21 | > f тір ди 


= lim [tantu]? = lim (tan!b—tan!0)—2z—0-7 
ыша [tan ul, lm, (tan ап 0) = 5-0 = 5 


diverges by the nth-Term Test for divergence; a um, n sin (1) = nim U = lim, sinx =1#0 
n x 


diverges by the nth-Term Test for divergence; | lim, n tan (i) = шп, 0) = lim 


— + 2 (1Y — 20 — 
= , lim, sec (+) ве 0=1 #0 


. = ех : п--е Г 1 2 . 22) b 
converges by the Integral Test: | тск dx; | Шы ы > | туг Чч = lim, [tan ' u], 


= lim (tan!b-—tan !e) = 7 — tan 1 ec 0.35 
b — oo 


u = ех 
dx; | du = e* dx > йл du- Ј G- 1) du 
dx = 1 du 


) =21-2 (=) = -21n (9) ~ 0.63 


i b 2 
= im (тг = im 20(58)-284(25 E 


z/2 4 
== 217/2 __ п? т | _ Эт 
14x) ji 8и du = [4и], = (=-5) = == 


u = (ап! х 
ди = = | 7 


converges by the Integral Test: 12 Stan 7x dy. | 


“|з-х2-1 1 Га : 
diverges by the Integral Test: Г ea dx | шэнэ 5 Ї Ф = ь im [i In u] „= lim g(Inb—1n2) = 
оо b 
converges by the Integral Test: f sech x dx = 2 lim z dx = 2 ж [tan-! e 
1 boo У! т (е)? m 


=2 lim (бап! eb — tan! e) = т —2tan le ~ 0.71 
— ОО 


ос b 

converges by the Integral Test: f sech? x dx = lim 1 sech?x ах = lim [tanh x]? = lim (tanhb — tanh 1) 
! boo 7! b — оо boc 

= 1 — tanh 1 ~ 0.76 


РУДА b ь+2)* 29 
Ї ( - da) dx— lim [a In |x + 2] — In |х + 4[]; = іт In 0 -In (i); 


co,a»1 
1, а=1 


а > 1. Ifa « 1, the terms of the series eventually become negative and the Integral Test does not apply. From 


— the series converges to In (5 ) if a = 1 and diverges to oo if 


ә. Ot L, qn а1 
jum. id а lim | (b + 2) { 


that point on, however, the series behaves like a negative multiple of the harmonic series, and so it diverges. 


со b 
1 2a = х-1 — | b-1 _ гат 
Г (ет - c) dx = , lim [in a+) | = ыш, In буттук — Ш (=) ;, lim руа 
= | 1 = а= ћ 1 In (5) = ш2 if a = i and di if 
= lim, заб орет = cl = the series converges to In (2) = In2 if = 3 and diverges to 00 i 
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43. 


44. 


45. 


46. 


47. 


Section 10.3 The Integral Test 587 


ifa< i . Ifa» i , the terms of the series eventually become negative and the Integral Test does not apply. 


From that point on, however, the series behaves like a negative multiple of the harmonic series, and so it diverges. 


(a) 


nl 
| Ла аса 
Jd х 2 


(b) There аге (13)(365)(24)(60)(60) (109) seconds in 13 billion years; by part (a) s, < 1 + In n where 


n = (13)(365)(24)(60)(60) (109) = s, < 1 + In ((13)(365)(24)(60)(60) (109)) 
= 1 + In (13) + In (365) + In 24) + 2 In (60) + 9 In (10) = 41.55 


oo 


oo oo 
1 1 1 14 
No, because (ата 2 = and У, - diverges 
= 


п= 


а 


оо оо оо 
Yes. If ` a, is a divergent series of positive numbers, then (1) Уа = У) (=) also diverges and 2 < an. 


п=1 п= 


оо 
There is no "smallest" divergent series of positive numbers: for any divergent series У) a, of positive numbers 


Me 


в 
|| 


n=1 


a, 


(=) has smaller terms and still diverges. 


oo oo oo 
No, if У a, is a convergent series of positive numbers, then 2 У; а, = У) 2a, also converges, and 2a, > an. 


n-l n=1 n=1 


There is no “largest" convergent series of positive numbers. 


(a) Both integrals can represent the area under the curve f(x) = VIP and the sum sso can be considered an 


х+ 


50 
approximation of either integral using rectangles with Ax = 1. The sum sso = У) а is ап overestimate of the 
п=1 


51 
integral f gpr The sum 850 represents a left-hand sum (that is, the we are choosing the left-hand endpoint of 


each subinterval for c;) and because f is a decreasing function, the value of f is a maximum at the left-hand endpoint of 


51 50 
. . 1 1 . . 
each sub interval. The area of each rectangle overestimates the true area, thus f E dx < » SEE In a similar 


1 


21 dx. In this case, the sum sso represents a right-hand sum and because 


50 
manner, $50 underestimates the integral Ї 


f is a decreasing function, the value of f is aminimum at the right-hand endpoint of each subinterval. The area of each 


50 50 51 
. 1 1 . . Я 1 
rectangle underestimates the true area, thus 2 Jari < Ї 7145. Evaluating the integrals we find f Vend 


51 50 0 
= | Маз1)| = 2/52 — 2/2 = 11.6 and | ёх = [2 x1 = 2/51 — 24/1 = 12.3. Thus, 


5 
0 


50 
11.6 < У) —— < 123. 
n=1 


nal 


0+1 nal 2 
(b => 1000 = f^ -4 ах = p x1 cq n4 132 2 > 1000 => n > (500 + 2/2) — = 2514142 
1 


үух-1 
= "п > 251415. 
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30 oo оо 
48. (a) Since we are using 530 = У) 4 to estimate У) 5, the error is given Бу У) у. We can consider this sum as an estimate 


п=1 n=1 п=31 
of the area under the curve f(x) = 4 when x > 30 using rectangles with Ax = 1 and с, is the right-hand endpoint of 


each subinterval. e f 15 a decreasing function, the value of f is a minimum at the right-hand endpoint of each 


b 
subinterval, thus У? E « ТАҒ ах = Jim f. ах = = Шт n |- 23 = lim (- 3p + 2007 =) x 1.23 x 107. 
3 м 30 


à b—oo 


Thus the error < 1.23 x 1072. 
со b b 
(b) We want S — s, < 0.000001 => |” тах < 0.000001 — |” зах = нај Sax = lim ЕЗ 


b—oo b—oo 


= lim (—3 + xs) = ыг < 0.000001 = n > ү/ 190999 ~ 69.336 => n > 70. 


оо со b b 
49. We want 8 — sa < 0.01 > | дах <001= | dx = вв] Sdx = lim |-;5| = lim (-5 + 5h) 


8 
= <= < 0.01 = n > у50 ~ 7.071 > п>8 5 es = У) 1214195 


50. We want 5 — s, < 01 | у рак « 012 ва | ә 
— Шт (Заа! (5) - ап“ (3 )) = а - ап“ (5) < 0.1 > п> ап (5 - 0.2) А 9.867 >n > 10 = S ~ 510 
10 


l ж 
=> gla = 0.57 


п=1 


оо оо b b 
51. и тах < 0.00001 > [^ drdx = Ша], trdx = lim [- 38] = lim (- $+ 20) 


b—oo" n b—oo 


= 4 < 0.00001 = n > 1000000? => n > 1090 


b b 
52. 5-м «0012 f^ Ld < 0.01 > | гайх Jim Ј ах = Jim [диз], 


i b—oo 


= Jim ( y + хыт) = іт < 0.01 => n > eV = 1177405 => n > 1178 


п n 
53. Let An = >> ак and B, = У, Жа (о) , where {ак} is a nonincreasing sequence of positive terms converging to 
к=1 k-l 


0. Note that (A4) and (В, ) are nondecreasing sequences of positive terms. Now, 
В, = 2a» + Дал + Заз +... + 2а) = га + (Сал + Зал) + (Зав + 2аз + 2аз + Зав) + 
+ (2а) + 2a(2») Foss F 2а(»)) < 2а + 2а» + (2аз + Зал) + (2а5 + аб + 2a7 + Зав) + 
————..————— 


21-1 terms 
+ (2а(-1 + 2a(2»-141) +... + 2а(»)) = 2А(») < 2 У) ак. Therefore if X` ак converges, 
ксі 
then {Bn} is bounded above = У; 2а ә) converges. Conversely, 


An = ау + (а + аз) + (a4 + a5 + ав + ат) +... + а, < a, + 2a + 4а4 +... + 274 (2) =a + В, <а + У) 2Карху. 
k=1 


Therefore, if У? 2Ка(ох) converges, then (А, } is bounded above and hence converges. 
k-l 


54. (а) a») = ж iat XQ = 28:01) ain 5 = > 2'а(2) = » 275: EE 5 = us У) 1, which diverges 
п=2 


1 . 
-> 2 === diverges. 
= 
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ЭЭ, 


56. 


57. 


58. 


59. 


60. 


Section 10.3 The Integral Test 589 


(b) ар») = = = >. Pam =>, r- = У) an = У) (4)", a geometric series that 


n=1 n=1 n=1 


converges if set < lorp > 1, but diverges if p < 1. 


ME Rm ар р ир! р 1 —р+1 —р+1 
(а) Ї Хап xy > ped > Ја ди = т |] = т (ғ) [b ?*' — 12) РН] 
= хулгай 
оо,р« 1 


оо 


— the improper integral converges if p > 1 and diverges if p < 1. 


Forp=1: J, SG = pim [In (In х)је = pim [In (In b) — In (In 2)] = оо, so the improper integral diverges if 
— oo — оо 
р= 1. 
(b) Since the series and the integral converge or diverge together, У; г? converges if and only if p > 1. 
2 


(a р=1 = the series diverges 
(b р = 1.01 = the series converges 
(c) >. =) =} >, am гр=1 = the series diverges 


(d) р- 3 = the series converges 


nl 
(a) From Fig. 10.11(a) in the text with f(x) — 1 апд ак = t we have f : dx < 1+ 1 + i +... + 1 
<1+ fi@dx = па +1<1+1+1 +... +1 <1+ ша > ОС и +1)— та 
< (1 + 5 + 5 +... + 3 — |n n < 1. Therefore the sequence HET + 5 + i +... + 1) — Inn] is bounded above by 
1 and below by 0. 
n+l 
(b) From the graph in Fig. 10.110) with f(x) = +, 44 < Ї 1 dx = п(п + - шо 
= 0> 4, – (па + 1) –ппј= (12-319... т – (о + 0D) – (1+ 2 + 1 +... +1 — пп). 
If we define а, = 1 + 1 = 1 + 5 — Inn, then 0 > аы — a = амы < а, = {а} is a decreasing sequence of 
nonnegative terms. 
е“ < e^ for x > 1, and [e dx = lim [-e*]?= lim (–е Ре“) =е! = f. е“ dx converges by 
m E 1 b — оо 1 Бью 1 


n? 


the Comparison Test for improper integrals = У) e" = 1+ У) gy converges by the Integral Test. 


п=0 п=1 


ь 


10 со b -2 . 
() so 5 a = 197531986; Јах = ыт fix dx = tim |-52] = lim (- + 55) = зуу and 


со b b 
1 _ y; -3 — k E cs — y; 1 А.Е 
|, вк = lim Јо dx = lim | 2 | „= н zs + w0) = 200 


= 1.97531986 + 55 < s < 1.97531986 + 55% = 1.20166 < s < 1.20253 


(b) s= У E ~ 120166 + 120253 E 1.202095; error « Минии — 0.000435 


п=1 


10 ос b -319 . 
@ мо= Ð # = 1082036583; |, d dx = pim fix dx = lim |-52| = lim (-35 + abs) = зыт and 


11 


— 


= 1.082036583 + ab; < s < 1.082036583 + bg => 1.08229 < s < 1.08237 


со b b 
1 — 1; —4 — 1; 223 — y; 1 1 EN 
ЈЕ x Чх = , im | је dx = „im | 3 | ШТ. pim ( ът + md) = 5000 


(b) $ = У 5, ~ 1.08229 у 1.08237 EN 1.08233; error < 1.08237 1.08229 — 0.00004 


n=1 
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1. 


Chapter 10 Infinite Sequences and Series 


COMPARISON TESTS 


Compare with DE 2» Which is a convergent p-series, since р = 2 > 1. Both series have nonnegative terms for n > 1. For 


п=1 


2 2 
п > 1, ме have nf <n + 30 = 4 > zl 


Then by Comparison Test, Y 12730 150 converges. 


n=1 


Compare with ха =з, which is a convergent p-series, since р = 3 > 1. Both series have nonnegative terms for п > 1. For 
п=1 
оо 
п-1 
п4--2 
n=1 


1 -i А 
n > 1, we have n^ < nf + 2 => a г > пз > шү: 4 > uu; > вр. Then by Comparison Test, 


converges. 


oo 
Compare with У? Te which is a divergent p-series, since p = 1 < 1. Both series have nonnegative terms for n > 2. For 
n-2 
SEI 
n > 2, we have $m Then by Comparison Test, У; Jac diverges. 
n-2 


oo 
Compare with Уа , which is a divergent p-series, since p = 1 < 1. Both series һауе nonnegative terms for п > 2. For 


oo 
n»2,wehaven? — п < п? => z > + >a e I = 2+2. >> 1, Thus >> gH diverges 
n=2 
Compare with x = , Which is a convergent p-series, since р = 3 > 1. Both series have nonnegative terms for n > 1. 
2 cos?n 1 * > cos?n 
For n > 1, we have 0 € cos^n < 1 = “33 < ~,. Then by Comparison Test, = converges. 
n3/2 1372 "E 
n=1 
оо 
Compare with У? +, which is a convergent geometric series, since |r| = | d « 1. Both series have nonnegative terms for 
n=l E 
oo 
п > 1. Forn > 1, wehaven. 3" > 3" > E < +. Then by Comparison Test, У; E converges. 
n=1 
Compare with у“ x №. The series > E is a convergent p-series, since p = 5 3 > 1, and the series E un 
n=1 n=1 


oo 
E 45 >. 15 converges by Theorem 8 part 3. Both series have nonnegative terms for n > 1. For n > 1, we һауе 


n=1 


n? < nf = 413 < Ап“ = п + 4n? < п + Ап“ = 5n* = nf + 4n? < 5n* + 20 = 5(n* +4) = 7 
= 0+0) <5= 4 < 5 => ,/ 444 <,/5 0. Then by Comparison Test, х = converges. 


< 1. Both series have nonnegative terms for n > 1. For 


oo 
. 1 . . . . . 1 
Compare with > елі which is a divergent p-series, since р = 5 


n > 1, we have /n 212 2/n > 2 => 2/n +12 3 => п(2\/п + 2... 


2 2 n(n+2,/n +1) n+2yn +1 1 (Мп +1) п +1 1 (Мп +1) 
= n? +2nyn +п >п? 43> У > | а нуы > 1» OE > 1 fe 


= үл + > i Then by Comparison Test, >. ук! diverges. 
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9. Compare with 5 а аз» Which is a convergent р-ѕегіеѕ, since р = 2 > 1. Both series have positive terms for n > 1. lim = 


n-l п->00 
а 2 3 2 2 
= lim ŽE = lim =? = lim 235-4» = lim 61-4 = lim É 2 = 1 > 0. Then by Limit Comparison Test, 
ncs. Тт? uoo n —nm43 noo ЭП — 2n noo 6n-2 Pene y р 
oo 
2% aoa converges. 


oo 
10. Compare with У; Je which is a divergent p-series, since p — i < 1. Both series have positive terms for n > 1. lim 2 


п—0оо 1 


nil 


2 . 212000 . 2... . 2+п _ . 2n] |. . 2 . = CENE . 
= lim ——— = lim 4/55 = lim 5— = lim = lim $ = y 1 = 1 > 0. Then by Limit Comparison 
поо уп noo V 1 +2 noo 1 +2 поо 2n n—oo 2 У y р 
со 
n+l д; 
Test, >. ara diverges. 
n= 
оо 
11. Compare with Da , Which is a divergent p-series, since p = 1 < 1. Both series have positive terms for n > 2. lim = 
n= п—оо 1 
n(n4 1) 
= Jim е) — qug onem а „3842 — Jim 642 — lim É = 1 > 0. Then by Limit Comparison 
Е = 1/n gg Ш 02 +n-—1 ^ aeo -20+1 — 45460172 aob у p 
Со n(n+ 1) 
Test, » CESCE] diverges. 
12. Compare with DE эх» Which is a convergent geometric series, since |r| = E | « 1. Both series have positive terms for 
n=1 
a утат an 4^In4 ca 
ЗЕН Шы шо B dd. A | 
п >], lim pem lim po = lim зав = lim Pind = ] > 0. Then by Limit Comparison Test, 5 z% p COnverges. 


oo 
13. Compare with » уе which is a divergent p-series, since р = 1 < 1. Both series have positive terms for n > 1. lim = 


п-эоо 51 
5n 5 n eo 5n 
= lim“ = lim = = lim (5)" = oo. Then by Limit Comparison Test diverges. 
П-900 im = поо 4" n—oo (5) М р ? 2 ynn 5 
SS (2n 2 
14. Compare with У; (3) , which is a convergent geometric series, since |r| = H « 1. Both series have positive terms for 
n=1 
213)" n n 
n1. lim&-— lim G3) = lim (109+15)" — exp fim In(102515)" = exp lim nin( 10415 
Zoo Ш — MB. (Тағ) pn охо Бола (оге) 
1 а (лозе) 1 10:15 — THES ЈЕ 70n? lir 70n? 
= exp lim — == = ех im WSE — ex та = ex im o 3301 1 120 
Вав PM ie р ШІ поп E 15)(10n 8) P T00n + 2301 + 120 


— exp lim XS = = exp lim 1 B = e7/!0 > 0. Then by Limit Comparison Test, > (22) converges. 
n- 


noo noo 4 


oo 
15. Compare with У; 1, which is а divergent p-series, since p = 1 < 1. Both series have positive terms for n > 2. lim = 


п=2 n—oo Pn 
т 1 SEE 
Рика И РИД НИ (2221-12-01 2 Но : 2120 
= lim ра Jim. m= lim тт = lim п = оо. Then by Limit Comparison Test, У) г diverges. 
ae n=2 


16. Compare with 5 а а?» Which is a convergent p-series, since р = 2 > 1. Both series have positive terms for n > 1. lim р 


n 
nz п->00 


5 
noo n2 п=1 


REM = lim = = lim үг = 1 > 0. Then by Limit Comparison Test, У, In(1 + i) converges. 
E 
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17. 


18. 


19. 


20. 


21. 


22. 


23. 


24. 


25. 


26. 


27. 


28. 


29. 


Chapter 10 Infinite Sequences and Series 


diverges by the Limit Comparison Test (part 1) when compared with > Te a divergent p-series: 


1 
(та) шиг ул _ j is d 
m (=) ш a + — rom Lacs) m 
diverges by the Direct Comparison Test sincen +n +n > р + Jn +0 = - m rS г» which is the nth 


term of the divergent series У? : ог use Limit Comparison Test with b, = = 


п=1 


converges by the Direct Comparison Test; 3" < = ‚ Which is the nth term of a convergent geometric series 


converges by the Direct Comparison Test; Lügen < 2 and the p-series У? E converges 


1 5 5 2n. _ 2 
diverges since п im, зт = 370 
converges by the Limit Comparison Test (part 1) with EL , the nth term of a convergent p-series: 


mm (==) sm = 


converges by the Limit Comparison Test (part 1) with 4 =>, the nth term of a convergent p-series: 


10п +1 
: Ке) - lOh-n _ 200-1-- ү 20 _ 
п lim. é = „шп. n? +3n+2 — nim, 2n+3 = , lim, 2 10 


n 


converges by the Limit Comparison Test (part 1) with 4 а, the nth term of a convergent p-series: 


( 5n? — 3n 

па (а — 2) (12 +5) 3 

5 =. 9 5n? — 3n = 1502-3 _ 30H _ 
aim, (5) = lim. п? —2n?+5n—10 — , lim. 3n? — 4n + 5 = , im, 6n—4 =5 


Ё < (4) - (1)", the nth term of a convergent geometric series 


converges by the Limit Comparison Test (part 1) with = , the nth term of a convergent p-series: 


lim 89. = lim 4/92 = lim (1-3- 
пс 1 n — oo ^ n oo n 


(3) 


diverges by the Direct Comparison Test; n > шп = Inn > а ап = 1 < uz < amm dm п) and x d 1 diverges 
п=3 


converges Бу the Limit Comparison Test (part 2) when compared with XE 


п=1 
(In n 
n3 22 


) Е и 


=z ‚ а convergent p-series: 


lim 
n — oo (> 


7 
пе 


2 " 2(In n) i 
ay lim ша 


-2 lim 552-20 
n — oo n — oo n 


diverges by the Limit Comparison Test (part 3) with 1 ‚ the nth term of the divergent harmonic series: 


[л] = lim “= lim 


п> oo i ^ n> oo Inn n oo 1) ^ n—00 2 
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31. 


32. 


33. 


34. 


35. 


36. 


37. 


38. 


39. 


40. 


41. 


42. 


Section 10.4 Comparison Tests 593 
converges by the Limit Comparison Test (part 2) with da , the nth term of a convergent p-series: 
Еа ЕЭ ©) 
іш 52 = lim б = lim пл —8 lim  -048 lim 1 —32 lim +, =32-0=0 
п — оо (==) п оо n” п — оо (2 ) п 00 п! n — oo (ш ) n? 
05/4 4n3/4 4n3/4 
diverges by the Limit Comparison Test (part 3) with 1 ‚ the nth term of the divergent harmonic series: 
1 
шш 0585). dm а = lim 7. = lim n-oo 
поо (1) n— оо 1+шп п co (2) п = 
: ыы b : | 
diverges by the Integral Test: [г тА ах = fou du = Um, Бе Vm > (b? — In? 3) = oo 
converges by the Direct Comparison Test with E ‚ the nth term of a convergent p-series: n? — 1 > n for 
п>2 = п (п2 – 1) > п > пуп —1> 132 > 3m > ҮГЭН or use Limit Comparison Test with = 
f ny n^ — 
converges by the Direct Comparison Test with E ‚ the nth term of a convergent p-series: n? + 1 > n? 
2 3/2 п? +1 3/2 Уа 41 
= n? +1> ym’? = Jona => «um 
oo oo oo 
converges because >. E = >. = + >. => which is the sum of two convergent series: 
п= п= п= 
oo oo 
>, E converges by the Direct Comparison Test since E < E ‚апаў; эт is a convergent geometric series 
n-l n=1 
oo " oo 
converges by the Direct Comparison Test: НЕ => (+ + 1) апа EE + 4 < E + E , the sum of 
п= п= 
the nth terms of а convergent geometric series and a convergent p-series 
converges by the Direct Comparison Test: qc < 3 ‚ Which is the nth term of a convergent geometric series 
: - | 37141) ү 1 i3 22 
diverges; | lim. ( E ) = , lim, (44+ 4)=4#40 
а : 2 ыг Гүй Я А А s А 1 
converges by Limit Comparison Test: compare with У? (i) , which is a convergent geometric series with |r| = 5 < 1, 
п=1 
li (a) = li n+l __ li = 0. 
алып» (1/5 а m. n?t3n — а ШЙ. Е ЕЗ 
РЕ Қ ; = зүп А Р : " 5 1 
converges by Limit Comparison Test: compare with У? (3) , which is a convergent geometric series with |r| = < < 1, 
n=1 
28-37 gan 
А mm) O вр y (5) +1 1. 
nim, “алау” = lm. Qv 12s = lim. (орыг от 1»0. 


diverges by Limit Comparison Test: compare with DE , Which is a divergent p-series, aim, 
2112-1020 | 2 (ш2)? _ 
по 202 За 2 (ш2 — 1> 0. 


diverges by the definition of an infinite series: У In( 


п=1 


+... + (In(k — 1) – Ink) + (Ink — In (k + 1)) = —In (k + > lim Sk — —oo 
= oO 
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43. converges by Comparison Test with >. жит цагт) Which converges since >; а=) ЗЭЭ Е 1 D 1] , and 
n=2 n=2 
E 1 1-1 1 1 2 d 
в = (1-5) + (5 ЕЕЕ 5-Е кен 1 ))-515 nm sci bs (1-3) 
—n(n-1)(n-2) > n(n- 1) >! > n(n- 1) > d € «E 


44. 


45. 


46. 


47. 


48. 


49. 


50. 


51. 


52. 


53. 


54. 


= nim, {п +2)(а+Гп(а — Di - 


= lim lim 42; = lim 2-1>0 


lo и = lim, 2n43 n — oo 


n(n-1)! ^ n 


diverges by the Limit Comparison Test (part 1) with 1 , the nth term of the divergent harmonic series: 


(sin 1) 


= lim 


х 


sinx __ 1 
0 X 


diverges by the Limit Comparison Test (part 1) with 1 ‚ the nth term of the divergent harmonic series: 


1 
іт n 
а= (i) 


in i В 
= im. (gtr) Ste = йш, (ay) (m) 21:121 


х 0 


tan 


oo oo 
converges by the Direct Comparison Test: mE о, E is the product of a 


convergent p-series and a nonzero constant 


x со т оо 
converges by the Direct Comparison Test: sec ! n < 225 % а x (3) and У; (5) 2223 418 the 


product of a convergent p-series and а nonzero constant 


converges by the Limit Comparison Test (part 1) with E 2 im, 


= lim Ізет 
n- оо 1-е? 


converges by the Limit Comparison Test (part 1) with E É lim. 


diverges by the Limit Comparison Test (part 1) with I п lim. 


= Што соф п = lim 
( п — oo n = oo 


=1 


Є a) 
m " ; ghe? 


G) = lim. tanh n = „lim 


oo е+е" 


ЕД 
converges by the Limit Comparison Test (part 1) with =: nim, k | = ]im уп -1 
12 


1 


1 


1+2+3+...+п 2 (4) вэ сар 


(x 5) 


The series converges by the Limit Comparison Test (part 1) with 4; 


. 2 21200 Я 2 . 4 _ 
п lim, (5) ин nim, m+n п 2п+1 — y lim. 2 2. 
n 
1 1 6 6 : : : 
LEGS. = WEDD T aF А+) < а = Ше series converges by the Direct Comparison Test 
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55. 


56. 


57. 


58. 


59. 


60. 


61. 


62. 
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(a) If п lim, 


је —0| « 1 eI 
> а, < Е Thus, if У ; b, converges, then У) a, converges by ће Direct Comparison Test. 

(b) If п lim, Е = oo, then there exists an integer М such that for all n > М, = > 1 = а > бр. Thus, if 
У b, diverges, then У a, diverges by the Direct Comparison Test. 


оо 
Yes, У, 4% converges by the Direct Comparison Test because = < an 


п=1 


ће ы = ОО => there exists an integer М such that for all > №, = > 1 => a, > by. ІҒУ a, converges, 


then У; b, converges by the Direct Comparison Test 


У) ад converges => aim, a, = 0 = there exists an integer N such that for all n > №3 0 Са «1 = a? < an 


= У) a? converges by the Direct Comparison Test 


Since an > 0 and Што а; = oo # 0, by n term test for divergence, У) an diverges. 


5 » 2 2 2 1 Р Қ 4222009 an 
Since an > 0 and „lim ( n^ - a5) = 0, compare У ја with > 5, which is a convergent p-series; то т ire 


. 2 22 . . . 
y lim. (п? - an) = 0 = Уа, converges by Limit Comparison Test 


Let —oo <q < œ and p > 1. If = 0, then У) йал)" =>, +, which is a convergent p-series. If д Z 0, compare with 
oo (іп п)4 
$5 Where 1 « r< p, then | lim. Tr = , lim, (ша)! mand p =r > 0. Ifq < 0 => -q > 0 and іт, mur 
4 1 -1 
= lim, ин = 0. Ка > 0, г, бы” = lim, чоп) (5) G) = dim, ae. Ifg—1<031-q>0and 
2 -2(1 

jim, ны = ; = im. Ea eas = 0, otherwise, we apply L'Hopital's Rule again. | lim. - — 
= lim D та—2<0=2–—а> бапда lim WD» fig 99-0. = 0; otherwise, we 

п о0о (p-r)m- ' 4 - 92 п— оо (p-r) ne~ n= оо (р—г) ар (шар й , 


apply L'Hopital's Rule again. Since q is finite, there is a positive integer К such that q — k < 0 > k — q > 0. Thus, after К 


dq-1)--(q-ktDünm** _ qug 33-1 (4-** — 0. Since the limit is 


applications of L'Hopital's Rule we obtain 1 lim. 4 а nim, (р ээ бол” 


99 4 
0 іп every case, by Limit Comparison Test, the series У dar converges. 
n-l 


Let —oo < q < oo and p € 1. Ка = 0, then У; (ва) = У) + which is a divergent p-series. If q > 0, compare with 
n=2 n=2 
со (па)! 
> =, which is a divergent p-series. Then nim, my = „Шш. (Inn)! = oo. Ка < 0 => —q > 0, compare with 2 
(та f 
whereO<p<r<l. , lim. Tu = п lim. (шау! = j lim. та E === since r — p > 0. Apply L'Hopital's to obtain 
: (р Ч 00 t- prs ТР : (r=p)nP(Inn)* __ 
n lim. Cen ©ту = п lim Caina .12-9-1<0=9+12 0 апа lim. Cg — oo, 
otherwise, we apply L'Hopital's Rule again to obtain іт, pega = lim И 


со (-g(-a- 1) (Inn) *^(1) | n оо (-g)(-q- бал) ** 


= (r= p)n? = (rp) Pn)? _ | 
а-2<0->4--2>0 and, lim lo Са Dias? = aim, (а) = 09» otherwise, we 
apply L'Hopital's Rule again. Since q is finite, there is a positive integer k such that —q — k < 0 — q + k > 0. Thus, after 


(r— р)? — (r— p)'n*(Inn)*** 
бо (-g)-q-1)-(-q-k-c1)nn)]** пә оо (-gQ(-a-D--(-q- k^ 1) 


k applications of L'Hopital's Rule we obtain n im, = од. 
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63. 


64. 


65. 


66. 


67. 


68. 


69. 


Chapter 10 Infinite Sequences and Series 


Since the limit is oo if q > 0 or if < 0 and p < 1, by Limit comparison test, the series У) 


оо 


n 


(In n)? 
nP 


—r 


п=1 


diverges. Finally if q < 0 


and p = 1 then У (= = у; Овај“ Compare with У) 1, which is a divergent p-series. For n > 3, Inn > 1 
= n=2 


n=2 n=2 
со 


=> (пп) > 1= 


n=2 


оо 
: (Inn)? 4. 
the series У “пу diverges. 
п=1 


Converges by Exercise 61 with q = 3 апар = 4. 
Diverges by Exercise 62 with q — 1 апар = 1. 
Converges by Exercise 61 with q = 1000 and p = 1.001. 
Diverges by Exercise 62 with q — 1 апар = 0.99. 


Converges by Exercise 61 with q = —3 and p = 1.1. 


Diverges by Exercise 62 with q — -i and p — 1. 


Example CAS commands: 
Maple: 
a:=n-> 1 /n^3/sin(n)^2; 
s := k -> sum( a(n), n=1..k ); 
limit( s(k), k=infinity ); 
pts := [seq( [k,s(k)], К=1..100 )]: 
plot( pts, style=point, title="#69(b) (Section 10.4)" ); 
pts := [seq( [k,s(k)], К=1..200 )]: 
plot( pts, style=point, title="#69(c) (Section 10.4)" ); 
pts := [seq( [k,s(k)], К=1..400 )]: 
plot( pts, style=point, title="#69(d) (Section 10.4)" ); 
evalf( 355/113 ); 
Mathematica: 
Clear[a, n, s, k, p] 
ал ]:2 1/( n? Sin[nf ) 
s[k_]= Sum[ a[n], (n, 1, k}] 
points[p_]:= Table[(k, N[s[k]]}, {k, 1, pj] 
points[100] 
ListPlot[points[100]] 
points[200] 
ListPlot[points[200] 
points[400] 
ListPlot[points[400], PlotRange — АШ 


# (a)] 
# (b) 
# (c) 


# (d) 


To investigate what is happening around k = 355, you could do the following. 


N[355/113] 
М — 355/113] 
Sin[355]//N 
a[355]//N 
N[s[354]] 
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> L, Thus У) баш) diverges by Comparison Test. Thus, if —со < q < oo and p < 1, 


.semeng.ir 


Section 10.5 The Ratio and Root Tests 


N[s[355]] 
N[s[356]] 


70. (а) Let S = У}, which is a convergent p-series. By Example 5 in Section 10.2, Эг 


n ai 
n=1 
~ 1 E DON I SEM ~ (1 1 
BEY т = qup Т 2/1? тану >. TEST +5 (+ = пили] also converges. 
п=1 п=1 п=1 п=1 n=1 n=1 


(b) Since Хаа converges to 1 (from Example 5 in Section 10.2), $ = 1 + (+ - sni) 2E =1+ ашыну алт) 


597 


n(n +1) СОПУегвез to 1. By Theorem 8, 


oo oo 
(c) The new series is comparible to У ER so it will converge faster because its terms — 0 faster than the terms of da 1, 


п=1 
1000 1000 
(4) Тһе вегіев 1 + » gives a better approximation. Using Mathematica, 1 + » 


ZETT Wary 


1000000 


э + = 1.644933067. Note that Е = 1.644934067. The error is 4.99 х 1077 compared with 1 x 1079. 


10.5 THE RATIO AND ROOT TESTS 


оп+1 оо 
2 1 был | j 22 шүү 2) _ 2^ 
|, п > Oforalln > 1; tim (5 7 je Jim (пада =) = imi) =0<1= X g converges 
eH 43 3 43 1 = 
и т 
1 jim | gb) = lim (3 wea) = Jim (Зав) = Ма (3) = 1 <1 > Ue 


((n--1)-1) : 
3. ШІ > 0Ююгайп > 1; lim em) = Tim (SES ыг) = dim (SEP) = im (ашы) 
ы oo 


(n 1) сэн По di п2--40--4 КОБО 2n+4 
n 


= Ни (84) 200212 2 5 ; diverges 
noo aU +1 
2(@+1)+1 
п+1 Р .з(@+1)—1 à 2051,2 n.3n-! å 2n 4 2 2 
4, 27. »0foralln 2 1; lim| 22 2-|- lim (as r) = lim = Ш (2) =2<1 
пт oe eas И \ e323 2 lim (5553) Jim (3) 3 


oo 
n+l 
= У) = converges 


п=1 


(шы 4 n 3 
5. № > 0 foralln > 1; lim ($£) = lim (SEP) = fim (ашары!) 


n—00 b n—ooN 44 n—00 4n 
1 1 SI 
= Ша (++) =1<1= У 5 converges 
nce. п=1 


ESOS 


3(n+1)+2 
2 : Та (841) : 352.3 Inn \ _ 1; 3Inn — 
б о = 2; iim ( aut ) m Jim (525237. У i Jim (zie) i Jim ( 


) = jim (=) 


noo 


їН 


Inn 


= lim ($) 3-15 У к diverges 


noo 


(n+ 1)^((n- 1) +2)! 
n?(n +2)! 203; (n4. 820 +1 Па (1-1) (n + 3)(n 4- 2)! n!32" 2 n? + 5n? + 7n - 3 
7. Wm > Oforalln > 1; lim ШЕГЕ = jim m+n aF) — jim 9n? + 9п2 
со 
TE Зп2 +159+7 | _ |; би + 15} — ү; S edo 
- Jim ( 2712 + 18п ) = Jim (25575) Е Jim (4) =s 5224 yaa converges 
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10. 


11. 


12. 


13. 


14. 


15. 


16. 


17. 


18. 


19. 


20. 


21. 


Chapter 10 Infinite Sequences and Series 
0:50 > Of ll > 1; li an aay = ү (n+ 1):5":5 А (2n + 3) In(n + 1) 
(233) (131) хийн el ues е ЕЕ nó 
— Jim (30+1)-(22+3) | шағу _ |, (( 102 + 250 + 15 ән (141) р (200-25 En 
= Jim ( nan+5) ° Mu = Jim ( 21858. ) ' Jim (PEH) Е Jim ( unl Jim (35) 
= 20 (1+2) — "TT е п.5" . 
= lim (3). lim (347) -5. lim (1) 5-1-5»1 25 ranar i diverges 
Garay > 0 for alln > 1; jim i баз) = Jim (522) = 0<1 > Lay converges 
а" 2 dm ау — j 
Gay = >l; lim Jay = lim (4) = -0«1- Ха Gn) y converges 
(223) > 0 for all n > 2; Jim. у (223) - Jim ($223) = lim (3) =: 5 | => >) diverges 
nl , n+l 1-1/п 
[m(?--2)| >0гайа> 1; tim 1] [је + | = на[щ(е+)] =) =2>1 
оо nal 
= У) Ша + 2| diverges 
п=1 
ЕЕ зу ыз lim af # р VE \_1 28 EN 
Gym > 0 for alln > 1; lm GIO” tim (=) 5 < | Lae converges 
[sim (2) > 0 foralln > 1; [sin Gale = Ша sin Gal sin(0) =0< 1 У [sin( Ja) | converges 


(1- 1)" > Oforalln>1; lim \/ ( 1-1) у” = lim ( == е! < jou etr converges 


п=1 


ET > 0 for all n > 2; lim uu = lim (2 E) — ]im (25) =0<1> У) EE converges 
n-2 


(n+ юу? 
А А қ | 2 V3 эж 2 
converges by the Ratio Test: | lim. “+ = lim. | Ч , lim, eru J = im (1+1) v2 (3) = 
2n 


converges by the Ratio Test: lim “= = lim 
n — oo аһ п > 


. . . 2 E Е ! n . 
diverges by the Ratio Test: lim === lim = = lim Ч. = jim оо 
поо аһ поо (№) noo е п! noo е 
(шыр) 
Д 4 " a * n--T . ! п 2 
diverges by the Ratio Test: lim === lim ^^ = lim ©. № = jim = — o 
п— 00 а, n ОО (2i) n oo 10 n! n— oo 10 
(ЕР m T 
: on ani ү 10—11 | (nc-1 106005 1 AY. | 
converges by the Ratio Test: п lim, = nim, (50) = y lim. Т ^ Qm = aim, (1 + 1) (5) = <1 
1 
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22. diverges; lim an = , lim, (= = , lim, (1+ ==)" =e? +40 


23. converges by the Direct Comparison Test: nm = (2)" [2 + (=1)% < (5) "(3) which is the п term of a convergent 


geometric series 


24. converges; a geometric series with |r| = |- 5| < 1 


25. diverges; lim, аһ = , lim (1 — 3)" = „їп (1 + =)" = e™’ = 0.05 #0 


n 
=! 
26. diverges; Што a, = lim. (1 i) — ]im 14 Ga =e 1/3 == 0.72 420 
27. converges by the Direct Comparison Test: тп < += 4 for n > 2, the n" term of a convergent p-series. 
: А n/ (In ny : (dn ny")! : Inn 1 (5) 
28. converges by the nth-Root Test: nim, а, = п lim, a = nim, “ауа = п lim. a = п lim. г =0<1 


29. diverges by the Direct Comparison Test: 1 -4 === > +(+) for n > 2 or by the Limit Comparison Test (part 1) 


n 


with 1, 
30. converges by the nth-Root Test: lim, ¥/an = „lim, ү (1-3) = lim ((1- үүт = lim (1-1)-0«1 


31. diverges by the Direct Comparison Test: nn > i forn > 3 


32. converges by the Ratio Test: lim. “ = lim. алан) - л) -і<1 
33. converges by the Ratio Tes: іт == = іт, me ын ЛЕ D г =0<1 
34. converges Бу the Ratio Test: п lim, A = nim, аы? . s = 1 <1 
35. converges by the Ratio Test: п lim. | = п lim. son . a Ui x: п im, xD = 1 <1 
36. converges by the Ratio Test: „Што uu = , lim, в ашы . a = , lim, (221) (3) (223) = 2 <1 
37. converges by the Ratio Тез: lim, == = то AS . ED! = , lim, бата =0<1 
38. converges by the Ratio Test: п lim. a = aim, rns - ші - п lim. (AM) = п lim. Guy 
= im, 853) = = <1 
39. converges by the Root Test: nim, EM = nim, 7 Ta nF = nim, = п lim. uz =0<1 
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40. 


41. 


42. 


43. 


44. 


45. 


46. 


47. 


48. 


49. 


50. 


51. 


52. 


53. 


Chapter 10 Infinite Sequences and Series 


үх _ TON E 


"E PNE Пи 
converges by the Root Test: п lim, у а, = nim, Tan = nim, щй in уют 
(„йт 2) 
x : . Шо __ Inn n T 1 1 
converges by the Direct Comparison Test: Ааа — am GI) жалар өртер © ла 
which is the nth-term of a convergent p-series 
| : | аы | PH ga) y Do (3) _ 3 
diverges by the Ratio Test: ший шог п lim. порте У за = п lim. GI (3) =5>1 
2 2 

: | аш ү [n-D] | Сп _ |. (+) — р 0220-1001 
converges by the Ratio Test: п lim. = п lim. раз qp п lim. багтбаг = n im, и 4 

- - y аы ү (2n-+5)(2"*! +3) 3% +2 _ | 2045 | 2:6" 4-21 + 3.31 +6 
converges by the Ratio Test: п lim. = nim, Эт pz ` ба бај = п lim, 2013 ILII 16 
— ү 2145]. y 29442 + 3:37 +6| 1.2 _ 2 
= „Шы Е | , im, E: HE =1:5=3<1 

5 . A : (sina) a, 
converges by the Ratio Test: lim =" = lim --4-- -0-«1 

n— со А n — оо an 
(= =) an E 
converges by the Ratio Test: lim == = lim | —*—4—= lim taa — 0 since the numerator 
n— со А n — oo ап n — oo n 
approaches 1 4- 5 while the denominator tends to oo 
diverges by ће Ratio Test: lim = lim G3 — lm 3212353] 
8 у 7" пооо à поо ад ^ noo 2845 2 


= 


п+1 an = аны = (4) (e аа) = аы = (4) (==) (1-2 аһ-2) 


diverges; алы = 


= амы = (4) (==) (=) ee (2) ај ant TT an+1 тг , Which is а constant times the 


2 
general term of the diverging harmonic series 


n п-1 


converges by the Ratio Test: lim == = lim = lim 2=0<1 

П0-9 оо 4 п — oo an noo n 

Ya 

converges by the Ratio Tes: lim == = lim  -—— = lim ==>=71 

n5 O00 4 п = оо an noo n 2 

8 ( 1-і ii an 

converges by the Ratio Test: lim === lim ~--=- = lim iX» — Jim 1-0-1 

поо а n — оо an n — oo n noo n 


Ши > Оапда = 1 > a, > 0;Inn » 10forn>e! > n+Inn>n+10 = п+юп > 1 


=> а = 


n+Inn 
n+10 


diverges by the nth-Term Test: ај = 1,а = 2 $, аз = У! = м = TR 01... | 


а, = + i = lim а, = | because [ у ij is a subsequence of ү} whose limit is 1 by Table 8.1 
E п — oo 3 3 
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54. 


ЭЭ, 


56. 


57. 


58. 


59. 


60. 


61. 


62. 


63. 


64. 


65. 


Section 10.5 The Ratio and Root Tests 


: | : 1 1\2 1\2\3 1\6 1\6\4 1ү24 
converges by the Direct Comparison Test: ај = 5 , a2 = (1) ‚ аз = (9) ) = (1) ‚ад = (G) ) = (1) gine 


! 
=> a= (1)* < (i) which is the nth-term of a convergent geometric series 


: 200 аы ү 2 (n а D! Qm! |. 2(п + DG + D 
converges by the Ratio Test: п lim, ES п lim, Оп 21 юш = nim, Oni 0041) 
= n+1 1 
y lim. 2n +1 2 «1 
(3n + 3)! n! (n + 1)! (n + 2)! 


diverges by the Ratio Test: п lim. аятта ата!” Gn)! 


- : (30--333 + 2Х3п + 1) __ : Зп + 2 Зп + 11 _ == 


Aui — lim 
а п оо 


diverges Бу ће Root Test: іт ү/а, = , lim. ү ал — lim 1 оор 1 


п = оо M (mj? поо n 


іт oo e кеш S a) 


converges by the Root Test: lim 
n — oo 


< lim :=0<1 


^. п оо n 


: . 5 m . а/п __ . n . 1 "m 
converges by the Root Test: п lim. ма, = п lim. э = шп = шп этэ = 0<1 


. : . К _ . i п . п 
diverges by the Root Test: п lim, а, = , lim. an? = п lim. 170021 
. uon шй]; 13-----Qn — Dn + 1) 4? 2^ n! 00 2041 _ 1 
converges by the Ratio Test: п lim. om п lim, тата + ІЗ асы = п lim. азар =4< 1 
: 24 ____13---(2п—1) 1234-08-11) _ (2n)! 
converges by the Ratio Test: an = c; — x1 = O4 mY (8841) = gay (8811) 
; Ол + 2)! Оз)? (0-1) y Qn + DOn + 2) (^ + 1) 
=? „ш [2+ (n + DIP (3»* + 1) Qn)! =, 2200 + D? (3°+1 +1) 
201 402 +6n+2\) (1+37) | 1— 1 
= „їп. (& tent?) (бузу = 1*3=3<1 
Ratio: lim === lim 1l..." = lim ( л ) = 19 = | = no conclusion 
“noo а п оо (а + 1» 1 noo n+l 


$ 1 n = 1 afl = : 1 2 2 . 
Root „шп, Wan = lim. yp = lim Wa = а» = 1 = noconclusion 


Р 1) JP p 
Ratio: lim = = lim iL. (oo? _ | lim Inn = | lim G) = ( lim 2+! 
n= аһ n= оо (ünmn-cl)P 1 поо Іп(п--1) п — oo ER noo n 


= (IP — 1 = noconclusion 


"Emo 1 | _ 1/n _ In inn) 
Root: y lim. aan jim. Hiep = ( lim (іп "S ; let f(n) = (In n) /", then In f(n) = = 


1 
= lim Inf(n = lim 580 — lim lun sii. 22 =0 > lim (In пууг 
п oo n — oo n n oo 1 п> oo пп n => oo 
1 


= + = 1 = по conclusion 
Gig ry 07 


— : Inf(n — a0 — 1. 1 n — 
= , lim. e =е = 1; therefore „што му ag = 


converges by the Ratio Test since | lim. GD. Zigi 


n 
p n 


оо 
an < X for every п and the series У) 


п=1 


= У) а, converges by the Direct Comparison Test 


n-l 
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2 20-1) 2 
2" . 4: лађе | — y + w) | дан >n (2457 _ +: (2-48 14 
66. = > 0foralln > 1; lim (=) = lim ( . 2) = Jim ( = ) = ]im (28) = ]im (=) 


n—oo n— oo МЕТ 2n 


O р o. 
= оо > 1 => 7. diverges 


n=1 
10.6 ALTERNATING SERIES, ABSOLUTE AND CONDITIONAL CONVERGENCE 


1. converges by the Alternating Convergence Test since: un = ЈЕ > Огап > ;п> 1 >=п +-1> 10 = /п+1 > Ул 


1 di - n = im |- = 
=> Jari x Че+! S Wn; Шаш = im 7, = 0. 


оо oo 
2. converges absolutely = converges by the Alternating Convergence Test since У; |a,| = >, 55 which is а 


п=1 п=1 


convergent p-series 


3. converges — converges by св Series Test since: uy = E »0foraln21l;n»12on-cl»no3*2?3 


1 : ші Gals 
S (n+ 13"! 2n3 пут < орк > ши Eus Шаш- та = 0. 
4. converges => converges by Alternating Series Test since: uy = Gat >Oforaln>2;n>25n+4+12>n 
2 2 1 1 4 
=> ln(n + 1) > Inn = (ln (n + 1)) > (Inn) СЕТ < РР = mE < то y > ш X Ug; 
ш = ин ds? =0 


5. converges => converges by Alternating Series Test since: un 


= V > О Гога п > 1;n > 1 = 2n? +2n > n? +п +1 


— п? + 202 + 2п > n? +n? +п +1 = n(n? + 2п + 2) > п +n? n4 L2 n(( 1? +1) > (02 + 1)(n +1) 


nt : NET "IAN 
— 2A > © => Un+1 < Ш; Шаш = lim Sii 0. 
? Қ > В : 24 x 1 
6. diverges => diverges by n Term Test for Divergence since: lim d 3 -1- lim (и в = = does not exist 
п— 00 П--200 


7. diverges => diverges by n" Term Test for Divergence since: lim 5 = со => lim ( [ү 2 = = does not exist 
пс 


noo 


8. converges absolutely = converges by the Absolute Convergence Test since Y lan| = х way ;, which converges by the 
n=1 


n=1 


айы __ = 
Ratio Test, since lim = lim a -0-1 


9. diverges by the nth-Term Test since for п > 10 => 6>1 = n lim (2)" 20 = Y (1PH (5) diverges 
п=1 


d. 


10. converges by the Alternating Series Test because f(x) = In x is an increasing function of x = г; 


is decreasing 


=> Un > шц for n > 1; also un > 0 Тог n > land lim uz =0 
n= оо Inn 
11. converges by the Alternating Series Test since f(x) mx f'(x) = Іт A х «O0 when x > e => f(x) is decreasing 


ï 
=> Un > ил; also un > O forn > Тапа lim и = lim nn — lim e =0 
n— 00 noo n noo 1 
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12. converges by the Alternating Series Test since f(x) = In (1 + x“) = Ё (х) = нэ < 0 югх > 0 = f(x) is decreasing 


=> Un > щт; also un > O for n > Гапа Ши, Un = lim, In (1 + 1) = Іп ( lim, (1 + 3) -11-0 


13. converges by the Alternating Series Test since f(x) = m f'(x) = A х Зүг < 0 = f(x) is decreasing 
> uU, > U; also u, > О ога > land lim un = lim ART =0 
п — оо noo n+l 
14. di by the nth-T: T 1 ћ Зулл! — | Зулу 3 0 
. diverges by the nth-Term Test since | lim et а im. 145) === 


со со 
. n . . 
15. converges absolutely since У) |an| = У) (45) a convergent geometric series 


п=1 n=1 


. Ё 4 _1ү+1 п қ : 
16. converges absolutely by the Direct Comparison Test since | (СУ 201) =а Dra < ( 1)" which is the nth term 
of a convergent geometric series 
oo оо 
17. converges conditionally since Us > Ju > 0 and п lim. vs = 0 = convergence; but $5 |an] = У) сіз 


n=1 n=1 


is a divergent p-series 


.. . 1 . 2 А 
18. converges conditionally since ;——- TJA т ru 0 and п lim, awa = 0 = convergence; but 
1 


Me 


пл İs a divergent p-series 


oo oo 
1 . . . . 1 1 
|а| = > is а divergent series since > and 5 
24 l+yn уп — 2n 


п=1 


со oo 
19. converges absolutely since >, |а| = >, gu; and au < 2, which is the nth-term of a converging p-series 
п= = 
20. diverges by the nth-Term Test since lim x — oo 
n — oo 


1 1 


oo 
21. converges conditionally since — > > 0 апа lim 5 = 0 = convergence; but >> |а| 
n — oo 


п-3 (п--1)--3 n+ í 
n= 
S od 1 1 Sa 
= У) тіз diverges because „5 > д» and = is a divergent series 
п=1 7 : п=1 
22. converges absolutely because the series У) | 35? | converges Бу the Direct Comparison Test since || < 4 
п=1 


23. diverges by the nth-Term Test since „Што Заа =10 


(—2)"+! 
п+5? 


2 УДАМ 
^ n+5" 


24. converges absolutely by the Direct Comparison Test since | «2 (3) " which is the nth term 


of a convergent geometric series 


2 
xj 


25. converges conditionally since f(x) — + + 1 = (х) = – ( + i) < 0 = f(x) is decreasing and hence 


со 
1 


oo 
u, > и > 0 forn > Гапа lim, (5 + 1) = 0 = convergence; but У) |a| = У) 


n2 


1-0 
n 


п=1 п=1 


со 
4+5 i is the sum of a convergent and divergent series, and hence diverges 


|| 
[М 


n=1 


в 
|| 
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26. 


27. 


28. 


29. 


30. 


31. 


32. 


33. 


34. 


35. 


36. 


37. 


diverges by the nth-Term Test since lim a, = lim 10/"—1%0 
n — oo n — oo 


n — oo 


converges absolutely by the Ratio Test: „Шт, (=) = lim Есі 
3 


converges conditionally since f(x) uu f'(x) = — E 99 = < 0 = f(x) is decreasing 


=> W, uU, > Oforn > 2 and п im, =0 = convergence; but by the Integral Test, 


.. 


хіпх b — oo Inx 


1: dx. — jim (8) dx = „тп [In (n ху]; = , lim [In (In b) — In (In 2) = 


со со 
=> > |а = 
п=1 п= 


converges absolutely by the Integral Test since f ~ ап“! x) (туа) dx = Шт Бы | 
(9) = = 
(i) (x — In x) — (In x) (1 - 1) 


(x = In x? 


= ШІН | галт b)? = (цаа?! Ју =; 18)” 


converges conditionally since f(x) = Dux ->f "(x)= 


1 (в) -вх+ (52) 


Q- nx = ae 5 <0 = uy > ш > 0 when n > e and п lim. тэл 


(х= ах Inn 


| 

ums 
ші- 

Å- 


> 1 = dmn > + so that 


= 0 = convergence; butn — lnn <n = пп 


n— hz 


оо оо 
У ад = У) 12%. diverges by the Direct Comparison Test 
= п=1 


n—Inn 


: : | "TN 
diverges by the nth-Term Test since п lim, т-1%0 
oo oo n 
converges absolutely since У) |an| = У, (1)' is a convergent geometric series 
n=1 п=1 
converges absolutely by the Ratio Test: lim (“!) = lim 099075. a = їр 10 =0<1 
8 y 5y `п-— бо \ Жа / noo (tl! (1008 пр—0оо 1-1 
oo oo 
converges absolutely by the Direct Comparison Test since >. |а| = >. == — тт and = EE орь = which is the 
п= п= 
nth-term of а convergent p-series 
oo oo c 1 fi oo 
converges absolutely since У |an| = s =>. m is a convergent p-series 
n=1 n=1 n=1 


oo oo 
- . ja 1 
converges conditionally since У, 597^ = У, => Ir is the convergent alternating harmonic series, but 


п=1 п=1 


a\ Иа 
converges absolutely by the Root Test: lim уу |а, = , lim (549 | = = lim Bis 


— оо (2n)? 
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38. 


39. 


40. 


41. 


42. 


43. 


44. 


45. 


46. 


47. 


Section 10.6 Alternating Series, Absolute and Conditional Convergence 


((n + D)? „ Оп)! _ (п + 1)? 1 


: : 5 аы | — 1! 
converges absolutely by the Ratio Test: п im, - E п lim. (аа ^ (a = п lim баз? 11) ^4 < 1 
diverges by the nth-Term Test since lim |а| =. lim О! — jim Овај) 

n — oo n— oo 2"n!n п — oo Pn 

PE" (n4- D 4-2)---(4 (п = 1) ; п+1\ү1-1 _ 
= Hit 22-1 > lim, ( 2 ) =00 #0 

: : : аы | __ 1: (14-1)! (п + 11381  (2n4- 1)! 
converges absolutely by the Ratio Test: " lim PL lim. eee SER 


= (0+173 3 
= „ШЇ, mra =4<1 


шинэ vn. Уп 1 ул _ 1 1 2 
Vn - 1-4 n Jr m up ва 
(CD 
+1+ уп 


converges conditionally since 


converges; but 


oo 
decreasing sequence of positive terms which converges to 0 У) JE 
n 


У; lanl = >, та ТС VE diverges by the Limit Comparison Test (part 1) with ae ; a divergent p-series: 


n=1 n=1 


1 
: Ма 14 уп n 
lim уљу | - dim уп lim 1 =} 
n bo на п оо yn+l+yn n 0 ЛЕ 


diverges by the nth-Term Test since ,lim 


М? +n—n) = li Ла +n- п) - ( Ма 
= оо (М та ntn n) = , lim, ( HH п) ( шинэ 
= 201 1 
m jim, е = j lim, 1+1 +1 = 5 F 0 
diverges by the nth-Term Test since | lim. ца yn- Мп) = п lim. СЕН уп — Мп) С 
= lim 2 = lm — 120 


п 00 [n+ Jatin п 00 xn 


. . 1 . . ... . 
converges conditionally since 4 —————— > is a decreasing sequence of positive terms converging to 0 
g y ie aed 5 seq Р ging 


1 
=> X A converges; but | lim. = = п lim с = nim - ТЫ ТТЕ 


tol 


so that > ЖҮ Fea ce] diverges Бу the Limit Comparison Test with sd Ja which is a divergent p-series 


n=1 


converges absolutely by the Direct Comparison Test since sech (n) = = = = S « 26 = 2 which is the 


nth term of a convergent geometric series 


oo oo 
. . . : NN 2 
converges absolutely by the Limit Comparison Test (part 1): У. |а| = У, cv 
n-i п=1 
Apply ће Limit Comparison Test with 4, the n-th term of a convergent geometric series: 
2 
lim (===) = lim = = lim 22-02 
n — oo zm e n 1 
121,101 1 1 уз (уки : : : 1 
ЕТ mtp ayt- = La ату; COnverges by Alternating Series Test since: uy = 241) 
n= 
1 : нэ 
n+2>n+1> 2(n4+2)>2(n4+ 1) > (азатты < Sam => Un+1 X Ug; Jim Un = lim saa = 0. 
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oo oo oo 
48. 1+1 5-15 +5 3e — 39 — gi 44455 Lan; converges by the Absolute Convergence Test since У) |an| = >; 2 


п=1 п=1 п-1 


which is а convergent p-series 


— 0.00001 


49. Jerror| < | — 19 (2)| = 0.2 50. |етог| < |(—1)% (ту) 


51. Jerror| < e ea —2 x 10-1 52. |error| < |- D! t!| = < 1 


53. |еггог| < 0.001 => un+ı < 0.001 => < 0.001 = (п + 1)? +3 > 1000 = n > —1 + y 997 я 30.5753 => п > 31 


1 
(n+1) +3 


54. [error| < 0.001 => шн < 0.001 => в < 0.001 = (n + 1)? +1 > 1000(n + 1) => n > “ШУ 140994) уы п 
ду 998.9999 => п > 999 


55. |error| < 0.001 = шын < 0.001 > ‚ < 0.001 > (( + )d Зуп + D > 1000 


1 
(п+1) --3V/n-1) 
2 
> (уп +1) + Зу + 1–10>0= уп + 1 = 35249 5. 453-5 n4 


1000 


56. |етог| < 0.001 => шаа < 0.001 > ix ғ 5.297 x 10323228467 


mara) < 9.001 > In(In(n + 3)) > 1000 = n» —3 + e 
which is the maximum arbitrary-precision number represented by Mathematica on the particular computer solving this 


problem.. 


57. dx < ту > Оп)! > № = 200,000 => п> 5 => 1– 1 + – 4 + g 054030 


58 1 «à > Ment s n29 s 1-141-141-1114 10367881944 


59. (а) а, > any fails since 22 «4 5 
(b) Since a |а„| = 21 ) + (4)"] = >; (4)" + У (5) is the sum of two absolutely convergent 
п=1 ^ n=1 
series, we can rearrange the terms of the original series to find its sum: 


(-1-348-)-041441--4 = тр Ñh =} Із 


60. ѕо=1-1+1-1+... + 2 A = 0.6687714032 = 80--1- = 0.692580927 


61. The unused terms аге ў (= Па = (-1)*! (anı — an2) + (C1)? (a45 — аа) +... 


ј=п+1 
= (— 1)" [(а„ы — а) + (an3 — а) +...]. Each grouped term is positive, so ће remainder 
has the same sign as (—1)"*', which is the sign of the first unused term. 


n 


_ 1 1 1 1.21 
62. в = 175 237 34+... + cm => ЕЕ =>. (= К+1 т) 


Н ГЕ ИЕ 93s tae 
of the first series, hence the two series are the same. Yes, for 


„ыо шз = (1-2) ы жо жы ы + + сш + и: =1- ат 


ii) which are the first 2n terms 
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=> п lim. Sn = п lim. (1 mE гч) = 1 = both series converge to 1. The sum of the first 2n + 1 terms of the first 


series is (1- тн) + — 


кїт = 1. Their sum is lim. Sn = , im, (1 - тн) = 1. 


63. Theorem 16 states that > [ап | converges => > an converges. But this is equivalent to >: аһ diverges => У |а| diverges 
=1 п=1 


64. ја +а +... Тај < ја | + Ја] +... + [as| for all n; then У) |а,| converges => У) а, converges and these imply that 
п=1 n=1 


Me 
Me 


an| < * Jan 


5 
|| 


n=] 


65. (а) У; |an + bn| converges by the Direct Comparison Test since |an + bn| < |а| + [bn] and hence 


n=1 


>. (а, + bn) converges absolutely 
(b) 12 | converges => Y —b, converges absolutely; since Y а, converges absolutely and 


= п=1 п=1 


и [М 


8 


У`-Б, converges absolutely, we have У [an + (—b4)] = > (аа — bn) converges absolutely by part (a) 


n=1 n=1 n=1 
oo 
(c) јап | converges => |Қ ўа = EN converges — S ka, converges absolutely 
n=1 n=1 п-1 п=1 
oo 
66. If a, = b, = (—1)" — , then > (-1)" converges, but У ajb, = У) | diverges 
у ул п=1 п=1 ш 
1 1 1 
67. 51=—55=—–5%1=>, 
= 1. ced 1 1 1 1 1 docs 
= 1-46-86 i3 14 16 — 18 — 30 — 22 © — 0.5099, 
s4 = s3 + 1 я —0.1766, 
= 1 1 1 1 1 1 1 1 1 1 ЇЙ д; 
55 = $4 — 34 — 36 — 38 — 36 — 33 — 34 — 36 — 38 — 40 — 43 4475 091% 
56 = 55 + + я —0.312, 
1 1 1 1 1 1 1 1 1 1 MP 
S7 — S6 — 46 — 48 — 36 — 53 — 54 — 36 — 58 — 60 — 627 64 66 = —0-51106 


N;-1 


>, јал | м <5 
n= 


68. (a) Since У |a,| converges, say to M, for е > 0 there is an integer № such that 


N,-1 со со 
€ |» lal- Ё! |а| + У “| – }; |а| < > € У; [а < 22 Also, У; an 
п= n=N, n=N, n=N, 


converges toL <> fore > 0 there is an integer № (which we can choose greater than or equal to М1) such 
oo 
that |sy, — Ц < 5. Therefore, >, |а,| < § and |sn, — L| < 5. 
п=№ 


Copyright © 2010 Pearson Education, Inc. Publishing as Addison-Wesley. 


www.semeng.ir 


608 Chapter 10 Infinite Sequences and Series 


(b) The series 5 |a,| converges absolutely, say to M. Thus, there exists Мі such that се 
n=1 


k 
ым 


whenever К > Мі. Now all of the terms іп the sequence {|b,|} appear in {|a,|}. Sum together all of the 
№ 
n=1? 


terms in {|b,|}, in order, until you include all of the terms (|а, |) ү, and let № be the largest index in the 


oo 
< eas well = У |bn| converges to M. 


n=1 


№ 
sum У |b,| so obtained. Then 


п=1 


2 ІМ -М 


№ 
п=1 


10.7 POWER SERIES 


хээ! 


<1 > || «12 —1 <x < 1; when x = —1 ме һауе У) (—1)", a divergent 


n=1 


1. lim 
n — oo 


Unt 
u 


<1 > lim 
n — oo 


x 
oo 

series; when x = 1 we have У 1, a divergent series 
n=1 

(a) the radius is 1; the interval of convergence 18-1 < x < 1 

(b) the interval of absolute convergence 18-1 «x < 1 

(c) there are no values for which the series converges conditionally 


. , nl 
2. „їп |*#|<1 > m. a <1 = |x+5|<1 = —6 <x < —4; when x = —6 we have 
oo oo 
У) (— LY, a divergent series; when x = —4 we have 57 1, a divergent series 
n=1 n=1 


(a) the radius is 1; the interval of convergence is —6 < x < —4 
(b) the interval of absolute convergence is —6 « x < —4 
(c) there are no values for which the series converges conditionally 


3. lim |92|«1 = lim | | <1 ИЦ <1 –1<4+1<1 = -1<х< 0; ућепх = — we 
п-500 | Un п > оо | (4+0 2 2 
have У (—1)%(—1)" = у] (-1?^ = 1", а divergent series; when x = 0 we have У; (—1)' (1? = 33 (– 1", 

п=1 п=1 п=1 п=1 п=1 


а divergent series 
(a) the radius is 1; the interval of convergence is — 1 <х<0 
(b) the interval of absolute convergence is — 5 <х<0 


(с) Шеге are по values for which the series converges conditionally 


(3x — 2у"+! 
һ--1 


Un+1 
Un 


4. lim. <1 > lim. -gy <1 = |3х—2| іш, (224) <1 = |3х— 2] <1 


са п 
=> -1<3х-2<І = i <x < l; when x = i we have У) cr which is the alternating harmonic series and is 


п=1 
oo 
conditionally convergent; when x = 1 we have У? 1 , the divergent harmonic series 
n=1 
(a) the radius is 1; the interval of convergence is i <х<1 


(b) the interval of absolute convergence is i «x«l 


(c) the series converges conditionally at x — 1 


: Un : (х= 2)"+! 10" [x — 2| 
5. lim, | = <1 = lim. [uua <1 = 7g <1 = |x-2|«10 > -10<х-2<10 
oo оо 
=> —8 < x < 12; when x = —8 we have Уу (—1)", a divergent series; when х = 12 we һауе УЛ, a divergent series 
п=1 п=1 


(a) Ше radius is 10; the interval of convergence is —8 « x < 12 
(b) the interval of absolute convergence is —8 « x « 12 
(c) there are no values for which the series converges conditionally 
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5 (хуч! 
nim, (Qu 


Un+1 
u; 


«1- lim | 
n — oo 


«1 = lim |2x| «1 => |2x|<1 => – 1 <х < 1; ућепх = — 1 we have 
n — oo 


оо 


2 
У (– 1)", а divergent series; when x = 5 we have У; 1, a divergent series 


п=1 n=1 


(a) the radius is 5; the interval of и is — 1« х< 5 
(b) the interval > absolute convergence is — 5 <х< 1 


(c) there are по values for which the series converges conditionally 


: Ung : (п + Dx**! @+2) 2) (n+ 1)(n +2) 
aim, ип < 1 = nim, (43) ^ ax < 1 = Ix| „1 Um. “M+ а) E 1 = |х| < 1 
=> 1 <x < 1; when x = —1 we һауе У (—1)? = , а divergent series by the nth-term Test; when x = 1 we 


n=1 


have S па divergent series 
n+2 


n=1 
(a) the radius is 1; the interval of convergence 15 —1 < x < 1 
(b) the interval of absolute convergence 15 —1 «x < 1 
(c) there are no values for which the series converges conditionally 


(х + 2p А 


<1 > „шп EI GER 


lim «1 2 |x+2| lim, ( 


Un+1 
n — oo ц 


т) <1 > |к+2|<1 


=> —1<х+2<1 = –3<х < – 1; when x = —3 we have xd , а divergent series; when x = —1 we have 
п=1 


р)" А 
у CD , a convergent series 
n 


п=1 


(a) Ше radius is 1; the interval of convergence 15 —3 < x < —1 


(b) the interval of absolute convergence 15 —3 < x < —1 
(c) the series converges conditionally at x — —1 


3 хэн eo ік! 4 
<1 = nm. И ЕСТЕ |<1 = а аша рут) <! 


Ho) (041) «1 = |х| «3 = -3«x «3; when x = —3 we have Y c. an absolutely convergent series; 
т п=1 


mu 


lim 
з зе 6) 


when x = 3 we һауе У EL z, à convergent p-series 


п=1 
(a) Ше radius is 3; the interval of convergence is —3 < x < 3 
(b) the interval of absolute convergence is -3 < x < 3 
(c) there are no values for which the series converges conditionally 


Un+1 
u 


lim, 
п— 


ai. \п 
<1 = lim. те <1 => |x-1| inis с ен x-1|«1 


n 


=> —1<х—1<1 = 0<x< 2; whenx = 0 we have y = с ‚ а conditionally convergent series; when x = 2 


п=1 


we һауе > m , à divergent series 


әгі 
(a) Ше radius is 1; the interval of convergence 180 < x < 2 
(b) the interval of absolute convergence is 0 < x < 2 

(c) the series converges conditionally at x = 0 


хээ! 


mu xem 
(n+1)! ха 


<1 = , lim. 
n — oo 


: : 1 
y lim «1 => |x| lim, (24) < 1 for all x 


(а) the radius is со; the series converges for all x 
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13. 


14. 


15. 
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Chapter 10 Infinite Sequences and Series 


(b) the series converges absolutely for all x 
(c) there are no values for which the series converges conditionally 


заа sate 


ЕСЕЗІУШ tan < 1 for all x 


«1 = 3 |х| lim. (4 


n Un+1 ) 
n lim. u n+1 


<1 = Ш 
п — оо 


n 


(a) the radius is со; the series converges for all x 
(b) the series converges absolutely for all x 
(c) there are no values for which the series converges conditionally 


5 Чиг : 421х202 2 y 4n Y — луг 2 1 
lum, Del шп 5 таи <1 = х ат, (521) = 4х <1->:2<4 
= —} <x < 1; when x = —} we have yoo? = x: l „а divergent p-series; when x = 1 we have 

2 27 2 sn 2 са? gent p , 2 
п= == 

S гүгү 5501 
У; 2 (1) =>; 1, a divergent p-series 
п=1 n=1 
(a) the radius is 5; the interval of bd e is —5 i< x< : 


(b) the interval of absolute convergence is Е <х < 1 


(c) Шеге are по values for which the series converges conditionally 


i un ee а яаг 
п im, = <1 = "UT тыйт 8. D «1 = [x- А im (5) = Hx - <1 
oo 
=> —2 < x < 4; when x = —2 we have = C n = У) зо , an absolutely convergent series; when x = 4 we һауе 
n=1 
оо 3 а oo 
5 С = = е ‚ an absolutely convergent series. 
п=1 ` п=1 


(a) Ше radius is 3; the interval of convergence is —2 < x < 4 
(b) the interval of absolute convergence 15 —2 < х < 4 
(c) there are no values for which the series converges conditionally 


= 


: . n+l ут +з 
„Їп <1 > im, ЕВ . <1 = |х| „Мо EE. <1 = |х|<1 


=> –1<х << l; when x = —1 we have Y 


n=l 


43 ‚ aconditionally convergent series; when x = | we have 


со 
У} —_-__ a divergent series 
1 Уаз 


(a) the radius is 1; the interval of convergence 15 —1 < x < 1 
(b) the interval of absolute convergence is -1 «x < 1 


(c) the series converges conditionally at x — —1 
. Шын . xntl А n2 x 
nim, pel шш. gem «1 = |x| lim. ші; <1 5 |х| «1 


(-1)" 


уп +3 ? 


oo 
2 . — 1 = 
=> —1 <x < 1; when x = —1 we have » Tana? divergent series; when x = | we have S 


n=1 
a conditionally convergent series 
(a) the radius is 1; the interval of convergence 15 -1 < x < 1 
(b) the interval of absolute convergence is -1 < x < 1 
(c) the series converges conditionally at x — 1 
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: n+l n ; 
<1 lim, (DOES. а <1- EX dim (==) <1 > ktil 21 


Un+1 
5841 n(x +3)" 


17. п lim. 


Un 


=> х+3<5 = -5<x+3<5 = -8«x«2; vines ийн х, zs =} (—1)' n, a divergent 


n=1 n=1 
oo oo 
series; when x — 2 we have э u = » n, à divergent series 
(a) the radius is 5; the interval of convergence 15 -8 < x < 2 
(b) the interval of absolute convergence is —8 < x < 2 
(c) there are no values for which the series converges conditionally 


: Шын Р (n+ Dx?*! 4" (n? + 1) кі : (n + 1) (n2 +1) 
18. aim, Eo <i => í Uni. ДЇ (n? + 20 2) = nx 1-1 aim, n(n? + 20. + 2) <1 = |x| <4 
oo 
=> —4 < x < 4; when x = —4 we have У) шал , aconditionally convergent series; when x = 4 we һауе 5? WIL " 
n=1 n=1 
a divergent series 
(а) the radius is 4; the interval of convergence is —4 < x < 4 
(b) the interval of absolute convergence is —4 < x < 4 
(c) the series converges conditionally at x — —4 
1 Шан : vVnrlx! | эз |x| i n+1 [x] 
Pam. & 1, Ши | et ge есу ете lS es 


oo oo 
= —3 < x < 3; when x = —3 we have У; =D" n, a divergent series; when x = 3 we have У; Jn, a divergent series 


m=i п-1 
(a) Ше radius is 3; the interval of convergence is -3 « x «3 
(b) the interval of absolute convergence is -3 « x « 3 
(c) there are no values for which the series converges conditionally 


nil n 
20. lim | 4| 1 — Ші, (25250491 с] = рх +5] lim. (AEH) <1 


=> |2х +5] (=) <1 > [2+5| <1= -1<2+5<1 > –3 <x < —2; when x = —3 we have 


со 
5 (-1) «ул, a divergent series since п lim. Vn = 1; when x = —2 we have У) тп, a divergent series 
п=1 n-l 


(a) the radius is 5; the interval of convergence is -3 < x < —2 


(b) the interval 2 absolute convergence is —3 < x < —2 
(c) there are no values for which the series converges conditionally 


21. First, rewrite the series as У) (2 + (—1)")(х + 1)! = > 2(x + 1)"7! + У (—1)"(x + 1)" !. For the series 


п-1 п=1 


2+1)": lim НТ im. Brenna сто КЦ, lim 1—[x c 1| <1= 2 <x < 0; For the 
п=1 
аас ты <1 = lim, ЈЕ «1-|-1, im, 1-2|x 1| «1 

п=1 


= —2 <x < 0; when x = —2 we have У; (2 + (—1)")(—1)"7!, a divergent series; when x = 0 we have 
п=1 


У) (2 + (—1)*), a divergent series 


п=1 


(a) Ше radius is 1; the interval of convergence is —2 < x < 0 
(b) the interval of absolute convergence is —2 < x < 0 
(c) there are no values for which the series converges conditionally 
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2 Unti . (— 197132742 (x = zH . 3n Ш 
22. lim, | «1 Ках Hat) CRA 2| lim. T —9|x-2|«1 
= Ч ххк 19; when x = 17 we һауе y € Е E (- 1)" = Y x, a divergent series; when x = 5 we һауе 
п=1 n=1 ` 
SN ЈЕ 
>. = он (5 Г зу ‚ а conditionally convergent series. 


n=1 


(а) the radius 1 is 5 ; the interval of seers is <х < 19 


(b) the interval M absolute convergence is D «x« 2 


(c) the series converges conditionally at x — D 


23. lim 


п — oo 


n+l " t 
<1 > ЕҢ сонар заб) <1 > (2 «1561 
ә (1+3) = (+) | 


Ша 
Un 


=> —1 <x < 1; when x = —1 we have У, (—1)" (1 + 3 a divergent series by the nth-Term Test since 


n=1 
1 Түй) : "A = Түй 1 1 
п lim, (1 + 1) = е # 0; when x = 1 we have 2 (1 + 1) , a divergent series 


(a) the radius is 1; the interval of convergence 15 -1 < x < 1 
(b) the interval of absolute convergence is -1 < x < 1 
(c) there are no values for which the series converges conditionally 
Ga) 
() 
= —1 < x < 1; when x = —1 we have Y (—1)" In n, a divergent series by the nth-Term Test since п lim. In n Æ 0; 


n=1 


In (n + Dx?*! 


Un+1 
x" Inn 


Un 


«1 > |x| lim, (рүү) «1 > [x 1 


24. lim <1 = |x| lim 
n —> 00 пс 


<1 > Іш 
n — oo 


oo 
when x = 1 we have У; In n, a divergent series 


n-l 
(a) the radius is 1; the interval of convergence 15 -1 < x < 1 
(b) the interval of absolute convergence is -1 < x < 1 
(c) there are no values for which the series converges conditionally 


(n+ р)! хэн! 
пих! 


25. lim. «1 > |x| (tim, (14-2) (tim, @+1)) « 1 
= e|x| nim, (a+ 1) «1 = only x = 0 satisfies this inequality 


Un+1 
u; 


<1 > lim 
n — oo 


n 


(a) the radius is 0; the series converges only for x = 0 
(b) the series converges absolutely only for x — 0 
(c) there are no values for which the series converges conditionally 


mu 


<1 > nm. ВВ ОСИ РА > |x — 41 nim, (a+ 1) «1 = only x = 4 satisfies this inequality 


26. nim, n! (x — 4)" 


(a) the mis is 0; the series converges only for x = 4 
(b) the series converges absolutely only for x — 4 
(c) there are no values for which the series converges conditionally 


n+l n 1 
«12 lim | то el < 1 = 55 Ши (227) <1 > <1 [х+2 <2 


27. lim, п ИШ [шрот KD 2 


Un+1 
Un 


оо — Түй! 
= –2<х+2<2 = -4 < x < 0; when x = —4 we have У: = , a divergent series; when x = 0 we have УС", 


п=1 п=1 


the alternating harmonic series which converges conditionally 
(a) the radius is 2; the interval of convergence is —4 « x < 0 
(b) the interval of absolute convergence is —4 « x « 0 

(c) the series converges conditionally at x = 0 
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28. 


29. 


30. 


31. 


32. 
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(—2)^*!(n ЖЕ 2)(х = i 


Шы 
u (—2)" (п + Их — 1)" 


lim 
n — oo 


«1-2 Іш 
n — oo 


«1 2 2|x- 1 іш (252) «1 > 2|x- 1 « 1 


n 


n 


oo 
=> Ix-1|« i = -i«x-1«i = 1<х< 3; when x = 1 we have У (п + 1), a divergent series; when x = 3 


n-i 


we have» | (—1)"(n + 1), a divergent series 


п=1 
(a) the radius is 5; the interval of = 55 Lex <3 
(b) the interval 2 absolute convergence is 5 <х< 3 


(c) there are по values for which the series converges conditionally 


хэн! adn п)? 


2 
п 5 Inn 
(n+ D) (In(n+1)) |<1 => |х| (. lim. тїт) (от, ТЫ? <1 


2 
) <1 = |x| (от, ын <1 > |x|<1 = —1<х< 1; when x = —1 we have 


<1 > Іш 
n — oo 
(5) 
(єт) 
СІ) which converges absolutel ; when x = 1 we have 5 
5 у; 
1 


n(In n? 
п= n=1 


lim 
n — oo 


=> |х|(1) (а, 


Un+1 
Un 


ain adap? which converges 


(a) the radius is 1; the interval of convergence 15 -1 < x < 1 
(b) the interval of absolute convergence 15 —1 < x < 1 
(c) there are no values for which the series converges conditionally 


n+l п № (n) 


. х > n In (n) 
<1 = im emren а |<1 = |х : lim. 21 (oun, та) <1 


=> |х (да) <1 = |х|<1 = –1<х < 1; when x = —1 we have > | 


+] 
Un 


алп. 


" саг тэ» а convergent alternating series; 


when x — 1 we have 3 сы which diverges by Exercise 38, Section 9.3 


c 
(a) the radius is 1; the interval of convergence 15 -1 < x < 1 


(b) the interval of absolute convergence 15 -1 «x < 1 


(c) the series converges conditionally at x — —1 
li шы <= li ea a |с > (5810 а СЕИ — 52 «1 
а | а nM, | р? ^ dx-5yeu x Е X 
2n+1 
=> |х—5|<1 = -1<4x-S<1 = 1«x«3 ; when x = 1 we have У eec => суу which is 
n=1 
absolutely convergent; when x = 5 3 we have У 9 а convergent p-series 


n=1 


(а) the radius is 1; the interval of convergence is ] < х < 3 


(b) the interval of absolute convergence is 1 < x < 3 


(c) Шеге are по values for which the series converges conditionally 


: ЦЭН : Qx-D'? — 20-42 : 2n4 2 

lm, || «1 > lim. | Э" | «1 = |х + 1] lim, ыы <1-13%х-1| <1 

=> –1<3Х+1<1 = – i <x < 0; when x = — = ? we have x ША , aconditionally convergent series; 
ов a+! 1 Я 5 

when x = 0 we һауе ед AGIT >, эр гү divergent series 
п= п= 

а) the radius is 5; the interval of convergence is — 5 2 < x«0 

8 


(b) the interval E absolute convergence is — 2 <х<0 


(c) the series converges conditionally at x = — 5 
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33. 


34. 


35. 


36. 


37. 


38. 


39. 


40. 


Chapter 10 Infinite Sequences and Series 
s Un В хан 2-4-6---(2n) 5 
nim, |, | < 1=> , tm, |246 бај ту) "я «1 |х| (55) < 1 forall x 


(a) the radius is со; the series converges for all x 
(b) the series converges absolutely for all x 
(c) there are no values for which the series converges conditionally 


3.57. (2n + 1) Q(n + 1) + 1)x?? n22" 


7 (2n + 3)n 
(n + 1)22"+1 3:57. (2п + хит 


2541) ur) <1 = only 


айт, | «12 , lim, < 12 |x| im, ( 
х = 0 satisfies this inequality 

(a) the radius is 0; the series converges only for x = 0 

(b) the series converges absolutely only for x = 0 


(c) there are no values for which the series converges conditionally 


For the series 3: att xt recall 1+ 24+ -+n = nat) and 12 +22 + +n? = ма DOn D 


10516 so that we can 


Зхп+! (2n+1) 


Сау) 3 |<1 


т) хп; then lim |"! 
n — oo Un 


со n(n +1) со 
rewrite the series аз Уу Suri =}, (x 


n=1 n=1 


<1=> lim | 
n — oo 


= |x| lim ЫН <15 |х <1= —1<х< [мех = -1 we have >) (x34) C- 1)", a conditionally 


n — oo 


convergent series; when x — 1 we have > (ын a 1)» a divergent series. 


(a) the radius is 1; the interval of convergence 15 -1 < x < 1 
(b) the interval of absolute convergence 15 -1 «x < 1 


(c) the series converges conditionally at x — — 1 
Р = 2 _ ayn 2 _ vatl-yn /ntltyn _ 
З (Уаз п) (x 3)", note that уп + 1 — уп = | ТЕН ВЕТ): mien so that we 
1 1 (x-3) 4 шэн JRS . Уп! TUA ре 
can rewrite the series as 2 ley ; then п lim, «1 п lim, S | x 2 7 (зу 
утау 


= [x – 3|, lim. a conditionally 


«1 х-3|<1= 2 <х < 4; when x = 2 we have 2 M 
|х — 3| 25 JETER 


оо Vni24 И! 
= 1 

convergent series; when x = 4 we һауе У) ————, a divergent series; 
a уп+1+ Jn 


(a) the radius is 1; the interval of convergence 15 2 < x < 4 
(b) the interval of absolute convergence is 2 < x < 4 
(c) the series converges conditionally at x = 2 


: * : (n+ Гу! 3-6-9---(3n) А +1) к 2 
ыт, |e] <1= „ш. | рат ay 2500 «1-1, На, | 613 1-0) 63-8-3 
: Uns : (2:46. (2п)(2(п +1)))х "!. (2548. (За - 1) (n +2)? 4 
а | к 02-46 лу | < 17 М im, [кт Spend 
9 -5 
=> у РЕ=а 
: n : ((п + ђе — 2*(n)! : (п +1) ЈЕ] | 
п lim. rm <l> , lim. та ЕТ $ ue c1 |х| lim, p c1 c1 |х| <8& = В = 8 


Qm, yn <1= lim. у (GM) х" «12 |х| lim. (GM) «12 хе < 1= || «e2R-e 
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42. 


43. 


44. 


45. 


46. 


Section 10.7 Power Series 615 


һы, |55| «1 = lim, нэн «12 [| lim, 3<1 > (| < 1 = —4<x< Бах = – 1 we have 
(9,4) n oo n oo oo 
УЗ” Ky = У)(—1)", which diverges; at x = 1 we have У з" (1) = У1, which diverges. The series ) 3" х" 
п=0 n=0 n=0 n=0 n=0 
oo 
=>; (3x)" is a convergent geometric series when —5 < x < 3 1 and the sum is 4 Due 
n=0 
nim, |55| < l= lim, ек| <1 |е —4 lim, 1<15 |e – 4 <153 <е <5 = 3 <x < 15; 
оо oo 
at x = In3 we have У) (e^? — 4)" = >\(—1)", which diverges; at x = In 5 we have У (е5 — 4)" = 5. which 
п=0 n=0 n=0 n=0 
oo 
diverges. The series >. (e* — 4)" is a convergent geometric series when In3 « x < 115 and the sum is YS = zx 
n= 
2 2 — 1у20+2 n _ 1\2 1 
lm, || <1 => lim |SP gir <l = ® Ша «1-0-19-4- | -1|1«2 
=> 2<x-1<2 > -1<x<3;atx= = » = Y^ 1, which diverges; atx — 3 
п=0 n= 0“ п=0 
we һауе > = = 3 ЕЕ » 1, a divergent series; the interval of convergence is —1 « x « 3; the series 
п=0 п=0 п=0 
оо (х1) $ y n 
У {Se = ш is а convergent geometric series when —1 « x < 3 and the sum is 
п=0 п=0 
1 m — 4 
-1ү! Ja = | 4 mox 17 3-2х-х 
1 (5) | Ё | 
im | 1 1- lim |Ы. . «1 > SY fim ||<1 = (x41? «9  |х+ 1] <3 
п oo n oo 9п+1 (x 4- 1)" 9 п oo 
oo 
=> -3<x4+1<3 = -4<x< 2; when x = = У) 1 which diverges; at x = 2 we һауе 
п=0 п=0 
со oo 
У) = 2,1 which also diverges; the interval of convergence is —4 « x « 2; the series 
п=0 п=0 
= (x+ 1)" € 2\2. А : А 
Mo tuc Se (=) ) is a convergent geometric series when —4 < x < 2 and the sum is 
n=0 n=0 И 
1 сн 1 E 9 m 9 
27" [9-««12]  9-х2-2Х-17 8-2x- х2 
1 (+) E e 
цаг {шы m [а 
lm, |85 <1 > lim, I ' (Ur «12 |y/x-2| «22 -2« /x-2«2 = 0« ух < 
oo оо 
=> 0 <x < 16; when x = 0 we have У) (— 1)", a divergent series; when x = 16 we һауе У) (1), a divergent 
п=0 п=0 
: : | аа (ух-2ү", : ) 
series; the interval of convergence is 0 < х < 16; the series У) ( > ) is а convergent geometric series when 
n=0 
: : 1 2 1 22 
0 «х < 16 and its sum is my = E5 “тол 
nal 
lim. (A) «1 = lim (97 41 => [nx «1 2 -1<Inx «1 => e! «x < е; ућепх =e"! ore we 
п — oo — оо | (ах) 


obtain the series x 1" and $7 (—1)" which both diverge; the interval of convergence ise ! < x < e; У) (lIn х)" = DOE 


Inx 
п=0 п-0 п=0 


whene!«x«e 
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47. 


48. 


49. 


50. 


51. 


52. 


lim 
n — oo 


lim 
n — oo 


«12 HH lm l|«12 =P <1 5 х2 <2 


mu 


1 
: х? +1 ms 3 п 


=> |х| < 87 = p «x« 42: ах= = /2 we have У (1)" which diverges; the interval of convergence is 


п=0 
oo 3 n 2 
-ү2 <х < V2; the series У) (==) is a convergent geometric series when if 2<x< м2 and its sum is 
п-0 


1 1 3 


1 (29) = (EE — 5-0 
3 3 


(х2- ye | да 
2141 (х2 r1) 


om 


— 3 <x < 3: when x = c УЗ we 


oo n 
have Y 1", a divergent series; the interval of convergence is -ү3 <х< уз ; the series У) (==) 15а 
n=0 n=0 


«12 Іш 
п — oo 


1 1 


= = 2 
Ш в 


convergent geometric series when аза <х< уз and its sum is 


(x— I 2n 
n => oo 2n-l “о — 2) 


<1 > |к-3|<2 = 1<х<5; when x = 1 we have У) (1)* which diverges; 


n-l 


when x = 5 we have У (— 1)" which also diverges; the interval of convergence is 1 < x < 5; the sum of this 


n=1 


convergent geometric series is дол - = . If f(x) = 1— 1 (х– 3) + 1 (х – 3)? +... + (- 1 (х – 3)" + 


- 1 +3 1 (х—3)+. + (– 1)" n(x — 377! +... is convergent when 1 < x < 5, and diverges 


Mon x = 1 ог 5. The sum for f'(x)i is ( the derivative of = 


Gy ? 


If f(x) = 1—2(х— 3) + 1(х – 32 +... + (- 4)" – 3)" + LE S AU 


n (x3) 


ШЕ (х3)? (х 3) 1 
ке (SH 


2 


. Atx = 1 the series 2. = diverges; atx—5 


the series pen ин 2 converges. Therefore the interval of convergence is 1 < x < 5 and ће sum is 


n=1 


2 In |x — 1| +( — In 4), since f 24 т dx = 2 In |x — 1| + C, where C = 3 — In 4 when x = 3. 


. . . . 2 4 6 8 10 
(a) Differentiate the series for sin x to get cos x = 1 E + 5х жа Эх Ux +... 


7! In 
2 4 8 0 . 5 
=1-я+ж-я+я- то +... - The series converges for all values of x since 
: xm? —(2m!| _ 2 y 1 = 
п im, ағы т | =X ne база) = 0 < 1 for all x. 
: 2 2353 1 25x5 _ 27х' | 259 _ 2n = 83 | 32x5 _ 12857 | 512x? _ 2048x!! 
(b) sin2x = 2x — Sr + 5 7 + 79 пре =2Х— Gp + 75 "n tl и tee 


(с) 2sinx cosx = 2[(0- 1) + (0-0+1 - Dx + (0. 5- + 1-0+0 1) x? + (0-0—1- 2+0-0—1- 4) х? 
+ (0. + +1-0—0-25—0- 2 +0-1)х + (0-0+1- 2 +0-0+ 1 - 2 +0-0+1- 1)» 
+ (0-1 +1:0+0- 2 +0- 2 +0- 5 +0- + +0-1)х0 +... | =2|x- + №... | 


2 23х3 25х5 PIE 29х9 211x11 
=2x- Sp + 29 7 tw П! 
2 3 4 2 3 4 . . . . 
(а) (ех) 21-2: = + H. =1{х+ +++... = ех; thus the derivative of e* is ех itself 


(b) f ех dx =e*+C=x+ x + x + х + х +... + C, which is the general antiderivative of е^ 

(с) ХЕ... pet =1-140+1-1- e+ (1-2 -1-14 4-1)? 
тыла ем toed) ee и. ey то 

-(1-4-1.2--2-2-2.2-2-1-2-1)х5-.. =1+0+0+0+0+0+... 
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53. (а) 


(5) 


(с) 


54. (а) 


55. (а) 


Section 10.8 Taylor апа Maclaurin Series 


In [вес х| +С = Јапхах = Ј|х + $ + 35 + ++. = dx 


x х! x? 17х" 31х10 3 _ x? х! хб 17x8 31х10 
= > +155 + 45 + 5520 + am +... С; х=0 С-0 In|sec x| = % + 15 + 45 + 2520 dm +... 


converges when — 5 <x < 5 


sec?x — Atan х) — 


2х5 17x" 62x? = 2 2х4 17x8 62x8 
= dx £ (xs + 15 + 315 + 2835 + - 3 = РХ 5 + GF +315 converges 


мћеп — 5 <х< 5 


sec? x = (sec x)(sec x) = (1 +5 + Ж + 654... .) (1+ +5 +% +...) 

_ 2 1 5 , 61) <6 

-1- TY а a x + (в + ал t S КУ 
17х6 x8 


+ 
2 2 = 62 т 
Р о 


In [sec x + мах! + С =  зесхах = | (1+5 + 2 REEL. ы 


= x? х? 61х , 277? 2 
=х+ Зар ард өг РС= => С=0 => In [secx + tan x| 
хех { 27% (|. converges when — 7 <x < 7 

6 T 24 Т 5040 ' 72,576 ' 5 2 2 


__ d(sec x) . 5x4 61x® 2 5х3 61х5 277x" 
sec x tàn x = = ies + 54 tagte ‚) =х+ +++... converges 


when-5 <х < 5 


= 2 5x4 61x$ 2х5 
(sec хубап х) = (1+ ® + S +...) (xt P+ Rees. ) 
(шинэ 


5x? 61x? 277х' 
- ЭХ 55 + 120 + 1008 +. 


2 Т А 3 ‚ый у SSN 17 1,5 | 61 
=x+ (4 +i) t (5ta а t i tA аи 
на 


If f(x) = x anx”, then f 9 (x) = x n(n — 1)(n — 2)--«(n — (К — D) аах" and f(9(0) = К!ак 


п=0 n=k 


(0 T 
= ак = E KOR ; likewise if f(x) = У b,x", then bk = Ё ын = ак = by for every nonnegative integer К 
п=0 


617 


If f(x) = У a,x" = 0 for all x, then f (x) = Oforallx = from part (a) that a, = 0 for every nonnegative integer К 


(b) 
n=0 
10.8 TAYLOR AND MACLAURIN SERIES 
1. f(x) = e”, f'(x) = 2e” , f"(x) = 4e” , Р(х) = 8e?*; КО) = e% = 1, Р(0) = 2, f"(0) = 4, f"(0) = 8 = Po(x) = 1, 
P(x) = 1 + 2x, Po(x) = 1 +x + 2x?, Раб) = 1+x+2x?4+ 
2. f(x) = sinx, f'(x) = cos x, Ё"(х) = —sinx, f"(x) = —cosx; КО) = sin 0 = 0,Р(0) = 1, f"(0) = 0, #"(0) = — 
=> Р(х) = 0, Py (x) = x, Р(х) = x, Рз(х) = x — ix 
3. Тод = nz бод = = И == = 1n1— 0, f'( = L fd) 2—1, £"(1) 22 = Ра) = 0, 
Pix) = (х - 1), Рә(х) = (х — 1) — (х – 1)?, Ра(х) = (х – 1) – 5 (х – 1)? + 4 (х — 1) 
4. f(x) =ш(1+х), Р® = үгс = И + х) 1, f"(x) = —(1 + x) 2, f"(x) = 20 + x) 5; (0) = In 1 =0, 
(0) = 1 = 1, f” = –( 7° = -1, Е" (0) = 20) 3 = 2 => Роб) = 0, P1(x) = x, Р(х) = x — E. P3(x) = -х-% о + E 
5. је = Ореви 2 Оре о 1" WHO fO 1, f0) е Оре, уез 
mas 1, P(x) = 5 — 5 (K— 2), Pox) = 5 — 1(х – 2) + 2, 
Раб) = § — 1(х— 2) + (х – 2)? – > (x - 2? 
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618 


6. 


10. 


11. 


12. 


13. 


14. 


15. 


16. 


17. 


Chapter 10 Infinite Sequences and Series 


f(x) = (x +D, Р(х) = —(x -- 2) 2, f"(x) = 2(x + 2) 5, f"(x) = —6(x + 2) 5 f(0) = 21 = 1,10) = —2)? 
1:740 520) *— 511 (0) 5-60) = Вет Ри) верна Бај на 


2 3 
Ро 


f(x) = sin x, f'(x) = cos х, f"(x) = — sin x, f” (x) = — cos x; f (7) =зш = s ul (т) = созт = СОЯ 
(5) = — ва 1 = — 02, РУ(5) = —сов 1 = — 2 => Ро 0, Рх) = «3 (-1. 
Рик) = У XE (x— 2) – 2 (x – ) ра) = У + (x 5) – У (к— ^ 0 (к 5): 


f(x) = tan x, f'(x) = sec? x, f(x) = 2sec? x tan х, f" (x) = 2sec^ х + 4sec? x tan? x; f (=) = 
Р (5 js sec (т) =2 „1"(5) = 2sec? (1 ) tan (7 ) =4 „Р"(1) = 2sec* (т) + 4sec? (т) 
Ри) =1-+2 (х- х), Рох) =1+2(х— =) +2 (х- 2), P509 = 1+2 (х- =) +2 (х – HN 


fx) = yx = x", gx) (4) х-1?,{”(х) = (— 0х =3/2, f"(x) = ($) x52; 4) = V4 = 2, 
f'(4) = (1) 471? = 1,1'(4) = (— 1) 43? = — 4 1"(4) = (8) 45? = 3% => Рох) = 2, P6600 = 2+ 1(х — 4), 


Раб) 224-1(x—4) — d (x - 45, Ра(к) =2+1(х—-4— d (x — 4? + 4 (x — Ay? 


f(x) = (1 х), Рк) = —5 (1-3) 12, Р) = — 10 х) ?2, f"(x) = —3А – x) КО) = CA)? = 1, 
Ро = – 7? = 5, f°)  -10) ?? = — $,f"(0) = –— 0)? = — = Роб) = 1, 


и - 1х2, Рз(® = 1—5x шэн 


f(x) = e^*, f'(x) = —e^*, f"(x) = e™ , Р(х) = -е* =>... FOX) = (—1)*е—*; ко) = e-(9 = 1, f'(0) = —1, 


Е" (0) = 1, Ё7(0) = —1,...,£9(0) = (-D* > e* = 1 —х + 12 – 13 +... = У Са 
п=0 


fŒ) = хеб f'(x) = xe* + e*, f(x) = xe* + 2e* f"(x) = xe* + 36 =. {®(х) = кеке ҚО) = (0)e® = 0, 


f'(0) = 1,70) = 2, Р'(0) 23, ...,f9(0 = к x x! + 153 +... = Y) Lux 


f(x) = 1 +x)! = f'(x) = —(0 -- x), f(x) = 201 + x) 3, f"(x) = З + x) 4 =... Роб) 
= (— DFKIG + 3)7*7!; f(0) = 1, Р(0) = —1, (0) = 2, f"(0) = —3!,... ,£9(0) = (— D*k! 


> 1-x-4x-xx-.. =} = 2 (-1)х" 
f(x) ах f'(x) т25у, fx) = 60 —x)*, Р) = 18(1—х)-% =>... ї®(х) = 3(К!)(1 —x) *: 80) = 2, 
f'(0) = 3, f"(0) = 6, f"(0) = 18, ... ,£9(0) = 3(k!) 2 2 + Зх + 3х2 + 333 +... =2 + x 3x" 
sin x — 2 oa > sin = 2 cimi B > dus => xu zd ne +... 
7 со8(-х) = 7 соѕх = 7 ја ( ru =7 70 +7 di 70 +... , since the cosine is an even function 
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18. 


19. 


20. 


21. 


22. 


23. 


24. 


23. 


26. 


27. 


28. 


Section 10.8 Taylor апа Maclaurin Series 


п,2п 
Е = 5совтк= 5 У = 


п=0 п=0 


Dax)” __ 5л2х2 | 5mixi 
= 5 dn 


5лбхб 
(2n)! 2! 6! +... 


сова х = H2 = (паж +++...) + (1 хф 9-9 4)|-18 4 +... 


эһ х = “е = $ [(пехе 40 -44-)-(1-х48 -446 -4-)1-х8 8+ + +... 
xn 
m -X ба Di 
f(x) = xt — 2x? — 5x +4 => f'(x) = 4x? — 6x? — 5, f"(x) = 12x? — 12x, f" (x) = 24x — 12, ҒФ(х) = 24 
Е) (х) = 0 if n > 5; f(0) = 4, f'(0) = —5, f"(0) = 0, f"(0) = —12, f9(0) = 24, £™ (0) = Oifn > 5 


= xt — 2x? — 5x +4 = 4 — 5x 2 3 + yt = xt 2 2х3 —5x+4 
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х? , 2х--х2 gn т -6 (п) In , - H (y — тау- 
f(x) = c ГОО бүрээ @)= = бы?! Хийлч = РУС) = aa rts КО) = 0,70) = 0, f (0) =2, 
f"(0) = —6, £0) = (-1)"nlifn > 2 => хе — х? + х' — 2 +... = ` (=1)"x" 
п=2 


2, f(x) = бх, f"(x) =6 = f(x) = Oifn 4; f2) = 8, f'2) = 
2) + 2 (x 2)? + $ (x 2) 


f(x) = х? - 2x +4 => Р(х) = 3х? — 
f"Q) = 12, f"(2) = 6, £92) = 0ifn > 4 => x? 2х 4 =8 + 10(x 
= 8 + 10(x — 2) + 6(x — 2)? + (x — 2? 


f(x) = 2x? + x? + Зх — 8 = f'(x) = 6x? + 2x + 3, f(x) = 12x + 2, f" (x) = 
Г(1) = 11 f"(1) = 14, Ра) = 12,19 (= 0 п > 4 > 2x9 x 3x — 8 
= -2+4+11(x—1) + (к 1) + 12 (1 – 13 = -2+ к 1) + 7 – D? + 2(х — 1 


12x? + 2, f" (x) = 24x, f 9 (x) = 24, f (x) = 0 ifn > 5; 
—48,f(9(—2) = 24,£9(—2) = 0ifn > 5 => хе + x21 


f(x) = xt +x? +1 > f'(x) = 4x? + 2х, f"(x) = 
f(—2) = 21, # (2) = —36, f"(—2) = 50, f"(—2) = 
= 21 – 36 + 2) + 2 (x +2)? — B(x +2) + 


f(x) = 3х5 — x! + 2x? + x? — 2 = f'(x) = 15x* — 4х3 + 6x? + 2x, f"(x) = 60x? — 12x? + 12x + 2, 
f" (x) = 180x? — 24x + 12, f(x) = 360x — 24, f(x) = 360, f(x) = Oifn > 6; К—1) = —7, 
f'(—1) = 23, f"(—1) = —82, f"(—1) = 216, #(— D = —384, f ?(—1) = 360, f? (-1) = O ifn > 6 
=> 3x? x! + 2х3 +x? —2 = –—7 + 23( + 1) – £ (x + 1? + 9$ (х 1} — 388 (x + D + 280 (х + 1)? 
= —7 + 23(х + 1) — 41(х + 1)? + 36(x + 133 — 16(х + 1) + 3(х + 1)? 


f(x) = x? f'(x) = —2x 3, f"(x) = 31х74, Р(х) = 41х75 => ФО) = (—19*(n + D!x-2; 
f(1) = 1,f() = 2, f") = 31, f"(1) = —41, f? (1) = (-D'( + 1)! > 5 


‚= СА + D – 1) 


п-0 


= 1—2(х — D43(x- 1? — 4x — 13 + 


3(1 — х)-4, f"(x) = 120. – x), Р(х) = 60(1 2 x) 5 = (= #42: (1 


f™(0) = +2! > 


fx) = у => РФ) 


f(0) = 1, f'(0) = 3, f"(0) = 


12, f"(0) = 60, ... , 1 + Зх + 6x? + 10x? +... 


ix 


- = (в%2а D ха 


п=0 
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=x); 
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29. 


30. 


31. 


32. 


33. 


34. 


35. 


36. 


37. 


Chapter 10 Infinite Sequences and Series 


f(x) = ех = f(x) = ех, Р(х = ех = F(x) = ех; 2) = е?,Ғ(2)-е?,... FQ) = е? 
> ех = е? Бех — 2) + 5 (х — 2)2 + (х = $x-2» 
п=0 


f(x) = 2* = f'(x) = 2* In2, f"(x) = 2*(In 2), f"(x) = 2*(т 2) => f(x) = 2*(In 2)"; f(1) = 2, РА) = 2 112, 
f"(1) = 2n 2)2, f"(1) = 2n 2), ... , f? (1) = 20n 2)" 


22 = 2 + QIn2)(x— 1) + 20527 (y 1]2 + 202^ сүү, = у] 2% 
п=0 
f(x) = cos(2x + =), f(x) = — du. тү ЖҚҰ) = Бе ње т), 1. КА 
f(x) = 24 cos(2x + 5), oe 2°sin(2x + 2), ..;f(2) = -L f'(2) 20, 1'(5) 24, Е" (3) =0, 0 (4) = 24, 
Е (=) -0,...808(2) = (-1)2? > cos(2x + 2) 2 -1+2(х- 5) – 2(х- 5) +. 
= E 6 =a)" 
f(x) = Vx +1, fx) = 1x 4:1), f(x) = —1(x + 1) Ра) = 2(x - 1) 7, £9 @ = B(x c1) 72... 
х? 


i0) = 1,0) = 1,700) = -1, P9) = 2.1 09) = — 8. > x F= 14 ix- i$ lx — xt. 


The Maclaurin series generated by cos x is xc Gar *x2" which converges on (-оо, оо) and the Maclaurin series generated 
by 1 (—1, 1). Thus the Maclaurin series generated by f(x) = = 
n=0 
У) - x" 29. x? = —1 — 2x — 3x? — .... which converges on the intersection of (—oo, оо) and (—1, 1), so the 
п=0 п=0 


interval of convergence is (—1, 1). 


The Maclaurin series generated by e* is 2» Хо үү which converges оп (-оо, со). Тһе Maclaurin series generated by 


f(x) = (1 — x + х?)е* is given by (1 - x +x) Y E = 14 1х? + 5х3... which converges оп (-оо, oo). 


5 
1 
5 


-1) .2n4l 


Qna DÀ which converges on (-оо, оо) and the Maclaurin series 


The Maclaurin series generated by sin x is Xd 


generated by In(1 + x) is У) Ep х" which converges on (—1, 1). Thus the Maclaurin series genereated by 


So oo n-l 
f(x) = sinx - In(1 + x) is given by p son gn (> > = х? — Іх? + ixi — .... Which converges on 
n=1 


n=0 


the intersection of (—oo, oo) and (—1, 1), so the interval of convergence is (—1, 1). 


2n+1 


The Maclaurin series generated by sin x is ce n х which converges оп (-оо, со). The Maclaurin series 


oo n 2 oo n oo n 
genereated by f(x) — x sin? x is given by x a Ag > =х (5 Bons pe (È dg) 
п=0 | п=0 ` ` 


= x! — 1х5 + 2х7 +... which converges on (—оо, оо). 


Ife = У) го (x — а)" and f(x) = ех, we have f(a) = ез f or all n = 0, 1, 2, 3, ... 


п= 


ay _a)l La Sa 
= e = [678 + ELS + aa +. ека) + 25% +... atx =a 
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38. f(x) = ех = Е®(х) =e foralln 2 f™(1) = e for all n = 0, 1,2, ... 


= еб=е+ех—1)+ 5-10? + 6 (х D+.. ех D+ 


– 12 — 13 
(х P +EP 


39. f(x) = Ка) + f'(ax — а) + 58 (x — а)? + 58 (х – а) +... = Р(х) 


= f'(a) + f"(a)x — а) + 58) 3(x — a +... = f(x) = Ра) + f"(a)(x 


> £ x) = Роба) + FO) (ay — a) + ШЫП! (x = а)? +... 
= f(a) = Ка) + 0, f'(a) = f'a) + 0,... ,ҒеХа)- Гоа) + 0 


40. E(x) = f(x) — бр — by (x — а) — bo(x — a)? — Ба(х — a)? — ... — b,(x — а)" 


= 0 = E(a) = Ка) — bo => bo = Ка); from condition (b), 

lim f(x) – Ка) — (х — a) — bo(x — a)? — b3(x — а)? —...—b&(x—a? __ 0 

x—a (х – а)" m 

Р(х) — by — 2бо(х — a) — ЗЬз(х — a? — ... — nb,(x — a)! 
n(x = а)"-! 


— lim 
х а 


-0 
ЫГ” : f'(x) – 265 — 3! b3(x — a) —... = n(n — Db,(x—a)? __ 
— b = (а) = lim, 1511-2273 -0 


221! : Р(х) —-3!b3—...—n(n—1)n—2)b,x—a)? __ 
=> 62 = (а) => dim, пт Dn - 2x — ay? — 


у F(n) (x) — 
= bs = Ға) > lim, S —0 = b, = $ f™(a); therefore, 


a 


g(x) = Ка) + f'(a)(x — a) + PE (x — a! +... + EO (x — а)" = Р(х) 


2 


estes 


а) + Pe 4 - З(х — а)? + 


621 


41. f(x) = In (cos x) = f'(x) = — tan x and f"(x) = — sec? x; КО) = 0, f'(0) = 0, f"(0) = —1 > L(x) = 0 and Q(x) = — Е 


42. f(x) = ех f'(x) = (cos хув" * апа Ё” (х) = (— sin хде 5 + (cos x)?e??*; f(0) = 1, f'(0) = 1, f"(0) = 1 


= L(x) = 1 + хапі Q(x) = 1+х + 5 


43. #00 = (1— х2) 12 = f'(x) = x (1 х2) У“ and (х) = (1 — х2) ?? 


f'(0) 21 = L(x) = Тапа (х) = 1+ € 


2 


44. f(x) = соѕЅ х = f'(x) = sinh x and Ё” (х) = cosh x; (0) = 1, f'(0) = 0, #' (0) = 1 = L(x) = 1 and О) = 1 + x 


+ 3x? (1 — x2) ?? £0) = 1, f'(0) = 0, 


45. f(x) = sin x f'(x) = cos x and f"(x) = — sin x; КО) = 0, f'(0) = 1, f”(0) = 0 = L(x) = x and Q(x) = x 


46. f(x) = tan x f'(x) = sec? x and f"(x) = 2 sec? x tan x; f(0) = 0, f'(0) 


1,1' = 0 L(x) = x and Q(x) = x 
10.9 CONVERGENCE OF TAYLOR SERIES 
1. еб=1+х+%#+... 2 Еа uu ть л ӨВ =>, p 
со ху2 = nyn 
ERTE +... =) 5 => ЭЗ =1+ (=) + СВ +. 1-14 8 – => С 
п=0 n=0 
: 3 5 o^ (—1у1х2п+! ; — 8 E СЭРЛТ ҮРЭЛ 
3. 4шх-Х-1 432 --- =>, бант = 5віһ(-х)-5/(( x) — Gm zi: x RIS 
5 3 5 29 — py гаа тхүз тхү5 лхүТ со у аа 
4. мах =х- + - =>) ину — sin f = = +) = te = oer 
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5 _ т Ep 542 = ~ 10 и" _ у _ 25% | 6258 _ 15625x"? 
.OCOSX =), “Oat = COS Sx" = >. e = => Qu! 7 at a ép ee 

= i= 

3\ 1/2 
со n 7 1/2 oo (-1)" (5) со 
БА (— 1)"x 2n x3/2 = x3 2 ( 2 = (-1)"x3" 

6. соѕх = У) Qi => COS (55) = cos ((%) ) => remm =>. TO! 

n=0 n=0 n=0 


хээ x хе х? 
= 1—5 + ma zato 


9o n=l on oo n-1/,2)0 oo 2-1 n 
У. In(1 +x) =>: = +) = 2 -1) к. ) xS =D = аг А еды 
99 п,2п OO ү уу 4)2n+1 oo binds " 
8. tan !Ix = Y? co зулаа (3х4) = Y? E. — ~ CU) ээх о 6908: 243 20 _ 2187 28 ү, 
п=0 п=0 п=0 


9 =D CD'S ulus => CD) 2x Co) = 1 ЕЛ 64... 


99 n eo n+l 
10. hy = Dats ha de = 005 (By Ў ad tt Bet date 


пле=у бо хех [У ©) ш} Saxe? 4 844444 
QE п же = КУ orl а ооо. 


1» 2n+1 


eo gs ny 2n+1 n,2n43 5 7 
: 2 C- Dx PERS 2 (—1)°х?"+ (COES d ox х! x? 
12. sin x = » On = X snx-x (2 "USED = 2 mr = Х а баг ан 
п= n= 


оо 
2 (= 1)"х2" (= Ix 2n = x? x1 хб х8 х!0 
13. > Оп = у —Iteosx= 5-14) п) =* bl ae Рае 
n= 
_ xf х6 xê MU 2 52 (Dyno 
=ġ- gta wte => Qn)! 


lx 2n+1 


cpet . c з 
14. sinx = Ù Dr = sinx- x+% = = (> НТ ) х + 


2 х3 x x x? хи х3 x x x? хи 2 = (—1) xn 
= (х я 7709 +.) ХТ и“ 7070 нама? Qn DI 
лэ 
15 - == (= "х2" = > (—1)(тх)”” __ (—1)°л?"х?+1 Tx? тэх? пвх! 
. COS X = >. Qi = X COS TX = Хх >. ar = a pu “Хор s ar а 
п= n! 
16 DONA сх" 2 зу Q2 NS CI GO" «А (dye x х9 ум 
. cox = У) Omi > Х сов (х^) =x > (Оп! => О TX or a eee 
= = 
В 2n 2 4 6 8 
17. cote = аа рая р-не олак 
_ (2x)? (2x)! (2х) (2х)* m (<I xy" _ (-1) 228-1 уда 
= + 5л 26| t ga ee 1 > 2Qm! = 1+ x — Onl 


2:9 1—cos 2: 1 1 1 1 2х)? 2x) 2x) 2х)? 2x)! ху 
18. иллэг (1 E + ©? E +...) = 90 сой аш 
оо оо 
2 (18 (2хуп — (= 1)" 22n- Ix 
= >, 2-(2n)! m 2 (20)! 
п=1 п=1 
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19. 


20. 


21. 


22. 


23. 


24. 


25. 


26. 


27. 


28. 


29. 


30. 


rig = 8 (тв) =? алу 


Section 10.9 Convergence of Taylor Series 


= y PKH — x? + 2х3 + 22x44 23х85 +... 
n=0 


oo п-1 n со n—l5n,n41 5 
хї0(1--2х)-х | OY у САГ одо ee h., 
п=1 n=1 
1 = 2153 d (1 1 2 5 MES 
5 = Уу Х =1+Х+Х ++... = & (55) = ая =1+2х + 3х +... = У) пх"! = У) (п + 0х" 
п=0 п=1 п=0 
2 Ф (1 а 1 4 2 2 = 2 
ТЕРУ Фа (d) = d (==) ао Dx +... = чш 
i= 
oo 
= У) (п + 2)(п + 1)х" 
п=0 
3 5 7 
tan ix = х — 13 + l0 — Ix? +... => хїап Ix? = x(x? - Қа?) tig — F(x?) + ) 
oo 
мы. 7 1.1 1,15 2 (-1) х“ 1 
Ed cix + 3X 5x >> 2—1 
дэ 
3 5 T 
sinx=x- $ +5- 5+... = sinx cosx = {sin 2x = $ (2x 20 + 29 Qn +...) 
= 4x3 | 16x5 _ 64x7 = 2 р 2х5 _ 4х! сүх Capa aen 
=х—3З c a +... =х- 53 +45 — 315 Ко A Qnty! 


еб =1+х+% +% +... and =1 х--х2 хз... ех + т 
= ((+х+ + +.) хе.) =2+ 22 – Бо + к = Y + (= 1) )х 
п=0 
88Х-х-54-5-5-4 andcosx = +5 х 4 = cos x — sin x 
— a ts m : - 21 тг... 
2 4 6 3 5 7 2 3 4 5 6 Yi 
=(-ичи-и+...) - (< яя...) =1-х- RFR th = а аы 


со 
m (= xn 2 (=1)"х2%+! 
= -(ү Оп)! (2n4-1)! 


In(1 +x) =x — 2х? + 1х5 — 1х +... andln(1 — x) = -x — 1x? — ix? — ixt +... => In(1 +x) – In(1— x) 
= (x= bé bé its) - (ox ба = бо = bh es) ок е ре = ы”! 
п=0 


2 3 Р . 
е = 14х46 +$ +... апдйзших=х—% +ý- 5+... Ре + sinx 
= х2 x x x x! S 2 1,3 1-5 
= (1+х+ ++. )(х- + - +. )=х+х pied. 


1 


In(1 +x) =х = jx! 1х? — ixt +... and т = 1+Х + + H... => mits) — (1 +x): DA 
= (х— $x? + 13 — 1х +...) (HxH +3 +...) =x4 4x? аж... 
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31. 


32. 


33. 


34. 


35. 


36. 


37. 


38. 


39. 


40. 


41. 


42. 


43. 


1 1,7 -1уү? — 
tan !x = x — x9 + DO — 1х7 +... => (гап іх) = (tan^!x)(tan^!x) 
—É ee ee 17 За 158-2147 L—421.244 23.6 44.8 
= (х 3X + 5X 7X +...) (x 3X + 5X Ix! +...) =x 3X —45Х —105Х +.. 
x 45 х? x x4 х6 2 А А 
sin X = X — y+ 57 я... andcos x = 1 — 22 ve REA ЧИ 
— lo 221 x x у Ox (х)! = 1,3 o 61.55 _ 1247,7 
=cosx-4tsindx=3(1- 54+ - +. ..) (2x 51 то Бе.) =Х- GX + 120% — 500% +... 
х! х х! x 
88Х-0Х5-12- 2-7 апае = 1+х+ 5 + + 


2 3 
пе) + Цх- + 5- +...) + (х- + - +.) +... 


. => sin(tan 1х) = (х 2 1х3 3 1x5 - 


7 


х +. 
+. 


2 


| | 
3 5 7 
x es Y edo ро b іе. аб bà e bé ies) 


Since п = 3, then f (х) = sinx, |f? (x)| < M on [0, 0.1] = |sinx| € 1 on [0, 0.1] => M = 1. Then [Rs(0.1)| < 124% 
= 42 x 10-6 = error < 4.2 x 10-6 


Since n = 4, then f 9) (x) = ех, |f? (x)| < M on [0, 0.5] = |е*| € \/e on [0, 0.5] = M = 2.7. Then 
[R4(0.5)| < 2.7955" = 7,03 x 10-4 = error < 7.03 x 10-4 


By the Alternating Series Estimation Theorem, the error is less than RE 8 |х|? < (5!) (5 x 1074) = |x|? < 600 x 10-4 


51 
= |x| < уб x 1072 ~ 0.56968 


И созх = 1— 5 < and |x| < 0.5, then the error is less than Е; 


|= = 0.0026, Бу Alternating Series Estimation Theorem; 


2. . . . . 
since the next term in the series is positive, the approximation 1 — > is too small, by the Alternating Series Estimation 


Theorem 


_3\3 
If sin x = x and |x| < 1073, then the error is less than ue) аз 1.67 х 10779, id Alternating Series Estimation Theorem; 


The Alternating Series Estimation Theorem says Ко(х) has the same sign as — E. Moreover, x « sin x 


=> 0 <віпх-х- об) > x«0 = –1073 <х <0. 


М1+х=1+5— x + x = . By the Alternating Series Estimation Theorem the 
= 1.25 x 107 
(0.1) 3 . 
=|% I< 2 104) < 1.87 x 1074, where с is between 0 and x 
3 
(х) = |45 < өп. = 1.67 x 1074, where с is between 0 and x 
2 4 6 5 
sin? x = (езу 2 1 — 1 cos 2x = 5 (1 СОМЫ Ж " = 2х zx à 2 
=> £ (еш? х) = 4 (5 Zx pum a) = 2х 23 + са? Gry +... = 2sin x cos x 


3 5 
= 2x 20 VOS _ ОУ р. 


Л = sin 2x, which checks 
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44. 


45. 


46. 


47. 


48. 


49. 


50. 


51. 


52. 


Section 10.9 Convergence of Taylor Series 625 


: 2 4 6 8 5 т 
cos? x = cos 2х + sin? x = (1 em) + 29 с. + e 4 mM + (= 2 + = Е + ај 


эн 2х? 23х4 25х6 =. 2 „6 1 48 
=l- s+ gr te 5l Ex asX + 355% 


A special case of Taylor's Theorem is f(b) = f(a) + f'(c)(b — a), where c is between a and b = f(b) — f(a) = f'(c)(b — a), 
the Mean Value Theorem. 


If f(x) is twice differentiable and at x = a there is a point of inflection, then f"(a) = 0. Therefore, 


L(x) = Q(x) = Ка) + f'(a)(x — а). 


(а) f" < 0, f'(a) = 0 and x = a interior to the interval I = f(x) — Ка) = Pun (x — а)? < 0 throughout I 
= f(x) € f(a) throughout I => fhasalocal maximum at x = a 
(b) similar reasoning gives f(x) — f(a) — x (x — а)? > 0 throughout I = f(x) > Қа) throughout I => f has a 


local minimum at x — a 


fx) = (1—3)- = Рбд= а – 3)? => f") 220 x)? => fO) = 60 х) 
(х) = 24(1 — х)-5; therefore ele xt +x’. |х < 0.1 > 10 < < 10 = [= 


11 1-х 9 


=) 


тах E (x) x* 


5 
=> те <x! (2) => the error еҙ < 


< (0.1)! (19)? = 0.00016935 < 0.00017, since је 


22 1 
(1-х) |" 


(1-х) 


(a) f(x) = (1+ х) = f'(x) = Ка + x)! = fa) = КК — D( + 39*72; КО) = 1, f'(0) = К, and f"(0) = k(k — 1) 
= О(х) = 1 + кх + “4 
(b) [Ro(x)| = |202 х3| < dg = || < ту = 0 «x < із rO < х < 21544 


(а) Те Р=х + т |x| = Р— | < .5 x 107? since P approximates т accurate to п decimals. Then, 
P + sin P = (m + x) + sin (m + x) = (m + x) — sin x = 7 + (х — sin x) = |(P + sin P) — 7| 
0.125 


= |sinx — x| < к < x 10^ < .5 x 10" = Р + sin Р gives an approximation to 7 correct to Зп decimals. 


If f(x) — 5 anx”, then Ё® (х) = 52 n(n — 1)(n — 2). (па — К+ Пах"- and f(9(0) = К! ак 


п=0 n=k 
(k) "NA ЭР : Е : Я 
=> ак = о for К a nonnegative integer. Therefore, the coefficients of f(x) are identical with the corresponding 


coefficients in the Maclaurin series of f(x) and the statement follows. 


Note: Ғеуеп > К—х) = f(x) => -Ғ(-х)- f(x) > f(-x) = -Ғ(х) = f' odd; 

f odd К—х) = —f(x) —f'(—x) = —f'(x) = Р(—х) = fx) = Ғ even; 

also, f odd = f(—0) = #0) 2f(0) = 0 10) = 0 

(a) If f(x) is even, then any odd-order derivative is odd and equal to 0 at x = 0. Therefore, 


а = аз = a5 =... = 0; that is, the Maclaurin series for f contains only even powers. 


(b 


ши 


If f(x) is odd, then any even-order derivative is odd апа equal to 0 at x = 0. Therefore, 


ад = аз = ац =... = 0; that is, the Maclaurin series for f contains only odd powers. 


53-58. Example CAS commands: 


Maple: 
f := x -> I/sqrt(1+x); 
x0 := -3/4; 
= 3/4; 
# Step 1: 
plot( f(x), x=x0..x1, title="Step 1: #53 (Section 10.9)" ); 
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# Step 2: 

P1 := unapply( TaylorApproximation(f(x), x = 0, order=1), x ); 

P2 := unapply( TaylorApproximation(f(x), x = 0, order=2), x ); 

P3 := unapply( TaylorApproximation(f(x), x = 0, order=3), x ); 

# Step 3: 

D2f := D(D(f)); 

D3f :- D(D(D(f))); 

D4f :- D(D(D(D(f)))); 

plot( [D2f(x),D3f(x),DAf(x)], x=x0..x1, thickness=[0,2,4], color=[red,blue,green], Ше=" Step 3: #57 (Section 9.9)" ); 

cl := x0; 

МІ := abs( D2f(c1) ); 

c2 := x0; 

М2 := abs( D3f(c2) ); 

c3 := х0; 

МЗ := abs( D4f(c3) ); 

# Step 4: 

КІ := unapply( abs(M1/2!*(x-0)^2), x ); 

R2 := unapply( abs(M2/3!*(x-0)43), x ); 

КЗ := unapply( abs(M3/4!*(x-0)^4), х ); 

рок [R1(x),R2(x),R3(x)], x=x0..x1, thickness=[0,2,4], color=[red,blue, green], Ше=" Step 4: #53 (Section 10.9)" ); 

# Step 5: 

ЕІ := unapply( abs(f(x)-P1(x)), х ); 

E2 := unapply( abs(f(x)-P2(x)), x ); 

E3 :z unapply( abs(f(x)-P3(x)), x ); 

plot( [E1(x),E2(x),E3(x),R1(x),R2(x),R3(x)], x=x0..x1, thickness=[0,2,4], со]от=[теа Бе, green], 
linestyle=[1,1,1,3,3,3], titlez" Step 5: #53 (Section 10.9)" ); 


# Step 6: 
TaylorApproximation( f(x), view=[x0..x1, DEFAULT], x=0, output=animation, order=1..3 ); 
L1 := fsolve( abs(f(x)-P1(x))20.01, х=х0/2 ); # (a) 


КІ := fsolve( abs(f(x)-P1(x))20.01, х=х 1/2 ); 
L2 := fsolve( abs(f(x)-P2(x))=0.01, х=х0/2 ); 
R2 := fsolve( abs(f(x)-P2(x))20.01, х=х 1/2 ); 
L3 := fsolve( abs(f(x)-P3(x))20.01, х=х0/2 ); 
КЗ := fsolve( abs(f(x)-P3(x))20.01, x=x1/2 ); 
plot( [E1(x),E2(x),E3(x),0.01], x=min(L1,L2,L3)..max(R1,R2,R3), thickness=[0,2,4,0], linestyle=[0,0,0,2], 
color=[red,blue,green, black], view=[DEFAULT,0..0.01], title="#53(a) (Section 10.9)" ); 
absCf(x) -P^[1](x) ) <= evalf( E1(x0) ); # (b) 
absCf(x) - P^[2](x) ) <= evalf( E2(x0) ); 
absCf(x) - P^[3](x) ) <= evalf( E3(x0) ); 
Mathematica: (assigned function and values for a, b, c, and n may vary) 
Clear[x, f, c] 
х ]= (1+ xy? 
(a, b}= {—1/2, 2); 
pf-Plot[ Их], (х, a, b}]; 
poly1[x_]=Series[f[x], {х,0,1 } ]//Normal 
poly2[x_]=Series[f[x], {х,0,2 } ]//Normal 
poly3[x_]=Series[f[x], {х,0,3 } ]// Normal 
Plot[(f[x], poly1[x], poly2[x], poly3[x]}, (x, a,b}, 
PlotStyle — (RGBColor[1,0,0], RGBColor[0,1,0], RGBColor[0,0,1], RGBColor[0,.5,.5]}]; 
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The above defines the approximations. The following analyzes the derivatives to determine their maximum values. 

f"[c] 

Plot[f"[x], (x. a, b}]; 

f"[c] 

Plot[f"[x], (x, a, b]]; 

f"[c] 

Plot[f""[x], (x, a, b}; 
Noting the upper bound for each of the above derivatives occurs at x = a, the upper bounds m1, m2, and m3 can be defined 
and bounds for remainders viewed as functions of x. 

т1=# [а] 

m2=-f"[a] 

m3=f""[a] 

rl[x ]9ml x? /2! 

Plot[r1 [x], (x; a, b}]; 

r2[x_]=m2 x? /3! 

Plot[r2[x], (x; a, b}]; 

r3[x ]2m3 x? /4! 

Plot[r3[x], (x, a, b]]; 
A three dimensional look at the error functions, allowing both c and x to vary can also be viewed. Recall that c must be a 
value between 0 and x, so some points on the surfaces where c is not in that interval are meaningless. 

Plot3D[f [c] x? /2!, (x, a,b], (c, a,b], PlotRange — AII] 

Plot3D[f"[c] x? /3!, (х, a, b], (c, a, b), PlotRange — АШ 

Plot3D[f"[c] x^ /4!, (x, a, b), (c, a, b), PlotRange — АШ 


10.10 THE BINOMIAL SERIES 


і аъ aiding CD? , 04-09 разказа 

2. Q4 xy 2 14 Ix4 (Се " Ole ы += ltiz iti... 

3 ü-32-1-ic94 СШ СУ aE аа... 

4. (1-23)? =14 3¢ xy + Феде | EYED =1—х—х2—1х9 

5. (145) 2-1-2() ОЭ , СОСО) у six 32158 

6. (1-5) =1+4( 1) + LOCI ,eoocp , exec? o, =1— 50424 — д 
п (14938112 СОСО, СОСО р asus sa 

8. (1452) P =1- 1x4 Cu Єз) e» cu СС _ е I + 2xt— хб +... 

5 (улі Гын 121 Л тэтгэн 
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11. 


12. 


13. 


14. 


15. 


16. 


17. 


18. 


19. 


20. 


21. 


22. 


Chapter 10 Infinite Sequences and Series 


1 4 
y x ex^ =x(1 ( + Gs 5 


(1 + х)* = 1+4 + ®@= + 0000 ИК — 1 + Ax + 6x? + 4x3 + xt 


2 23 
(14-52) —14 3), 9907. | ФЕТ — 1 + 3х2 4 3x4 + x8 


(1 — 2x = 1 + 3(-2x) + ӨӨХ-257 4 GGXDC2X* — 1 — 6x + 12x? — 8х3 


х 2 2 х 
(1 2 хү! = 1+4 ( x) + шинэ 5) + (4)(3)(2) ( zr + BOOMs x)! =1—2х+ 3 х2 2 1х3 4 1.4 


0 


02 02 А T А 5 0.2 4102 
Ї 42. (“-4аш-.)ж-|5- Жа... ЕЕ А 0.00267 with error 


0.2 0.2 0.2 
eta] 1 х? x xt x x? x? 
J, ef 3(1-х45-054 ---1)4-1,(-143-0- 5-4) 
i.d 0.2 22 
= E d$ ig F ig] р = —0.19044 with error |Е| < = 0.00002 


0.1 


0.1 0.1 Р А x | 
Ї т ax = ff (1-449 -...)dx=[x-54...] ~ [$07 & 0.1 with error 
|E| < &” = 0.000001 


|“ ЖЛЕ. ax= f^ (1+ 2 


|E| < €25* 4 0.0000217 


01 , 0.1 UE : . | 0.1 : 2104 
sin x 2 х ж = x x x -— ес А x 
I х dx- f (1- ЕД м 7 +...) dx = Е 3-31 75-51 +. ad Е on + 25 


~ 0.0999444611, |Е| < GP- ~ 2.8 x 107"? 


Ы 2 n 2 xt х хэ x? x х! ын A x x 
f, exp(-x?) dx = | (1 X + 5 apta 5 dte ага! = [x- +1 


~ 0.0996676643, |E| < GP = 4.6 x 10:72 


(1+ xt)? = = (1)! гэ G) (1)-/2 (xt) + lt С 5) гу” 3/2 (х 4) + (5) (3) (=) (1)-5/2 Gy? 


+C a) (- 2) (- 3) (772 (x4)4 +... M к ке =. +... 


| 1 x x8 x2 5x16 des х5 ab 
NIC 51618 +-- xS XF ИЕ 


< ©” 24 1.39 x 107" 


9 


12 co ! 1 х2 хо x x8 РӨЛІ |Б: x? x? х! х Т 
f. = ) dx = 1 (1 4! + 6! 8! + 10! i) dx = E 3-4! T 5-6! 7-8! T 2 0 
яз 0.4863853764, |Е| < тім = 1.9 x 10719 


1 Р 1 А 8 12 5 9 13 1 
: ЛовФа-/(1-%%5-5-.. «= | ‘or eal шилээ = |error| < түт ~ -00011 
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24. [cos (жып 


= |етог < 


{10 


25. и (2-5 E 
= |error| < 74, ~ 0.000013 


nj 


zx ғз 0.000004960 


26. Код = Ј (e - 6 f 


3 5 T 


~ 


d 3 5 7 
27. (a) nm 
(b) [етой < 55; ~ .00089 when F(x) ~ 5 


28. (a) во) = f (1–1+5—5+..) dt 
= |error| < 95) ~ .00043 
(b) lerror| « z ~ .00097 when F(x) z x — 


29. $^ -ü x) &((1+х+ + +..)-1-х) 


= lim. (1 ++. je 


30. 1 (ех —e*)- 


9 
х х х х 
509 5 * 7-2! 9-3! id 


(1-х-5444 96- ) (1 x+ 


з. 1 (1 cost )-4 


32. d 0-5 Е 


33. s (У — ап"! у) = 3 ly (у 


=i 
773 
3 5 
y y 
24 кап Ту— ту _ б 393 
: ylcoy ^ 
= lim tan y—siny 


y—0 y? cos y 


35. x? (3 + a) = x? ( 


2) = 1+ = - +... => lim, x? (ec — 1) 
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1 
e й 6 
i tay 4-61 + 5-81 ale 
05 x ox x хи 
15:71 te |8 te 
6 С 9 в 013 Е 
stay 931 + им 135 ТС б 
133; © 0.00064 
* x x (0.56 ~, 
| ат |еггог| < © ~ .00052 
х 15 x? 
78 +. +(=1) 31-32 
й t 7 х2 x х! х? 
44 + 55 С: 2 + 32 — 4 + 52 
31 x? 
+... +CD% р 
— | х х2 : ех — (1-х) 
+++... > іш б; 
3 4 3 5 7 
sta HE (xt ар +++... 
lim, (2+ 3+ 3434...) =2 
х — оо 3! 5! 7! Uem лтт 
2 
2 1-cost- (5 
1 2 : 2 
Sota f+ = lim, 518) 
03 
1 өз gi 51200-0 + 5 
“детте Jum 7 (5) 
А 2 А 
Ус ах y-tan у _ ji Пану. Уш 
Toy ds 3 -. (1 sc ) 
-...) (-4+4F- ) 
= cos y 
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36. 


37. 


38. 


39. 


40. 


41. 


42. 


43. 


44. 


45. 


46. 2 


47. 


48. 


49. 


50. 


51. 


52. 


Chapter 10 Infinite Sequences and Series 
4 1 = 1 1 1 = 1 1 
(x + 1) sin (=) =«+D(44 зх) + 51617 - = 1— suu su 
: : 1 = Я 1 1 22 
= , lim, (x 4 I) sin (11) — хи, (1 ЗИ + SIX eh) =! 


= 2 4 2 22 2 Ч 
р-совх 1 (1-5 + —..) (34-25) х- 0 Ї-68Х ход (п-ш+...) 
х2-4 (х — 2)(х +2) х+2 : х2-4 
- — 2\2 — 2)3 E —2)2 - 
In (x — 1) (в 2 (х -2) +e = m (1-24 = -41 х—2 In( 1) 
— lim 52 =4 
—2 | (x-27 
x2 Е t pem ss] 
: 2. 3,2 _ 946 | 81,10 _ _ — 242 2444 4,6 _ : sin 3x2 
sin 3х“ = Зх $X + 40Х ... and 1 — cos 2x = 2x 3X + Gx > lim, Т coszx 
БЕЛЕСІНЕ 3-88 
= lim 5-4 = ыы == 
x0 2х2 — 3х4 t хб –... х» 0 2-13Х + 5х4 –... 
ая _ x? за ад cl. 001120 1211 115 : 
In(14- x) =х – & + 5 — 5- +... and xsinx^ = х — ех! + рух 50405 +... 2 dim, 
| Шел ЕЕ ee ее 
= lm ттт ын сэн = lim па =1 
x—0 X-X t пох 5040* T x—0 l-$X + тух" — эх” + 
І1+1+ + 4 + 1 +... = =е 
21. 17:31 д САДА 
3 4 5 3 2 
1 1 1 — (1 1 1 — боб аа 
Gy ы) ЛД 1 Во See =н 
32 34 36 2 1032 | 1 (374 _ 17336 2 3 
ал rato ий! Ёл ala) t- = cos(3) 
ba thet ae at. (0 3 +H) - 10) e 09) =m) 
2 223235 14279697 із 242 312 412 и 24 = EN 
т mo, 25 т? + EE. (к) + ү ту? (кү = sin(Z) _ уз 
3 3331 7 39 37 1:7: 3 3143 5113 7113 аи 3) 2 
2 23 25 27 _ (2 10273 | 10275 _ 16277 cc 
$3 +5 - 97+... = (3) - (8) +5(3) —7(3) +... = tan! (5) 
3 
Xx HI + хе +... =O +х ++...) = х (55) = 15 
32х2 34x4 36x6 = 1 2 1 4 1 6 2 
1 3r + = ga te ЭЖ) + g(x) —3(3x) +... = соз(3х) 
3. „5 7 _ „9 N: 22. (233 __ „37 13 __ xx 
x'—x +X и х? + (x^) 02) +...) = (a) = т 
2,4 3,5 4,6 2 2 2 3 2 4 = 
х2 2х3 р -28 „2% _ ssi 2x + €9 23 a) ЕБ РЕТТЕ 
22 _ 3,2 3-5,4 — dq 2_ „3 4. 5 шарту 
а = 3x4 + 4x — Sxt +. See к Bx Pas) = ae aaa) = тт; 
x x? x х о | х2 x x* x = 1 In(1—x) 
= Ц-х man ма | Lin(1 — x) | 
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55. 


56. 


57. 


58. 


59. 


60. 


61. 


62. 


Section 10.10 Тһе Binomial Series 


ы 
+ 


(£2) = +) - па – 0) -(x- 5 + 5 – 


= EI when x = 0.1; 


2 2 3 4 (- [1х u (= 1)" 1х" 
о а +... = [тон = | = 


ug < јр > n10 > 108 whenn > 8 => 7 terms 


БЕ. ИИ x x х! х? (Iyi = 
ап ХЕХ ++... Б +... = јепог| = 


1 1 1001 
жә < (5 > B 


(-1у 2-І 2 1 
2n-1 ^. 2-1 


when x = 1; 


= 500.5 = the first term not used is the 501" = we must use 500 terms 


к] ОСИ x3 х5 х! х? (= 171х271 : х21+1 20-1 2 20-11 ,9 
ап х=х—5 + 5 Ра кюе ЕС ЫГ +... and, lim. mud лог = х? lim, || =х 
=> tan ! x converges for |x| < 1; when x = —1 we have Top т which i is a convergent series; whenx = 1 
п=1 
1х diverges for |x| > 1 
ed ous х3 х5 х? х > d А "T 
tan х= х 3 +5 T a о o +... and when the series representing 48 tan (=) Баз ап 
error less than 1 - 10-6, then the series MN the sum 
48 јап“! (1) ү 32 tan ! (4) — 20 tan“! (545) also has an error of magnitude less than 1079; thus 
(а 1 3% 1 
|еггог| = 4857—- < үрр => п> 4 usinga calculator => 4 terms 
|| =f «= f e 26 dt x E ха x? 
n(sec х) = ttd = |), ((+®+ +...) 1552-1595 16736 
2у-1/2 —1 x 3x 5х? 5 : 
(а) (1— x^) BET S. qo ^ Mags de > Sin хах + + zo + 15: Using the Ratio Test: 
: 1-3-5- : :(2n — til хана — 2.4-6..(2п)2л--1) 2 4: Оп + DOn-1) 

Qm. |245 она + Dents 133 Qn- Грант <1 = X',lim. [кты Оп-+2)(2п--3)| < 1 

=> |х| < 1 = the radius of convergence is 1. See Exercise 69. 

d -1 n 2ү-1/2 -lp — т | aromas Т x? 3х5 5x’ \ т x? Зх 5х? 
(b 5. (соѕ x) = – (1 — x’) => cos x—$-—sin xa 5 (к+к +) ~: КЕ 


(а) (14-8)? a (775 + (– 1) 732 (2) + Сан шарав)  Cucpcos ve 


2 e зи 3-56 де f e 516 x? 3x5 5х? 
= 1— 5 + 49, — 886 = sinh xe (-5-2-41)4-х-41-34-345 


(b) чић“! (i) 25 1 — E + 10560 = 0.24746908; the error is less than the absolute value of the first unused 


1 
term, = , evaluated at t = 1 since the series is alternating => |error| < 5 (4) 62.125 х 1079 


у = —т-су=-1Х-—Х°+х9®—... > ч (ты) = = & (-1+х-х2 +3 -...) 


= 1 — 2х + 3х? — Ax? +... 


1 =1+х +++... = 4 (11 у= х = $ (1+ + + 6+...) = 2х + 4х3 + 6х5 +... 
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63. Wallis' formula gives the approximation 7 ~ 4 Er ng to produce the table 


n c» 7 
10 3.221088998 
20 3.181104886 
30 3.167880758 
80 3.151425420 
90 3.150331383 
93 3.150049112 
94 3.149959030 
95 3.149870848 

100 3.149456425 


At n — 1929 we obtain the first approximation accurate to 3 decimals: 3.141999845. At n — 30,000 we still do 
not obtain accuracy to 4 decimals: 3.141617732, so the convergence to 7 is very slow. Here is a Maple CAS 
procedure to produce these approximations: 


pie := 
proc(n) 
local i,j; 
a(2) := evalf(8/9); 
for i from 3 tondo ай) := evalf(2*(2*1—2)*1/2*1—1)^2*a(1—1)) od; 
15454401 $ G = n-5 .. n)] 
end 


64. (a) f(x) = 1+ (к = Р(х) = ("Ук = (14x) f(x) = 1 + у (2) kae! 


к=1 к=1 К-1 
= (тук ах УЛ) = (")кх®-! (к (=) (п) хо + У (2)kx-! + У (")кх® 
к=1 К-1 k=1 k=1 k=2 k=1 
= "+ У (E 2 (")кхк Note that: >; (")кхк-! = 2 (oru) (k + 1) x* 
k=2 k=1 k=1 
Thus, (1 + x) -f'(x) = m + x (®)кхк-1 + > (м)кх = m+ » (рај Dx 5 Кее 
к=2 k=l k=1 к=1 


+ 
pà 
— 
+ 
— 
= 
қ 
= 
8226 
> 
ELE 


-m3 (о) (т «т + (206 


Note that: МІЗ 1) + (> = mine (k + 1) + m-(m — 1): -m-ktDk 


m(m— = ) ( 


ж 
1 
В 
E 
| 
[E 
| 
ж 
+ 
| 
B 
~ 
В 
м 


m — k) + 


oo 


ш- —k Е 
т. (т D- “(т ) ла 1). (т—Кк+ )k 


] 4 x)-f'(x хиа [ts 


‚( 
= m(1 +) = m: (х) = f'(x) = mto) #—1<х<1. 
k— 


(b) Let g(x) = (1 +x) "f(x) = g'(x) = —m(1-4- x) "- f(x) + (1 +х) "Ғ(х) 
—m(1-4- x) "^!f(x) + (1 + х)". MEY = —m(1 + x) f(x) + (1 +х) 77! - m- f(x) = 0. 


|| 
= 
+ 
Ms 
жет“ 
ев 
> 
1. 


(с) g(x) 202 g(x) = c > (1 +x) " (х) = c > f(x) = пру" = = c(1 +x)". Since f(x) 


= кој = 1+ У (8) (0) = 1402 12 c(1 +0)" Is <=] => f(x) = (1 +)". 


65. (1— x i? = (1+ (х 2) = (1772 + (- 1) (1)-8/2 (—х2) + Бо Jd 
= Од iim 


2 E БУХ: o^ 1.3.5...(20— 
! uL LAIT ла ы аш? 29-11 


Ун 
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-1/2 J х SN ү.3-5...02п - Dx CS 1.3-5-. Qn- Dx? 
= біп” x= fa =] Dt бик шн dt=x+ 2, орла +) 
п= n 


where |x| « 1 


1 
Lom cin fud of (2) =f; 1,1. 1 
[an t] = 5 — tan хеј тв ) Ей dt = : 2(1 eter eT ) dt 
2 
fjr ipi -i _ 4: 1 1 1 1 ь _ 1 1 1 1 
=) В -в+а-в+...) “= іш [Дува gta 1,5: а Та at 
21412 1 1 1 қ -14* — tan-l _ Г а 
= tn х=5—у-Езут— +... X> l; [tan Ц__ = tan х+®= | т 
200 1 1 1 1 0001 1 1 1 -.— oT 1 1 1 
=... [ т зз sé t 125 те: 555 tou e) => tan х= 2 х 38 55 +... 
x«-1 
(a) ег! = cos (—r) + isin(—7) = —1 +100) = — 
17/4 — ша 12 1 > 
(b) 67/4 = cos (5) +i sin (5) = 25 + 4 Є 5) 4-9 
(с) e7i7/? = cos (— т) -isin(—2) = 0+1— 12-1 
e = cos 0 + i sin 0 ет” = e 9 = cos (—0) + i sin (—0) = cos 0 — i sin 0; 
e? +e- = cos 0 +1 зіп 0 + cos 0 — isinü = 2 сов0 => cos 0 = “+e”, 
ei? —е = cos 0 + i sin 0 — (cos 0 — i sin 0) = 21510 > sing = 5" 
Ж S х? x? xt 10 — > (10)2 (10)? Go 
Bet De че о > а A ee + д +... апа 
А 3 “түз 4 
Е VEM и 
io? | i LG | | 19 д 10) 0) | юу! 
ҮІ (1+i0+ @ poe ү бө" +...) + (1 ig 888 _ 092 | 60) m 
3 = 2 
2 4 6 
—-1-54£5-5-..-cos6; 
i)? | oy? , 60 ; i) — G0 , ie 
селен _ (14 pig ®” 80 2 (1 10450. 00 00 m 
2i 2i 
m e 6% g — ~ 
= у и: Some 
e? = cos 0 + i sin 0 ей = ei(-9) = сов(–6) + i sin (—0) = cos 0 — і sin 8 
a) e! e = (cos isin cos @ — і sin 0) = 2 cos 0 => cos Ө = 6+" = cosh id 
Пей 0 + i sin 0) + (cos 0 9) = 2 cos @ д= 24 
ei? — е“ = (cos isin 0) — (cos 0 — i sin 0) =2isin@ => isin 0 = 4-4” = sinh 10 
b) e? 0 + 0 0 0)-2 0 0 = 
. 2 3 4 3 5 T 
esinx=(14x4+ 545454...) (кее... 
= 2 14 түз loq 1үү4 1 1 1) 5 = У ee ee 20,25 : 
= (0х + (0х2 + (— 4 + 4) x? (25) х (05 ht) +... еххх +... 
ех - el = e(l tix — ех (cos x + i sin х) = ех а біп х) => ех sin x is the series of the imaginary part 


4 Р $33 fud зү 
оре 1 which we calculate next; e! )* = > кы =1-+(Х + 5) + (ғ) + ate) + ағы) +... 


633 


= 1 +x +ix + ә (2452) + 2 (2453 — 2х3) + 1 (—4x*) + $ (—4x? — 4ix®) + å (—8ix®) +... => the imaginary part 


of eX is x + £x? + 2x38 — Fx — во... =x4+x2 ix — x — духе +... in agreement with our 


product calculation. The series for e*sin x converges for all values of x. 


ES (С, = х [e?*(cos bx + i sin bx)] = ae™(cos bx + i sin bx) + е**(—Ъ sin bx + bi cos bx) 


= ae®™ (cos bx + i sin bx) + bie?*(cos bx + i sin bx) = ае РХ + тебе нв — (а + jp)e(atib)x 
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73. (a) ете = (cos 01 + i sin 01)(сов Ө» + i sin 03) = (cos бісов 65 — sin бівіп 02) + i(sin 61208 05 + sin босов 01) 
= cos(0, + 05) + і ѕіп(0; + 05) = ell +) 


(b) ег” = cos(—0) + isin(—0) = cos 0 — i sin 0 = (cos 9 — isin 0) (209-1525) = ЕЯ = 4 


74. а= еа) + С, +iCz = (4=%) e" (cos bx + i sin bx) + С; + iC? 


= Sg (a cos bx + ia sin bx — ib cos bx + b sin bx) + C; + iCs 


а: 


ах 


= S [(a cos bx + b sin bx) + (a sin bx — b cos bx)i] + С; + iCs 


a 


__ e**(a cos bx + b sin bx) іе “(а sin bx — b cos bx) iC. 
= — ы А 4-656 
e (2 bi)x їрх 


= езе = e?*(cos bx + i sin bx) = е cos bx + їе sin bx, so that given 


f e(atbi)x qx = i e(@tbi)x + Ci + iC, we conclude that f едХ cos bx dx = Oces bx +b sin bx) PED шин pu 


à AX (а сі PES с 
апа f e?* sin bx ах = © sin bx —b cos bx) = > шаһы се 


CHAPTER 10 PRACTICE EXERCISES 
1. converges to l,since іт a, = lim (1 + си) = 1 
n — oo n —> oo n 


2. converges to 0, since 0 € а, < T T lim. 0- 0, " lim E = 0 using the Sandwich Theorem for Sequences 


n 


3. converges to —l,since ІШ an = „lim (52) = lim (4-1)--1 
4. converges to 1, since n lim an = jim. 1 + (0.9)] =1+0=1 
5. diverges, since (sin л} = {0,1,0,—1,0,1,...} 


6. converges to 0, since {sin пт} = {0,0,0,... } 


1 
"mE 
7. converges to 0, since lim a, = Пт hr —2 lim 54-0 
n — оо п— бо n n> 1 


: j : In (2041 n 
8. converges to 0, since lim a, = lim 248 = lim =0 
п — оо п — оо n n > oo 1 
: : 1 n+Inn 1 (1) 
9. converges to 1, since Пт a, = lim ("+") = lim = 1 
п — оо п — оо n n > oo 1 
In (2n? +1 ( or ) 
10. converges to 0, since іт a, = Ши О — ng E — їр нэ іш 2-0 
п — oo п — оо n n oo 1 n— оо би п © n 
x : " 5 = n . —5 n НЕ 
11. converges to e ?, since lim a, = lim Е 3 ) = lim (14+@) =e by Theorem 5 
п — oo n — oo n п — oo n 
12. converges to 1, since іт а, = lim (1 + 1)" = lim 1 = = 1 by Theorem 5 
е, n > оо n oo n п оо (1+1) е 


5 T 2 ny 1 s 
13. converges to 3, since lim a, = lim (=) P lim 3 = 3 = 3 by Theorem 5 
п oo n= co ‘п n= oo п! 1 
14. converges to І, since lim a, = lim (3) ^ lim a = 1 = 1 by Theorem 5 
n — oo п — oo п п->оо n" 1 
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15. 


16. 


17. 


18. 


19. 


20. 


21. 


22. 


23. 


24. 


25. 


26. 


27. 


28. 


Chapter 10 Practice Exercises 
(-2!/" m2) 
1/ P 
converges to In 2, since lim a, = lim n(27—1)-— lim 2::1- lim +——— = lim 2'^In2 
n — оо n — о n — оо (4) n — oo (3) n — oo 
= „= 
In(2n+1) жі 0 
. 5 ЖЕ А л 2 . n (2n йн : 2n+1 = ван 
converges to 1, since | lim. an = lim, v2n4 1 = lim. exp ( 1 ) = im, exp ( 1 ) =е =1 
diverges, since lim а, = lim в = lim (n+1)=0o 
n— oo n — oo п. n — oo 
converges to 0, since. Пт a, = lim CAT — 0 by Theorem 5 
n — oo п — 00 п. 
1 1 1 1 1 1 1 1 1 1 
NECNON E ӘЛЕ КОЛ NEN EOS Ч ЕС 
Qn—3)2n—1) 21-3 20-1 n= 3 5 5 7 d 2n—3 2n-1| 3 21-1 
1 
mono Ga 
= lim ба = lim. 1-4 "6 
-2 +2 2 -2 |2 -2 у 2 -2 21. 2 2 : 
n(n + 1) = 527 = == (= +3) + (52 +4) + TO d) 5 air 5 pim, S 
= ар 2 — 
lim (=1 + z7) m 
9 35:23 3 — (3 _ 3 3.3 3. 3 3 3 
Gn-l)Gn42) ^ 3a-1 m+ > &-(-354G-Jf(G-n2 t^ ium) 
2-3 3 : 22048 3 з уз 
SAU 3n+2 > y lim. Sn = nim, (5 - mr) m 
-8 2-2 2 -1(-2 2 2212 -2 | 2 -2 2 
(ааа = 41-3 m+ > $ = (5 +) s +) + (77 +) +... Ч 425 # атп) 
2 2 : 201 2 P 2 
cede s-dm (о == 
оо оо 
Уе" = У) E ‚ а convergent geometric series with г = 1 апаа = 1 => е sumis i) = <= 
п-0 п=0 е 
оо оо " 
У (183 = У) (- 3) (5) а convergent geometric series with г = — i and a — 3 => the sum is 
n=1 n=0 
2211-2203 
Я 
diverges, a p-series with р = 3 
оо оо 
У) = = –5 У) 1, diverges since it is a nonzero multiple of the divergent harmonic series 
п=1 n=1 
. 1 1 . . . . 1 
Since f(x) = ат f'(x) = — зал < О = f(x) 1s decreasing => а < an, and | lim 6 an = , lim, "e 0, the 


635 


оо п оо 
series >, а converges by the Alternating Series Test. Since У? A diverges, the given series converges conditionally. 
n=1 


n=1 


converges absolutely by the Direct Comparison Test since эт < E for n > 1, which is the nth term of a convergent 


p-series 
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29. 


30. 


31. 


32. 


33. 


34. 


35. 


36. 


37. 


38. 


39. 


40. 


41. 


Chapter 10 Infinite Sequences and Series 


The given series does not converge absolutely by the Direct Comparison Test since which is 


1 
ва+ђ > тт * 


А " А 2 1 7 2 1 $ 
the nth term of a divergent series. Since i^ = вери = f'(x) = – Форж © 0 = f(x) 15 decreasing 
=> аһы < аһ, апа п lim, а, = aim, PCEN ЕЗ = 0, the given series converges conditionally by the Alternating 
Series Test. 
n dx = lim ° dx = , lim [- (In x) — — ]im (С - гэ) = = the series 
2 ах ^ b— oo 2 xz m Био 2/7 b— oo nb In2/ 102 


converges absolutely by the Integral Test 


ma 


converges absolutely by the Direct Comparison Test since => < т = = ‚ the nth term of a convergent p-series 


diverges by the Direct Comparison Test for e" > n = In (е") > ап > п > ап > Inn" > In(In n) 


=> nlnn >Indnn) = m > 1 , the nth term of the divergent harmonic series 


п lim, Шан =, / ша lim. Gui — = \1 = = 1 = converges absolutely by the Limit Comparison Test 
Since f(x) d" f'(x) m) < 0 when x 22 => ац: < ên forn > 2and lim. a = 0, the 


series converges by (һе Alternating Series Test. The series does not converge absolutely: By the Limit 


Зп? 


Comparison Test, 4 lim, (7) = nim, Wal 3. Therefore the convergence is conditional. 
: ; : n+2 n! 2 n+2 _ 
converges absolutely by the Ratio Test since nim, | max т 21 = п lim, TET = 0«1 
diverges since lim a, = lim CI D does not exist 
n — oo п— оо 2n’+n 


: : : IH n]. 
converges absolutely by the Ratio Test since п lim. | - y] = 


converges absolutely by the Root Test since іт v/a,= lim (/235- lim 6-0<1 
п — оо И oo n noo n 
D : : : (35) : n(n + 1)(n + 2) 
converges absolutely by the Limit Comparison Test since " lim. "ame mE үс lim. —a -1 
( vni + — 
НЯМ: Р : | (+) А п? (п? — 1) 
converges absolutely by the Limit Comparison Test since " lim. 1 на lim. т =l 
(сә =] ) 
: [ИЦ : QAH аз" Ix-4| 1. шэн 
y lim. u; = ове y lim. (п + 5381 — (x44) <1 > 3 y lim. En 2.52 <1 
nan — т . 
> | х-443--1«4х-443--7«х«-1ах- —7 we have Y^ сз = у D ‚ the alternating 
n=1 п=1 
оо ü oo 
harmonic series, which converges conditionally; at x = —1 we have? ; RI =y. 1 ‚ the divergent harmonic series 
п=1 п=1 


(a) Ше radius is 3; the interval of convergence 15 —7 € x < —1 
(b) the interval of absolute convergence 15 —7 < x < —1 
(c) the series converges conditionally at x — —7 
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«1-2 lim (5-1. 00-0 


pm. (бану ` (5185 «12 (х= 1)? lim. 5.1... =0 < 1, which holds for all x 


42. п lim, п => © QnQncrD 


Un+1 
Un 


(a) the radius is со; the series converges for all x 
(b) the series converges absolutely for all x 
(c) there are no values for which the series converges conditionally 


| Uni ; Gx- Dt! n? п? 
43. nim, ттш <1 = nim, “mi бх" <1 > |3x — 1| п lim, ap! — Зх-1-1 


n 


"ENTRE S (CD CD sS can 
=> —1«3x-1«1 = 0«3x «2 > 0<х < 2; ах = Омећаје У = z^ 22 
i 


n=1 


оо 
Б> Фа ‚ anonzero constant multiple of a convergent p-series, which is absolutely convergent; at x = 2 ме 


ez п-І(үүп 20 n-i 
have У, сш = У) су , Which converges absolutely 


n=1 
(a) the radius is i ; the interval of convergence is 0 € x < 2 
(b) the interval of absolute convergence is 0 € x < 2 


(c) Шеге аге по values for which the series converges conditionally 


: ши п-2 .QxtD"! 2041, 2 0рх-1| 1. n+2 | 2n+1 
44. nim, "e <1 = nim, 2n+3 21 nil (2х+1)" <1 = 02 — p lim, 2843 2+115 ! 
- 82 (ст |[2х+1|<2 = –2<2Х+1<2 > –3<2х <1— - 8 <х < 1; ах = — 3 wehave 


oo 
ntl | C2* _ N5 (1841) 
21-1 2n =>, 2n+1 


n=1 


which diverges by the nth-Term Test for Divergence since 


oo оо 
п+Іү — 1 2 -— nl 25... 1-1 4 4 2 
, lim. (ат) =z #0; atx = 3 we have 2/31 эп = саны ааа 
п= = 


(a) Ше radius is 1; the interval of convergence is — 3 <х< i 
(b) the interval of absolute convergence is — 3 «x« i 


(c) there are no values for which the series converges conditionally 


n+l 


шы х .n* 
(п-- Пет х" 


45. lim «12 lim 
n — 00 


, lim, <1 = [rl ша (т) (сн 


п+1 )| «1 2 М lim (4) «1 


=> ыб - 0 < 1, which holds for all x 
(a) the radius is со; the series converges for all x 
(b) the series converges absolutely for all x 
(c) there are no values for which the series converges conditionally 


хан ‚ vn 
«1-2 jm. eg m 
1 


Y ( GE, which converges by the Alternating Series Test; when x = 1 we have У Ja divergent p-series 


n=1 


(a) Ше radius is 1; the interval of convergence 15 -1 < x < 1 


46. lim. 


Un+1 
Un 


<1 = |x| lim 
= со 


ат < 1 = |x| < 1; when x = —1 we have 


оо 


n-l 


(b) the interval of absolute convergence is -1 < x < 1 


(c) the series converges conditionally at x — —1 
: Чиг р (п--2)х2011 х y п+2 А 
47. lim. || «1 > lim, x I > & im. (142) <1 > – УЗ < x < V3; 
the series + ‚ obtained with x = + V3 , both diverge 


Va 
(a) the radius is V3; the interval of convergence is -3 <х< V3 


(b) the interval of absolute convergence is – уз <х< V3 
(c) there are no values for which the series converges conditionally 
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<1- tim, (x — Dx?n3 ЯМТ 1! <1 > (х – 1)? „lim (2241) <1 > (х – 191) «1 


48. y lim, 2n 4-3 (x — ен oo \2n+3 


Un+1 
u; 


n 


Se) <1 > [х—1{<1 э» —1<х—1<1 > 0 <x < 2; at x = 0 we have у) DC D 


n=1 


00, сз OO. 22 абай : сы : : 
= ; ( x г = >, icd г Which converges conditionally by the Alternating Series Test and the fact 
п= п= 
D ig S (pray! _ сал x 
that >. тагт diverges; at x = 2 we have L ар = >. ат » Which also converges conditionally 
n= n= п= 


(a) Ше radius is 1; the interval of convergence 15 0 < x < 2 
(b) the interval of absolute convergence is 0 < x < 2 
(c) the series converges conditionally at x = 0 and x = 2 


2 
1 Шы : csch (п + 1)х”+! (ет ет) 
49. y lim, Un <1 = y lim. csch (n)x^ <1 = хі aim, (= | <1 
i eine 2d |х| . ‚Мос дүп | | 4 
=> |x| jim. i=? 1 > <! = —e<x < е; the series У ( + e)” csch n, obtained with x = +e, 
n=1 


both diverge since п im, (+ е)" cschn 40 

(a) the radius is e; the interval of convergence is —e < x Се 

(b) the interval of absolute convergence is —e С x Се 

(c) there are no values for which the series converges conditionally 


: Му] : х"! со (п + 1) : Тағат ед. j-e” 
50. aim, A «1-2 п Uni. un <l > |x| |, lim, Dem гре <1 = |х| «1 
oo 
=> —1<х< l; the series У ( + 1)" coth n, obtained with x = + 1, both diverge since Hm. (+ 1)" cothn 4 0 


п=1 
(a) Ше radius is 1; the interval of convergence 15 -1 «x < 1 
(b) the interval of absolute convergence is -1 «x < 1 
(c) there are no values for which the series converges conditionally 


51. The given series has the form 1 — хх? х +... + (=x) +... = ii , Where x — i ; the sum is TENES = : 
+ (1) 

52. The given series has the form x x + Е О и к +... = In (1 + x), where x = Е ; the sum is 

33 
In (5) = 0.510825624 

53. Тһе given series has the form x x + S 40-13 aon +... = sin x, where x = 7; the sum is sin 7 = 0 

54. The given series has the form 1 x + к ... + (-1)" = +... = cos x, where x = 5; the sum is cos 5 = 1 

55. Тһе given series has the form 1 + x + = + E +... + E +... = ех, where x = In 2; the sum is e” 2) = 2 

56. The given series has the form x - + x ... + (- пе d +... = (апт! х, where x = == ; the sum is 


—1 1 == МЕ 
m (Jz) = 


57. Consider +, as the sum of a convergent geometric series with a = 1 andr = 2x > Dx 


1—2x 
= 1 + (2х) + (2х)? + (2x)? +... = У) (2х) = У) 27x? where |2х| < 1 = |x| < 1 
п-0 п-0 


Copyright © 2010 Pearson Education, Inc. Publishing as Addison-Wesley. 


www. гетепд. 15 


58. 


59. 


60. 


61. 


62. 


63. 


64. 


65. 


66. 


67. 


68. 


69. 


70. 


71. 


Chapter 10 Practice Exercises 
Consider + is as the sum of a convergent geometric series with а = 1 andr x = 1 Їр = = 
2 3 = 
= 1 + (=x?) + (2x3) + (—x8)" +... = У) (—1)°х?" where |—x3| < 1 => [53| <1 = |x| <1 
n=0 
(= хан 1)"x 2n+1 А 2 99 (— (ахуе __ (— (Елены 20-1 х21+1 
sin x = 2 бату" Sin TX = >, Qn DI -X ба D! 
n= 
(упа! 2 oo (— »( x) ш QA уан 2041 
TA 4 X — 
sin x = » “ани > sn = >. Qu ГІЛ = Зеба ТУ! 
n= n=0 
со oo /3\2n со 
2 (-1yxn 5/3\ _ (-1" (х) EE (= 1)2х10в/3 
cos x = L Qm) =” COS (°З) = >, Qui = » Qni 
n- п= п= 


з \ 2n 
са ny2n 25 —1)* ~ iss n, 6n 
Сүх сих e) Ны. Guys 
cosx = >, Qn! > cos( 5) = m = >; = (Оп)! 
0 п=0 п=0 


x S (лх/2) = (=)" % Tx? 
er 25 ш =” © =>, nl — 2. 2n! 
п=0 п-0 п=0 


ух 2п 


x а м —2 ( c» 
=>, ье => í -X 


f(x) = /3 +2 = (34x22)? > Р(х) = х (3 +х2) V? = tx) = —х? (3 + x2) 97 + (3 + x2) 17 
3 + х2) 7? — зх (8 +х2) 7": 51) 22, f(-1) = 1, f") 2 14 


639 


3 
= f"(x)= = 3x3 ( 1 =>, 
Иа = зала = >= SAD p HED р, 
кад = = 1 – 7 э Рај=а –х = ҒҚО)-201-х3 = f"(x) = 60 –х) 5 12) =-1L #00) = 1, 
f"Q) = —2, £2) 26 > | = -–1+(«— 2) – (х – 2)? + (х – 2) – 
Кад = = (+ 17 = Роде -к+ > Р) = 2(--1)? = Р(х) = —6(x + 1)75 £3) = 1, 


(3) =- 2, "O= àf" O= > 2:-1-20-3)-2(-37-д2(-3У- 


х+1 


у) =4=х^! (х) = —x ? = Р(х) 22x > Р(х) = —6х 5; Ка) = 1, (а) = – Д, (а) = 2, 
Maa 2 ен аб ај Бар (кај -i-a +H 


12 4 7. 10 13 


ЈУ ерх) = ЈУ (1 Ея ИМ ) dx = [x сар low a o | 
9 0 2/3 а с 4 772 10-31 BA 7 


ze di 1 1 1 1 i РЕ 
89502408 ит 7 mmio3i + Эз — тез © 0.484917143 


1 1 7 1 
4 3 y 3 x? xb ха x27 2 4 xo x16 x22 x28 
Ј xsin(x*) dx = f, x (x тзг op or eee RS -ata g—e)d4 
29 


5 11 17 23 8 
— E Ia + 1751 BT t 299 с 0 РОАН 


1/2 


p tan !x d 22 T. 1 x2 хі хб x8 х10 4 == x3 x? х? x? X 
1 x AS тэ тъ) = |х 5 t5 д + 817 121767 M 
1 


1 1 1 1 1 1 1 1 Же 
2 9-25 13 52-25 72-27 Ts 92.29 112-21 de 137: 214 152.215 de 172-217 192-219 + 211.221 ^ 0.4872223583 
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1/64 


4 Цан 3 Sy? 164 аа _ 1.5/2 4 1.9/2 _ 1 413/2 
wt dm fe (x84 EF) dem ере реле ре pies у 


— [2483/2 _ 2.72, 2 и _ 2 „15/2 1/60 (2 2 2 2 
= [5 x эх + 55 X 105 X + 21 = (зз zig + 55-81 — 105-815 +... 


) =~ 0.0013020379 


73. lim 38% = lim - = lm 72—; —2;—^ = 1 
x—0 ex — 1 х 0 (2х+ 52 | = | " x 0 (24 ZX | нв | m 2 
2 3 2 3 3 5 
ot np vu Qe ње ј- (1-04 5-F4..)-20 2(5+8+...) 
74. lim =y = lim “ит = lim ~s; 5 
0-50 sin 0-0 9-(6-т-4-..) 8-0 (а-в...) 
1.6 
= lim 454 вэ 1.29 
о +.) 
| : Эс Ё-242(1-848--- 2(8-84-) 
: = Фу = i t— cost — - : = | | : 
75. lim, (рани a) = рта cim nci C49 (8-2) 


А 2 4 2 4 
лы mem uu (јен) 
. im +—4,— = lim 
h— 0 h? h—0 № 
С 82615 м.б 06, ) 
2! 3! 7 5! 41 ^ 6! po~” 2 2 4 4 
т : 1 1 ћ ћ ћ ћ 211 
= jim, I - lim (4 ata яка nt )-4 
р 4 4 
4 1- (1-2+5-...) (2-5 +...) 
77. lim += = lim | = lim 3 
I 1- S 22 23 | 23 | 2 22 223 z 
290 в-а 7.59 аа) 8) 45% (%-4-4-.) 
2 
a (1-=+...) 5 
# = (-}-%-4- 
2 3 4 
2 2 2 
4 y — ү у — Wj У 
78. у, cos y — cosh y Bn ( у2 уі уб, ) (: [LX У ду a ) an (-%-%- ) 
274 өр ee ay Pap бр oF ss 2 6! Ue 
= lim L = —1 
у“ (-1-%-...) 
8 эх- +...) 
: sin 3x T — E ( 6 120 т — 3 9 81x? т 22 
79. Jim, (*5* + +s) = Іш, x + +5 = Jim, (}-3 +8 +.. +5) =0 
еЗ V E - 9 
=> 5 + о = Оапйѕ- 5 =0 > г= —Запаз = 5 
80. The approximation sin x = n is better than sin x & x. y 


у = 501 — б: 


Copyright © 2010 Pearson Education, Inc. Publishing as Addison-Wesley. 


www. гетепд. 15 


81. 


82. 


83. 


84. 


85. 


86. 


87. 


88. 


89. 


Chapter 10 Practice Exercises 


: 2-5-8..-(3п — 1)(3п + 2)х"1.  2-4.6...(2п) ; Зп + 2 
а lim. 2:4-6---Qn)On + 2) сеоба ђе | «1 = [М lim, жо «i k<; 
=> the radius of convergence is 2 

А 3.5-7-..(2n--1)On--3)x—1)*! — 4-9-14--(5n- 1) ; 2n+3 5 
jim. тоа GR DOR 357 ба «1 => [xl lim, |524] <1 = |хі<3 


=> the radius of convergence is 5 


Эш (1– 5) 2 У [n(1 D) +ш(1-1)] = У (In(& 9 1) — Ink In(k - D — In EJ 

=) =) k=2 

= |in 3 — In 2 + 1n 1 — ln 2] + [ln 4 — In 3 + In 2 — In 3] + [In 5 — In 4 + In 3 — In 4] + [In 6 — In 5 + In 4 — 1n 5] 
.. + [Inn + 1) – пп +1n(n-— 1) — Inn] = [In 1 — 1n 2] + [in (n + 1) — In n after cancellation 


“Р 
= In (1-2) = In (881) => У In (1-2) IM In (=) = In 5 is the sum 
k=2 k=2 


n 2n 


=2 
1_ _ _1 ЖЛ үй 22-15 1/3 1 1 |. 1130 -1)-2014-1)-28| 3”-п-2 
+=] = + 1 – ty) =: жиш а: 


к-2 
: 1-4-7-.-(Зп — 2)(3n+1)x +3 (3n)! 3 : (30--1) 
(a) lim. EX "rmx | < 1 => xim, бата 20879) 


= |x?|-0 <1 = the radius of convergence is oo 


оо оо 
= 1-4-7--(3п-2) за ду _ N^ 1-47... 31-2) үз 
(6 кн aun ^ 
п=1 


оо оо 
dy . 1-4-7---(3n— 2) ,3a-2 __ 1-4-7..(3һ-5) _ 3n-2 
>. (8821 03 =Х+ 2 3! Х 
a 


=* (1+5 мах») =xy +0 = а= ТапаЪ = 0 


(а) iE = т —ух 45-р = x? + х2(—х) + х2(—х)? + x(-xP +... = x? - x5 + xt — x9 +... = У) (—1)°х" which 
п=2 
converges absolutely for |x| < 1 
(6) x=1 = У; (-I?x* =>; (—1)" which diverges 
n-2 


п=2 


oo oo 
Yes, the series? ? a,b, converges as we now show. Since У) a, converges it follows that a > 0 = a, <1 


п=1 п=1 


for n > some index N = a,b, < bn forn > М = 57 а.б, converges by the Direct Comparison Test with У; bn 


п-1 п=1 


No, the series У; a,b, might diverge (as it would if a, and b, both equaled n) or it might converge (as it would if 


n=1 


a, and b, both equaled 1), 


oo oo 
У (Ханы — Xn) = y lim. У (ел = Xk) = а lim. Сана = X1) = jim (X541) — x1 = both the series and 
n=1 k=1 


sequence must either converge or diverge. 
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642 


90. It converges by the Limit Comparison Test since x lim. 


and so a, — 0. 


EN 


91. же жеу ч ара м qe 
п=1 
+ (ЕР Б + лү + +&) ав +. > (а + а + ag t+ aig + 
9 10 its ж 16) “16 © 9\82 4 8 167... 
92. a = гү forn 22 > a > аз > a, >... and 5 +g К +... 


Chapter 10 Infinite Sequences and Series 


n=l 


„газ (а + и ++ +в 


) which is а divergent series 


— | 1 1 
^ ]n2 ын 2102 T 3m2 +... 


1 1 1 
(+++... 


) which diverges so that 1 + 3 


ane 


diverges by the Integral Test. 


CHAPTER 10 ADDITIONAL AND ADVANCED EXERCISES 


1. converges since 


< 


l8 and х Tm n т converges by the Limit Comparison Test: 


1 
(Зп- 2)0n-0/2 (Зп 


ә) 


4 = : 3n—2 3/2 3/2 
n lim, ( 1_ ) m п lim. (a> ) =3 
(n — 2)3/2 
converges by the Integral Test: f 1 (ғап x)? x — jm (шах) pn lim (шы м 
в y 5 ЕЕ ХЭЛ  b- oo 3 1 boo : 192 
(ев) 
= (24 192) = 192 


1- en 
1-е 21 


diverges by ће nth-Term Test since lim а, = lim (—1)'tanhn— lim (—1)" ( 
n — oo n — oo b — oo 


does not exist 


In (n!) 
In (n) 


converges by the Direct Comparison Test: n! < n^ = Іп(п!) < піп(п) = «n 


Јова 


=> ов. (п!) Сп = == DERI ла 5, , Which is the nth-term of a convergent p-series 


= аз = 


converges by the Direct Comparison Test: a; = 1 = 12 = GF ; 


) (25) (52) = 


12 
(ауа +2) © 


12 
(oy › 22 = 


3-4 
5-6 


2-3 
4-5 


12 
496» 


12 
3-4 


а 
== 12 = 12 
= moar U = ( = 1+ 2 aroa, yaray ТЄРГЄ8єШв the 


given series and E , which is the nth-term of a convergent p-series 


converges by the Ratio Test: п lim. mul = =0<1 


n lim. (n— DEF 1) 


> 1241 —1=0 > L= 


diverges by the nth-Term Test since ifa; — Lasn — oo, then L = тг 


Split the given series into У vua and 57 2а 35 ; the first subseries is a convergent geometric series and the 


n=1 n=1 


second converges by the Root Test: | lim. ү a = lim, = = ы = : 21 
tx) = cos x with a= § = £(§) =05, (5) = =. t" (5) = -05,2" (8) = r^ (5) -05 
схе р 30 (к 8) p +8 К-Э’. 
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10. 


11. 


12. 


13. 


14. 


15. 


16. 


17. 


18. 


19. 


20. 


Chapter 10 Additional and Advanced Exercises 


f(x) = sin x with a = 2л Ол) = 0, T) = 1, #" (27) = 0, fF" Сл) = —1, fO 2r) = 0, f9 (27) = 1, 


29 (2) = 0, FO (2m) = —1; sin x = (x — 27) — SÈ p e _ wot L, 


еб =1+х+ 5% + +... witha=0 


f(x) = Inx witha 2 1 = Қ1)-0,Ғ(1)-1, 170) --1270) = 2, f9(1) = –6; 
lnx = (х – 1) (х= 1)2 + (х= 13 (x — D " 
2 3 4 ірі 


f(x) = cos x witha = 227 = #22п) = 1,Ғ(22т) = 0, Ғ”02л)--І,Ғ”(22т) = 0, f® (227) = 1, 
Ғ9(22т) = 0, £© (227) = —1; cos x = 1 — 1 (x — 220? + 4 (x — 220)! — d (x — 220m +... 


f(x) = tan x witha = 1 > К)==,Р0)=1, f") ——1,f"()— 1; 


-ly л 0-1 (х-1) | «-mDm 
tan х= 4+ 5 1 + i T... 


Yes, the sequence converges: c, = (а? + Ьп)!" = ch =b ((8)" + 1) Ја = nim, Cn = In b + lim BH) 


n—0o n 


2 ._ (0) (8) _ Ола (8) _ : : _ ныг. 
=Inb+ Ші ӨШ =Inb+ 041 = ln b since 0 <a < b. Thus, Ши. сре“ =D. 
ERE t RE. КБК ME. = 1) ager, йет + > т 


оо оо оо d 3. 2. 
=14 и + gie йз = 1 + + = + (ir) 
n=0 n=0 n=0 


-1- 200 + 30 ы 7 __ 9994237 _ 412 


999 999 999 ~~ 999 333 


п-1 k+1 а 1 а 2 а n d n а 
2 х un x x x 2 х 
ъ= У Л 1+ x? => = Ју f г®+ +... | та => LS 


= lim s,— lim (tan!n—tan!0)— 7 
n — oo n — oo 


(n+ Dx?*! аз ӘУ _ 
(n + 2)(2х + 1*1 nx? a 


: х , (n+1)? 
п lim, 2х+1  n(n42) 


x| «2x +] => x «2x1 > x>-lif—} <x <0, |x| < |2х+1| 


— ]im 
n — oo 


;dfx > 0, 


lim 
П 00 


=> |x| < |2х +1 


Un+1 
Un 


= |x&l <1 


= —х<2х+1 = 3x>-1 > x> -1;Шх< -}, 


the series converges absolutely for x < —1 and x > — i : 


(a) No, the limit does not appear to depend on the value of the constant а 
(b) Yes, the limit depends on the value of b 
1 = а sin (1) + cos (f) 
(сет) n2 ) 


cos (8) 
a n п |1— ü 
(c) s— (1 - et) => lns= a => lim Ї8- 
n n — oo 


(0 (- =) 
= lim a sn (5) — eos (9) -0-1--1 Ши s = e^! ғ 0.3678794412; similarly, 
n— 00 1:991 п 00 
йө (1 ES Е 
n со bn 
= ; : sin a, үй? 1 : sin а l+sin | lim. a, sin 
Э an converges => , lim. an = 0; lim. [ет | = „шп. (i У = ы ) = E 0 


= 5 => the series converges by the nth-Root Test 
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21. 


22. 


23: 


24. 


25. 


26. 


27. 


28. 


29. 


30. 


31. 


Chapter 10 Infinite Sequences and Series 
: Un+1 : хе Inn 1 i -- оў | 
A polynomial has only a finite number of nonzero terms іп its Taylor series, but the functions sin x, In x and 


е“ have infinitely many nonzero terms in their Taylor expansions. 


Bx 43 
: sin (ах) —siinx—x _ 1; (ах т is] (s 3! +...) * 3; а-2 a? 1 a? 1 2 
Jim, Шинэ 7 = jim, xi = lim, xi 3r ts я-я)]х +... 
A ЭР 1 - — 9. 1; sin 2х —sinx—x __ 2% ЇЇ = 7 
is finite if a — 2 = 0 = а= 2; lim 3 = “+= - 6 
х 0 
2 4,4 
b (- ox + -..)-ь 1-5 2 2.2 

: cosax—b __ _ : : 22 : - а a^x UM 
im, SS = 1 = im 557 1 im, Є Totg ав --1 
=> b=landa= +2 


2 oo 
(a) me OEY 1.2.1 = С=2 > Тапа У, 1, converges 


Un+1 


n=1 
оо 
(b) а =1+1+5 > С=1<1а457 1 diverges 
= 
() @) [= 
6 3 (i asa 
ш . 2n@n+1) __ 42420000 4 5 22 2 (ad -4n+1) RT 
uu qmi mom iu tasca. oli E after long division 
2 29 ' 
=> C=2> land |п)| = => Mud = cm i) <5 = > u, converges by Raabe's Test 
na п= 


oo oo oo 
(а) У) а= > a?< a J an=aL = У) а? converges by the Direct Comparison Test 
n=1 


n=1 п=1 


in oo 
(b) converges by the Limit Comparison Test: , lim. ба) = lim D = 1 since У) а, converges апа 


5 п=1 


therefore lim a, = 0 
х — OO 


42 3 1 
If 0 < а, < 1 then [In(1 — ај = —In(1—2,) = a4 += += +... Са а +а +... = гээн 
а positive term of a convergent series, by the Limit Comparison Test and Exercise 27b 
(1-х)/7-1-3 x" where |х <1 = aoe = £(1—x)! = У) nx"! and when x = 1 we have 


п-1 п=1 


4-2142(1) -3 (1 +4(1) +... +п (1) 4... 


(а) Уух! = = Dot Dx = 2 > Vint Da! = пая = > уп + Dx = үд 
n-l n-l п=1 


n=1 


oo 1 2 Р 
= > um = С гу = бар , |x| >1 
n= х 


со 1/3 1/3 
O x= SED = xou o ®—32+х-1=0 5 х=1+(1+%7) + (1- 32) 
п=1 


ха (х = 15 


& 2.769292, using a CAS or calculator 


(а) пр = é (= & (1+х+е ++...) = 14 2x 3х2 + 443 +... = У пх! 


п= 


(b) from part (a) we һауе уп (5) (2) = (2) тан -6 
п=1 6 
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32. 


33. 


34. 


(а) 


(5) 


(с) 


(а) 
(5) 


Chapter 10 Additional and Advanced Exercises 


oo 
= — 4 20114111 
from part (a) we һауе У) пр? = аа 


n=1 


> n-X 2% = ту = Land EW = Y к = 5 кк = 5 K= = (3) татр = 2 

by Exercise 310) | | | 

Ўр 55 = 07-10 [гр] = амво) = 5 ки 55 кар = Ек 
= (6) пр 6 

= па = (0 р) = lim (1– phy) = Land Еб) = 2 ка = 5 k (вет) 


Coe Fo (1 = ет") 


Сое ко 2 Со 
1-е К 


1-е 0 еко—1 


а = Coe № + Coe 2® +... + Coe "0 = 


=> R= lm R= 
п > oo 


К, 
_ 6101-е") — ecl _ el(1-e) : 
В, — Tel — В; = e ~ 0.36787944 and Rio =e 2: 0.58195028; 
R 
R 


= = = 0.58197671; В — Ryo ~ 0.00002643 => È= < 0.0001 


е—1 


a= E в Haly) ғалық > Е = SET > (9) (ah) 


el-] 


-1-е"0>1- еубос! = – = < (1) > а> (1) => п> 6.93 => п=7 


10 
R= af > Ке = В+ Со = Си > ео = > ty в (2) 
0 = ahs Ine = 20 hrs 
Give an initial dose that produces a concentration of 2 mg/ml followed every tp = on In (5) ~ 69.31 hrs 


by a dose that raises the concentration by 1.5 mg/ml 
1 0.1 10) „, 
to = 5 ln (05) = 5 In (№) © 6 hrs 
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646 Chapter 10 Infinite Sequences and Series 


NOTES: 
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CHAPTER 11 PARAMETRIC EQUATIONS AND 
POLAR COORDINATES 


11.1 PARAMETRIZATIONS OF PLANE CURVES 


1. 


>х 


3. х= 21- 5,у —4t— 7, -oo « t < oo 


=> x+5=2t > 2(х--5)- 4 
=> у=2Хх+5)—7 > y=2x+3 


5. x = cos 2t,y=sin2t,0<t<7 


=> сова 21+ sin? 21=1 = х? фу: = 1 


Copyright © 2010 Pearson Education, Inc 


x—-3ty-9)0,—ooc«t«oo = у= х? 


4, x=3-3ty=2,0<t<1 > ž=t 
= х-3-3(7) > 2х-6-3у 
= у-2-2х,0<х<3 


у=2-(2х/3) 
{=1 


6. x = cos (п — t), у = sin (п — 9,0 << т 
= cos? (r — t) + sin? (m — t) = 1 
> х? + у? = 1,у> 0 


. Publishing as Addison-Wesley. 
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648 Chapter 11 Parametric Equations and Polar Coordinates 


7. x=4cost,y=2sint,0<t<27 8. x=4sint,y =Scost,0<t< 27 
16 cos? t Asin?t __ x? у? 2 16 sin? t 25cos?t __ х2 у? 22 
: 
А 
сэн 
2 
>x 
Д 
9. x = sint, y = соѕ 21, —5 <t< 5 10. x = 1 + sin t, у = с0$ 1—2, 0 С! Ст 
=> у = cos 2t = 1 —2sin?t > у = 1 — 2x? = віп? + с051 =1 = (х—1) + (у +2)? =1 


(x-1 +(у+2) =1 


11. x = t°, y = tê — 26, –оо < t < оо 


= у=(2)" – 200)? = у = х? – 2x 


у= x? (x-2) 
г<0 у 
changes 
direction 1 
а11-0 
ч у 


13. x=ty=VJV1-t,-1<t<0 14. х= Ау = vt t>0 


> у= ү1- х2 yl-t x=/y+ly>0 


> х 
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www. гетепд. 15 


Section 11.1 Parametrizations of Plane Curves 649 


15. х =sec?t—l,y=tant,-% <t< 7 16. х = – sect, у = (апі, – 5 <1< 5 
=> sec?t— 1 = пап? > х = у? => вес? і — іап21= 1 => х? – у? = 1 


0<:< п/2 


17. x = —cosht, у = sinh t, –оо < 1 < оо 18. x = 2 sinh t, y = 2 cosh t, -оо < t < oo 
=> cosh?t — ѕіпһ21= 1 = х? – у? = 1 = 4 совһ2(- 4sinh?t = 4 = у? – х? = 4 
Р 
7 
25 
, 
7 
/ 
1 
! Y 
0 t >x 
х 
х 
M 
х 
х 
х 
х 
19. (а) x = acos t, y = -asint, ОСЕ < 2л 20. (а) x = asint, = b cos t, 5 <t< = 
(Б) x = асозгу=азп ОСЕ С 2” (b) x-—acosty—bsint, ОСЕ < 27 
(с) x = асозђу = —asint, < t 4” (c) x = asint, y = b cost, = <t< Эх 
(d) x=acost,y =asint,O<t<47 (d) x = acos t, y = b sin t, 0 < t < 4r 
21. Using (—1, —3) we create the parametric equations x = —1 + at and y = —3 + bt, representing a line which goes 
through (—1, —3) at t = 0. We determine a and b so that the line goes through (4, 1) when t = 1. 
Since 4 = —1 + a > a = 5. Since 1 = —3 + b = b = 4. Therefore, one possible parameterization is x = —1 + 5t, 
у =—3+4t,0<t<1. 
22. Using (—1, 3) we create the parametric equations x = —1 + at and y = 3 + bt, representing a line which goes through 


(—1, 3) att = 0. We determine a and b so that the line goes through (3, —2) when t = 1. Since 3 = —1 + a > a = 4. 
Since —2 = 3 +b — b = —5. Therefore, one possible parameterization is x = —1 + 4t, y =3—5t,0<t<l. 


23. The lower half of the parabola is given by x = у? + 1 for y < 0. Substituting t for у, we obtain one possible 


parameterization x = 2 + 1, y = t,t < 0. 


24. The vertex of the parabola is at (—1, —1), so the left half of the parabola is given by y = x? + 2x for x < —1. Substituting 
t for x, we obtain one possible parametrization: x = t, y = t? + 2t, t < —1. 


25. For simplicity, we assume that x and y are linear functions of t and that the point(x, y) starts at (2, 3) for t = 0 and passes 
through (—1, —1) at t = 1. Then x = f(t), where f(0) = 2 and f(1) = —1. 
Since slope = 4% = z1-2 = —3, x = f(t) = —3t + 2 = 2 — 3t. Also, у = g(t), where g(0) = 3 and g(1) = —1. 
Since slope AY Z5 —4. у = g(t) = —4t--3 = 3 — 4t. 
One possible parameterization is: x = 2 — 3t, y = 3 — 4t, t > 0. 
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650 Chapter 11 Parametric Equations and Polar Coordinates 


26. For simplicity, we assume that x and y are linear functions of t and that the point(x, y) starts at (—1, 2) fort — 0 and 
passes through (0, 0) att — 1. Then x — f(t), where f(0) — —1 and f(1) — 0. 
Since slope — Ах - 2-4) =1,x = f(t) = 1t + (C1) = —1 + t. Also, у = g(t), where g(0) = 2 and g(1) = 0. 


Since slope үзі 5-0 —2.y = g(t) = —2t+2=2- 2t. 


One possible parameterization is: x = —1 + t, y = 2 — 2t, t > 0. 


27. Since we only want the top half of a circle, y > 0, so let x = 2cost, у = 2|sin t|, 0 < t < 4r 


28. Since we want x to stay between —3 and 3, let x = 3 sin t, then y = (3 sin Зи = 9511? t, thus x = 3sint, у = 95117 t, 


0<%<оо 

29. х2 + у? = а? = 2х+2у% =0 = % = = Мен ау —}=t = x= —yt. Substitution yields 
242 2 — 42 = a —  —at e 
yt +y a y Jiye and x V оо <1< оо 


30. In terms of 0, parametric equations for the circle are x = а cos 0, у = asin 0,0 < 0 < 2л. Since 0 = 5 , the arc 


length parametrizations are: x — a cos 1 „у=азп 5 , and 0 < 1 «2m = 0< s< 2rais the interval for s. 


31. Drop a vertical line from the point (x, y) to the x-axis, then 0 is an angle in a right triangle, and from trigonometry we 
know that (ап 0 = У > у = x tan 9. The equation of the line through (0, 2) and (4, 0) is given by у = — jx + 2. Thus 


jur andy = 5,4559. where 0 0-1. 


— _1 = 
x tan = 227 +2 => х = 2tan0 + 1 2лапд +1 


32. Drop а vertical line from the point (x, y) to the x-axis, then 0 is an angle in a right triangle, and from trigonometry we 


know that tan 0 = 2 = у = xtan@. Since у ух > y? =x => (xtan 0)? x = x = сорд = у = cot 0 where 
0<0<7. 


33. The equation of the circle is given by (x — 27 + y? = 1. Drop a vertical line from the point (x, y) оп the circle to the 
x-axis, then 0 is an angle in a right triangle. So that we can start at (1, 0) and rotate in a clockwise direction, let 
x = 2 — cos 0, y = sin 0,0 < 0 < 2m. 


34. Drop а vertical line from the point (x, y) to the x-axis, then 0 is an angle in a right triangle, whose height is у and whose 
base is x + 2. By trigonometry we have tan 0 = > = y = (х + 2) tan 8. The equation of the circle is given by 
x? y? = 1 => х2 + ((х + 2)tan 8)? = 1 => x?sec?0 + Ax tan?0 + 4tan?0 — 1 = 0. Solving for x we obtain 


—Atan?6 + 4/ (4tan?8)? — 4 ѕес20 (4tan26 — 1) деп? -- 24/1 — 3tan2 : 
V = = 4tan 02-2 2 Зїап20 = 281120 E 
2 ѕес20 2 ѕес20 


= —2 + 2cos?0 + cos ду 42082 0 — 3 and у = (-2 + 2cos?0 + cos ү 42052 0 — 3 + 2) tan 0 
= 2віп 0 cos 0 + sin Ө\/ 4cos? 0 — 3. Since we only need to go from (1, 0) to (0, 1), let 


x = —2 + 2с0520 + cos да 4cos? 0 — 3, у = 2sin 0 cosÓ + sin / 4cos? 0 — 3,0 < 0 < (апт! (1). 


To obtain the upper limit for 0, note that x = 0 and y = 1, using у = (x + 2) гапд > 1 = 2 tan 0 = 0 = tan! (5). 


Е cos Өү cos? 0 — 3sin?0 


35. Extend the vertical line through А to the x-axis and let C be the point of intersection. Then ОС = АО =х 
and tant = к = 2 x= dà —2cott; sint = су => ОА = == ; and (АВХОА) = (АО)? = АВ (2) = х? 
= АВ (2) = (2)? > AB = 29h, Nexty = 2  ABsint > у=2- (2911) sint = 


2 — 2st — 2 — 2 cog? t = 2 sin? t. Therefore let x = 2 cot t and y = 2 sin? t, 0 < t < т. 


tan? t 
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36. 


37. 


Section 11.1 Рагате ха оп5 of Plane Curves 


Arc PF — Arc AF since each is the distance rolled and 
АРЕ = ZFCP => Arc PF = b(ZFCP); &£^F = 0 

= Arc AF = аб = аб = b(ZFCP) = /ЕСР = = $6 
ZOCG = # — 9; ZOCG = ZOCP + ZPCE 

= ZOCP + m — a). Now ZOCP = т – ZFCP 
== 6 Thus LOCG атр аре 3-0 
=п- 0+1 -а > а=п- 0+0 =" – (520). 


Then x = OG — BG = OG — PE = (а — b) cos 0 — b cosa = (а — b) cos 0 — b cos (r — c? 0) 
= (a — b) cos 0 + b cos (20 0). Also у = EG = Са – СЕ = (а – b) sin 0 — b sin a 

— (a— b) sin 0 — b sin ( az 9) = (a— b) sin 0 — b sin (2-2 0). Therefore 

x = (a — b) cos 0 + b cos (3=8 0) and у = (a — b) sin — b sin (==8 0). 


Ifb = и = (а – 9) cos 0 + 1 са (s в) 


= За COS 0 + 1 cos 30 = 22 cos 0 + 1 (cos 0 cos 20 — sin Ө sin 20) 
= 58 cos 0 + 4 ((cos 0) (cos? 0- sin? 0) — (sin 0)(2 sin 0 cos 0)) 
= 38 cos 0 + 4 cos? 0 — анги! біп? 0 сов 0 

= 38 cos 0 + 4 cos? 0 — #8 (cos 0) (1 — cos? 0) = а cos? 6; 


y- (a— 8) sin 0 — 1 sin (58 9) = за sin 0 — 1 sin 30 = За sin 0 — 5 (sin 0 cos 20 + cos 0 sin 20) 
= за sin Ө — 4 ((sin 0) (cos? 0 — sin? 0) + (cos 0)(2 sin 0 cos 0)) 
= 38 sin 0 — $ sin 0 cos? 0 + $ sin? Ө — 2$ cos? 0 sin 0 
= 7 sin — за sin 0 cos? 0 + 2 1 sin? 0 
= 28 sin 0 — 33 (sin 0) (1 — sin? 0) + $ sin? Ө = a sin? Ө. 
Draw line AM in the figure and note that ДАМО is a right 
angle since it is an inscribed angle which spans the diameter 
of a circle. Then AN? = MN? + AM?. Now, OA = a, 

N — tan t, and АМ = sint. Next ММ = OP 

= OP? = АМ? — АМ? = а? tan? t — а? sin? t 

=> ОР = Ма? tan?t — a? sin?t 


= (а sin t) sec? t — азш c . In triangle BPO, 


x = OP sint = ea = a sin? ‚жү 


у =OPcost=asin?t > x —asin?ttantand у = a sin? t. 
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38. Let the x-axis be the line the wheel rolls along with the y-axis through a low point of the trochoid 
(see the accompanying figure). 


y 


Let 0 denote the angle through which the wheel turns. Then h = ад and К = a. Next introduce х'у'-ахез 
parallel to the xy-axes and having their origin at the center C of the wheel. Then x' = b cos а and 
y = b sin а, where а = Эл — 0. It follows that x’ = b cos (3 — 0) = —b sin д and y' = b sin (3 – 6) 


= —b cos 0 = х= һ + х! = ад – b sin д and y = k + y' = а – b cos 0 are parametric equations of the trochoid. 


39. р = J/x-2? + (y- 1)! > 0 (к 20 +(у– 1) -a-2? - (8-3) > D -é-a 2 


а (Р?) 
dt 


minimum for D? (and hence D) which is an absolute minimum since it is the only extremum => the closest 


= 4t? -4=0 = t= 1. The second derivative is always positive fort 40 = t = 1 gives а local 


point on the parabola is (1, 1). 


40. D= V (2 cos t 3)? + (sin t — 0)? = р = (2 cos t — 3)? + sin?t = аш) 


= 2 (2 cost — 3) (-2 sin t) + 2 sin t cos t = (—2 sin t) (3 cost — 3) =0 > —2 sint = 0or3 cost— 3 =0 


эл 22 = —6 cos? t + 3 cos t + 6 sin? t so that р) (0) = —3 = relative 


= t=0,7ort= 5,2. Now 


2 d? (D?) = " Қ Ф (D?) ұлу 9 5 2 
maximum, —> (п) = —9 = relative maximum, dg (5) => = relative minimum, апа 


PS) = 


5 = relative minimum. Therefore both t = 5 and t = эт give points on the ellipse closest to 
the point (3, 0) > (1. 32) апа (1. - уз) аге the desired points. 


41. (a) (b) (с) 


x=4costy=2sint 


0<1<2х х = 4 cost, у=2 sint 
2 


Х = 4005, у= 2511 


0<1<х 
42. (а) у (b) y (c) " 
14 
X ж sect, У  1апї 0. 
Хе sec Ly E BNI —0.5 5150.5 Х = гес |, у «lant 


-1.5 5151.5 —9.1 $150.1 
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43. 
у 
2 
x=2t+3,y=t -1 
-25152 
x 
44. (a 
(a) y 
x«t-sint 
y=1-cost 
0<152% 
45. (а 
(а) г 
x = 2 cos | cos 21 
y = 2sint— sin 21 
x 
46. (a) 


X = 3 Cos t+ cos 3t 
y=3sint-sin 3t 


0<1<2л 


Section 11.1 Parametrizations of Plane Curves 


(b) 


Xxt-sint 
y=1-cost 
Osts4n 


(b) 


(b) 


(c) 


x=t-sint 
y=1-cost 
15153л 


X = -2 Cos t + СОЅ(-21) 
у = -2 sin 1- sin(-2t) 


051<2л 


= -3 cos t + СО5(-31) 
= -3 sin 1- sin(-3t) 


05152л 
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654 Chapter 11 Parametric Equations and Polar Coordinates 
47. (a) (b) y (c) 
x 
Hypocycloid 
-10 
48. (a b 
(a) Р (5) y 
X 
x = 6 cos t + 5 cos 3t, у= 6 sin t — 5 sin 37, x = 6 cos 2t + 5 cos 6t, y = 6 sin 2t — 5 sin 67, 
0<:<2л 05:5л 
(с) 


(4) 


х = 6 с05 t + 5 cos 3, y = 6sin 2t 5 si - i i 
2222 у sin 3t, е T y = 6 sin 47 — 5 sin 6r, 


11.2 CALCULUS WITH PARAMETRIC CURVES 


_ т = T = т. „ЧЕ : dy __ dy dy/dt 2 cost 
1. {= 7 э х=2сов © = \/2,у = 1 = y2; ® = 2 sin t, $ —2cost ах = за = 2 пе cot t 
dy = : IE — = РО: 
— d n cot 1 = — 1; tangent line is y y2- 1 (x v2) огу = –х + 24/2; ® = csc t 
5-74 
азу ду а csc?t 1 Фу — 
dx? dx/dt —2sint тыш — dii тан У? 
—4 
2 = – 1 = x = sin (2n (– 2)) = sin(— 7) = – УЗ, у = сов (2 (- 1)) = cos (— 5) = 1; m — 2m cos 2mt, 
dy 2 : ду —2msin2zt _ ду шк = 3 1 т ч 
dr = —2т5їп2лї Ях © uaa = — (ап 271 > 2 aes tan (27 ( 3) == (ап ( т) = V3; 
: i 1 — 3 2 ‚ду _ 2 Фу __ —2л sec? Int 
tangent line is y — 5 = V3 [x - (- 3$) огу = Зх +2; а = —27 вес” 271 => да = ӘДЕ зи 
1 Фу = 
cos? 271 = dx? i ===> 


--1 
mE 
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10. 


11. 


Section 11.2 Calculus With Рагате с Curves 


=> “4 Gn © фид деше noz .dx — dy _ Эд dy _ дуй _ —2sint 
= 4 = x—4sin? = 24/2, y = 2 cos © = V2; q = 4 6086 ү = —2sint = бу = dud = 1681 

=== 1 ду =: 2..1 т l. іпе і md zl : 
= най | = 5 tan 7 = — 5; tangent line is у М2 = г (х 2/2) огу = 1х+242; 

m 
dy 1,д22 Фу  dyld _ -3set _ 1 Фу | y2 
а 2 Sec t= dx? Фу ^ 4cost ~~ 8 cos? t => dx? мэн 4 
a 


2 2 1 т _ V3. dx _ : ду _ | dy _ —vV3sit _ 
(== х = cos T = — 5, У МЗ cos 27 = = —sint, = УЗ sint > % = in — Уз 


3 3 3 2 * dt ?` dt dx —sint 

dy LA. Ие 222311: ел - . dy dy 0 
=> _. = v3; tangent line is y ( 33) = уз |х ( 1)| ory = узх; € 0 dd int 0 

NES 

Фу — 

= ad „=> 
A 

H 1 1. dx ду 1 „ dy _ dy/dt 1 ду 22. 345 пег 

t— 1 х=ру=г а = 1, ў at dx = аж = 57 Е бутлан 
1 4 
Lii t Е 1. dy _ 1үз/2 Фу _ дуй 1.-3/2 dy 22 
Уу-і-і-(-,фоу-хант--ы ал — dud 4 > =| = 2 
—4 

(--1- х = вес? (– 5) – 1 = 1, у = tan (– т) =-1; ® 2 ес? 1 tan t, % = sec?t 

ау. sec?t элэг! ду p _ ту— — 1. : : 
=> dx ^X 2secttant — 2tant 2 cott => ах rae m 3 cot ( 1) m z > tangent line is 

ED: 
2021 1 1.dy 1.22 Фу _ —3et 1003 

М ( 1) = 5 (х Богу = 2X 2* d — 2 ESC > dx? ^ 2secttant 7 4 cot t 

Фу 1 
> di, ,74 

= 

т т 2 п 1. dx _ dy — sec? чу _ dy/dt 
t 6 X — sec c py tan < з, aq 5 BOREAS dt sec^t dx didt 

set _ __ ду = T _ 5. NE =. _ 2 "S 2 И 
= ет = cet > 2 __ = esc 6 = 2; tangent line is y 4-2 MT or y = 2x V3; 

= 2 2 
dy _ Фу __ 4у/ ^ —csctcott _ 3 dy 2 
аг = — ese tcott => dx? ^ dx/dt ^ secttant ^. cot t => dx? =z --3ү3 
TG) 


t=3 > x=-V341=-2,y= ЗФ = 38 --10 77, 8 = 3307 = B= Gere 


а (= 1) 441):13 
_ 3yt+l _ dy _ -3уз+1 _ 5. раб. АР Ж оу р. 
"VA = НИ 430) 2; tangent line is у — 3 = —2[x — (—2)] огу = —2х — 1; 
/2 —]1/ 3 
dy _ Va ЕВ у ЕЗ [3 (39772] _ 3 Фу _ (ен) 2 3 
d ~ 3t dx? Е ны 
t/t /t+1 х (улт) ТЕ! 
Фу = 1 
5 dx? t=3 2203 
2 . dx dy 3 dy _ дуй _ 48 2 ду — (_1)2 — 1. E 
t 1 х= 5,у= у =4% 1-4 ах = 408 act |, = (— 1) = 1; tangent line is 
E E . dy Фу — dy/dt ж 1 Фу 2241 
у а 52 > авс аш жаты 2-2 
24 1 dy 1 ду (0) |р. "E 
t=1 х-1,у--2, T = пе de CH t ах|_ = 1; tangent line is 
2 t=1 
ау Ф = d 
y-(-2-2-1x-Dory--x-LZ 1 “Б> ! e | =1 
(- 5) =! 
(-1-Х-1-811-1 уз = 1— 052 =1-1=1; ® = 1 — cost % = sint => Ф = 94 
=з = 43-2 ЖУ Е 27-29 dt > dt ах — аа 
уз 
— _sint dy _ _ (5) _ (%) Е : naat — т уз 
= тә 5 сыл тэн m МЗ; tangent line is y — 1 = УЗ Roo + чое 
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656 Chapter 11 Parametric Equations and Polar Coordinates 


= тү/3 . Чу | (1 — соѕ 0)(соѕ 0) —(sint(sint) ^ ^ —1 d'y _ ау/ш (=) 
> у= Узх + 2 = = 


> dt (1—cos t)? 1-сов( -> dx? ^ dx/dt 1 —cost 


22021 Фу 


7“ (1- сов t =” dx? яаж, 


(== 


12. t S X — cos 2 0, y = l1 + sin a = 2 a = — sin t, Чу cost ду mL — cott 
dy d. п (y ; : . ду 2 Фу csc? t 2 3 Фу 
> k шалт cot 5 = 0; tangent line is y = 2; е = csc^t dd = тэш cso t => д "a 1 
1 1 2 . dx —] dy -1 ду (+ 1)2 ду _ (2+1)? _ 
13. 1=2=>х= у= "Фу HT HAE (+12? dt — (01) dx (-1) «|, (2—1) = 9; 
CEN .dy _ 46+1) Фу _ 46+1) Фу 4(2+1) 
tangent line is y = 9х — 1; у = NETS => y= (ЕБТ > т 1, 0-1) 108 
0 21-80 . dx t dy t dy -е! ду 2200-0221 
14. 1= 0 = х= 0 +е у= 1-е 0; T 1-е, & е ax ind «| ү T 25 
: : 2 1 1. ду ___-. d'y -е Фу шээг" MEM 1 

tangent line is y = —5X + 5; | (rey dX = {ттеу = dS о Ute = 8 

3 2 2 dx M 2 dx _ dx _ —М. 
15. х +26 = 9 => 3x F+4t=0 = Зх 2 = 74 = += 52, 

3 2 _ 2 dy ду бі Es dy _ dy/dt (5) 3х2) Зх yg 
2у — ЗЕ = 4 = 6y – 6 = 0 а бут = у ; thus ах = aua (=) саб = 24575 2 
3x. 
3 2. 3 3 А 3 2 _ 
= х? 4+ 202) =9 > х+8=9 x 1 x=1;t=2 = 2у° — 30) = 4 
3 3 : a| _ 307 _ 3 
2y 16 > у? = 8 у = 2; therefore zb = y ^ 16 


16. х= J5- vt > &-l1(s-V) 7 (-1637) = iyt- D= Vt sy+ t- Dg = jc 


Ves i 
1-2yVt 
= (t— 1) ду _ 1 s m af? Lo 1-2yvi : thus ® = ¢ 21-27 1-2уу! B E 
ол У d — (6—1) 2/1-2/17 ах ол -1 


dy 
dx 


therefore, 


1=4 


17, a 239 SP pt oe ЕТ => (14-3317) ® =2+1 => Пе UE yVt-142t/y 4 


=> уљу (1) (+ 0-12 +2 /у+21 (у?) $202 4 CET +2у/у+ (4) % =0 


4-249)  -ууу-аууеі 
t_) dy _ у у (л _  -УМУ-4У . 
=> ( t+1+ 5) dt лы 2 У > «= ( EI +) TS NDERIT MUS 


( -у/У-4ууі-і ) 
9 — дуа — ov = ; t= 0 х + 2х3/2 = 0 => X (1 + 2х!®) 0 X 0; t 0 
(ых) 


ауа — A4) /O41 
2/4040220)/0-1/ __ 6 


EN 20) + 1 
1 + 3001 /2 


1 "S dx = dx — р dx — dx _ l-xcost. 
18. xsint+2x=t > у sint + х соѕ51+2 а — 1 = (sint 2) —1—xcost > 4 = ut > 


=> yy0+1 ES 2(0). /y =4 = у = 4; therefore чу 


: | а а i 81- А 
tsint —2t — у = sint+tcost—2= 2; thus 5 = Sponsi Др. хзшл + 2х = л 
(ба) 
= x= 5 ; therefore ду — Япл-тсовт-2 _ 5—8 4 
X | ГЕР 1- (8) сот +T 
впт--2 
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19. 


20. 


21. 


22. 


23. 


24. 


25. 


26. 


27. 


Section 11.2 Calculus With Parametric Curves 


хЕВ-+ЬУу +28 —2x +0 > 4 =30 +1, 9 +62 =2% + 21 $ = 2(32 + 1) +20— 68 = 2t+2 


ду 2t+2 dy (1) +2 
dx — 3041 | 3051 

t-In(x-t), y = (е = 12 (S - 1] = х-1=®-15 = cx +1, € = te! +e; 
ду _ чета = dy (O)e°+e® 1 

> <= ( f= 90S 0 = (х 0) > x= 1 dk. T 1041 = 3 


2т 2т 2т 2т 
А = Г у dx = Ї а(1 — cost)a(1 — соз t)dt = a? f (1 — cost)?dt = 21 (1 — 2cost + cos?t)dt 
2m 2n 


= 2 f^ — 20051 + 1652) dt = 21 


= а (3л — 0 +0) — 0 = Зта> 


(2 — 2cost + j cos 2t) dt = а? Е — 2sint + 1 ШЕ 


0 


1 1 
А = f x dy = Í (t — 2)(–е“ 4 | =1- 2 > ди = (1- 2046 dv = (Ce *)dt > у = e 


1 


1 


0 


1 
- еі 204 | = 1 — 2t > ди = —2dt; ду =etdt > v= e 


e^(1 2 Т, теш) = Ба +e™t(1 — 2) дегі 


= (e7! (0) +е7!(—1) – 2е-1) — (е0(0) + е0(1) — 2e?) = 1 — Зе = 1 2 


0 0 т + : 
А-2| удх-2| (osint)(-asingdt = 2ab Јо sitat = 2ab f 1-9? dt = ab f^ (1 — cos 2t) dt 
= аһ — 3512] = ab((7 — 0) — 0) = rab 


1 


1 1 1 
@ х=,у=,0<1<1=А= f, у=ј (буха-, 208:-118 -1-0-1 


1 1 1 
b) х=В,у=в, 0 <Е<15А= f, ydx- f, (Weds f 3e at = КЫ 


% = —sintand ¥ = 1 + cost => =. —sin t)? + (1 + сов t)? = М 2 + 2 соѕї 


= Length = |, /2 + 2 сові = p и M ја + созђ dt = 2 ЈУ f Sx. а 


= và fis = = dt (since sin t > 0 оп (0, t]); [u = 1 — cost > du=sintdt;t=0 => о = 0, 


t2 ә u=2] > V2 fw аа = V2 pu]? =4 


657 


% = 30 and ® = 3t > (кі? + (5) = \/ (32)? + (302 = VIt + 92 = 36/0 +1 (since t > Ооп (0. У3)) 


үз 
= Lengh = f^ 3 PFI dt; fu 2+1 > 3du-3td;t20 > u=1,t= V3 >u 4 


> | зиуг аи = 40) -(8-1)-7 


2 
à —tand € = Qt 192 = (3^ ($) = V/8 + (2t-1) = J(t- 1)? = [+ 1] = + 1 зтсе 0 «t£ 4 


4 
= КТІ (t+ 1) dt = [$+] = (8+4) = 12 
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еде 
28. © = (24+ 3) ^ and ® 214. t > THO = y (2+3) + (1+0? = УРАКА = 1+2] = (£2 


3 3 
since «t€ 3 => Length = 0+2) dt = [+2 = + 


29. & = 8t cos t and Чу = ŝt sint = (ву? EN 8t cos t)? + (8t sin t)? = \/64t2 cos? t + 64t? sin? t 


= |8t| = 8t since 0 < t < 5 = Length = - 8t dt = [д]? = л? 


. 2 1 
30. & = cm) (sec t tan t + sec? t) — cost = sec t — cos t and 2 = -—sint > 4/(%) + (2) 


2 7 
= V sec t — cos t) + (їп t)? = „у вес2 t — 1 = ап? t = |tan t| = tant since 0 < t ix 


7/3 7/3 т 
-> Length = f tantdt= |, sint dt = [- № |cos t]? = —In 1 +In1=1n2 


cost 


31. = — sin t and & у = cost => (эг +(#) = \/( —sin t)? (cos i)? =1 Area = [ 05 


= n" 27(2 + sin t)(1)dt = 27 [2t — cos t] = = 2л[(4т — 1) — (0 — 1)] = 8л? 


32. B= апі & = 772 = f (5 +(%) = yt+t! ,/ + > Area = | 2лх ds 
Ji 
= | an (2e ÈH ac = ae ld;[u— 2+1 > du=2tdtjt=0 > u=1, 


2m у= Ап ,3/2] 4 _ 280 
[= уз > 4-4 > Г 23 /u du = | 224571, = т 
уЗ 
Мое: Ї 2m (2 (8/ 2) Рн dt is an improper integral but hm, f(t) exists and is equal to 0, where 
t 


f(t) = 27 (2192) ,/ +1. Thus the discontinuity is removable: define F(t) = f(t) fort > 0 and Е(0) = 0 


= ЇГ» = 2, 


33. & = 1 and S =1+ /2 = (3) + (4) = ү + (++ v2) = Уаз => Area = f 2лх ds 
т (1+ v2) је + 2/213 dt; №=2+2\/21+3 > du = (2 + 2/2) d;t— —V/2 = u- 1, 
[= V2 = u=9] > f? s adio [22]? 222 27-1) = 2 


1/3 7/3 
34. From Exercise 30, y шү + Є D. tant Area Ј глу ds = 1 27 cos | tant dt = 27 Г sin t dt 


= 2r |- cos ]5^ = 27 [- 1 –(–1)] = 


35. ® =2and ® =1 => \/ (85) + (+) = VEYP- V5 Ака = f2ryds= Ј зли + 54 
= 2ту5 |5 +], = 3m 5. Check: slant height is V5 = Area is п(1 + 2 )/5 = 30/5. 
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36. 


37. 


38. 


39. 


40. 


Section 11.2 Calculus With Parametric Curves 659 


% —hand 9 =r > (2)? + (%) = М +12 = Area = | 2лу ds = Ї 2nrt/ h? + r? dt 

1 2 
= 2rry h? + 12 Ї tdt = 2rry h? + r? [e]. = тг\/һ? +12. Check: slant height is yh? + г? = Area is 
mh? +12. 


Let the density be 6 = 1. Then x =cost+tsint > ах = t cos t, and y = sint—tcost > 9) =tsint 


2 
dm = 1- ds ay + (8) dt = \/(ї cos 02 + (t sin 0)2 = || dt = t dt since 0 < t < 5. The сигуе' mass is 


1/2 1 27 т/2 . п/2 | т/2 
м- f dn- f, tdt— т. Also M, = [5 dm = f (sint — tcos) tdt = | tsintdt— f. 2 cos t dt 


= [sint — t cos t]7/? — [2 sint — 2 sin t + 2t cos t] т 2-3- т , where we integrated by parts. Therefore, 


M (3-5) z zn 1/2 | т/2 т/2 | 
у= ў = (3) = =— 2. Next, M, = [X m= f (cost+tsint) tdt = f tcos tdt 4- f t? sin t dt 
8 
= [cos t+ t sin t]; D^ + [-t? cos t + 2 cos t + 2t sin t]; Um 3л - 3, again integrating by parts. Hence 
VM 37 -3 12 24 — 12 24 24 
ty ues тэмээгээ! 
Let the density be 6 = 1. Thenx = е! cost => өз —e'cost— е! sint, andy = et sint > a =e'sint+e'cost 


2 = 
=> dm = 1 - ds = (2) + (8) dt = үе cos t — et sin t)? + (et sin t + et cos t)? 4:-4/2654:--4/26 dt. 
The curve's mass is M — fam= f уе = 2e — \/2. Also M, = [у dm = А (е! ѕіп 0) (Уе) dt 

m uM e : a ет еэ V2 28. e 
= s y2e sin t dt — У2 [5 @ sin t—cos 0] = V2 (s +3) у= M = Сыыр = е туа 
Next M, = fx Чт = Jo (С cos t) (Уе) dt = Је cos t dt = 4/2 Б (2 cos t + sin 9|, = –4/2 (= + 2) 


х — М - Уз (27 +3) ге +2 с 2742 — eT 
Ем = СЕЗ п. Therefore (x, y) = ( ЕП | 8255) 
Let the density ђе 6 = 1. Thenx = cost = 9 = — sin t, апау = t + sin t > ay = 1 + cost 


dt 


is М = n Ї V2 +2 cost dt = VAN М1 + costdt = У21, \/2 cos? (5 На=2 | [соз ( 5) | dt 


=> J cos ( ) dt (ѕіпсе0 С: Сл = 0x 1 $< т) =2 [2 (1) = 4. Also М, = |Зат 


2 
dm = 1: ds [xr + (8) dt = V (sin t)? + (1 + cos t)? dt = 4/2 + 2 cos t dt. The curve's mass 


2. ) dt = f 2t cos (5) ) ac ЈУ 2 sin t cos (1) dt 


Kc И +2 [- $ cos (2t) — cos (1) |, = 4т — 16 у= № = 6123) = л 4. 


Next M, = [X dm — 


4. кф— М _ 0) 
з 7 X= Mr а 


A “(cos t)(2 cos $) dt = | cos t eos (3) dt = 2 [sin (5) + тыш "5 i 


. Therefore (x, y) = (4,7 — 5). 


Let the density be 6 = 1. Thenx = В = 4 = 32, and y B S —3t dm = 1 - ds 


= \/ (32)? + (3t? dt = 3 |t| Vt? + 1dt = 3ty t? + 1 dt since 0 < < VA. The curve's mass 


5 уз 3/21 УЗ ~ V3 зр 
pra 3t Цанд. Е Ое а. * (з +1) dt 


-:f"e 1 dt = 8 = 174 (by computer) => y= = == = E ~ 2.49. Next M, = fx dm 
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УЕ з 
= [в.з (FD at=3 "уе +1 dt ~ 16.4849 (by computer) => x= № = 164589 ~ 2,35. 
Therefore, (х,у) ~ (2.35, 2.49). 


2 р p 
41. (а) ® = —2 sin 2t and 9 = 2 cos 2t => \/(®) + (%) = y (=2sin 21)? + (2 cos 29? =2 


T 


/2 т 
=> Length = f^ 2dt = pq; = 


(b) & = л cos rt and 4 E = —л sin Tt => 1 |( (а) = У (т сов at)? (—7 sin xt)? =" 


1/2 
=> MN (т = т 


42. (a) x = g(y) has ће parametrization x = g(y) andy = y forc < y < d = - = g'(y) and E = 1; then 


а 
Length = f (2) + =) a= ЈУ ) ay = ie V1 y)P dy 
E 4/3 5 4/3 3/2 
() xc yos ys i | улг уе. ur уу = [1:30 l 


7. 
І 2-12 7030400 1 у2/3 
() х= 3022,0 <у<15 ®=у1® S L- Јоу (0-03) ву = Лев = tim ЈЕ ay 


1 
Z lim jf (у7/3 + jj^ (2y-1/3) dy = lim В 2 (2/3 + y^] = din (2°? 2 (a2/3 + 7) —2/2-1 


a—0* a—0* 


43. x = (1 + 2sin6)cos6, y = (1 + 25іп 0)ѕіп0 => 45 = 2cos?0 — sin A(1 + 25100), 5 


> ау 2- 2cos 0 sin  4- cos 0(1 + 2sin 0) 4соѕ 0880--со80  __ 2sin20--cosÓ 


dx 2cos?0 —sin0(1--2sin0) | 2cos?0 — 2570 —sinÜ ^ 20с0520 — sin 


‚ qi = 2cos 0 sin 0 + cos 0(1 + 2sin0) 


__ 2sin(2(0)) + cos(0) 0-1 1 
~~ 2cos(2(0)) — sin(0) 2-0 2 


(a) x = (1 + 2sin(0))cos(0) = 1, y = (1 + 2sin(0))sin(0) = 0; Чу 


(b) x = (1+ 21 (2) )сов (2) = 0, y = (1 + 2sin(Z))sin(Z) = 3; ду 


(с) х = (1 + 2 1 (42) )сов (22) = УЗ-1 y= (1 + 2 5іп (27) ) ѕіп (27) = 3- v3, dy 


2 ах 
0-44л/3 
2М3-1 _ 23-1 _ 
в = (4+3у3) 
44. x ty = 1 — cost, О С t < 2n бх 1,4 sint ау sint sint 4(%) cost 3 cst = cost. The 


Р x. e Р к 8324 422423 ду · А а2 
maximum and minimum slope will occur at points that maximize/minimize 47, in other words, points where 53 = 0 


2 
со = 0 => (= 1 ог 1 = У = +++ | --- | +++ 
т/2 37:/2 

(a) the maximum slope is ay = sin(4) = 1, which occurs atx = 5,у = 1 — сов (5) -1 

t=7/2 
(a) the minimum slope is Е = sin (37) = —], which occurs at x = т, у=1 cos (37) = "1 

ї=3л/2 
dx _ ду _ ду dy/dt 2 cos 2t 2 (2 cos? t-1), Фу 2 2 (2 cos? t— 1) m 

45. чү = costand = = 2 cos 2t чк ddd ЖЫТ СО Шеп =0 > == {a = 0 

= 2cos*t—1=0 = cost ts t ae Wow к 1 x = sin 7 У? and 


у =sin2 (т) =1 > (22, 1) is the point where the tangent line is horizontal. At the origin: x = 0 and y = 0 
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sin t = 0 t= бог = v and sin 2t = 


P soe dy E" = 
the origin. Tangents at origin: = Ts 2 => у = 2х апд 5 _ 


ду dy/dt 3 cos 3t 


3 
0 a x 


; thus t = 0 and = 7 give the tangent lines at 


——2-yc--2x 


З(сов 2t cos t — sin 2t sin t) 


dx _ ду _ 
46. t= 2 cos 2t and = 3 cos 3t dx аа cos tt 


3 [(2 cos? t — 1) (cost) - 2 sin tcostsin t} __ (3 cos t) (2 cos? t— 1 — 2 sin Pt) _ 


(3 cost) (4 соѕ21— 3) , 


2 (2 cos? 1—1) 


; then 


= 2 (2 cos? t— 1) 2 (2 cos? t— 1) 


2 (2 cos? t— 1) 


Q ty 
у —=0 = Bee Ace кз) = 0 = 3cost=O0or4cos?t-3=0: 3cost=0 = t= 1, 37 and 
(2 cos* t— 1) 9° 9 


V3 


cost= 4 уз t-2,9 т, Ил. [n the Ist quadrant: = с > х = sin 2 (2) == 


4 соѕ21— 3 = 0 


and у = sin 3 (2) =1 = (22, 1) is the point where the graph has a horizontal tangent. At the origin: x = 0 


79 62696 


andy = 0 = ѕіп 21 e 2. 


: РИК . dy 3 сов 0 3 3 dy 
the tangent lines at the origin. Tangents at the origin: == о = 2080 = 2 у = 5х, and = " 
— 3cos3m) _ 3 25203 
^ 2с08(27) | 2 = у= 2X 


47. (а) x = a(t — sint), у = а(1 — cost), 0 < t < 27 = 4 = a(1 cos t), 2) q = asint => Length 


= fe 1 — cost)) яс 
аул |” I сома = а f. "Үзік (5) 


= —4асозл + 4acos(0) = 8a 
(b) а=1 —x-t-sinty-l-cost0 < t < ле 9 


= Гэх сово) /(1 — cost)? + (sing? ME т СО ЕН 
=> [7 ( 1 — cost) ео ва ж. Dy at 
-2у а f ( 2sin?( УУ? а= вт f біп? (5) dt 


t 
ТЭ 


2т 
+ (asint)? dt = 1 Маг — 2а? cost + a?cos? t + a?sin? t dt 


dt — 2а | sin(4) dt = [-4acos(1)] 


= ] — cost = sint => Surface area = 


? = 


ди = Ја > dt = 2du; = 0 > u = 0,t = 2r = u 4 


= 0 апа sin3t = 0 = 1= 0, 5, т, эг 7 andt—0,2, 7,7, 3; 3 = t=Oandt=7 give 


= = 16т ЈУ sin?u du = 16л ; sin? usinudu — 16x ЈУ (1 — cos?u sinu du = 161 |, sin u ди — 16т |, соён sinu du 


= |- l67cosu + cosa] = (16r 167) ( 167 + 167) = on 


27. 2n 
48. x =t- sint, y = 1 — cost, 0 < t < 2л; Volume = f, т y'dx = f п(1 — cost)?(1 — cos t)dt 


— 3cost + 3 (10052) — cos?tcos t)dt 


27. 27. 
= rf (1 — 3cos t + 3cos?t — cos?t)dt = rf (1 


27 
" (5 — 4cost + cos 2t + sin?t cos t)dt 


= л(5т — 0 + 0 + 0) — 0 = 57? 


(1 — sin?t) cos t)dt = т 


T ШЕ — 3cost + 2cos2t — 
0 2 2 


2n 
= ЦЕ — 4sint + 3 sin 2t + {sin | 
0 


47-50. Example CAS commands: 
Maple: 
with( plots ); 
with( student ); 


x := t -> 1^3/3; 
y := t -> 1^2/2; 
a := 0; 
b:= 1; 
N :=[2, 4, 8 |; 


for n in N do 
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tt := [seq( at+i*(b-a)/n, i=0..n )]; 

pts := [seq([x(.y(0],t-10]; 

L := simplify(add( student[distance](pts[i+1],pts[i]), i=1..n )); # (b) 

T := sprintf("#47(a) (Section 11.2)\nn=%3d Lz968.5fn", n, L ); 

РГ] := plot( [[x(t), y(t),ta..b].pts], title=T ): # (a) 
end do: 
display( [seq(P[n],nzN)], insequence-true ); 
ds := t ->sqrt( simplify(D(x)(t)^2 + D(y)(t)^2) ): # (c) 
L := ШК ds(t), t=a..b ): 
L = evalf(L); 


11.3 POLAR COORDINATES 

1. де; bh с; с, В; df 2. а, Е b,h; с, 0; de 

3. (а) (2, Did пл) апа (-2, 5 + (20+ От) ‚ пап integer 
(b) (2,2n7) and (—2, (2n + От), n an integer 


(c) (2, ат + пл) апа (-2, т + (2п + От) ‚ пап integer 
(d) (2, 2n + От) and (—2, пл), n an integer 


e 


4. (a) (3, ++ пл) апа (-3, эх + пл) ‚ п an integer у 
(b) (-3, a пл) апа (3, эл + пл) ‚ пап ішесег 
(с) (3, — 1 + пл) апа (-3, 3л + пл) ,nan integer 
(d) (-3, – 0 пл) апа (3, x + пл) ‚ пап integer 2 
(-3.л/4)) (3,-л/4) 
е % 
5. (а) x =r cos 0 = 3 cos 0 = 3, y = r sin 0 = 3 sin 0 = 0 Cartesian coordinates are (3, 0) 


(b x =r cos 0 = —3 cos 0 = —3,y = r sin 9 = —3 sin 0 = 0 = Cartesian coordinates аге (—3, 0) 


(c) x =r cos 0 = 2 cos = -1,у-г8ш0 2 sin 27 = V3 = Cartesian coordinates are (-1, v3) 


(d) x = r cos 0 = 2 cos = 1, y =r sin 0 = 2 біп E = V3 = Cartesian coordinates аге m v3) 


(e) x =r cos 9 = —3 созт = 3, y = r sin 0 = —3 sina = 0 => Cartesian coordinates аге (3, 0) 


(f x = гс050 = 2 cos 5 = l, y =r sin ð = 2 sin 5 = уз = Cartesian coordinates are (1, v3) 


(g) x =r cos 9 = —3 cos 27 = —3, y = r sin 9 = —3 sin 27 = 0 = Cartesian coordinates аге (—3, 0) 


(h) x =r cos 0 = —2 cos ( т) 1, y = r sin 0 = —2 sin (- т) = V3 = Cartesian coordinates are (-1, v3) 


6. (a) x= У2 cos 4 = 1,у = /2 sin т = 1 = Cartesian coordinates are (1, 1) 
(Б) x—1cos0— 1,у = 15ш 0 = 0 = Cartesian coordinates аге (1,0) 
(с) x =Ocos 5 = 0, у = 0 sin 5 = 0 = Cartesian coordinates аге (0, 0) 


(d) x = --4/2 cos (т) =-ly= —\/2 sin (т) = —] = Cartesian coordinates аге (—1, —1) 


(е) x = —3 cos эл = ын , y = —3 sin эл = 3 = Сапечап coordinates аге (38, — 3) 
(f) х= 5 соѕ (tan~! 5) = 3,у = 5 sin (сап! 1) = 4 = Сапечап coordinates аге (3,4) 
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10. 


(2) 
(8) 


(а) ( 
(5) 
(с) 
(4) 


(а) 


(5) 
(с) 
(4) 


(а) 


(5) 
(с) 


(4) 


(а) 


(5) 


(с) 
(4) 
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x = —1 cos 7л = 1, у = —1 sin 7m = 0 = Cartesian coordinates аге (1, 0) 
x = 24/3 cos 27 – 3, у= 24/3 sin 27 — 3 = Cartesian coordinates аге (-v3, 3) 
= у? + 12 = V2, sin = yy and cos 6 T 9 = т > Polar coordinates аге (v2, 1) 
3,0) > r = 4/ (3)? + 02 = 3, sind = 0 and cos @ = —1 = 0 = т = Polar coordinates аге (3, т) 


(= 
2 
2 2 __ : E V3 1т : T 
(v3 3, -1) = г= (v3) + (—1) = 2, sinó = — and cos@ = Y? = 0 = HE = Polar coordinates are (2, 17) 


(-3, 4) =т= \/(—3)? + 42 = 5, sind = = and cos@ = —2 => 0 = s — arctan(3) => Polar coordinates are 
(5; т— агсїап(4 )) 


(—2, —2) > r = \/(—2)* + (-2)? =2,/2, sind = = and cos 0 Жет); 9 = — 3" = Polar coordinates are 
une " 
(0,3) => r = /0? + 32 23, sind = 1 and cos = 0 = 0 = т => Polar coordinates are (3, 1) 

2 


(- V3, ars (-,3) + 12 =2, sind = 4 and cos 0 _ УЗ > 0 эт > Polar coordinates аге (2, эт) 
( 


5, —12) => r = 4/5? + (—12)? = 13, sing = — 8 and сов0 = = => 0 = —arctan(2) = Polar coordinates аге 
(13; —arctan( 2 2)) 


(3,3) >r = —+\/32 + 32 = —3\/2, ѕіп Ө = тш апа cos 9 2 0 эт Polar coordinates аге 
(v2 1) 

(—1, 0) >r = —4/(—1)? + 9? = —1, sind = 0 and cos @ = 1 = 0 = 0 => Polar coordinates are (—1, 0) 

(- 1, V3) = г=–/(–1) + (vs) = -2, sind = ыг and сов0 = 1 => 0 = 57 = Polar coordinates аге 
(-2, 5) 

(4, —3) >r = 42 + (—3)? = —5, sin 0 = 2 and cos = — => Ө = т — arctan(?) => Polar coordinates are 


(- 5,T— мисш()) 


(—2, 0) > r = —\/(—2)* + 02 = —2, sin@ = 0 and cos Ө = 1 => 0 = 0 => Polar coordinates are (—2, 0) 
(1,0) =r = -y 1? + 02 = –1, sinf = 0 and cos @ = —1 = 6 = логд = —л => Polar coordinates are (—1, т) or 


45 
юе 
Жаа” 
= 
| 
| 
"цавь" 

а 
> 
Мын 
N 
+ 
ез 
NI 


) = = – 1, sin = -j and cos @ = „М! = 0 = + огд = = —22 = Polar coordinates 


Copyright О 2010 Pearson Education, Inc. Publishing as Addison-Wesley. 


www. гетепд. 15 


664 Chapter 11 Parametric Equations and Polar Coordinates 


20. 21. 22. 
y У у 
А 
r=1 
0=0=т 
x С 
>x 
0 1 
23. 24. " 25. 
y M 
T 37 ШиРЭ”Р ЭД 
25065% ^ “25952 
1| о=">=1 -/450<л/4 2 = 7 =2 
-isrs1 1 
0 22 
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26. 


27. 


29. 


31. 


32. 


33. 


34. 


35. 


36. 


37. 


38. 


39. 


40. 


41. 


42. 


43. 


44. 


45. 
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OsOsn2 
15152 


т соз 9 = 2 => x = 2, vertical line through (2,0) 28. гзш 0 = —1 = у = —1, horizontal line through (0, —1) 
тзпд=0 = y = 0, the x-axis 30. rcos0 =0 = х —0,the y-axis 
г=4с5с0 > r= = = rsin = 4 = у = 4, a horizontal line through (0, 4) 


—3 
сов 9 


т = —3 sec > r= 


= гсоѕ0 = —3 = x = -3, a vertical line through (—3, 0) 
гсоѕ0 + г5ш 90 =] = x+y = 1, line with slope m = —1 and intercept = 1 

rsin 0 —rcosÜ = у = x, line with slope m = 1 and intercept b = 0 

r? =1 = х? + у? = 1, circle with center С = (0,0) and radius 1 


r=4rsind > х? y? = ду => x? + у? - ду +4 = 4 = x? + (у – 2)? = 4, circle with center С = (0, 2) and radius 2 


3 


r= sin 0—2 cos 0 


= rsin — 2r cos 0 = 5 = у – 2х = 5, line with slope m = 2 and intercept b = 5 


г? віп20 = 2 => 2r? іп 0 сов 0 = 2 = (rsin 0) соз 0) = 1 = xy = 1, hyperbola with focal axis y = x 


r = cot 0 csc à = ($87) (17) => гіп? 0 = соѕ0 => г? sin? = гсоѕ0 => y? = x, parabola with vertex (0, 0) 


sin 0 sin 0 


which opens to the right 


2 2 


г = 4 tan 0 sec 0 = г=4 (556) = гсоѕ2 0 = 45іп Ө => т? cos? 0 = 4rsin 0 => x? = 4y, parabola with 


cos? 0 


vertex = (0,0) which opens upward 
т = (сөс dye" => rsin =e’ = y = е*, graph of the natural exponential function 


rsinÓ = Inr + In cos 0 = In(rcos0) => у = In x, graph of the natural logarithm function 


г? + 2r cos sinf = 1 => х? + у? +2ху = 1 > х? += 2ху фу: = 1 = (х фу =1 х фу = +1, two parallel 
straight lines of slope — 1 and y-intercepts b = + 1 
cos? 0 = sin? Ө = г? cos? 0 = г? sin? 0 xX = у? |х| = |у| + x = у, two perpendicular 


lines through the origin with slopes 1 and — 1, respectively. 


г? = —4rcos 0 => х? + у? = —4x => х? + 4х + у? =0 = ха + 4Х +4 + у: = 4 = (х + 2): + y? =4,acircle with 
center C(—2, 0) and radius 2 
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46. г? = —6rsinÜ => х? + у? = —6y = х? +y? +6бу=0 = х? + у? + 6бу+9=9 = х? + (у + 3)? = 9, acircle with 
center C(0, —3) and radius 3 


47. r=8sind > г = 8гѕіпб => х? фу: = 8y => х? + у? — 8y =0 => х? + у? — 8у + 16 = 16 => x? + (у – 4)? = 16, а 
circle with center С(0, 4) and radius 4 


2 


48. г = 3с050 => г = Згсовд => х? y! = 3х = х? фу: —3х=0 = х? — 3 + 1 фу: = 2 


2 . : . 
= (х - 3) + у: = 3 ,acircle with center C (3, 0) and radius 3 


49. г= 2cos 0 + 2sinÓ => г? = 2гсов0--2гвіп0 > х? + y? = 2х +2у => х2-2х--у2-2у-0 
= (x— D? + (у — D? = 2, a circle with center C(1, 1) and radius \/2 


50. r—2cos0 — sin 0 > r? = 2r cos 0 — r sin 0 => x? + у? = 2x — y > х? -2x фу +у = 0 
> (х= 12 + (у + i = 5, a circle with center C (1, — 1) and radius уз 


51. r sin (0 + 2) =2 = г (sin 0 cos 7 + cos 0 sin 7) => = УЗ тїп 0 + 1гс050 = 2 = У у+1х=2 
=> /3 y +x = 4, line with slope m = — - and intercept b = Ne 


52. r sin (27 — )=5 = г (sin 27 cos 0 — cos 27 sin 0) =5 = УЗ гсо50 + 1г5т = 5 = УЗ х+1у=5 


=> V3x+y = 10, line with slope m = —\/3 and intercept b — 10 
53. x 2 7 = rcos0 = 7 54. y=1 > rsin =1 


55. х=у = reosd=rsind => 6-4 56. x -y 23 = rcosÜ—rsin0 = 3 


57. Х фу =4 > г == > г=2огг=—2 

58. x? — y? = 1 = г? со 0 — г? 5120 = 1 => г (соѕ 0 — віп?0) = 1 = 1? соз 20 = 1 

59. e+e =] => 4х? + ду: = 36 => Ar? cos? 0 + 9r? sin? 0 = 36 

60. xy = 2 = (гсов 0)(тѕіп 0) = 2 = г? сов Ө віп0 = 2 = 21? совдзтбд —4 > r?sin20 = 4 


2 


61. y? = 4х = r’sin? 0 = 4т сов 0 = гѕіп? 0 = 4 cos 0 
у 


62. х? + ху + у? =1 = х? фуг + ху =1 = r? +r? зїп 0 с050 = 1 => 17(1- сіп 0 cos 0) = 1 


63. х2 + (у – 2): = 4 > х? +y —4у+4=4 > х? + у2 = ду > P=4rsind > г=4 ѕіп 0 
64. (x 5): + у: = 25 => x? — 10x + 25 + у? = 25 = х? +y? = 10х = г? = 10гс050 = г = 10 cos 0 
65. (x 3): + (у + 12 =4 = x? - 6х +9 фу +2у+1=4 = х? +y? = бх – 2у – 6 = 1 = бгсоѕ 0 — 2r sin 0 — 6 


66. (x + 2)? + (у — 5? = 16 = x? + Ax + 4 + у? — 10у + 25 = 16 => x? + y? = —4х + 10у — 13 
= 1? = —4r cos 0 + 10r sin 0 — 13 
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67. (0,0) where 0 is any angle 


68. (а) х=а = rcosd=a r= 250 г = а зес 9 
(0) у=Ь = гапд =b r 3 г = b сөс 0 


11.4 GRAPHING IN POLAR COORDINATES 


1. 1--сов8(-0) = 1 + с0$ 0 =r => symmetric about the 
x-axis; 1 + cos (—0) = —r and 1 + cos (т — 0) 
= 1— cos 0 Z r => not symmetric about the y-axis; 
therefore not symmetric about the origin 


2. 2—2 соз (—0) = 2 — 2 cos 0 =r => symmetric about the 
x-axis; 2 — 2 cos (—0) = —r and 2 — 2 cos (т — 0) 
= 24-2cos0 = г => not symmetric about the y-axis; 


therefore not symmetric about the origin 


3. 1—sin(—0) = 1 + sin 0 Æ rand 1 — sin (m — 0) 
= ] — sin 0 Z —r = not symmetric about the x-axis; 
1 — sin (m — 0) = 1 — sin 0 =r = symmetric about 


the y-axis; therefore not symmetric about the origin 


4. 1+ зт(—9) = 1 — sin 0 Æ rand 1 + sin (r — 0) 
= |] + sin 0 Z —r => not symmetric about the x-axis; 


1+ sin (п — 0) = 1 + sin 0 =r = symmetric about the 
y-axis; therefore not symmetric about the origin 


Section 11.4 Graphing in Polar Coordinates 


г= 1+ сов 9 


r=1+sin@ |2 
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668 
5. 2+ 510 (—0) = 2 —sin 0 Æ rand 2 + sin (л — 0) 
=2+ sin 0 Z —r = not symmetric about the x-axis; 
2 + sin (п — 0) = 2 + sin 0 =r = symmetric about the 
y-axis; therefore not symmetric about the origin 
6. 1 -2sin(-0)—1—2sin0 Æ rand 1 + 2 sin (п — 0) 
= 1+2 зщ 9 Z —r = not symmetric about the x-axis; 
1+2 зщ (п —0) = 1 4-2sinÜ =r = symmetric about the 
y-axis; therefore not symmetric about the origin 
7. sin (- 5) = —sin 5) = —г => symmetric about the y-axis; A 
r = sin (0/2) 2 2 


sin (== 9) = sin (2) ‚ So the graph is symmetric about the 
x-axis, and hence the origin. di 
| X 


У г. со5(0/2) 


5) —r = symmetric about the x-axis; 


9 
8. сов (- 5) = сов (5 
210) _ 9 : : 
cos ( = ) = сов (8) , 50 ће graph is symmetric about the 
y-axis, and hence the origin. 


cos(—0) = cos 0 = r? = (г, —0) and (—r, —0) are on the 
graph when (r, 0) is on the graph — symmetric about the 
x-axis and the y-axis; therefore symmetric about the origin 


9. 
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10. 


11. 


12. 


13. 


14. 


15. 


Section 11.4 Graphing in Polar Coordinates 


sin (т — 0) = sin 0 = r? (г, 7 — 0) and (—r, т — 0) are on У га зле 
the graph when (г, 0) is on the graph — symmetric about 
the y-axis and the x-axis; therefore symmetric about the 
origin 


— sin (т — 0) = — sin 0 = r? = (r,r — 0) and (—r, a — 0) 
are on the graph when (r, 0) is on the graph — symmetric 
about the y-axis and the x-axis; therefore symmetric about 

the origin 


— cos (—0) = — cos 0 = 1? = (т, —0) and (—r, —0) are on 
the graph when (г, 0) is on the graph = symmetric about 
the x-axis and the y-axis; therefore symmetric about the 
origin 


Since ( + г, —0) are on the graph when (г, 0) is on the graph 
(+1)? = 4 соз 2(— 0) = т? = 4 cos 20) , the graph is pde sé 
symmetric about the x-axis and the y-axis — the graph is x 
symmetric about the origin | 


Since (г, 0) on the graph = (—г, 0) is on the graph 

(( xr)? = 451020 = т? = 4 sin 20) , the graph is 
symmetric about the origin. But 4 sin 2(—0) — —4 sin 20 
+ 1? and 4 sin 2(л — 0) = 4 sin (2л — 20) = 4 sin (—20) 
= —4 sin 20 Æ г? => the graph is not symmetric about 


ta 4 sin 20 


the x-axis; therefore the graph is not symmetric about 
the y-axis 


Since (г, 0) on the graph = (—r, 0) is on the graph 

(+1)? = —sin20 = г? = — sin 20), the graph is 
symmetric about the origin. But — sin 2(—0) = —(— sin 20) 
sin 20 Æ г? and — sin 2(л — 0) = — sin (27 — 20) 

= — sin (—20) = —(— sin 20) = sin 20 Æ r? => the graph 
is not symmetric about the x-axis; therefore the graph is 


not symmetric about the y-axis 
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16. Since( +r, —0) are on the graph when (г, 0) is on the 
graph (( + г)? = — cos 2(-0) => г? = — cos 20), the 
graph is symmetric about the x-axis and the y-axis — the 


graph is symmetric about the origin. lus 


04 0.4% 


17.0=% >r=-1 = (–1,5),апдд=—: > г=-1 
=> (-,- 5); г = $ = —sin 6; Slope = PAGERS 


— _ —sin? 041 cos 0 тү; 
^  —sin 0 cos 0—r sin 0 => Slope at [1 2) 1s 
— sin? (5) +1) cos 5 
—sin 5 cos 2-(-1) sin 5 ин 
sin? ( т) (-1) cos ( 5) 
біп ( 2) cos ( т) (-1) sin ( 2) 


1; Slope at (— 1 ,— 5) is 


=1 


18. 06-0 г= -І = (—1,0), ааа д =л = r—-1 
=> (—1,л);г = аг = сов 0; 

r іп 6--г сов 0 __ cos 0 sin 0--r сов 0 

Г сов 6-г віп0 ^ cos сов 0—rsin 0 


— cos sin 0+r cos 9 ‚ cos 0 sin 0+(— 1) cos 0 
“cos? Q—r sin 0 => Slope at ( 1 ‚ 0) 18 ^ cos? 0— (-ІУ)віп 0 


= * „„ cosmsina+(—l)cosm __ 
= —1; Slope at (-1,7) 15 “ов r- sinn = 1 


Slope = 


19.022 => г=1 = (1,1); 0=-т => г=-1 
1 


г = 4 = 2 cos 20; 


— r sinĝ+rcosð __ 2 сов 20 sin 0--r cos 0 
Slope 77 rcosÜ—rsinÜ ^ 2cos20 сов 0—rsin 0 
.. 260$ (7 ) sin($ )+(1) cos (7) 
T 2 4 
— Slopeat (1, т) 15 Teos сов (Т)—(П)зїш (7) 1; 


Slope at ( 1, т) is 


2 ( 
2 cos ( 5) сов ( | (-Dsin( 
sin (3; ЭГ ( Dcos (3 3 = 
t) ( Dsin (3 F) | 


Slope at (1, — +) шон 35 МШ = 1 


( 
cos ( x) (Dsin ( an 


Slope at ( 1 эт) is 


N 
Q 
9 
a 
ет 
S| 
"Lem 
о 
o 
Ф 
тт 
ale 
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20, @=0 > r=1 > (1,0;#=5 > т=—1 > (1,5); 
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2 
9=-5 т=—1 (-1,-2):)0-т-г-1 
=> (1,7); r' = # = —2 sin 26; 
— rsinO-rcosÜ __ —2sin 20 біп 6--г cos 0 ба) 
Slope ^ rcosÜ—rsinÜ ^ —2 sin 20 cos 0—rsin 0 


= Slope at (1,0) is 25 08 0+cos0 | which is undefined; 


—2 sin 0 cos 0—sin 0 > 
—2 sin2 (8) sin (5) +(—1) cos (5) 


Slope at ( 1, т) 15 


—2 sin 2 (5) сов ($)- C7 D sin (5) = 0; 


ЖАРА 2 sin 2 ( 5) sin (— $)+(—1) cos ( ӘЛЕК 
Slope at (—1,—5) is 25іһ2(- 2) cos( т) ап (= 5) =0; 
Slope at (1, m) is 2382282719557 . which is undefined 
21. (a) (b) 
У У 
А 
m ныг : 
2 2 
22. (а) (5) 
23. (а) (5) 
24. (а) (5) 
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25. 


r=-l 


>х 


26. г=2вес@ > r= o гсоз@=2 > x=2 | (2/2, т/4) 
1г-256с0 
x 
1 
(2/2, -т/4) 
27. 28. 


0<ғ-<2-2сов0 


29. Note that (т, 9) and (—r, 0 + т) describe the same point in the plane. Then r = 1 — cos 0 <> —1 — cos(0 + т) 


= —] — (cos 0 cos т — sin 0 sin 7) = —1 + cos 0 = —(1 — cos 0) = —r; therefore (г, 0) is on the graph of 
т = 1 — cos <> (—г, 09 + т) is оп Ше graph of r= —1 — соз @ = the answer is (a). 
y y y 
c = | | | Х 
r=1-cos ө г = -1 - со5 Ө г =1+с050 
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30. Note that (r, 0) and (—r, 0 + т) describe the same point in the plane. Then r = cos 20 = — sin (2(0 +л)) + т) 


= — sin (20 + эт) = — sin (20) cos (27) — cos (20) sin (22) = — cos 20 = —г; therefore (г, 0) is on (һе graph of 


т = —sin (20 + 1) — the answer is (а). 
y y 
y 
г = cos 20 г=- 51п (20 +5) г--сов% 
31. 32. 


г=1-2 сіп 30 


33. (а) (5) (d) 


с 
у ( ) у у 
1 
1 
г = со5 70 
Г = cos 20 Г = cos 30 
х x — x 
1 1 1 


34. (a) 
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(d) (e) 4 
Іші пола 


r 8/0 


11.5 AREA AND LENGTHS IN POLAR COORDINATES 
1, А= је 302 40 = 1591, EE 


т/2 


т/2 т/2 | п/2 "m 1/2 . 
2. A= ЇГ sino do => f^, si 028 —2 |", 1-252 ад = f, (1 – сов26)ад = [8 — 1sin26]77 


п 


= („= де (Је са 134 


3. A= "1+2 совбу ад = | 1 (16 + 16005 6 +4 cos? 0) 0 = |” [8 + 8 cos Ө + 2 (1+2) ] ag 


0 
= |7 (9--8cos 6 + cos 20) 0 = [90 +8 sin 0 + 1 sin 26] ^" = 187 


2n 2n 
4. А = 1 [a(1 + cos 0)]2 де = | ja? (1 + 2 cos 0 + cos? 0) 40 = 1 а? 1 (1 + 2 соз 0 + 122) 40 


эл T 
= та | (8 + 2 cos 0 + 1 cos 20) ад = La? [30 + 2 sin + 1 sin 20]? = 3 па? 


5. А" 1 cos 22940 |" do = 1 [0+ se] 5 = 


ES 


7/6 7/6 т/6 т/6 
6. А | „в 1(ео530)746 = Г. соѕ230 40 = Ue 1teosé@ gg = 1 f^ „в (1 + соз 68) ад 


= }[0 + 150160], = (ЕО) -1(-2+0) = 5 
7/21 . т/2 Е л/2 _ 
7. A= f 145120) 40 = [7 2502040 = [- cos 20]; 


т/6 


-4 


8. А = (00) |” 5 (2 sin 36) do = 12 sin 30 ад = 12 [- 5539] 7 


9. r= 2 соѕ дапаг = 2 sin 0 = 2 cos 0 = 2 sin 0 
cos 90 = sin 0 0 7 > therefore 


Ac» I} (2 sin 0)? 40 = f 7" A sin? 0 40 
= ГА (=) ад = ы (2 – 2 сов 20) 40 


= [20 -sin26] ^ = 1-1 
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10. dub d > 2810-1- sin Ө = 5 


== 0 = n or = ; therefore 


ME та 140 


5т/6 57/6 
1 sin 20 
-т-Г, (1-со820) do = s — [10 — 5528] 77 
5n : T T · т 4т—3 
= и asin F) + (1 — 1815) = 293 
11. r= 2 апаг = 2(1 — cos 0) = 2 = X(1 — cos 0) М 


г == 2(1 — cos 6) 


cos 0 = 0 0 = + 5 ; therefore 


А-а” i [2(1 — cos 0)? ад + 1 zarea of the circle 

=f" 4 (1 — 2 cos 0 + cos? Ө) d0 + (1 т) (2)? 
т/2 

= f. 4(1—2cos 0 + 159529) d9 + 2n 


1/2 
=f (4 — 8 cos 0 + 2 + 2 cos 20) 10 + 27 
= [60 — 8 sin + sin 267^ + 2л = 5л — 8 


12. po а шады) => ке y r = 2(1 + cos 0) 
= 1 + cos 0 cos 0 = 0 0 = © or 37 ; the graph also 


gives the punt of intersection (0, 0); йс Б 


А-2|” 1 [2(1 – cos Ө} а +2 | 420 + cos дур ад 


= Г 4(1 — 2cos 0 + cos? 0)40 
А r = 21 — cos 0) 
+ „4(@ +2 соѕ0 + cos? 0)40 
т/2 € 
= f; 4(1—2cos 9+ 928) do + [^ 4 (1 + 2 соз Ө + 14:28) a6 
п/2 = 
=f (6 — 8 cos 0 + 2 cos 20) 40 + f” (6 + 8 cos 0 + 2 сов 26) 40 


= [69 — 8 sin 0 + sin 26] 0/° + [60 + 8 sin 6 + sin 26] 7, = 6r — 16 


13. г= УЗ and r? = 6с05 20 = 3 = 6 соѕ 20 = соѕ 20 = 
= 0 = 6 (in the Ist quadrant); we use symmetry of the 


мін 


graph to find the area, so 
7/6 2 
А=4 f, | 6 cos 2) 1 (v3) | dó 
1/6 л 
=2 [7 (6 cos 20 — 3) 40 = 2[3 sin 20 — 36] 1 


-343-т 
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14. r = 3acos 0 and r = а(1 + cos 0) => За cos 0 = a(1 + cos 0) y 
= 3cos0— 1 + cos 9 cos 0 i 0= 5 0г- 5; 


the graph also gives the point of intersection (0, 0); therefore 


-2 | 1 [a cos 0)? — а?(1 + cos 0)2] 40 


= ID (да? cos? 0 — a? — 2a? cos 0 — a? cos? 0) 10 


1/3 
= f (8а? cos? 0 — 2а? cos 0 — а?) 40 


т/3 . 

E 1 [4a?(1 + cos 20) — 2а? cos 0 — a°] 40 
т/3 

= f (За? + 4а? cos 20 — 2a? cos 0) 40 

= [3a?0 + 2a? sin 20 — 2а? sin 6] m = ла? + 2а? (1) — 22? ( 


15. тн ч —2 cos 0 = 1 = —2 cos 0 = соѕ 0 = — 
= 0 = = in quadrant П; therefore 


2 2cos0? — 17] dà = ЈУ, (4 cos? 6 — 1) 40 
X 4201 + cos 28) — 1] d EL ‚(1 + 2 cos 20) 40 


= [0 + sin 20] = 5 + жай 


16. г = 6 andr = 3 csc 0 > 6sin0—3 = 22 


57:/6 1 ( 5 
=> 0 = Тог % ; therefore А = J. 1 (6? — 9 csc? 0) 40 
57/6 В 
= 9 = 51/6 
= Ju. м с? Ө) 40 = мэ 


= (157-3 V8) - (37 + $ V3) = 127-93 


17. о = 4 соз 0 = зес0 => соѕ20 = Е 


27 Ат 


а 5 33 ог 57 ; therefore 


= 0 = 3° 
= А-а” 5 (16 cos?0 — sec? 0) 40 
! "(8 + 80529 — sec? 0) 49 
= [80 + 4sin 20 — tan 0|7/3 


= ($ +2/3– V3) - (00-0) = ¥ + V5 
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шэнэ | 3 свс0 $1120 4 


= д= £, %, 17 or 52 ; therefore 
A=4 аа ЭРЭН 9 csc? 0) 49 
= т/3 2 


т/2 у 
=4т- |з (8 — 8 cos 20 — 9 csc? 0) 40 
= 4v — [80 — 4sin20 + 9 cot 6]"/; 


= 4n – [n 040) – ($ —2\/3 +3/3) | 
= "+ Уз 


19. (а) г = tan 0 and r = (22) с8с0 => tan 0 = (2) csc 0 
=> sin? = (3) соѕ Ө = 1- соѕ20 = (22) сов 0 
=> cos? 9+ (72 )cos 8 — 1 = 0 = cos = — -4/2 ог 


уз (use the quadratic formula) => 0 = 7 (the solution 


in the first quadrant); therefore the area of Кү is 


п/4 т/4 4 
Ај = Т 5 tan? 40 = i Ї (sec? 8 — 1) 40 = аа 0 — 6] ^^ = }(tan $ — 4) =1— 5: АО = (22) сөс 7 
= X and OB = (22) ese $= 1 AB = e- (2) = ¥2 > the area of В is Ay = 4 (2) (22) =}; 
therefore the area of the region shaded in the text is 2 (1- +1) = 3 - 1. Note: Thearea must be found this way 


since no common interval generates the region. For eiue the interval 0 < 0 < 7 generates the arc OB of r = tan 0 
but does not generate the segment AB of the liner — ыг csc 0. Instead the interval generates the half-line from B to 


+оо on the line r = um csc 0. 


(b) lim (ап 0 = oo A the line x = 1 is r = sec 0 in polar coordinates; then : ш " (tan 0 — sec 0) 
= T 


> т/ 
2 sin 0 1 EN : sinü—1Y __ : cos 0 2 2 
^ 6 b (227 яа m) E 0 E ( cos 0 ) ЕЕ 0 2 - Е 2) =0 = r=tané approaches 
г = sec ĝas 0 — Ер = г = вес 0 (or x = 1) is a vertical asymptote of r = tan 0. Similarly, r = — sec 9 (or x = —1) 


is a vertical asymptote of r = tan 0. 


20. It is not because the circle is generated twice from 0 = 0 to 27. The area of the cardioid is 
А=2 | 1 (cos 0 + D? 40 = f (cos? 8 + 2 соз 0 + 1) 40 = f (14:00:26 + 2 cos 0 + 1) 40 
37 T 5т 


1 { 7 : . 2 
= [2 + d +2 sin o] i = E . The area of the circle is A — 7 (1) = 1 = the area requested is actually 7 — д = F 


21. r2 02,0 <0< /5 = 4-26; therefore Length = [7 (өз + (2072 ao = | V8 + 48° ад 
= [^e V/8 +446 = (since 0 > 0) |” 6/8 4440: [и = 0? -4 = 14:-040:0-0- u=4, 
6-У5-а-9) > f i ai=} [232] = 9 


T 2 2 T 
20 d ёй. = e? e? 2 e» 
22. r= 5,0<@0<т = ж = S; ; therefore Length = || VC) + (=) де = f \/2 (5) 4 


- [ев е 
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2r 
23. r= І--сов0 = 1 = = — sin 0; therefore Length = 1 уа + cos 0)? + (— sin 9)? d0 


=2 | /22cos6d0 = 2 f" 1/00 ад = 4 |" /1+е%ё дө = 4 [У cos (2) а0 =4 [2 sin 6]; = 8 


: 2 : 2 
24. r=asin? 2 ,0«40«т,а»0 = $ = asin £ cos 5; therefore Length — Г \/ (а sin? 5) + (а sin £ cos £) 99 


=f үа? sint $ + a? sin? 8 cos? $ 40 = Га [sin 4) sin? £ + cos? $ 40 = (since 0 < 0 < т) af sin (9 ) 40 


= [-2а cos £] | = 2а 


25; т= 


т t 


_ [? 36 36 sin? 0 2 ы ME: sin? 0 
= “N Vr 2) (1--сов 0) 40-6 n ЇР 1+ (1--сов 0)? 40 


>0ол0<0<1 еј" 1 ) 2. do 


1+cos 9 (1 + cos 0)2 


л/2 2 E 2 
T dr __ 6 sin 0 E 6 6 sin б 
0<0<5 = p= ЕН ; therefore Length = Ї EE + (тт) 49 


= (віпсе т 


5 л/2 т/2 
= 6 ЈЕ Lisa) V Gee 40 = 6/2 1) TIG ду? = 6/2 2 f =. (2 соз? 27 -3|” [sec? 2| 40 
- 3 | sec? 5 40 = 10 sec? и du = (use tables) 6 Ca ix + A sec u ан 


= 6 (+ + [5 In [sec u + tan ul] 7/7) =3 [V2 (1+ v2)] 


T р 2 
==? т dr _ -2880 2 2 2 -2880 
26. r— 1—cos0? 2 = 9 d 4067 (1—cos0) * ; therefore Length = foal ЖЕ + (ЕСІ? 40 


== sin? 0 ЭР (1 — cos 0)? + sin? 6 
=]. ү ШЕПТІ — соз 0)? ERES) 99 = i NE V (1 — cos 6) dó 


— ha 1 1 — 2 cos 6+cos? 0 + sin? 0 
се 214 шт) ү ti cos oF dé 


=2 n Усен 40 = 22 а-а = MCI = [le 5| ao 

E csc? (2) 40 = (since csc £ > Oon 2 <0 < п) 21 csc? и du = (use tables) 

2(| ша ese u du) =2 (2 – [$ In [osc u + cotul] 72) =2 |5 + 4 m (V2 1)] 
= /2 + (1 + v2) 


27. г = cos? 4 => ш = —sin § cos? 9; therefore Length = |” y (cos? а (- біп 9 сов? 4)? аө 
=|" ду cos? (2) + sin? (9) cost (5 јаве = f^ (cos? $) (cos? ($ ) + sin? (4 )ao= [^ cos? (£) 40 
т/ cos (27 Л 
=}, SO ao [03 08 ра 


28. r= V1 + 3129,0 <9<л\/2 = & = 1 (1 + sin 20) 1/2(2 cos 20) = (сов 20)(1 + sin 20) 1/2; therefore 


ds i i + sin? cos 
Length = f ya + sin 20) + тайл 40 = f хот 28 t sin E 220 40 


тү % тү/2 
=Í, Visage а = [^^ Уз = [vie] ^ = 2л 
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29. 


30. 


31. 


32. 


Section 11.6 Conic Sections 


Let r = 60). Then x = Қ0) cos 0 => Ж = f'(0) cos 0 — f(0) sind => (By = |Р(0) cos 0 — f(0) sin Ө]? 


= [f'(6)]? cos? 0 — 22(0) Қ0) sin 0 cos 0 + [КВ sin? Ө; y = 0) sin 0 = 8 = f'(0) sin 0 + Қ) cos 0 
= (5) = [Р(0) sin 0 + Қ0) cos 0|? = [f'(6)]^ sin? 0 + 2Р(0)К0) sin 0 cos 0 + [60)]2 cos? Ө. Therefore 
(i? + (8) -( (0) (cos? 0 + sin? 0) + (Ө) (cos? Ө + sin? 0) = [6002 + КОР = т? + (55). 


Thus,L = f" (8): + (3) = / үг + (5): as. 
27 2r 
(a) r=a > & = 0; Length = f. уа +02 40 = f la] 40 = [20] 2" = 27a 


(b г = асов0 = & = —asin 0; Length = | \/(acos 0)? + (—a sin 0)? де = [^ уз (cos? 0 + sin? 0) dé 
= f; lal 40 = [0]7 = па 


(с) г=ачпб = & = асов 0; Length = | V/(a cos 6? + (a sin 0) де = | 4 (cos? F sin? 6) 49 
= Га 40 = (ад = та 


1 2r а 7 әт 
(а) w=, a(1 — cos 0) 40 = = [0 — sin 0] у =a 
Qn т 
(b) ге zi Ј, а ад = + [a6]? =а 


т/2 
- 1 — 1 Га ет 0172 — 2a 
© т, = mcg Ја cos 040 = 1 [asin Ө] „= 2 


679 


г 20, а <0<8 = 8 =>) = т + (5)! = DKOP + 27) => Length = Јуан) +4[Р0)] 40 


8 
E f [£(0)]2 + KOK dé which is twice the length of the curve r = f(0) fora < 0 < f. 


11.6 CONIC SECTIONS 


X Y 4р = 8 р = 2; focus is (2, 0), directrix is x = —2 


х Y 4p =4 p = 1; focus is (—1, 0), directrix is x = 1 
у=- x 4p — 6 p 3 ; focus is (0, — 3) ‚ directrix is у = 3 
у = 4р = 2 р 1 ; focus is (0, 1) , directrix is у = — 1 


в =1 => с = \/4 +9 = 4/13 = foci are ( + МЗ, о); vertices are ( + 2,0) ; asymptotes are y = +x 


му =] = с= /у9—4= 4/5 = foci аге (0. + У5) ; vertices are (0, +3) 


= +y =1 > c= ү2-1=1 > foci are ( + 1,0); vertices are ( + \/2,0) 


Y -x =] > с=\/4+1= V5 => foci аге (0. = v5) ; vertices are (0, + 2) ; asymptotes are y = + 2x 
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2 2 


9. y» = 12х > х= ір-12 > ps4 10. x? = бу > у=% = 4р=6 > p=}; 


12 


focus is (0, 3) , directrix is у = — 3 


11. x? = —8y у = 4р = 8 р= 2; 12. y? = —2x х= = 4р=2 р 


focus is (0, —2), directrix is y = 2 focus is (- 1, 0) , directrix is x = 


5х 
13. у=4х? > у 68 > 4р-і pesci 14. у = -8x? у -6 4p = { р 
focus is (0, +) , directrix is у = — 5 focus is (0, — i) , directrix is y — + 
directrix у--Ж 
15. x = —3y? х -5 4р=1 p=; 16. x = 2y? x 5 Др=: > p=}; 
3 2 


аг 


focus is (— 4,0) , directrix is x = focus is (4,0) , directrix is x = — 1 
12? 8? 8 


pä 
ы 
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17. 16x? + 25y? = 400 > = + У =1 18. 7х2 + 16у? = 112 > E + У =1 
> c= Va -b = /25— 16 =3 > c= У – = /у16—7 = 3 


с 2 х2 2 
19. 2x? +у2=2 > P4+5=1 20. 2х + у? Z4 5 +5 = 1 


= c= Va -b = /у2 —1=1 > c= маг -b = 04 2 = /2 


У 
10 9 
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23. 6х2 + 992 = 54 > $+ =1 24. 169x? + 25у2 = 4225 => S + 5-1 
> c= уа —ђ = /9—6 = уз => c= Va? —b? = „/169 — 25 = 12 
M 
^ 
gl. Жы 


25. Foci: (+ V2, 0) ‚ Vertices: (d 


26. Foci: (0, + 4), Vertices: (0, = 5) а= 5,с = 4 2 = 25 –16=9 > харь =1 
27. x? –уг = 1 > c= үа +b = y1+1= У2; 28 9х2 – 16у? = 144 > X — У = 1 
asymptotes are y = +x = с = Va? +b? = /16+9 = 5; 
asymptotes are у = + į x 
и 
5-16 9 = " 


"v 


29. yj -)-8 > Ñ- =1 = с= а +h? 30. у =4 > Y-$ =1 = с= aW 
= y 8 + 8 = 4; asymptotes are y = +x = \/4+4 = 2\/ 2; asymptotes are y = +x 


y 
^ 
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31. 8х? -2y = 16 > $- =1 > с= Vet? 32. y? -3x =3 > -x =] > c= y2 +b 
= y2 +8 = у 10; asymptotes are у = + 2х = УЗ + 1 = 2; asymptotes are y = + Узх 


2 


33. S? — 2х2 =16 > -$ =1 = c=ya b? 34 64? 36 —2300 > 5-5 =] = с= уа + 


= y2 - 8 = у 10; asymptotes are y = + 5 = 4/36 + 64 = 10; asymptotes аге у = + 1 
2 
^ xc Y 
2 = л 
BE: и 
— 
По |- у 


35. Foci: (0. + у2) ‚ Asymptotes: y = +x = c= у2апа 4-1 а=ђ gna +b? = 28? 2-93 
а=1 b=1 у: = х? = 1 
1 а 2 a? a? 

36. Foci: (+ 2,0), Asymptotes: у = + vs x c — 2and ? vs b va с? = а + = ај + 5 = = 
4—3 > 02-3 > а= 3 > ђ=1 > -y =1 

37. Vertices: ( + 3,0), Asymptotes: у = + ix = а= 3and 5 4 b 3 (3) 4 = £ - Y =1 

38. Vertices: (0, +2), Asymptotes: y = +x => а= 2апі? = 1 b = 2(2) =4 Y — x. =" 

39. (а) y? = 8x => 4р--8 р-2 directrix is x = —2, у 


focus is (2, 0), and vertex is (0, 0); therefore the new 
(у +2)? = 8(х- 1) 


directrix is x = —1, the new focus is (3, —2), and the 
new vertex is (1, —2) 
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40. (a) x? 2 —4y 4p =4 p-l directrix is y — 1, (b) 
focus is (0, — 1), and vertex is (0, 0); therefore the new 


directrix is y — 4, the new focus is (—1, 2), and the 


new vertex is (—1,3) | «-4(у- 3) 


-3 
41. (а) E 4 У = | = center is (0, 0), vertices are (—4, 0) (b) 
: 16 "9 972 р у 
А 
and (4,0); с = Ма? — b? = \/7 = foci are (v7, 0) 
@-4) 0-32 , 
and (-У7, 0) ; therefore the new center is (4, 3), the 6 16 9 


Е\(4 — ҮЛ, 3) 
C(4, 3) 
е 


new vertices аге (0, 3) and (8, 3), and the new foci аге 


(4 £ МТ ; 3) (0,3) 


Е\(4 + 7,3) 


42. (а) X + ЈЕ =1 = center is (0, 0), vertices аге (0, 5) (b) 
and (0, —5); с = Ма? — b? = y 16 = 4 = foci are 
(0, 4) and (0, —4) ; therefore the new center is (—3, —2), 
the new vertices are (—3,3) and (—3, —7), and the new 
foci are (—3,2) and (—3, —6) 


43. (a) = - Y =1 = center is (0,0), vertices are (—4, 0) (b) 


and (4 бо and the asymptotes аге 1 = + 1 ог 


у= + 3x ;с = ya? +b? = 4/25 = 5 = fociare 
(—5, 0) and (5,0): therefore the new center 15 (2, 0), the 
new vertices are (—2, 0) and (6, 0), the new foci 


are (—3, 0) and (7, 0), and the new asymptotes are 
2 3(x — 2) 
у= ==“ 
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45. 


46. 


47. 


48. 


49. 


50. 


51. 


52. 


53. 
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(a) Y - x = 1 = center is (0, 0), vertices are (0, —2) (b) 


and (0, 2), and the asymptotes аге? = + NE ог 


2 


= + Жс = үз +b? = У9 =3 = foci аге 
(0, 3) and (0, —3) ; therefore the new center is (0, —2), 


the new vertices are (0, —4) and (0, 0), the new foci 
are (0, 1) and (0, —5), and the new asymptotes are 


2х. 


у+2 = д 


y? =4х > 4р=4 р=1 focus is (1, 0), directrix is x = — 1, and vertex is (0, 0); therefore the new 


vertex is (—2, —3), the new focus is (—1, —3), and the new directrix is x — —3; the new equation is 
(у + 3)? = 4(х +2) 


у? = —12х 4р = 12 р = 3 = focus is (—3, 0), directrix is x = 3, and vertex is (0, 0); therefore the new 
vertex is (4, 3), the new focus is (1, 3), and the new directrix is x — 7; the new equation is (y — 3? — —12(x — 4) 


х? = 8у = 4р = 8 р= 2 focus is (0, 2), directrix is у = —2, and vertex is (0, 0); therefore ће new 
vertex is (1, —7), the new focus is (1, —5), and the new directrix is y — —9; the new equation is 
(x — 1)? = 8(y +7) 


x? = бу = 4р=6 = p— $ = focus is (0, 3) , directrix is y = — 


, and vertex is (0, 0); therefore the new 


3 

2 

vertex is (—3, —2), the new focus is (-3, = 1) ‚ and the new directrix is y = — i ; the new equation is 
(x + 3): = 6(у + 2) 


У = | = center is (0,0), vertices are (0, 3) and (0, —3); с = Va? — b? = \/9 — 6 = V3 => foci аге (0. v3) 


and (0. -y 3) ; therefore the new center 1$ (—2, —1), the new vertices are (—2, 2) and (—2, —4), and the new foci 


2 2 
are (-2, =] = v3) ; the new equation is ар. + гани == 


х + у? = 1 = center is (0,0), vertices аге (v3. 0) and (-v2,0) ;с = Val—b—4/2—1-1 = foci are 


(—1, 0) and (1, 0); therefore the new center is (3, 4), the new vertices are (s + V2, 4) , and the new foci are (2,4) 


and (4, 4); the new equation is i-r + (у – 22 = 1 


2 


х + А = 1 = center is (0, 0), vertices are (v3, 0) and (-у5,0) :с= Ма? —b? = /3—2=1 = осі аге 


(—1, 0) and (1, 0); therefore the new center is (2, 3), the new vertices are (2 = VE 3) , and the new foci are (1,3) 


2 2 
and (3, 3); the new equation is «-%- + o- =1 


E + £ = 1 = center is (0, 0), vertices аге (0, 5) and (0, —5); с = уа? = 2 = V25 —16=3 = foci are 
(0, 3) and (0, —3); therefore the new center 15 (—4, —5), the new vertices аге (—4, 0) and (—4, — 10), and the new 


foci are (—4, —2) and (—4, —8); the new equation is ®+4* + 943“ — | 


x — У = 1 = center is (0, 0), vertices аге (2, 0) and (—2, 0); с = уа? +52 = V4 +5 = 3 = foci are (3,0) and 
(—3,0); the asymptotes are + 5 = Яс => у= + ын ; therefore the new center is (2, 2), the new vertices аге 
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54. 


55. 


56. 


57. 


58. 


59. 


60. 


61. 


62. 


63. 


64. 


Chapter 11 Parametric Equations and Polar Coordinates 


(4, 2) and (0, 2), and the new foci are (5,2) and (—1, 2); the new asymptotes are y — 2 = = 


ом _ 92 
equation is e - vow =1 


= - г =1 = center is (0, 0), vertices аге (4, 0) and (—4, 0); с = уа? +b? = 16 +9=5 = foci are (—5, 0) 


and (5,0); the asymptotes are + 3 = 5 > у= + 55 ; therefore the new center is (—5, —1), the new vertices аге 
(—1, —1) and (—9, —1), and the new foci are (—10, —1) and (0, — 1); the new asymptotes are y + 1 = + тз) ; 


ionis ЭУ (У+1) 
the new equation is ^^ — —— = 1 


yl—x?-—] = center is (0,0), vertices are (0, 1) and (0, —1); c = Va? +b? = vl +1= У2 => foci аге 
(0. dE af 2) ; the asymptotes are у = + x; therefore the new center is (—1, —1), the new vertices are (—1, 0) and 


(—1, —2), and the new foci are (-1, -1- v2) ; the new asymptotes are у + 1 = +(x + 1); the new equation is 
(у — +17 =1 


a —x?=1 = center is (0,0), vertices are (0. v3) and (0. =) ;с = уа +b? = У3+1=2 = foci are (0,2) 


and (0, —2); the asymptotes are + x = vs у = = vx; therefore the new center is (1, 3), the new vertices аге 
(1, 3+ V3) , and the new foci аге (1, 5) and (1, 1); the new asymptotes агеу — 3 = + J3(x 1); the new equation is 


2-37 – (х= 12 = 1 
x? + Ах + y? = 12 => x? +4Х +4 + y? = 12 +4 = (х +2)? + у? = 16; this is a circle: center at С(—2, 0), а = 4 


2х? + 2у? — 28x + 12у +114 = 0 = x? - Mx + 49 + у? + 6y +9 = —57 +49 +9 > (х – 7)? + (у + 3)? = 1; 
this is а circle: center at C(7, —3), а = 1 


x? -2x-F4y - 3 2 0 = x? + 2х +>1= —4у+ 3+1 = (х + 1)? = —4(y — 1); this is a parabola: V(—1, 1), F(—1,0) 
у? — 4y — 8х — 12 = 0 = y? — 4у +4 = 8х +12 +4 = (у – 2)? = 8(х + 2); this is a parabola: V(—2, 2), F(0, 2) 


х2 + 5y? + 4х = 1 > х? +4х +4 + 5у: = 5 > (х + 2)? + 5у? = 5 = erm + у? = l; this is an ellipse: the 
center is (—2, 0), the vertices are (2 == V5, 0) ‘c= Va -b = v5 —1=2 = the foci are (—4, 0) and (0, 0) 


9х2 + буг + Збу = 0 = 9x? + 6 (y? + бу + 9) = 54 = 9x? + б(у + 3)2 = 54 => E + 03? — 1; this is an ellipse: 
the center 15 (0, —3), the vertices аге (0, 0) and (0, —6); с = уа? — b? = 1/9 —6 = V3 — the foci are (o. -3- v3) 


x? + 2y? — 2x — 4y = —1 = x?-2x41+2(y?-2y+1)=2 = (x- 1? -2(y- 1? = 2 


= oy + (у — 1)? = 1; this is an ellipse: the center is (1, 1), the vertices are (1 + 4/2 1) : 
2 ? * 1) ? -- И , 


с = Ма? -12-102-1-1 = the foci are (2, 1) and (0, 1) 


4х2 + у? + 8х – 2у = -1 = 4(х + 2х +- 1) фу -2y +1=4 > Ax 1? + (у – 1? = 4 
=> (х + 12 + p — ];this is an ellipse: the center is (— 1, 1), the vertices are (—1, 3) and 


(—1,—1); с = маг — Б? = /4—1- УЗ = the foci are (711 + V3) 
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66. 


67. 


68. 


69. 


70. 


71. 


72. 
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x? — y? — 2x +4у =4 => х2-2х--1-(у2-4у--4)-і = (х – 1)? – (у – 2)? = 1; this is a hyperbola: 
the center is (1, 2), the vertices аге (2, 2) and (0,2); c = уа? +52 = v1 +1 = V2 — the foci are (1 = 2, 2) : 


the asymptotes are y — 2 = + (х — 1) 


x? — y? + 4х — бу=б = х? +4х +4 – (у? + бу +9) = 1 = (х + 2)? – (у -3? = 1; this is a hyperbola: 
the center is (—2, —3), the vertices are (—1, —3) and (—3, —3); с = уа? +52 = y1 +1= y2 = the foci are 
(-2 i V2, -3) ; the asymptotes are y +3 = + (х + 2) 


2x? — у? + бу 23 = 2х? – (y? — 6y +9) = —6 = Sat - = 1; this is а hyperbola: the center is (0, 3), 
the vertices are (o. 3- "3 с = Маг +b? = Уб +3=3 = the foci are (0, 6) and (0, 0); the asymptotes are 


ec US y= + y2x43 


2. A2 - 2 _ 20 m y -V iuc; : : 
y!— 4х? + 16x = 24 > у — 4(х – 4х +4) =8 > X — —57- = l; this is a hyperbola: the center is (2, 0), 
the vertices are (2. + "3 c= Va? +b? = V8 +2 = У10 => the foci аге (2. + v10) ; the asymptotes are 


== = y= +22) 


(a) y? =kx > x= а ; the volume of the solid formed by 


y 


Ух 2\2 
revolving R; about the y-axis is Vj = 1 T (%) ау 


Ук 
== 1 у“ dy = в Б ; the volume of the right 


circular cylinder formed by revolving PQ about the 
y-axis is Vo = лх?\/Кх => the volume of the solid 
formed by revolving R» about the y-axis is 


2 
Уз = Və — У! = DI . Therefore we can see the 


ratio of V3 to У; is 4:1. 


х 2 х 
(b) The volume of the solid formed by revolving Ко about the x-axis is V; = | т (Уч) dt = лК f tdt 


wm 


= тке . The volume of the right circular cylinder formed by revolving PS about the x-axis is 


2 
У = т (v kx) x = лКх? => the volume of the solid formed by revolving R; about the x-axis is 


Уз = Va — У, = пкх? — kx = нэ . Therefore the ratio of V3 to V is 1:1. 


y= Јахах=(5)+С= зк +С;у =O whenx =0 => 0-0 +С = С = 0; therefore у = %% is the 


equation of the cable's curve 


х? = 4py andy = p x? = 4p? х = +2p. Therefore the line у = p cuts the parabola at points (—2p, p) and 


(2р, р), and these points аге \/[2p — (—2р)]? + (p — р)? = 4p units apart. 
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73; 


74. 


13: 


76. 


77; 


Тегу = 4/1— ж. on the interval 0 € x < 2. The area of the inscribed rectangle is given by 


A(x) = 2x Qy1- x) = 4х\/ 1 — = (since the length is 2x and the height is 2y) 
> A()-4/1-2--..ThsA()-0 > 41-2 -—*.—9 4(1-$)- 202 x -2 


i= 1 ТІЛЕС! 2 


=> х= 422 2 (only the positive square root lies in the interval). Since А(0) = А(2) = 0 we have that A (v2) = 4 


ES 


is the maximum area when the length is 2/2 and the height is V2. 


(a) Around the x-axis: 9x? + 4y? = 36 = у: = 9 – 3 х? = у= + "E — 2x) and we use the positive root 


2 
-> у => f r( 9-3) dx=2 fom (9 9 х2) ах = 2л [9x — 3 x°]? = 247 
4 
9 


(b) Around the y-axis: 9х? + 4y? = 36 > x? =4-— fy? > х= + ү4-і» о Y? and we use the positive root 


= v=2f = (уз iy) dy =2 | «(4- iy?) dy = 2л [Ay - Бу ] = 16 


— 4 > 

9х? — 4y? = 36 = у? = ox’ = 36 y= + 3 ух? 4 оп the interval 2 < x < 4 = У = 7 r (3t –4) ах 
4 4 

_ Ол _ 9л | x8 _ 9л 64 8 __ Ул (56 _ Зт І 

= % | (02-4) dx = + [5 – 4] = л [(% — 16) — (8 — 8)] = Эт (3$ — 8) = 37 (56 — 24) = 247 

Let Р,(–р, y1) be any point on x = —p, and let P(x, y) be a point where a tangent intersects у? = Арх. Now 


y? = Арх 2у 5 = 4р у = 74 ; then the slope of a tangent line from P; is 57 LT : ду = Ap 
=> у? — yy, = 2px + 2p’. Since x = i- 5 › we have y? –уу = 2p (5 5) + 2p? = у2-ууі- Ly? + 2p? 


= Ру: — уу: — 2р? =0 > y= Tn vay. + 16р = у! + y? + 4p?. Therefore the slopes of the two 


2 2р = 2p = ар? = 
tangents from P, are m; = TE and m» — "ENT => пут = cnc = 1 
=> the lines are perpendicular 
(x—-2)y4(y-1? 2525 2(x 2) + 2(у – D у =0 = E —--ENy-0 = (x-2y-(0-1?-25 
= (х— 2): =4 х =4огх = 0 the circle crosses the х-ахі at (4, 0) and (0,0); x = 0 
> (0—2) + (у- 1)2 =5 > (y-1?-«1 y=2ory=0 the circle crosses the y-axis at (0, 2) and (0, 0). 
At (4, 0): ду -- ed = 2 = the tangent line is у = 2(x — 4) ory = 2х — 8 


At (0,0): € = — 0—2 = —2 = the tangent line is y = —2x 
At (0, 2): 5 = - 2-2 = 2 = the tangent lineis y — 2 = 2x or y = 2x + 2 


3 3 
78. x? — у? =1 > x= + \/1 + у? оп ће interval —3 Су <3 = у= Ј т(\1+у?) ay -2f, т (\/1 + у?) dy 
3 313 
=> f (1+y?) dy =2л ју + 5|. =24т 
79. Let y = 4/16 — 10 x? on the interval —3 < x < 3. Since the plate is symmetric about the у-ахіѕ, х = 0. Рога 


\/16— 16 x2 
vertical strip: (Х,У)= (s ын ‚ length = 4/16 — 10 x?, width = dx = area = dA = 4/16 — 18 x? ах 


mass = dm = 6 dA = 64/16 — 18 x? dx. Moment of the strip about the x-axis: 


= (16-62 
y dm = ——;,7— p /16- х 16 – 16 x^ 2) dx = x?) dx so the moment of the plate about the x-axis is 
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8 


М, = [y dm= | (8- 


9х 


80. у= ух +1 > 9 = 1 (x +1) 
Và 
= уз 5 = ЈУ глуу1+ ( 


и = /2x 
du = \/2 dx 


| 


х?) )ах=6[8х— 5х5]°, 


M- f; 6 /16- 6x dx = |. 464/1 — (1x) dx = 46 [ 34/1 — и? du where u 


> и = –Тапдах = 3 = u=1. Hence, 46 | шлан 
1 
= 126 |; (u 1 — u? + біп” DI f 


|- = ж |, u? + 1 ди = 
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— 326; also the mass of the plate is 


х 


3 


1 — u? du 


M, 326 


676 


Ус м = 55 . Therefore the center of mass is (0, 16). 
1/20, ay 1 x 
(2х) = Al TET 


v2 
Lax = f 2n / 2x1 +1 х: 


w+i))] = [2v5 + (2+ v5)] 


427 х2-1 


zd СЕЗЕ In (u+ 


8) а= f 


27. = 


81. (а) tan 8 = т, tan 3 = f'(xo) where f(x) = \/4рх; " 
al —1/2 2р 2р 
Род = у (4рх) (4p) = FR, = Р(х) = их 22 
== 2p — tan 8 = 2. Рбф ший шир" 
Уо 
(b) tan ó = ть = 3 = » 227 
"T 
© tano = ый Рю} | 
дад 1+ (85) (8) 
= = 2р(хо — p) = 4рхо = 2рхо +2p? | 2p(xo +p) _ 
Yo(Xo — p + 2p) Уо(хо + p) ^ yooctp) — у? =4рх 
11.7 CONICS IN POLAR COORDINATES 
1. 16x? + 25y? = 400 = Жи =] = c= Va? – 2 
= у25—16=3 > e= £= ł;F( 3,0); 
directrices are x = 0 + 2 =e 2 
Ы (5) 3 1 
2. T) + 16у? = 112 > + =1 > с-42-1 
= ү16-7=3 = e=£=};F(+3,0); 
directrices аге x = 0 + 2 = 16 
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3. 2х2-у-2- 2 + =1 с= а? — b? : 
А 
= ү2-1=1 > е= = 2; Е(0, +1); 
directrices are y = 0 + = (5) = 2 
4. 252--у!-4- 84% =1 = с=\а?—Ь? 
ы с V => ec i = Зав (0,4 v1); 
directrices are y = 0 + 2 = СЗ = 24/9 


2 


5. Зх? + 2? =6 > +$ =1 = с= уа -b 


=/3-2=1> e=£=+,;F(0, +1); 


directrices аге y = 0 + = = ( ? ) === 


6. 9х? + 10у? 290 = 2 + =1 = с 
-410-9-1 е-і- %:Е(%1,0); 


directrices are x = 0 + ê = 
(ув) 


2 


7. 6х? + 9): = 54 > $+% =1 > с= уа? – 2 : 
П А 1 
-V9-6- УЗ > e= $ = XS (+ 3,0); | Дэн 
directrices are x = 0 + 2 = (7) = +3\/3 | | 
п 1--1-» х 
E um з! 


-ver 
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8. 169x? + 25у2 = 4225 = ХУ =1 = c= Ма? — b? 1 


= 169 — 25 = 12 > e= <= 12; F (0, + 12); 


: : 13 16 
directrices are y = 0 = 2 = 2) = = 69 


9. Foci: (0, -3),6— 05 = с= Заа 2 3 =6 b? = 36 — 9=27 = +% = 1 


1 


10. Foci: (+8,0),e=0.2 = с = 8 апда = € = & = 40 b? = 1600 — 64 = 1536 = 25+ dis = 


11. Vertices: (0, +70), e = 0.1 а = 70 апіс = ae = 70(0.1) = 7 => b? = 4900 — 49 = 4851 = р zl 


12. Vertices: ( + 10,0), е = 0.24 => a = 10 and с = ае = 10(0.24) = 2.4 => b? = 100 — 5.76 = 9424 => ЖИ 
13. Focus: (v5.0) , Directrix: X 2 > с=ае М5 апа * % E Л ыг 7 е? 3 
2 2 
==. теаРЕ = App > y(x- v5) + (у оу = У |x A (x- v5) њу =$ (х- X) 
=> х? – 2 /5х +5 + у? = (е-е u) > аж + у? =4 = ЕЕ =] 
14. Focus: (4,0), Directrix: x 16 с = ae = 4 and 5 16 25 16 4 16 > е? 3 е УЗ. Then 


PF= Рр > (/(-42-0-0- |x— | => (к 4) уг = 3 (х – 10)? => Ф- +16 y? 


3 2 32 256 1-2 2 16 
за Р рээ о =a mure 
" 3 


15. Focus: (—4,0), Directrix: x — —16 c—ae—4and$ = 16 => 2 = 16 4 = 16 е2 = 1 е +. Then 
PF=5PD = у(х + 42 + (у- 0)2 = 1 |х + 16] = (х +4)2 фу: = 1(х +16) => х? + 8x4 16 + у? 


= 1 (x? + 32х + 256) > $x? +y = 48 = хо-1-1 


16. Focus: (-у2,0) , Directrix: х = -2\/2 = с = ae = vZ and 2 22 % 24/2 £ 2/2 > е? i 
= e=}. Then PF = 2 PD = y (x+ V2) +y- оу = 4, x+2v2| = (x + Уз) «y? 


2 2 


-1(х-242) -5 x 42V2x +2 + у? =} (x? +4у2х+8) > 1?+у?=2 > Ў] 
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17. 


x-y =1 = с= уа? + = У1+1= у2 > e= 
= У? = \/2; asymptotes are у = о vanj: 


directrices are x = 0 


с 


а 
е 


st 


18. 


9x? — 162 = 144 > -Å =1 > с= уа? +b 
= у16+9=5 = e = © = 2; asymptotes are 
y = 2х; F( 5,0); directrices are x = 04 


= + 16 
ши 


19. 


-— =] = с= yab 


= 8+8 =4 = e-—z Л М2; asymptotes аге 
у= cx; Е (0, +4); directrices are y = 0 + 3 

V8 
= р = 2 


20. у —ж=4 Хх =1 = с= Уай +h 
= /4+4 972 e=¢ эз V2; asymptotes 
are y = +х; Е (o. + 2/2) ; directrices are y = 04 


2 
=+35=+4V2 
21. 8х2 — 292 = 16 > 5 — Y =1 => с= уа +e 
= у2+8= үу 10 e=} Ya 1/5; asymptotes 
are y = = 2x; (+ м 10,0) ; directrices are x = 0 + 2 
y2 2 
45 MATO 


Copyright О 2010 Pearson Education, Inc. Publishing as Addison-Wesley. 


www. гетепд. 15 


Section 11.7 Conics іп Polar Coordinates 693 


22. у? — 32 =3 > Ў -x =1 = с= уа? + 
= У3+1=2 = e = $ = Jz; asymptotes are 


a 


у = = 3x; F(0, +2); directrices are у = 0 + 5 


о а 


и 


23. S? — 2х2 = 16 > $- =] > с= уа? +. 
= у2+8= v10 e=? ын 4/5 ; asymptotes 


arey — + 2: Е (0. + vy 10) ; directrices are y = 0 + ^ 


24. 64x? — 36у? = 2304 => E — X = 1 => с= үа? +? 
5 


= /36+64=10 > е- 2 Юю 3 ; asymptotes are 
y = 4х; F( € 10,0); directrices are x = 0 + ? 
1 


680) 


e| 


25. Vertices (0, + 1) ande = 3 = a= l ande = € —3 с=3а=3 Ба = с? — а =9-1=8 > -Ë =1 


Ке! 
N 
о 
N 
о 
~ 
[on 

N 


26. Vertices (+ 2,0) ande = 2 > а= 2 апае 


-a =16-4=12 > $- =1 


27. Foci ( +3,0) ande =3 > c =3ande = £ = 3 => c=3a > а=1 b? с2—а2=9—1=8 > 2-0 =] 


a a=4 b? = с? — а? 


28. Foci (0, + 5) ande = 125 = с = 5 ande = £ = 1.25 = Å > с=за > 5 


2 х2 
=25-16=9 > -$ =1 


Bin 


20) 2 
29. е Lx 2 = К 2 r 1+(1)cos@ ^ 1-сов80 


201) = 2 
30. e= 1,у=2 > k=2 Т = тоя = їїзиб 
65) _ 30 
3l. е=5,у=—6 k=6 T = 1Z-5sinü — 1-5sind 
32. е=2,х=4 > К=4 = г 209 $ 


T+2cos0 — 1+2 соѕ 0 


(3) (D 


2 = 1 
33. е 1+ (1) с050 2--сов0 


,Х-іІ-» к=] = г 
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Шав а ар 000 8 


(1) 00) 10 
35. e= 5,у = –10 к=10 = г = (0) aad = Scane 
Go . 
36. e py 6 k=6 т 1+ (3) 910 ^ 34580 
37. dero e=1,k=1 х=1 x - 
21 
"21+ сов 0 
6 3 1 : 
38. r= тоне = ТЕ) об e=5,k=6 х = 6; 


a(1—e?) = Ке = а[1- (5) =3 > cam 
a=4 еа = 2 


_ 25 21109 ___ 0) А 
39. г= 10 – 5 сов 0 zd a 1-(5 cosÜ 1— i cos 0 quss = 2 2 
— 2 cos 
е-%,К-5-»>х--5;а(1-е?)-Ке 
E (5,0) 
тү? 5 3 5 10 5 5 es 
= ар (2) а най Байсан б 


40. r= sg > r= éy > е=1К=2 > x=-2 
"NOCERE О EE 
5577 168880 нэ 1+ (5) sin 0 ин 1+ (1) sin 
е=1,К= 50 = у = 50; а(1 – е?) = ke 
тү? 3 100 
-аЙ-()4-25- ја =25 => а = № 
=> pa 
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220012 24 _ 
42. r= 373m9 7 IS тузш ? лийг 


k=4 = y=4 


12 
їл 343510 


20114 = 2 201 = 
44. r= в > т = e=5,k=4 


> у= –4а(1 – е?) =ke > ар (3)"] =2 


4 
Га ——— 
ы 2-sin 8 


3 
ҙа-2 >= а= => еа= 5 


45. гсов(0- 5) = /2 = г (cos 0 cos 7 + sin 0 sin т) 
= 2 = 551с050 + Se rsind = V2 ARI 


= /2 = х+у=2 = y=2-x 


46. r cos (6 + 3") =1 = г (cos 0 сов 37 — sin 0 sin 37) =1 


= Y? гсоз 0 Virsin$—-1- х+у= 2 


> у=-х- /2 


x+y --N2 


47. r cos (0 — 27) =3 = г (cos 0 cos + sin 0 sin 27) =3 


| V3 dag PER PM 
= — 2 10050 + M rsinü—3 > —5x++4y=3 


= -x+ УЗу =6 = у= У?х+2\/3 
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І V3 rsing = 1 y= 
= 5гс050 — ~ гтулд=>2 > 5х- ~ y= 


=> x— УЗу=4 => у= Ух 33 


48. r cos (0 + 5) =2 => г (cos 0 cos 5 — sin 0 sin 7) =2 
2 


49. У2х--/2у-б = Vr cos 0 + V/2rsin 0 = 6 = г (32 cos + X? sin 0) =3 = г (cos 7 cos 0 + sin 1 sin 0) 


- 3 > гсов(6-1)-3 


50. Узх-у-1 = vV8rcosü —гзт0 = 1 = “(32 cos 6 — 1 sin 0) -і = г (cos 7 cos Ө — sin 2 sin 0) 


=} = гсоѕ (0 + 2) = i 


51. y=-5 > гапд=—5 => —rsin0 = 5 = rsin(-0) = 5 = r cos (7 — (—6)) =5 = т cos (0 + 7) =>5 


52. x = —4 = гсо5б = —4 = -гсов0-- 4 = гсоѕ (9 — п) = 4 


53. " 54. " 
1 6 adius = 3 
г =4 сов 9 
х 
- г» біп 0 
Radius = 2 
55. : 56. 
A y 
Radius = 4 t«-8 sinO 
x 
r=—2cos 0 
= X 
Ё Radius = 1 
57. x – 6)? фу: = 36 = C=(6,0),a=6 58. (x +2? +y? =4 > C=(-2,0),a=2 
= r = 12 cos 9 is the polar equation = r = —4 cos 0 is the polar equation 


y 


y 


(x- 6) « y! =36 г 4 cos 0 


т = 12 соѕ 0 


У | 
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59. х? + (у – 5): 225 = С = (0,5), а= 5 
= r= 10 sin 0 is the polar equation 


г= 1080 
x + (y- 5) = 25 


>x 


61. X +2х +y 20 > (х + 12 фу: =1 
=> С = (—1,0), а= 1 = r= –2 cos 0 15 
the polar equation 


y 
^ 


(x 12 +y =1 
Г--2 cos 0 


>x 


2 
63. L фу фу=0 > x! + (у+1) =} 


= С = (0,—52),а=5 => r= – уп 0 is the 


polar equation 


65. 


Section 11.7 Conics in Polar Coordinates 


60. х? + (у + 7? = 49 > C=(0,-7),a=7 
= r = -14 sin 0 is the polar equation 


у 


x74 (y «7)* - 49 


г = —14 сіп Ө 


62. х? — 16х + у? = 0 = (х- 8) + у? = 64 
=> С = (8,0), а=8 = r= 16 cos 9 is the 
polar equation 
y 


2 
(х-8) + у = 64 
Г = 16 соѕ Ө 


2 
64. х + уг—зу=0 = x + (у- 2) = 
> C= (0, 2), а= 2 = r= $ sin 0 is the 


polar equation 


2 
x* (у-(25)) «49 


f = (4/3) sin® 
x 


66. 


M 


r —4 sec (0 + л/6) 
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67. 68. 
y 
х 
г=-2 cos 0 
69. 70. 
И у 
2 
"ты? -2 2 
г = 8/(4 + sin 0) 
71. 3 72. 
А у 
1 
2-1 
1-віп 0 1/2 
>x -1| r= 1/(1 + cos 0) 
-1 1 
73. И 74. 
1 1 
27-- 
PES 
г = 1/(1 + 2 cos 0) 


c: 1 
1+2 5іп Ө 
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75. (а) Perihelion = а — ae = а(1 — e), Aphelion = ea + a = а(1 + e) 


(b) Planet Perihelion Aphelion 
Mercury 0.3075 AU 0.4667 AU 
Venus 0.7184 AU 0.7282 AU 
Earth 0.9833 AU 1.0167 AU 
Mars 1.3817 AU 1.6663 AU 
Jupiter 4.9512 AU 5.4548 AU 
Saturn 9.0210 AU 10.0570 AU 
Uranus 18.2977 AU | 20.0623 AU 
Neptune 29.8135 AU | 30.3065 AU 


76. Mercury: r — 


(0.3871) (1 — 0.2056?) 


Venus: r — 


1 + 0.2056 cos 0 
(0.7233) (1 — 0.00687) __ 


0.3707 
“~~ 140.2056 cos 0 
0.7233 


1--0.0068 cos 0 
1 (1 — 0.01672 
Earth: г = ( ) = 


77 1+0.0068 cos 0 
0.9997 


1--0.0167 соз0 1--0.0617 cos 0 


(1.524) (1 — 0.09342) 


Mars: г = = рода совр = 0.034 cos 0 
Jupiter: ыы сере = 
Saturn: r= Әл МЫН! = па се 
Uranus: г = и =] Türen cos 0 
Neptune: r — ооб 00082 ын (200082 cos 0 


CHAPTER 11 PRACTICE EXERCISES 


y = 2х + 1 


1. х= ау 


3. x = 1 tan tand у = } sect => X 


2 


2241 2 
= 4 (ап! 


and у? = 1 sec?t => 4x? = tan? t and 


4y? = вес? > 4х? +1 = 4у? = 4у? — 4х? = 1 


х = —2costand y = 2 sin t > x 


Chapter 11 Practice Exercises 


x= Vtandy —1— yt = y-l-x 


2 = 4 cos? t and 


y!-4siPt => x? +y = 4 
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700 Chapter 11 Parametric Equations and Polar Coordinates 


5. x = —costandy = co?t > y 2(-x = x? 6. x = 4costand y = 9 sint x? = 6 cos? t and 


22 : 2 ey 
у = 81 5810“ > + = 1 


7. 16x? + 9y? = 144 = а Р =1 = а= Запі = 4 = х = 3 costand y = 4510,0 € t < 2r 
8. x? +y? = 4 > x= —2costandy = 2 ѕіп і, 0 < t < бт 


dy __ dy/dt 1 sect tant tant 


— 1 2011 213 2 me dy фл 3 T 
9. x = 5 tan t, y = 5 sect => dx — ах — Ist — sect sint dx НЕ? sin 3 %- st 3 
2221 ы Уз — 1 ше VE ду а cost 3 Фу 
= x= 5 ап 3 = 5 апу = 5 ес 3 =1 > у = х + 1; Ti фид = 1 есі 2cos't => += эт 
— 3 (тү 1 
= 2cos* (5) = 4 
10. x=1+},y=1-3 = # = ge = 0) ЕШ) = РЕЛ 1+5 = $ апа 
= poy t dx — dx/dt ё 3) 2 ах| „2? , В 22 = 4 an 
2422201 13. Фу _ дуй _ (-3) _ 3,3 Фу с — 
узлэг 2 у 3x +1515 = ш (-3) 4! ах? 10) = 6 
t 
3 
2 3 x X 2 3/2 
П. @ х-4б,у-8-1-1- £5 yo (433) -1-438-1 
= 1 2 2 2 1 1-x? М1-х? 
(b) x = cost, у = tant => sect = у => (ап 1 + 1 = sec^t => у zal = у= == 


12. (а) The line through (1, —2) with slope 3 is у = 3x — 5 > х = t, у = 3t — 5, –оо < t < oo 
(b (х— 1): + (у + 2)2 = 9 = х – 1 = Зсовђу +2 = 3sint > х = 1 +3cost, у = —2 + 35іпі,0 < t < 27 
(с) у= 4х2 -x >x =t, у= 40 – 1, –оо <1< oo 
(d) 9х2 + 4у2 =36 > X + У = 1 = x = 2cost, y = 3sint, 0 < t < 27 


13. y = x"? — Em са px = (ау =1(1-2+х) = L= [Ah (4 —2-4 x) dx 


= L= [AG = +2+х тг па : ах = [1 (х-12 + хуз) ax = 1 [272 + 2 х3/2] 5 


a [(4+3-8) - (2+3)] = (2+3) = 


2 ET 8 Е 2 8 
14, х= у“ = ак = ox = (8) = %5 КО dy = f, /1-- бу 


-f v% e dx = 1 vos xa (х-1/3) dx; [u = 9x25 +4 = du = 6y 1? dy;x 21 => и = 13, 


зхуз 


40 
х=8 = и= 40 > L- d f, u? аи = 5 [2135] ү) = d, [405/9 — 1392] л 7.634 


2 
15. у= 5 х6 — ах > 9 = 1х5 – 1х715 > (%) = 1 (25 ф2+х 25) 


32 32 32 
> La fi fit 009 24х25) ах > L= fi 02 +2437) ax = f 3 (х\5 x75 dx 
1 
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= f^ х!/5 + x-V9) dx = 1 1 [2 х6/5 + и E 1 [(5 -26 + 3- 24) Ш (i4 3! Е : (зз +) 
= # (1260 + 450) = Ut ЕЕ 


2 2 
— 1.3 1 dx _ 1,2 1 а — 154 1 1 = 1 1 1 
о Мы ш. 5 = (=) = 16У besos Le fie (иа) у 


2 
17. ах = —5 sint + 5 sin Stand Y = 5cost— 5 cos 5t => (S) + (8) 


- V C5 sin t + 5 sin 5t)? + (5cos t — 5 cos St)” 
= 5\/зїп? 5t — 2sin tsin 5t + sin? t + cos? t — 2cos tcos 5t + cos? 5t = 54/2 — 2(sin tsin 5t + cos tcos 5 t) 


= 54/2(1 — cos 4t) = 5\/4(1) (1 — cos 4t) = 10y sin? 2t = 10|sin 2t| = 10sin 2t (since 0 < t € 7) 


т/2 
=> Length = Т, 108ш 2t dt = [—5 cos 210 7/2 = (—8)(-1) – (—5)(1) = 10 


2 
18. $ = 30 – 12t and $ = 3P +12 > (8) + (8) = \/ Зе — 120? + Be + 120? = у/2882 + 180 
1 1 
= 3/2 16+ В = Length = f 3/2 1016 +e dt = 32 t/16 + tdt; [u = 16 - = du =2tdt 
. : 3 3 3 3/2 3/2 
idu - td;t- 0 u=16;t=1u= 11|; зу? fY Jadu = 32 [298]  — 32 (307)? - 3(16)*”) 
=a, 2 ((17)" – 64) = va(an – 64) ~ 8.617. 


19. * = —3 sin 6 and 4 = 3с050 => (р + (4) = = \/( —3 sin 0)? + (3 сов 0)? = \/3(sin? 0 + cos? Ө) = 3 


= Length = Г "зар - 8| a0 = 3(37 —0) = = 


E уз 
20. х= ü'andy- $ - t, -/3«t« МЗ 8 = даа 8 2-1 51е = f | (2t)? + (8 — 1)? dt 
zl ji 5 2 s 2 3 v3 
tt 4-20 +14 = f tt +2 +1 й = f 2+1) dt = | 2-1) %- 5 | 
+20 + = + 22 + “aver шт +1) 5+ E. 


юэ. 


У5 9 
21. х= б авау = 250 <1< V5 = ® —tand ® =2 = Surface Area = |7 2л(20у# +44 = f, 27u du 
= 27 |2 03/2] = 188 уреге и = 2 +4 du = 2t dt;t = 0 и =4,{ = \/5 1-9 


22. х= 0 + з; апду = 401,95 <1<1 = G=2t- рада = 7 


t 


2 1 
=> Surface Area = | 5 2n (€ + +) ye X) + (5) dt = 27 Uva (2 + 2) (2‹-+ 5)” dt 
1 1 
= om ад (CAE ааа fus (CERAR) m mre а peus 
=> (2- 32) 
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23. r cos (0 + т) = 2\/3 = г (cos 0 cos 1 — sin 0 sin т) 
= 2\/3 = 1тсов@— УЗ rsinó = 2/3 


2 


= r cos 0 — \/Згзт 0 = 44/3 = x— /3y 2 A3 
Vyd 


= у= \-х- 


= > = - У? г сов 0 + Vrsing = 2 = —х+у=1 
у 


25. г= 2sec 0. = r=, = гсо50=2 > х= 2 


26. г = —\/2 sec 0 => r cos 9 = —2 => х=- 72 


[о 


3 : 3 3 
27. r= —5cscÓ > rsinü——5 => уз-: 


x] 


b 


x-N3y- 4\3 


» х 


nju 


| 
| 
юэ 
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28. г= 3 /3csc Ó > гзш0 = 33 = у= 34/3 Ч 
WI у= эй 


29. r= —4 sin ð > г = —4rsin ð > х? + у? +4у = 0 
= x + (у + 2)? = 4; circle with center (0, —2) and 
radius 2. 


rz -4 віп 0 x (a2) 24 


>x 


30. r = 3\/3 sin 0 > г = 34/3 гіп 0 
2 
2 3/31 _ 27. 
> x+y? —зузу=д= x «(y- 35) ==; 
зуз уз 


circle with center (o. уз) and radius ale 


31. г = 2\/2 соз 0 => r? 22 /2rcos 0 
2 
=> х? + у? – 2\/2х=0= (x- v2) + у? = 2; 


>< 


r= 272 cos 8 


circle with center (v2, 0) and radius /2 


32. r= —6cos 0 = r = —6rcosü = x? + у: + 6х = 0 
= (х +3)? + у? = 9; circle with center (—3, 0) and 
radius 3 


2. 2 
(x +3) «y «9 
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) y 


33. х2 +y? +5у =0 = xt + (у+5) = $ = C=(0,- 


anda = 3;r°+5rsind=0 => r= —5 sin 0 


NIV 


r= —5 біп 0 


2,(ү.5р, 25 
54 +3) 4 


34. х2--у2-2у-0-» х? + (у- 1) =1 => C=(0,1) and 
a—]1;?-—2rsinó—0 > r=2sin0 


35. й+у —3к=0 э (и р’ = C= (40) 


anda = 8 ; r? — 3r cos 0 = 0 = г = 3 соѕ 9 


г = 3 сов 9 


>x 


36. х? +y? +>4х=0 > (х +2): +y? =4 > С = (-2,0) 
and а = 2; r? + Ат cos 0 = 0 = г = —4 cos 0 


(x42) у =4 


37. 38. 
3 у 
Osrs6cosé 
-AsinósrsO 
>x x 
| (2 
-4 
39. а 40. e 41. 1 42. f 
43. К 44. h 45. 1 46. 1 
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47. А=2 [7110240 = | (2 – [cos 0)? 40 = |" (4 – 4 соз 0 + cost 0) dd = | (4— 4 cos 0 + 120) 40 


= f (3-4 cosa + 234) dó = [30 -4 sin 0 + 874] = Sr 


48. А = | 1 (9230) ao = |” (1-60) ад = 1 [0 — 1 sin 60] 7^ = 5 


49. r= 1 + соѕ 20 andr = 1 > 1 = 1 + соѕ 20 = 0 = cos 20 20 = + => 0 = т; therefore 
т/4 
А = ај" 1 [0 + cos 26)? — 12] dó = 2 | (1 + 2 cos 20 + cos? 20 — 1) 40 


= 2 |" (2 cos 20 + 1 + $599) ад = 2 [sin20 + 10 + $848] 9 — 2 (1+2+0)=2+1 


50. Тһе circle lies interior to the cardioid. Thus, 
—2 | " i [2(1 + sin 0)]? 40 — т (the integral is the area of the cardioid minus the area of the circle) 


т А т/2 m 
- Юу +2 sin Ø + sin? 6) d9 — s = ] (6 +8 sin 8 — 2 cos 20) 40 — т = [60 — 8 cos 0 — sin 20] 72, –т 
= [37 – (3л) – т = 5т 


рт 2т 
5]l.r—-1-4cos0 = & = — 510; Length = f JCI + cos б)? + (— sin 0)2 40 = f y2 — 2 cos 0 40 


= 18 / И cos 6) 9 40 = ј 2 sin g ад = [-4 cos 4 2 = (—4)(—1)—(—4)(1) = 8 


52. г= 2510 +2 с080,0<0<1 = dr = 2 cos 0 — 2 sin 0; r? + (9)? = (2 sin 8 + 2 cos 0)? + (2 cos 0 — 2 sin 0) 


= 8 (5іп20 + cos? 0) = 8 = L = Ува = [2/29] дим =т\/2 


53. г=8вш%(#),0<0< > dh = 8 sin! (3) сов (3) sr + (2)? = [8 sin? (2)]" + [8 sin? (4) cos (912 
= 64 sin* (5) Eq 15 4/64 sin? (4 (a= f^ 8 sin? 49 


() 
= "в — 4 cos (®)] дө = [40 — 6 sin (2)] 28 —4 (5) – 6sin (5) -0=т—3 


54. r= М1 + cos 20 > ® =1(1 + cos 20) 1/(—2 sin 20) = = (ey) = 26 


- cos 20 ад 1 + cos 20 
2 dr)? _ sin?20 _ (1--cos20) +5220 — 1 + 2 cos 20 + cos? 20 + sin? 20 
=> 1 + (4) = 1+ со5 20 + 3. = T+ соз 20 = Т+соз 20 


= 2420029 9 => L= |" /2ав= \2[1—(—%)] = ут 


55, х2 = —4у у = 4p =4 p=1; 56. x? = 2y > = у 4р= 2 р= 5; 
therefore Focus is (0, - 1), Directrix is y = 1 therefore Focus is (0, 5): Directrix is y = — 5 
y 
^ 
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87, y =3x => х х > dp 3 p-i 58. y? =- ёх х -& > 4p=8 р 
therefore Focus is (3, 0) ‚ Directrix is x = — i therefore Focus is (- 2, 0) , Directrix is x = 4 
59. 16x? + 79? 2112 > ££ E =1 1 э 2=4–2=2 
С =<46–7=9=>=<е=<5е=5=, 
=] = 2=1+3=4 62. 5у—42=20 > Ñ- 1 > 2 =445=9 

с=Зе=- 3 ; the asymptotes аге у = + vs х 


61. 3х2 –у2=3 > х? – Y 
2 — 2; the asymptotes are 


с==-е 


у= + 3x 


у? 
= =1 
> х 
63. x? = —12у - = y 4p = 12 p=3 focus is (0, —3), directrix is y = 3, vertex is (0, 0); therefore new 
vertex is (2, 3), new focus is (2, 0), new directrix is у = 6, and the new equation is (x — 2y = — 12(y – 3) 
£ x => 4р= 10 > p 5 focus is (5 ‚ 0) , directrix is x = — 3 , Vertex is (0, 0), therefore new 
vertex is (- 35 -1) , new focus is (2, — 1), new directrix is x = —3, and the new equation is (y + 1)? = 10 (x + 1) 
Е 4), vertices аге (0, + 5), center is 
9), new vertices аге (-3,- 10) апа 


64. у? = 10х 
1 
хи =1 > a=Sandb=3 > c= /25-9-4 = fociare (0, + 
1) and (—3, 


65. 
(0, 0); therefore the new center is (—3, —5), new foci are (—3, 
(—3, 0), and the new equation is у + 9+5 =1 
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66. 


67. 


68. 


69. 


70. 


71. 


72. 


73; 


74. 


75. 


76. 
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5+ =1 > a=13andb=12 = c= у 169 — 144 = 5 = foci are (+ 5,0), vertices аге (+ 13,0), center 


is (0, 0); therefore the new center is (5, 12), new foci are (10, 12) and (0, 12), new vertices are (18, 12) and 


&-5* -12 _ 
169 "e 144 =1 


(—8, 12), and the new equation is 


==] => а = 24/2 and = /2 = c= у8+2= V10 => foci are (o. + V/10) , vertices are 


8 
(o. = 2/2) ‚ center is (0, 0), and the asymptotes are y = = 2x; therefore the new center is (2, 2/2) , new foci are 


2, 22 + у 10) , пем vertices аге (2. 442) and (2, 0), the new asymptotes are у = 2x — 4 + 22 and 


2 
-2y2 
у=-2х+4-+ 2\/2; the new equation is | 2) 27 = 1 


gÍ =1 = a=6andb=8 = с = \/36 + 64 = 10 = foci are ( 10,0), vertices are ( + 6,0), the center 


is (0, 0) and the asymptotes are 3 = SE 5 огу = + 3 x; therefore the new center is (—10, —3), the new foci are 


(—20, —3) and (0, —3), the new vertices are (—16, —3) and (—4, —3), the new asymptotes are y — i х+ ын апа 
4 4 ою) _ (+3 _ 1 


у=-зх- 2 ; the new equation is —; m 
x? — 4х — 4y? 20 = х2-4х--4-4у? =4 = (х – 2): — 4): = 4 = “2 _ y? = 1, a hyperbola; а = 2 and 


b=1 > с= \/1+ 4 = 45, the center is (2, 0), the vertices аге (0, 0) and (4, 0); the foci are (2 ши ТЕЙ!) апа 


х-2 
2 


the asymptotes are у = + 


4x? – y? + ду = 8 > Ax? — y? + Ду —4 =4 = 42 – (у – 2): =4 = x? — 9-2) = 1, a hyperbola; a = 1 and 
b=2 > с= /1+4= 45: the center is (0, 2), the vertices аге (1,2) and (—1, 2), the foci are ( d: 45, 2) апа 
the asymptotes are у = + 2х + 2 


у? — 2y + 16x = —49 => у? – 2у +1 = —16х — 48 = (у- 1? = —16(x + 3), a parabola; the vertex is (—3, 1); 
4р = 16 = р=4 the focus is (-7, 1) and the directrix is x = 1 


x? — 2x + 8y = —17 = x? – 2х +1 = —8y – 16 = (х- 1)? = —8(y + 2), a parabola; the vertex is (1, —2); 
4p —8 => p=2 = the focus is (1, —4) and the directrix is у = 0 


9x? + 16у? + 54x — 64у = —1 = 9(x? + 6х) + 16 (у? – 4y) = —1 = 9 (x? + 6x +9) + 16 (y? — ду +4) = 144 
=> 9х +3)? + 16(у — 2)? = 144 = 127 4 %72? = 1, an ellipse; the center is (—3, 2); а = 4 and b = 3 
== (= v16 -9- 1/7; the foci аге (-з ЭЕ T, 2) ; the vertices are (1, 2) and (—7,2) 


25x? + 9y? — 100x + 54у = 44 => 25 (х? — 4х) + 9 (y? + 6y) = 44 = 25 (x? — 4х + 4) + 9(y? + бу + 9) = 225 
= e + gray = 1, an ellipse; the center is (2, —3); а = 5 and b = 3 = с = 4/25 — 9 = 4; the foci are 
(2, 1) and (2, —7); the vertices аге (2, 2) and (2, —8) 


х? +y? — 2х — 2у = 0 = х? — 2х + 1+ y?-2y 41-2 = (х- 1)? + (y – 1? = 2, a circle with center (1, 1) and 


radius = ма 


x? + у + 4х + 2) = 1 = x? + 4Х +4+ y? +2у+1=6 => (x +2)? + (у + 1? = 6, a circle with center (—2, —1) 
and radius = V6 
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77. 


78. 


79. 


80. 


81. 


82. 


83. 


84. 


i= тыз = е=1 = parabola with vertex at (1,0) 
(e MED = 4 й 5 : у 
r= ўрову 7 Г=1+ [в > 9773 > ellipse; 
ke — 4 ік-4->К ; k = # — еа = — lą Е 8 
| х ° M (3) 5 = 24 со5 Ө 
5 ea (1) (19) = 8 ; therefore the center 15 


(3,7) ; vertices are (8,7) and (5,0) 


P 1-223 => e=2 > hyperbola; ke = 6 => 2k=6 7 

=> k=3 = vertices аге (2, п) and (6, 7) у : 

(2,0) f | ““Г-2сог9 
m > х 
(6, т) 
-3 

—.12. — — = Љу = y 
P—gpauy T тотто з: ке =4 


4 а еа (1) (3) = 3 ; therefore the 
3 


lk-4 > k=12;a(1-e) 24 = а[1- ОШ 
9 

2 

center is (3 ‚ 37) ; vertices аге (3, 7) and (6, зт) 


= — — 94: : — 2. ae = k — _ (22) 
e = 2 andr cos 9 = 2 = x = 2 15 directrix = К = 2; the conic is a hyperbola; r = трески — T= 


1+2 сов 9 
= 4 
=> FS 1+2 сов 9 
2 = нэ Sec vds | — A 4-4 1: 25 Ке 20431) 
е = l andr cos 0 = —4 => x = —4is directrix = К = 4; ће conic is a parabola; г = ес => T= Tod 
=> T= 1 — cos 0 
Ши ЭГЭЭ соло : 5. a 422000 ке _ G) 
е = 5 andrsin 0 = 2 = у = 215 directrix = К = 2; the conic is an ellipse; r = пеш > [= 14 (I) sin 
_ _2 
питу 
; ДЕ н poa : 6) (1 
е = 1 andr sin 9 = —6 = у = —6 is directrix = К = 6; the conic is an ellipse; г = № 5 г © (5) 
3 l—esin ð 1 — (3) sin 0 
6 
=> T= 3-8ш0 


(a) Around the x-axis: 9x? + 4y? = 36 = у?--9- 2х2 > y= = "E — 2x? and we use the positive root: 


2 Р 
v=2 f'n (,/9- $22) dx =2 | (9 — 2x2) dx = 2л [9х – 3х3]? = 247 
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(b) Around the y-axis: 9x? + 4y? = 36 = х? = 4 — ё yY > x=+ y4 — sy? and we use the positive root: 


3 2 | 
у-2т(/4-%») a =2] т(4- $) dy = 20 [4y - #8 = 167 


2 4 2 4 
86. 9x? 4у? = 36,х = 4 у? ox 86 = у-3У/м-ау-/т(3/ж-4) dx = % f (x? — 4) dx 


4 
=F [5 = за] „= 31 [05 – 16) – (1 – 8] = E - 3) = Om = ат 


87. (а) г = таша? = г+ егсо$ 0 =k => „уха + у? фех = К = yx +y? = К—ех = х? + y? 
= k? —2kex + е?х? => x? — е?х? +y? + 2kex — k? 20 = (1-е?) х? + y? + Хкех — К? 20 
(D е=0 = х? фу: -k = 0 > х? фу: = К > circle; 
О<е<1 = её<1 = е^2—1<0 = В? — ДАС = 0 – 4(1 – е?) (1) = 4(е2 — 1) < 0 = ellipse; 
е= 1 = В? — 4АС = 0? — 4(0)(1) = 0 = parabola; 
е>1 = е:>1 = В? — ДАС = 0? – 4(1 – е?) (1) = 4е? – 4 > 0 = hyperbola 


88. Let (r1, 01) be a point on the graph where гі = аб). Let (го, 05) be on the graph where гә = аб» and 
05 = 0, + 27. Then г! and гэ lie on the same гау on consecutive turns of the spiral and the distance between 
the two points is r2 — rj = аб — аб, = a(0» — 01) = 2ra, which is constant. 


CHAPTER 11 ADDITIONAL AND ADVANCED EXERCISES 


1. Directrix x = 3 and focus (4, 0) => vertex is (1 40) 


x 


= р= 1 — the equation is x — 


ТУ. 
2 2 


2. х? — бх — 12у -9 0 > х2-6х--9- 12y a у = vertex is (3,0) and p = 3 = focus is (3, 3) and the 


directrix is y = —3 


3. x? = 4у = vertex is (0,0) and p = 1 => focus is (0, 1); thus the distance from P(x, y) to the vertex is \/x? + y? 


and the distance from P to the focus is \/x? + (у — 1)? => x? + у? = 24/х2 + (у — 1)? 
= х2--у? = 4 [х2 + (у = 15] => х? + у: = 4х? + дуг — 8y + 4 > 3х? + 3y? — Ву + 4 = 0, which is а circle 


4. Let the segment a + b intersect the y-axis іп point A and 
intersect the x-axis in point В so that PB = b andPA — a 
(see figure). Draw the horizontal line through P and let it 
intersect the y-axis in point С. Let ДРВО = 0 

= ДАРС = 0. Then sin 0 = ? and cos 0 = = 


a 


2 2 " 
= E5-i-cos?0-sin?0 = 1. 


5. Vertices аге (0, +2) а= 2;е 


0.5 с= 1 босі аге (0, + 1) 


210 
о 
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6. Letthe center of the ellipse be (x, 0); directrix x — 2, focus (4, 0), ande = 2 = 3-0-2 = $—2-c 
= а-2(2-с). Also c = ae 2а > а 2(2-2а) = а=4+@$а за 1 a Bix-2-2 
= х-2= (1) (5) 18 > Xx = the center is (2,0); х-4=с = c= # – 4 = 8 so thatc? = а? — b? 
2 2 20 -3ү 2 _ 28)? 2 
= (12) — (5) = ® ; therefore the equation is m + (т) = 1 ог == +% =1 


7. Let the center of the hyperbola ђе (0, y). 
(а) Пігесігіх у = —1, focus (0, —7) ande =2 > с- 2 = 6 


> <=<—6 = а=2с- 12. Ајос = ае = 2а 
=> а = 2(2а) – 12 а= 4 с-%у-(-)-і-і-2 у =1 = the center is (0, 1); c? = а? + b? 
=> b? = с? — а? = 64 — 16 = 48; therefore the equation is pen. x =1 


16 
(b) е=5 = с-2=6 і-с-6 а = 5с — 30. Also, с = ae = 5а => а = 5(5а)- 30 => 24а = 30 = а 5 
2 
=> с=%;у-(-0 1 Q 4 у -3 the center is (0, 3) ; с? = а? +b? => b? = с? – а? 
ae 3)? Е 6 5 
= $5 — B = 5; therefore the equation is em -0 =! 5910) sA =1 


8. Тһе center is (0,0) and c = 2 = 4 = а: +b? = b =4 – а?. The equation is 5 — 5 = 1 > 92-14-01 


a? ы = 
2- aoa) =1 => 49(4 – а?) - 144а? = а? (4 — а?) => 196 — 49a? — 144a? = 4a? — at => a^ — 197a? + 196 


=0 = (а? - 196) (а? — 1) =0 = а= Мога = 1; а = 14 = b? = 4 — (14)? < 0 which is impossible; а = 1 
= b? = 4 – 1 = 3; therefore the equation is y? — 5 =1 


1 


9. b?x? фазу = ађ2 > Y= – ых ; at (X1, ут) the tangent line is y — yı = ( ==.) (x — xi) 
=> alyy, + b?xx, = b?x2 + а?у? = aà?b? => b?xx, фагууј — à?b? = 0 

10. b?x? — ay? = ab? > % = n ; at (X1, y1) the tangent line is y — y; — (==) (x — x1) 
=> Ь?хху — агуу/ = b?x2 — а?у? = aà?b? => b?xx, — агууј — aà?b? = 0 


11. 12. 


y 
2 Ay?’ We ^ 
x*--4y^—4z0 25252 
У 5 0 


14. 
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15. (9x? + 4y? — 36) (4x? + 9y? — 16) 50 M 
= 9x? + 4y? — 36 < 0 and 4x? + 9y? — 16 > 0 Е 
or 9x? + 4y? — 36 > 0 and 4x? + 9у? — 16 < 0 


16. (9x? + 4y? — 36) (4х? + 9y? — 16) > 0, which is the 
complement of the set in Exercise 15 


. й . 2t e: 
17. (а) x = е cos tand y = e” sint > х? + y? = е“ cos? t + е“ sin? t = е“. Also У = £321 = tant 


=> t= (ап! (3) => x? + у? = еї" 0/9 is the Cartesian equation. Since r? = x? + y? and 
0 = tan”! (>) , the polar equation is г? = е” or r = e” forr > 0 
(b) ds? = г? 40? + аг; r = e? => dr = 2e?? ад 
= ds? = 12 40° + (2e? a9)? = (e*)? 40° + 4e'^ ag? 
= 5e 402 => ds = Убе dd> L= | 5e% ад 
281 27 
ГЕ ЕЗ = У5 (e^7 1) 


2 10 


18. г = 2 sin? (5) = dr = 2 sin? (7) cos (£ ) 40 => ds? = r? 40? + dr? = [2 sin? (4 10 402 + + [2 sin? (5) сов (5) а)” 
0 
3 


= 4 sin® ^ (8) а +4 sin! * (8) cos? ($) 492 = [4 sint (2)] [sin? (5) + cos? (2)] a€? = 4 sin* (£) 46? 


= ds = 2 sin? (5) 40. ThenL- |7 2 sin? (5) a= [^ [1 — cos (2 97) 99 = [0 — 3 sin (24)] 5" = 3л 


19. е = 2 апагсоз 9 =2 = х = 2 15 ће directrix = К = 2; the conic is a hyperbola with г = тте 
- 000) _ 4 
а 1+2с050  1-2сов80 
20. e = 1 andr cos 9 = —4 => x = —4 is the directrix = К = 4; ће conic is a parabola with г = DS 
— G0 2 4 
= Г = Icos — I—cosd 
22 1 . 22 "s . . . ES ы . . . . нм Ке 
21. e = 5 andrsinü = 2 = у = 215 the directrix => К = 2; the conic is an ellipse with r = т-ту 
2 (1 
= г= (5) = 2 


1+ ($) sind 2-віһ0 


22. е = 1 andr sin 0 = —6 = у = —6is the directrix = К = 6; the conic is an ellipse with r = < 


1 —езт 0 


= г= 


3 == б 
1- (3) 500 3— іп б 
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23. Arc PF — Arc AF since each is the distance rolled; 
ZPCF = “SFE — Arc PF = b(ZPCF); 0 = ASAE 
= Arc AF = ай = аб =b(ZPCF) => ZPCF = (2) 9; 
ZOCB = 5 — 0 and ДОСВ = ZPCF — ДРСЕ 
= CF- (5 – о) = (8)0- (8-а) = 5– 
= (3)9-(F-@) >2-0-(09-2-о 
= а-т-0-(8)0 = а= т — (8:5) 6. 
Now x = OB + BD = OB + EP = (а + b) cos 0 + b cos а = (a + b) cos 0 + b cos (п — (=) 0) 
= (а + b) cos 0 + b cos т cos (=) 0) +b sin 7 sin (225) 9) = (a + b) cos 0 — b cos ( (=) 0) апа 
у = PD = CB – СЕ = (a+ b) sin 0 — b sina = (a + b) sin — b sin ( (=) 0) 
= (a+ b) sin 0 — b sin т cos ( (=) 0) + b cos т sin ( (==) 0) = (а + b) sin Ө — b sin ( (==) 0) ; 


therefore х = (а + b) cos 0 — b cos (22°) 0) and y = (а + b) sin 9 — b sin (==) 0) 


24. x =a(t—sint) => $ =а(1 – cost) and let ô = 1 dm = dA = y dx = y (а) dt 


= a(1 — cos t) a(1 — cos t) dt = а?(1 — cos t)? dt; then A = f, га — cos t? dt 
27. 27. : т 
=a? | (1—2 сов co? t) dt = a? ff (1— 2 сова + 1 + 1 cos 20) dt =a? [3t—2sint + 352) 9 


= Зла; X =x = a(t — sin t) andy = 1 y = 5 а(1 — cost) => M, = [ӯ dm = fY 6 4А 


2. 


2т 27 
- 5 а(1 — cos Qa? (1 — cost)? dt = TJ (1 — cos t? dt = 5. (1 — 3 cost +3 cos? t — cos? t) dt 


o 


3 27: 2% 3 А с А -3 27. 
== f [1 — 3 cos t - å + 29982: — (1 — sin’ t) (cos 0] de= § [$t-3sinta 2592 — sine + | 


5таЗ 
= Therefore у = № = CF) зы Also, My = fX ат = [У 6 da 


3тга2 


2т 2т 
=f a(t віп а? (1 — cos t)? dt = а? f (t — 2t cos t+ t cos? t — sin t + 2 sin t cos t — sin t cos? t) dt 


27. 

= а? 5 — 2 cos t — 2t sin t + 12+ 1 cos 2t + £ sin 2t + cos t + sin? t + id = Зл?2аз. Thus 
0 

x My ama па (та, 3 а) is the center of mass. 


t: ро — ta ) 
25. В = үә = ү = tan В = tan(V» — V1) = тты + iu | 
the curves will be orthogonal when tan 8 is undefined, or 
= r -1 
tan th g(0) 5] 


= P = -Ғ(0) (0) 


when tan 4/9 


26. r = sin* ($) = g = sin? (5) cos (2) => пу = 


- 1 dr _ — г .. 2asin30 _ 1 А — Wb — | T zar + 
27. г= 2аѕіп 30 = g = ба сов 30 => tan Y = cay = сз = 3 tan 30; when 0 = 6, tan V 3 15 => Ф=>5 
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28. (a) j (b 10-1 > г= 671 2 = 0? tan |, , 
= s --0 = „їп tan Y = —oo 
— oo 
те = 1 = р — 5 from the right as the spiral winds т 


around the origin. 


29. ап = Gae = – cot 0 is — ^, 010 = д tan уо = 


these slopes is — 1, the tangents are perpendicular 


пе = (ап 0 15 V3 at 0 = 5: since the product of 


si 
cos 


30. tan) = d = “Sane is Lat = 5 > ф=: 


2 in 0 
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NOTES: 
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CHAPTER 12 VECTORS AND THE GEOMETRY ОҒ SPACE 


121 THREE-DIMENSIONAL COORDINATE SYSTEMS 
1. Theline through the point (2, 3, 0) parallel to the z-axis 

2. The line through the point (— 1,0, 0) parallel to the y-axis 
3. The x-axis 

4. Theline through the point (1, 0,0) parallel to the z-axis 

5. Thecircle x? 4- y? — 4 in the xy-plane 


6. The circle x? + у? = 4 in the planez = —2 


7. The circle x? + 22 = 4 in the xz-plane 
8. The circle у? + 22 = 1 in the yz-plane 
9. The circle у? + 22 = 1 in the yz-plane 
10. The circle x? + z? = 9 in the plane у = —4 


11. The circle x? + у? = 16 in the xy-plane 


12. The circle x? + z? = 3 in the xz-plane 

13. The ellipse formed by the intersection of the cylinder x? + у? = 4 and the plane z = у. 

14. The circle formed by the intersection of the sphere x? + y? + z? = 4 and the plane у = x. 

15. The parabola у = x? in the the xy-plane. 

16. The parabola z = y? in the the plane x = 1. 

17. (a) The first quadrant of the xy-plane (b) The fourth quadrant of the xy-plane 


18. (a) The slab bounded by the planes x = 0 and x = 1 
(b) The square column bounded by the planes х = 0, х = 1, у = 0, у = 1 


(c) The unit cube in the first octant having one vertex at the origin 


19. (a) The solid ball of radius 1 centered at the origin 
(b) The exterior of the sphere of radius 1 centered at the origin 


20. (a) The circumference and interior of the circle x? -- y? — 1 in the xy-plane 
(b) The circumference and interior of the circle x? + y? = 1 in the plane 7 = 3 
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(c) A solid cylindrical column of radius 1 whose axis is the z-axis 


21. (a) The solid enclosed between the sphere of radius 1 and radius 2 centered at the origin 
(b 


wm 


The solid upper hemisphere of radius | centered at the origin 


22. (a) The line y = x in the xy-plane 
(b) The plane у = x consisting of all points of the form (x, x, 2) 


23. (a) The region on or inside the parabola у = x? in the xy-plane and all points above this region. 
(b) The region on or to the left of the parabola x = y? in the xy-plane and all points above it that are 2 units or less away 


from the xy-plane. 


24. (a) All the points the lie on the plane 7 = 1 — у. 


(b) All points that lie on the curve 2 = y? in the plane x = —2. 
25. (a) x 23 (b у--і (с) z= —2 
26. (a) x=3 (b) y 2-1 (с) 7-2 
27. (a) z=1 (b) х-3 (с) у=-1 
28. (a) х? +y? = 4,2 = 0 (b у: +z = 4,х = 0 (с) х +22 „у = 0 
29. (а) х? + (у – 2) =4,2=0 (b (у= 2)? +22 = 4, х= 0 (с) 34-2224, y 22 
30. (а) (x -37? + (у – 4) = 1,21 = (b) (у – 4)? -(z- 1? = 1,х = –3 
(с) (Х+3) + (2—1) =Ly=4 
31. (а) у = 3,7 = —1 (D х= 1,2 =—1 (с) х= 1,у= 3 


32. Мету = ухо + (у – 2) + 22 = ха + у? + 22 = х? + (у — 2): + 22 = у? =y —4у+4 = у=1 
33. x +y? + 22 225,2 = 3 => х? + y? = 16 in the plane z = 3 


34. x! + y? + (2 — 1)? = 4and x? + у2 + (2 + 1)? 24 = xy? + (2 — 1) =x? + у? + (2 +1) = 2 =0,х2 + у? =3 


35. 02 <1 36. 0<х<2,0<у<2,0<:<2 
37. 2 < 0 38. z= y1- x? – y? 
39. (а) (х— 1? + (y- 1? + (z- 1? <1 (ыа а 91 


40. 1< х? фу: +z? «4 


41. РР: = (3 0? + (3-1) + (0-1) = V9 =3 


42. |P,P2| = үс +1) + (5 – 1)? + (0-5)? = 4/50 = 52 
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43. 


44. 


45. 


46. 


47. 


49. 


51. 


23. 


99: 


56. 


57. 


58. 


59. 


60. 


61. 


Section 12.1 Three-Dimensional Coordinate Systems 


РІР; = (4-1? + (–2 – 4) + (7-5)? = V9 = 7 


РР = y 2 – 3) + (3 – 4) + (4-5? = уз 


РР, = y (0 — 5)? + (0 – 3)? + (0+2)? = 38 


center (—2, 0, 2), radius 24/2 48. center (1, = 1, - 3) , radius 5 
center (v2, V2, – 2) , radius ТА] 50. сещег (0, Е 1, 1) , radius 3 
(x – 1? + (y – 2): + (z - 3? = 14 52. x! + (у + 1)2 + (2 — 5): =4 
РИ +(+ =E 54. x? + (у +7) +22 = 49 

х2 + у? + 22 + 4х — 47 = 0 = (x? + Ax 4) + y? + (22 — 47 +4) = 4 + 4 


и | 2 
= (х+ 2)? + (у – 0) + (2— 2)? = (v8) = the center is at (—2, 0, 2) and the radius is \/8 


x? + y? + 22 — бу + 82 = 0 => x? + (у? — бу +9) + (22 + 82 + 16) 29-16 = (x 0)? + (y – 3? + (2 + 4)? 


— the center is at (0,3, —4) and the radius is 5 


2х? + 2у? + 222 +х+у+2=9 => ха + 1х фуг ту + 12 =58 


717 


= 52 


= (x + 1х+ i) + (у + у + Б 12+5)=2+5 1)? D. 1)? = (54° 
2 16 ал аж цаг ЫГ +8 = KHP (62^ (2+ 1): = (33) 


— the center is at (- 1, = 1, = 1) and the radius is aA 

3x? + 3y? + 322 +2y — 27 =9 => х? +y +4y+z — 22 =3 > х? + (у + 2у+ 1) + (22—22+1) =3+ 
| 2 

= (х— 0)? + (у + 1)? + (2— 1) = ЕЗ = the center is at Ки 1, 1) and the radius is ун 


(a) Ше distance between (x, у, 2) and (х, 0,0) is \/y? + z? 
(b) the distance between (x, у, z) and (0, у, 0) is шаг 24 72 
(c) the distance between (x, у, z) and (0, 0, 2) is \/х 


(a) the distance between (x, y, z) and (x, y, 0) is z 
(b) the distance between (x, y, z) and (0, у, z) is x 
(c) the distance between (x, y, z) and (х, 0, 2) is у 


|AB| = y0 – (-D + (21-2? + (3-1) = уд 964 = ут 
IBC] = JG - 1? + (4 - (–1) + + (5 – 3)? = 44-254 = 4/33 
ICA| = / (71-3? + 2-4)? + (1-3? = 16 +44 16 = 1/36 = 6 
Thus the perimeter of triangle АВС is V17 + /33 + 6. 
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62. 


63. 


64. 


65. 


66. 


Chapter 12 Vectors and the Geometry of Space 


|РАЈ = V2 -3? + (C1- 1? + 6-2? = VI+4 +1 = V6 
|РВ| = (4-3)? + (8 - 1? - (122? = V1+441= V6 


Thus P is equidistant from A and B. 


\/ к —х) + (у – (CD)? --2* = V(x-3 + (у — 3)" + (2– 2) => (у + 1): = (у—3)# = 2y41— -6y 49 


Vx 0) + (у – 0) + (2-2)? =y- + (у — у) + (2 - 0 => x + у + (2-2? = 2 
>x + у? — 42 +4 = 0 => 2 = 5 + У +1 


(a) Since the entire sphere is below the xy-plane, the point оп the sphere closest to the xy-plane is the point at the top of 
the sphere, which occurs when x = 0 and y = 3 = 02 + (3—3)? + (2 +5) = 4 => z= -5+2 => 2 = –3 
= (0, 3, —3). 

(b) Both the center (0, 3, —5) and the the point (0, 7, —5) Не in the plane 2 = —5, so the point on the sphere closest to 
(0, 7, —5) should also be in the same plane. In fact it should lie on the line segment between (0, 3, —5) and (0, 7, —5), 
thus the point occurs when x = 0 and z = —5 = 02 + (у -3? + (-5 + 5)? 249 y=3423y=5 
= (0, 5, —5). 


\/ - 0? + И 


= (x - 2) (у—2)*+ (®-+3)* 

=> х? +y? +22 = х? + у: – Ву + 16 + 22 = х? — бх + 9 + у: + 22 = х? — 4х + у? — Ду + 22 + 62 + 17 
Solve: x? + y? + 22 = х? + y? — 8y + 16+22 > 0 = –8у + 16 у = 2 

Solve: х? + у? + 22 = х? — 6x +9 + у? +22 => 0 = –—6х +9 5 х = 3 

Solve: x? + y? + 22 = x? — 4х + y? — Ay + 22 + 62 + 17 => 0 = —4х – 4y + 62 + 17 => 0 = —4(3) – 4(2) + 62 + 17 


эа--1» 3-0 


12.2 VECTORS 


1. 


(а) (3(3),3(-2)) = (9, —6) 2. (а) (-2(-2),-2(5)) = (4, —10) 
) 1/92 + (-6? = V117 = 3/13 (b) 4/42 + (—10)? = у 16 = 24/29 
(а) (3+ (-2), -2 + 5) = (1,3) 4. (а) (3—(–2),—2—5) = (5, –7) 
(b) 12 +32 = 1/10 (b 4/52--(-7) = 4/74 
(а) 20 = (2(3),2(-2)) = (6, —4) 6. (а) —2u = (-2(3), –2(–2)) = (–6,4) 
3v = (3(-2), 3(5)) = (—6, 15) 5у = (5(—2), 5(5)) = (-10, 55) 


| 
~ 
| 
үші 
сл 
Ж” 
| 
Райн” 
јат 
i 
| 
ын 
Мө) 
е” 


2. po + (710), 4 + 25) = (—16, 29) 


) 4/122--(-19) 2 = /505 (b) 4/(-1 2 +292 = 4/1097 
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7. @ ш-(109,4-2)-(%-9 8. @ -&u- (- 50). -&C2) = (-8. 8) 
sv = ($02.56) = (-1,4) By = (8C2. 86) = (-8, 8) 
3:418-(14(-0--144) (9) fut НУ = CC +8) = (- н) 
2 2 2 

® y (3) +(5) = => 6) y (9 + (8) = Уа“ 
9, зуе (1-4) 10. (2499 — о, = — 0) = (-1,1) 
11. (0-2,0-3) = (-2, -3) 
12. АВ = (2—1,0— (-1)) = (1,1), Cb = (-2- (-1,2—3) = (21, -1), AB + Cb = (0,0) 
13. (cos 2 sin 2) =( 1X3) 14. (cos ( эт), sin ( 5))-4 T 5) 
15. This is the unit vector which makes an angle of 120° + 90° = 210° with the positive x-axis; 

(cos 210°, sin 210°) = (=$, $) 
16. (cos 135°, sin 135°) = (—35, 35) 

— 
17. Р.Р = (2 – 5i + (9 – 7j + (-2 — (-1))k = —3i + 2j — k 

= 
18. Р.Р. = (—3 — 1)i + (0 - 2)) + (5 — 0)k = —4i — 2j + 5k 
19. АВ = (-10— (—7))i+ (8 — (-8) + (1 — Dk = —3i + 16} 
20. АВ = (—1 — 1)i + (4 — 0)j + (5 – 3)k = —2i + 4j + 2k 
21. 5u — v = 5(1, 1, —1) — (2,0,3) = (5, 5, —5) — (2, 0, 3) = (5 — 2,5 — 0, —5 — 3) = (3,5, —8) = 3i + Sj — 8k 
22. —2u + Зу = —2(—1, 0,2) + 3(1, 1, 1) = (220, —4) + (3, 3,3) = (5,3, -1) = 5i + 3j — k 
23. The vector v is horizontal and 1 in. long. The vectors u and w are H in. long. w is vertical and u makes a 45° angle with 


the horizontal. All vectors must be drawn to scale. 
(a) (b) 


UtVtw 


(c) (d) 


Copyright O 2010 Pearson Education Inc. Publishing as Addison-Wesley. 


www.semeng.ir 


720 Chapter 12 Vectors and the Geometry of Space 


24. The angle between the vectors is 120° and vector u is horizontal. They are all 1 in. long. Draw to scale. 


(a) (b) 


u-v+w 
w 
(d) 
w У 
u 
u+v+w=0 


25. length = |2i + j — 2k| = \/2? + 1? + (—2)? = 3, the direction is i+ 2j — 3k > 21+ј – 26 = 3 (2 ic ij- ik) 


26. length = |9i — 2j + 6k| = \/81 +4 + 36 = 11, the direction is 2 - 21-6 ©К = 9i — 2j + 6k 
-11(21-41448) 


27. length = |5k| = 4/25 = 5, the direction is К = 5k = 5(k) 


28. length = |2i-- 2 = 4/5; + 15 = 1, the direction is 31 + ЗК => iic ЗК = 1 (31+ К) 


29. length = і = ei + 42 | = 4/3 ЕГЕ the direction is ai i- wi - vA k 


у! Ma Вы A 98) 


2 
30. length = wait at BH 3 (>) = 1, the direction is 7 i+ jk 05 К 


modus k= (+ i+ ұқ) 


31. (а) 21 (b) — 3k (с) 4j+2k (d) 6i — 2j + 3k 
32. (a) -7) у = СА (с) li-ij—k (9) S;i 4j-+k 


33. |v| = 4122 + 52 У 169 13; Iv 5 v 5 (12i — 5k) = the desired vector is 4 (12i — 5k) 
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34. |v| = б+1+1=%% = 1 АЈ Jz К = the desired vector is 5 (3i АЈ Jk) 
= — 8i + УЗ] + V3k 


7; i+ 571 5 к) the direction is 


x а efa 3 i 4:01 
35. (а) 3i +4j — 5k = 5/2 ( 42:1--5521-25К 
5 
2 


(b) the midpoint is (5, 3, 
36. (a) 3i— 6)-2К-07(31- 51+ 2 k) — the direction is 2 ;l— 41+ 2% 
(b) the midpoint is (5, 1,6) 


37. (а) -4-1-К-43( zi zj J- к) = the direction is "s әді Ak 
7 
9 


(b) the midpoint is (2, 2, 2) 
38. (а) 2- AE у) 53-58) the direction is ке Е 
(b) the midpoint is (1, —1, —1) 


39. АВ = (5 — ali - (1 — )j--(8 — ok —i+4j—2k > 5-a—1,1—b—4,and3-c —2 a = 4, b = —3, and 
c=5 = Ais the point (4, —3, 5) 


40. АВ = (a+ 2) + (b + 3] + (c — 6k = —7i +3] +8К > а+2 = -7,b+3 = 3, andc — 6 8 а = —9,b = 0, 
and с = 14 = B is the point (—9, 0, 14) 


41. 2 +> ј=а]а +) +6 – ј) = (а +=" Ба + (а –б)ј = a+b=2anda—b=1 2а-- 3 а = 5 and 
р-а-1-1 


42. 1-2)-а01-3) + bü -- D = Qa +) + (За + Њ)ј = 2a--b = Тапа За +ђ = —2 > а= —3 and 
Б=1—2а=7 => ш = а(21+3)) = —6i — 9j and u = bi - j) = 71+ 7j 


43. 25° west of north is 90? + 25° = 115° north of east. 800(cos 115°, sin 115°) 23 (-338.095, 725.046) 


44. Letu = (x, y) be represent the velocity of the plane alone, v = (70 cos 60°, 70 sin 60°) = (35, 35 V3), and let the 
resultant u + v = (500, 0). Then (x, у) + (35, 35/3) = (500, 0) = (x + 35, у + 354/3) = (500, 0) 
=> x + 35 = 500 and у + 35/3 = 0 = x = 465 and y = —35\/3 = и = (465, —35\/3) 


2 
Shite T + (—35\/3) ~ 468.9 mph, and tanü = =R => 0 я —74^ => 74^ south of east. 


45. Е, = (-IFilcos 30°, 


у= (-УДЕ il, E: |). Fe = (|F2|cos 45°, |F;|sin 45% ps (21821 в, and 
Б.) = (0, 100) 
= – УЗ ЈЕ | + 51821 = O and $|F\| + 18] = 100. Solving the first equation for |Е;| results іп: |F2| = Ур, 


= (0, —100). Since F, + Fz = (0, 100) => ( -IF| + |82,1 


Substituting this result into the second equation gives us: 5 LE; | ++. 5(2 ЇЕ, ) = 100 > |Е | = T = ~ 73.205 М 


> |F| = уе = 89.658 N = Е, ~ (—63.397, 36.603) and Е› = ~ (63.397, 63.397) 
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46. 


47. 


48. 


49. 


50. 


51. 


52. 


Е, = (35 сова, 35sina), Fz = ((Е-|сов 60°, ) = (18, SF. and w — (0, —50). Since 


Е, +F, = (0, 50) = (—35 сова + 5|F2|, 35 sina + УЗ Еј = (0, 50) => —35 сова + ЦЕ;| = 0 and 


35 sina + ud [Е | = 50. Solving the first equation for |Е;| results in: |Е | = 70 cos a. Substituting this result into the 


. А 7 . _ _ 10 _ ~ 2, _ 100 20, 222 
second equation gives us: 35 sina + 35/3 сова = 50 => V3 cosa = 7 — sina => 3cos^a = ду — 5 sina + за 


= 3(1 – зта) = 


100 _ sin a + sin?a => 196sin?a — 140sina — 47 = 0 => sina = 62 Since a > 0 => 


sina > 0 => sina шээг a © 74.427, and |Ёр| = 70 cosa == 18.81 М. 


Е; = (-IFilcos 40°, IF; |sin 40°), Е = (100 сов 35°, 100 sin 35°), and w = (0, —w). Since Е! + Е = (0, w) 
> (-IFilcos 40° + 100 cos 35°, |F; |sin 40° + 100 sin 35%) = (0, м) => -|Е |соз 40° + 100со835% = 0 and 
[F;|sin 40° + 100 sin 35° = w. Solving the first equation for [Е | results іп: |Е | = 10060835 ~ 106.933 М. Substituting this 


result into the second equation gives us: уу ~ 126.093 М. 


Е = (Е cos a, |Е | sina) = (—15 cosa, 75 sino), Е = ( | sin 3) = (75 cos a, 75 sin a), and 
w= (0, —25). Since Е, + Е = (0, 25) => (-75 cosa + 75 cos a, 75 sin a + 75 sino) = (0, 25) => 150sina = 25 
=> а ~ 9,599, 


(a) The tree is located at the tip of the vector OP = (5 cos 60°)i + (5 sin 60°)j = 31 + 5] ј => P= (5, 22 
E" 


(b) The telephone pole is located at the point Q, which is the tip of the vector OP + РО 
- (31+ 26 i) + (10 cos 315°)i + (10 sin 315°)j = ($+ У + (88 У} 
> О = (=, уз юу) 


Lett = ста and s = Р д; Choose T on OP, so that TQ is 
па ет (0 22 50 m жи is similar to AOP;P». Then 
A = (= ore = (ОР, so that T = (ху, (ул, #21). 


Also, Т = s тд s ОР s(x 7, ) 
, ТОР:| 2 2, У2, 72). 


Letting О = (x, у, 7), we have that 


y 
ТО = (x tx1,y—tyi,z tzi) = $(хо, Уг, 72) 
Thus x = tx; --8Х2,у = у + 5у2, Z = 2 + 872. 


(Note that if Q is the midpoint, then A = ] and t = s = 5 


‚2 = 


uio у = nl» so that this result agress with the midpoint formula.) 


— 1 1 - Zi +22 
so that x = 5 X1 + 5 X2 = 7 


(а) the midpoint of AB is М (5, 5,0) and CM = ($ — 1)i + (5 - 1) j- (0 - 3k = 21+ 3j – 3k 
. . z> . . . . 

(b) the desired vector is (2) СМ = 2 (3 i+ 3) = ЗК) =1+] —2К 

(c) Ше vector whose sum is the vector from the origin to C and the result of part (b) will terminate 


at the center of mass = the terminal point of (i + j + 3k) + (i + j — 2k) = 2i + 2j + К is the point 
(2,2, 1), which is the location of the center of mass 


св Ne $ [(2 + 1)i- 0 2)) + (8 + 1) К = $ ($i-2j 7 k) 


2 
3 
3 3) +3 7 k. The vector from the origin to the point of intersection of the medians is (5 і- 11+ 1 ik) + ос 


5 
31— 
сю аук. 
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53. Without loss of generality we identify the vertices of the quadrilateral such that А(0, 0, 0), В(хь, 0, 0), 


54. 


99. 


56. 


С(х,, ус, 0) and D(xa, Уа, Za) => the midpoint of АВ is Мав (= ‚0, 0) ‚ the midpoint of BC is 
Mpc (== , 5,0) , the midpoint of CD is Мер (S2 , 22 , 24) and the midpoint of AD is 
Xp хе + Ха 


Мар (4 es A) = the midpoint of МдвМсь is ( os У : 4) which is the same as the midpoint 


Xp t Xe 


Hu + 
2 > с 7, 
of МАрМВвс = —5 2 А Y 7 1 1 5 


Let Vi, Уә, Уз, ... , Vn be the vertices of a regular n-sided polygon and v; denote the vector from the center to 


Vi fori = 1,2, 3, ... , n. If S = У у; and the polygon is rotated through an angle of igo) where i = 1, 2,3,... , n, 


1=1 


then S would remain the same. Since Фе vector $ does not change with these rotations we conclude that $ = 0. 


Without loss of generality we can coordinatize the vertices of the triangle such that A(0, 0), B(b, 0) and 


C(x,, Ус) => ais located at (== ‚ S). bisat (=, 2) and c is at (2 ‚ 0). Therefore, Аа = (2 + =) 1+ (®)], 


Bb = (& —b)i+ (5) }, апа Сс = (8 —x.) i+ (—ус)] => Aa + Bb + Се =0. 


Let u be any unit vector in the plane. ТЕ u is positioned so that its initial point is at the origin and terminal point is at (x, y), 
then u makes an angle 0 with i, measured in the counter-clockwise direction. Since |ш = 1, we have that x = cos 0 and 
y = sin 0. Thus u = cos 01 + sin 0 j. Since u was assumed to be any unit vector in the plane, this holds for every unit 


vector in the plane. 


12.3 THE DOT PRODUCT 


NOTE: In Exercises 1-8 below we calculate proj, u as the vector ( 


|u| cos 9 


Мезе) у, 80 the scalar multiplier of v is the number in 


column 5 divided by the number in column 2. 


v-u М [ај cos 0 |u| cos 0 proj, u 

595 5 5 ES —5 —2i + 4j — \/5К 
3 1 13 5 3 3(314-38) 

25 15 5 i 5 5 (10i + 11j — 2k) 
13 15 3 B B gos Qi + 10j — 11k) 
2 v34 v3 ATA = 5 (5) — 3k) 

. УЗ-/2 v2 3 4-3 --ы cvs сар 

Wey v% of w417 mur УИ (54+ j) 
1 узо v30 Í ao 3-5 5) 
6 6 6 5 1730 5\ V? V3 
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9. 


10. 


11. 


12. 


13. 


14. 


15. 


16. 


17. 


18. 


19. 


Chapter 12 Vectors and the Geometry of Space 


= =1 152 2 -1 A) +01)0) + (0)(—1) = —1 4 = саз 
0 = cos (188) = cos (= Sao т) COS (245) = COs” ! (A) 0.75 rad 


= -1f_uv үг -1 (2)(3) + (—2)00) + DA) 2 =] 10 = =1 (2) ~ ы 
0 = cos (шл) = eos (= сан она | COS (5555) = с (=) 0.84 rad 


-1( ах У angl (v3) (МЭ) «c» «x» pu ( 3—7 ) 
9 = сов Є =) = cos Г сене gums COS JA S. 
= cos! (+) 1.77 rad 
26 
ЭРЭ" (=) ene ах- цог! тээ e 


TT v2) -(-у2) vcr arva? 
= сов! (==) = 1.83 гад 


3, —1), СВ = (1,3), СА = (–2,2). 
= 24/2, 

= = AB-AC = = 3(2) + 1(—2) = - ~ о 
Angle at А = cos (ЕЁ = cos (з) = cos (ы) 63.435 


za = cos? Gace = cos! (3) ғу 53.130°, and 


( 10) ( 10) 


— cos 1| _СВ-СА_ | — сос-1 | 102430 | се ~ о 
Angle at С = cos (88) = cos Ї = сов ( |) & 63.435 


АВ = (3, 1), ВС = (–1, 23), and AC = (2, -2). ВА-(- 
» » » » 
ГАВ| = [BÀ | = /16. = |СВ| = уто, | A = |СА 


Angle at В = сов”! | 


АС = (2, 4) апа Bb = (4, —2). AC - BD = 2(4) + 4(—2) = 0, so the angle measures are ай 90°. 


iv ES 


м › COS В = апа 


(а) сова = Шу 


2 2 2 
2 2 2, [а b c — æ+b+e ЮМ _ 
cos? a + cos? В + cos у= (i) + 5 + (=) шин шиний. 

8 


(b) М 2 1 сов a M a, cos 0 = M b and cos y = М = с are the direction cosines of v 


= COS = = 
| qu к M =M 


u = 10i + 2k is parallel to the pipe in the north direction and v = 10j + k is parallel to the pipe in the east 
direction. The angle between the two pipes is 0 = сов”! (шы) = соз! (вели) А 1.55 rad = 88.88°. 


The sum of two vectors of equal length is always orthogonal to sd difference, as we can see from the equation 


(у + V2) - (V1 — V3) = V1 У + Vo V — V1 У — Vo - Vo = lvii? - |у;| =0 


СА - СВ = (-У+ (–п))-(-у +u) =v-v—v-u+u-v—u-u=|y|” - |u|” = 0 because |u| = |v| since both equal 


the radius of the circle. Therefore, CÁ and СВ are orthogonal. 
Let и and v be the sides of a rhombus => the diagonals аге d; = u + v and 4, = —u + v 


= а, -d = (u + v)-(-u4 v) = -u-u-u-v— v-u- v- у |v| — |u|” = 0 because |u| = |У|, since a rhombus 
has equal sides. 
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20. Suppose the diagonals of a rectangle are perpendicular, and let u and v be the sides of a rectangle — the diagonals are 
dı = u + v and d» = —u + v. Since the diagonals are perpendicular we have d; - d2 = 0 
ә (ut+v)-(—u+v)=—u-u+u-v—v-u+v-v=0 © [v - ju? 20 & (у + [u]) (|v| |) = 0 
=> (|v| + |u|) = 0 which is not possible, or (|v| — |u|) = 0 which is equivalent to |v| = |u| => the rectangle is a square. 


2]. Clearly the diagonals of a rectangle are equal in length. What is not as obvious is the statement that equal diagonals 
happen only in a rectangle. We show this is true by letting the adjacent sides of a parallelogram be the vectors 
(vii + Voj) and (ші + пој). The equal diagonals of the parallelogram are dy = (vii + Уј) + (щі + пој) and 
d» = (vii + Voj) — (ші + шј). Hence |d;| = |d;| = |(vii + voj) + (uii + ш))| = (vii + v25) — (uii и} | 
=> |(vi + ui + (у + ш) = |(vi — ш (№ — пој] => у (у + + (va + u2)? = \/ (у — ui? + (№ — u2)? 
=> v? -F2wv4u; + u? + v2 + 2vaus + i? = v? — 2vqu; + u? + v2 — 2у209 + 12 = 2(уци + vous) 
= —2(v1U, + уш) = уп + vsus = 0 = (vii + vo) - (щі + шј) = 0 = the vectors (уі + уә) and (ші + пој) 


are perpendicular and the parallelogram must be a rectangle. 


22. If |u| = |v| and u + v is the indicated diagonal, then (и + v)-u=u-u+v-u= [u^ - v-u—u- у + |У]? 


=u-v+v-v=(u+v)-v = the angle cos! (хөн) between the diagonal and и and the angle 


cos! (gis) between the diagonal and v are equal because the inverse cosine function is one-to-one. 


Therefore, the diagonal bisects the angle between u and v. 
23. horizontal component: 1200 cos(8°) ғә 1188 ft/s; vertical component: 1200 sin(8°) = 167 ft/s 


24. |w|cos(33* — 15°) = 2.5 Ib, so |w| = 2516. Then w = 251 (cos 33°, sin 33°) ғ: (2.205, 1.432) 


cos 189 cos 189 


25. (a) Since |cos 0| < 1, we have |u - v| = [ul |у [cos 0| < Jul |v| (D) = |ц |v]. 
(b) We have equality precisely when |cos 0| — 1 or when one or both of u and v is 0. In the case of nonzero 


vectors, we have equality when 0 — O or 7, i.e., when the vectors are parallel. 


26. (хі + yj -v = [xi + yj| |v| cos 0 < 0 when 5 < 0 € п. This 
means (x, y) has to be a point whose position vector makes 


an angle with v that is a right angle or bigger. 


27. у · ш = (аш + bug) - ш = au; - ш + buy - ш = а |ш | - + bu - uj) = а(1)? + 600) = a 


28. No, ујпеед not equal v2. For example, і +j Zi--2jbuti-(i4-j) =1-1+1-] = 1+0 = 1 and 
1-1--2) -1-1-21-)-1-2-0-1. 


29. projyu = MV (а- uv) . (539) —u: (ev) С . С = (23) (и - v) - (55) өзу) 


cA We ce 
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30. Е = 2i + j — ЗК and v = 3i — j = proj, F = KEY B (ла p= ji – 1), is the vector parallel to v. 
10 


Е — projy Е = (2i + j — 3k) — (34 — 19) = 1+ 3) — 3k is the vector orthogonal to v. 


3]. Р(х,у) = P (x1, dan: ха) and Q(x2, у2) = О (хә, pos 8 хэ) аге any two points P and О on the line with b 52 0 
> > а . . . а 
= РО-(хо-хї + 2 (х — х)ј > PQ -v = [Go — x)i + 2 (ху — хә)}] - (ai + bj) = а(х — x1) +b (2) (ху — x2) 
= 0 = vis perpendicular to РО for b Z 0. If b = 0, then у = ai is perpendicular to the vertical line ах = c. 
Alternatively, the slope of v is 5 and the slope of the line ах + Бу = c is — 2, so the slopes are negative reciprocals 
— the vector v and the line are perpendicular. 


32. The slope of v is 5 and the slope of bx — ay = c is 8, provided that a = 0. If a = 0, then v = bj is parallel to 


the vertical line bx — c. In either case, the vector v is parallel to the line bx — ay — c. 


33. v = i + 2j is perpendicular to the line x + 2y = c; 
P(2, 1) on the line = 2+2=c = х+2у=4 


>< 


34. у = —2i — j is perpendicular to the line —2х — у = c; 
Р(-1,2) on the line = (-2)(-1)-2-2c 
=> –2х –у=0 


35. v = —2i + ] is perpendicular to Фе line —2x + y = c; 
Р(—2, —7) оп the line = (—2)(-2)-7-2c 
= —2х фу = –3 
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36. v — 2i — 3j is perpendicular to the line 2x — 3y — c; 
P(11,10) оп the line = (X11) — (300) = с 
=> 2x – Зу = —8 


37. v = i — j is parallel to the line — x — y = c; 
P(—2, 1) оп the line = —(–2)—1=< > -Х-у-1 
огх + у = —1. 


38. у = 21 + 3j is parallel to the line Зх — 2y = с; 
P(0, —2) on the line > 0—2(-2) = с => 3x – 2у = 4 


39. у = —i — 2j is parallel to the line —2х + y = c; 3 
Р(1,2) onthe line = —2(1)+2=c = -2x-y-0 PU, 2) 
or 2х — у = 0. 22150 


>x 


-і- 2j 
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40. у = 3i — 2] is parallel to the line —2х — Зу = с; 
РО, 3) on the line = (—2)(1) — (3)(3) = с 
=> —2х — Зу = — Шог2х + Зу = 11 


41. P(0,0), ОД, 1) and F = 5j = РО — 1 +} ава М = Е-РО = (5) -4-  -5N-m—5J 


42. W = |F| (distance) cos 0 = (602,148 N)(605 km)(cos 0) = 364,299,540 М - km = (364,299,540)(1000) № - m 
= 3.6429954 x 1011 J 


43. W = |F| РОЈ cos 0 = (200)(20)(cos 30°) = 2000/3 = 3464.10 N - m = 3464.10 J 


44. W — |F| \РО| cos 0 = (1000)(5280)(соз 60°) = 2,640,000 ft - Ib 


In Exercises 45-50 we use the fact that п = ai + bj is normal to the line ах + Бу = c. 


Sa 
N 
M 
1 
AIS 


— 3:13 — 2: _ 3 2 -1( пп = -1( 6-1 201 
45. nı = 3i + jand n = 2i-j = 0 = cos (ет) = со (а) = cos ( 


46. ny = – У 3 + jand n = /3i+j = 0 = cos (Bm) =c os! (5358) = cos™! (— 4) = 21 


47. n; = 3i - jand n; 2 i— Узј = 0 = соз”! (таңы!) = сов“ (4552) = cos™! (8) = 


ШЕГЕН 1– V3 уз+3 nce + ов ү ж 
= [= ft] ин (э) = соз (%)-: 


49. n; = 31 — 4j and n =1—} = 0 = сов”! (шаш) = cos! (255) = сов“! (=) = 0.14 rad 


50. n; = 12i + 5] and n; = 2i — 2j = 0 = сов”! (am) = cos! ( = ) = cos! (255) ~ 1.18 rad 


іші |пә| 


124 THE CROSS PRODUCT 


i j k 
1. ичху=|2 -2 -1 =3(2i+4j+ ik) = length = 3 and the direction is 21+ 1) + 3k; 
1 0 -1 


ухи = —(иху) = —3 (21+ 4j+ 2 Ҝ) = length = 3 and the direction is — 2i— 1j — 2 К 
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j k 
2. uxv—|2 3 0 =5® = length = 5 and the direction is К 
1 0 


ухи = —(u x v) = —5(К) = length = 5 and the direction is —К 


i j k 
3 шчху=| 2 -2 4 | =0 = length = 0 and has no direction 
-1 1 -2 
ухи = —(ux v) 2 0 = length = 0 and has no direction 
i j k 
4. uxv— 1 1 —1|=0 = length = 0 and has no direction 
0.0 0 
ухи = —(u x у) = 0 = length = 0 and has no direction 
i j К 
5 иху=|2 0 0|=—6(К) = length = бапа Ше direction is —К 
0-3 0 


ухи = —(u x v) = 6(К) = length = 6 and the direction is k 


i j k 
6. uxv—(üxpx(ü(Gxk)—-kxi-/|0 0 1|=] = length = 1 and the direction is j 
1 0 0 
ухи = —(u x v) = —j = length = 1 and the direction is —j 
i j k 
7. иху=|-8 -2 -4|-бі- 12k > length = 6\/5 and the direction is JS 2k 
2 2 1 
ухи = —(u x v) = —(6i — 12k) => length = 6/5 and the direction is — ол i+ 55 k 
ij К 
8. uxv— : _1 кеерек шан 3 and the direction is at Rit 95 К 


ухи = —(u x v) = —(—2i — 2j + 2k) = length = 2/3 and the direction is a i+ i —-Lk 
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i j k i j К 
П.лиху=|11 0 -1-1-1-К 12. иху=|2 -1 0|=5К 
0 1 1 1 2 0 
1 2 
А 
5k 
»y 
2i -] 
x +21 У 
i j k i j k 
13. о0ху= 1 1 0(--2 14. ux v—- 0 1 21 =2]-К 
1 –1 0 100 
>>у 
ізі, 
i j К 
— — 
15. (а) РО ХРЕ = | 1 1 -3 = 8i+4j+4k = Area = 
-1 3 -1 


(b u— E 1 = (24-1-Ю 


i j К 
16. (а) РО ХРЕ —|1 0 2 = 41+4Ј - 2k => Area = } [РС x PR| = } 16 1644 =3 
2 2 0 
(b) ын cs лз. 
— — i j k UA 1 | — 1 v2 
17. (а) PQxPR=|1 1 1]/=-i+j = Area=} PQ x PR| =} 1+1= € 
1 10 
___РОхРЕ.К__ 1 “ . шог 
(b) шиг m 1+) = J; ü p 
ij k 
18. (а) PÒ x PR =|2 -1 —1 =2i+3j+k => Area = 1 |РО x PR| =} VAF FI = + 
1 0 -2 


b) u = 9х2 
(b) n 


1 > : 
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ај a2 a3 
19. Ни = aji + a2j + азК, у = bii + boj + БЗК, and у = сіі + сој + сз, then (и х у) - у = |у b bs], 


Сі CQ C3 


ы b» bs Сі Со C3 
(ухм)-й-і|сі сә сз апа(мхш)-У- |а) а аз | which all have the same absolute value, since the 
ај ag a3 ы Бо bs 
interchanging of two rows in a determinant does not change its absolute value — the volume is 
200 
(агху)-м|- аһ |0 2 01-48 
002 
1 -1 | 
20. (их уУ)- w| = abs| 2 1 —2| = 4 (for details about verification, see Exercise 19) 
-1 2 -1 
2 1 0 
21. |аху)-м|- abs|2 —1 1|-|-7| = 7 (for details about verification, see Exercise 19) 
1 0 2 
1 1 -2 
22. |(u x v)-w| = abs|-1 0 —1| = 8 (for details about verification, see Exercise 19) 
2 4 -2 
23. (а) u-v = —6, и-м = —81, у-у = 18 = попе аге perpendicular 
i j k i j k i j k 
(D uxv=|5 -1 1|/#0uxw=| 5 -1 1 |-Обухм-| 0 1 -5 #40 
0 1 5 —15 3 -3 -15 3 -3 


= wand ware parallel 


24. (a) u-v=0,ux w=0,u-r=-—37,v-w=0,v-r=0,.w-r=0 Sulvyulwviwetr 
andw Lr 
i j k i j k i j k 
(0) аху-| 1 2 -1404ху-11 2 —1|#0,ихг= | 1 2 -11-0 
-1 1 1 10 1 ко = 
i j k i j k i j K 
уху-1-1 1 1|#0,ухг=|—1 1 1120, мхг= | 1 0 1 20 
101 $5 -7 35 = cp 3 


= папа г are parallel 
25. |РО x F| = ео) [F| sin (60°) = 2.30. У? ft - Ib = 104/3 ft - Ib 


26. |РО x F| = |РО| [F| sin (135°) = 2 - 30 - У2 ft- = 10/2 ft - Ib 


27. (a) true, 


ul = уа? +a? + а = уп и 


(b) not always true, u - u = [u|? 


i j k i j k 
(с) true, u x 0 = | щш u щщ! = 01+ 0) + ОК- дапа 0xu=|0 0 01-01-0)-0К-0 
0 0 0 uj U2 из 
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i jd È 
true, u x (Cu) = | uj Uu» из | = (—usus + usus)i — (—u1u3 + u1u3)j + („шш + uju»)k = 0 
—uj 02-13 


(d 


хий 


(e) not always true, i x j = КЕ —К = j x і for example 
(f) true, distributive property of the cross product 


(g 
(h 


true, (u x у) - v—-u-(vx v)=u-0=0 


— МУ 


true, the volume of a parallelpiped with u, v, and w along the three edges is the same whether the plane containing u 


and v or the plane containing v and w is used as the base plane, and the dot product is commutative. 


28. (a) true, u- v = ІШУІ + U2V2 + изуз = УЦ + V2U2 + Узиз = У-и 


i j К i j k 
(b) true, u x v = | щш 19 u5 = – у Vo уз | = —(vx u) 
Vi Ус УЗ uj П9 из 
1 1 k ij К 
(c) true, (Cu) x = |—ui Џо из | = ш 19 Us| = —(u x v) 
Vi Уг Уз Ур V2 V3 
(d) true, (cu) - у = (cuj)vi + (cu2)v2 + (сиз)уз = ш (су) + U2(CV2) + U3(CV3) = u - (cv) = с(щу + Шух + usva) 
= с(0 - v) 
i j К i j k i j k 
(e true,c(ux vy) = с | ш ш ug = |cu cu. сиз | = (си) ху= |u ш Us | =U x (cv) 
У] Ус Уз V1 Мо Уз CV, СУс СУЗ 


2 с 
(f) true, u -u = u? + u? + u? = (vu? +02 +u?) = ш” 


(g) true, (ихи)-и=0-пи=0 
(h) true,u xv Luanduxv L v = (uxv)-u=v-(uxv)=0 
29. (a) proj, u = (т) у (b) (а x v) (c) ((а x v) x м) (а) |u x v) - w| 
(е) (u x v) x (u x w) ( Мы 
30. (ix j) x j=k x j = —i;i x (j x j) =i x 0 = 0. The cross product is not associative. 
31. (a) yes, u x v and w аге both vectors (b) no, u is a vector but v - w is a scalar 
(c) yes, u and u x w are both vectors (d) no, uis a vector but v - w is a scalar 


32. (ux v) x wis perpendicular to u x v, and u x v is perpendicular to both u and v = (u x v) x wis 
parallel to a vector in the plane of u and v which means it lies in the plane determined by u and v. 
The situation is degenerate if u and v are parallel so u x v — 0 and the vectors do not determine a plane. 
Similar reasoning shows that u x (v x w) lies in the plane of v and w provided v and w are nonparallel. 


33. No, v need not equal w. For example, i + j Z —i + j, but i x (1+ј) =ixi+ixj=0+k=kand 
ix (-i+ j) =ix (-i) +ixj=0+k=k. 


34. Yes. fux v =u x w andu - у = u - w, then u x (v — w) = 0 and u - (v — w) = 0. Suppose now that v > w. 
Then u x (v — м) = 0 implies that v — м = ku for some real number К Z 0. This in turn implies that 


о - (у — w) = u - (ku) = К |u| 2 = 0, which implies that u = 0. Since u Z 0, it cannot be true that у 4 w, so v = М. 


— — — — i ј К — — 
35. АВ = —i +jand AD = —i -j > АВХАВ-|-1 1 0 = к = area = |АВ x AD| =2 
-1 —1 0 
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— — => — i j k — — 
36. AB = 7i + 3j and AD = 1+5} > ABxAD=|7 3 0|—29k = area |AB x Ab| = 29 
250 
i jk 
— — — — — — 
37. AB = 3i — 2j and AD = 51+} = AB x AD— 3 -2 0|— I3k = area |AB x AD| = 13 
5 1 0 
i j k 
— — — — — — 
38. АВ = 7i — 4j and AD = 2i + 5j > AB x AD = |7 —4 0|—43k = area | АВ x AD| = 43 
250 


733 


— => — > ә — — 
39. АВ = 31 + 2j + 4k and DC = 31 + 2j + 4k = AB is parallel їо DC; BC = 2i — j and AD = 21 — j => BC is parallel to 


i j k 
-3 0-3 — 
AD. АВХВС = |3 2 


2 —1 0 


— = => — — 
40. AC = i + 4j and DB = i + 4j = AC is parallel to DB; AD = —i + 3j + ЗК and 


4| = 41 + 8j — 7k => area = |AB x BC| = \/129 


— 


CB = 


= => — i j k > 
(СВ. АСх АБ =| 1 4 0 = 121 — 3j + 7k = area = |AC x AD| = \/202 
-1 3 3 
ij К 
=> — — — 
41. АВ = —21 + 3j and АС = 3i+j > AB xAC =|-2 3 0 -11К агеа } | АВ x AC| = 4 
3 1 0 
i j k 
— — — — 
42. АВ = 4i + 4] and AC = 31+ 2j > АВ хАС = |4 4 0 —4k area АВ ХАС | = 
3 2 0 
i j К 
— — — => 
43. AB = 6i — 5] and AC = 111—5ј = АВХАС =| 6 -5 0 25k area i|AB x AC| = 2 
11 50 
i j К 
— . : — : . — — + xx — 
44. АВ = 19 — 5j and АС = 41+ 4j > АВХАС = |16 -5 0 84К агеа } | АВ x AC] = 42 
4 4 0 
ij k 
— — — — — => 
45. АВ = —1+ 2] and AC = —i -k > АВ хАС = 1-1 2 0 = -21-j+2k = area = } |АВ x AC] =3 
-1 0 -1 
i j k 
— : . — И — — . + dex = 3/2 
46. AB = —1 +j – Капа AC = 31+ 3k = АВ ХАС = |—1 1 1 =31—3К = ата = 1 |АВ ХАС | = 2 
3 0 3 
i j k 
47. АВ = —i + 2] and AC = ј – 2k > АВхАС=|—1 2 0 =—4i—2j-k = area = 1 | В x AC| = E 
0 1 -2 
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= = = = = — 1 
48. AB =i+2j, АС = —3j + 2k and AD = 3i — 4j + 5k > (AB x АС) Ab = 0 — 
3 


= = = 
= volume = (АВ x AC) - AD| -— 


i j k 
49. IfA = аі + aj and B = 51 + bz j, then АхВ=|а a 0|= ^n hi k and the triangle's area is 
b, b 0 diis 
i А x B| = + i - г . The applicable sign is (+) if the acute angle from A to B runs counterclockwise 
1 02 


in the xy-plane, and (—) if it runs clockwise, because the area must be a nonnegative number. 


50. If A = аі + ас}, В = bii + b» j; and С = cji + сој, then the area of the triangle is i |AB x АС| . Now, 
Ї ) k 
=> => 
AB x AC = bı — a, by = а» 01 = 
CI — а сә — ag 0 
= 5 (b: — ај (с — аз) — (c1 — a1)(b2 — а2)| = $ Ја: (6; — со) + ax(e1 — bi) + (bic — с165)| 


bı — а by — а» 
Cı а C2 — 42 


ilo — 
к = L[ABxAC| 


ај ао 1 
= Е 5 bı bə 1. The applicable sign ensures the area formula gives а nonnegative number. 
Сі C2 1 


12.5 LINES AND PLANES IN SPACE 

1. The direction i + j + Капа P3, —4, -1) > х=3З+ьу = —4+ 67 = —1-+ 

2. The direction PQ = —2i — 2] + 2k and Р(1,2,—1) = x=1-2t,y = 2 — 2t, z = —1 + 2t 
3. The direction PÒ = 5i + 5j — 5k and P(—2, 0,3) > x = —2 + 5t, y = 5t, z = 3 – 5t 


4. The direction PÒ = —j — k and P(1,2,0) > x=l,y=2-t,z=-t 


5. The direction 2j + k and P(0, 0, 0) x=0,y=2t,z=t 


6. The direction 2i — j + ЗК and P(3, —2, 1) > x = 3 + 2t, y = —2 —-t,z=1+3t 


7. The direction k and P(1, 1, 1) Х-1,у-1,2-1-1 


8. The direction 31 + 7] — 5k and Р(2,4,5) > х-2--3,у-4--7,7-5-5% 


9. The direction і + 2j + 2k and Р(0, —7,0) > x =t, y = —7 + 262 = 21 


10. Тһе direction is u x v = 


W — = 
Aor 


k 
3 | = —2i + 4j — 2k and P(2,3,0) > x = 2 — 2t, y = 3 + 4t, z = —2t 
5 


11. The direction i and РО, 0, 0) x=ty=0,z=0 
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12. The direction k and P(0, 0, 0) x=0,y=0,z=t 


. . 2-3 . . 
13. The direction РО =i+j+ 3 k and P(0,0,0 > x=t, 
y=t,z= 3t, where0<t< 1 


14. The direction PÒ = i and P(0, 0,0) x=ty=0,z=0, 
where 0 €t € 1 


15. The direction PÓ —jandP(1,1,0 > x=ly=1+4t, 
z = 0, where -1 <1< 0 


16. Тһе direction РО = Капа P(1,1,0) x=ly=l1,z=t 
where 0 €t € 1 


17. The direction PÓ = —2j and P(0,1,1) > х-0, 
у=1- 26 2 = 1, мһеге0 Et 1 
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18. The direction РО = 3i — 2j and Р(0,2,0) > x — 3t, 


19. The direction PÓ = —2i + 2j — 2k and P(2,0,2) 


y-2-2tz-—0,where0 <(<1 


=> x=2-— 2t, y = 2t, z = 2 — 2t, where0 < t < 1 74 


20. The direction PÓ = —i + 3j + Капа P(1,0, —1) 5 


21. 


22. 


24 


25. 


=> х= 1-6у = 362 = —1 +6 мћеге0 < 1 < 1 


3(x — 0) + (-2)9 — 2) + (002 + 1) = 0 => 3х-2у-2--3 


3% — 1) +(00)(у +1) + (02 - 3) =0 = Ззх фу +2 =5 


— = — = i j k 
РО =i-—j+3k,PS = 1-3] +2 = PQxPS =| 1 -1 3,-—7i—5j— 4kis normal to the plane 
-1 -3 2 


= 7(х — 2) +(—5)(у — 0) + (-4)(z — 2) = 0 = 7х-5у-42-6 
i j 
— НЭЭ — — 
PQ = -i+j+ 2k, PS ——3i + 2] -3k = РО ХРЗ = |-1 1 
—3 2 
> (-1)х-1)--(-3)у-5)--(1)2-7)-0 = х+3у-2=9 


= —i — 3] + К is normal to the plane 


Оз ко м 


n = i + 3j + 4k, Р(2, 4, 5) = (D(x — 2) + (3)(у — 4) + (492 – 5) = 0 => х + Зу + 47 = 34 


. n-i-2j«k, P(1, —2, 1) > (1)(х – 1) + (2)(у + 2) + (а 0) = 0=Хх–2у+2=6 


У Пен ке re => |“ Bez = pw => t= Qand s = —1; then z = 4t + 3 = —4s— 1 


y=3t+2=2s+4 3t—2s=2 3t—2s=2 
= 400) +3 = (—4)(—1) — 1 15 satisfied = the lines intersect when t = 0 and s = —1 = the point of intersection is 
x = 1, у = 2, and z = З or P(1,2,3). A vector normal to the plane determined by these lines is 
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28. 


29. 


30. 


31. 


32. 


33. 


34. 


Section 12.5 Lines and Planes in Space 737 


ij k 
nı хњ=|2 3 4 | = —20i + 12] + Е, where n; and n» are directions of the lines => the plane 
1 2 -4 


containing the lines is represented by(—20)(x — 1) + (12)(у — 2) + (2 — 3) = 0 = —20x + 12y +z = 7. 


х = t = 25+ 2 ї— 25 = 2 2 EU = M EC 
ке а s43 n. s=] = s= — 1 апа {= 0; then z =1+1=55+6 = 0+1=5(—1)+6 
is satisfied = the lines do intersect when s = —1 and t = 0 = the point of intersection is x = 0, y = 2 and z = 1 

i j k 
or P(0,2, 1). A vector normal to the plane determined by these lines is n; Хїї = |1 -1 1| = —6i – 3] + 3k, 
2 1 5 


where n; and n» are directions of the lines — the plane containing the lines is represented by 
(—6)(х — 0) + (—3)(у — 2) + (32 — 1) = 0 = бх + Зу – 32 = 3. 


The cross product of i + j — k and —4i + 2j — 2k has the same direction as the normal to the plane 


i j k 
> n=| 1 1 -1|-6j-4 6k. Select a point on either line, such as P(—1,2, 1). Since the lines are given 
-4 2 -2 


to intersect, the desired plane is O(x + 1) + 6(y — 2) + 6(z — 1) = 0 = бу + 67 = 18 y+z=3. 


The cross product of i — 3j — К and i + j + К has the same direction as the normal to the plane 


i j k 
n— 1 3 1| = —2i — 2j + 4k. Select a point on either line, such as P(0, 3, —2). Since the lines аге 
1 1 1 


given to intersect, the desired plane is (—2)(x — 0) + (—2)(у — 3) + (4)(2 +2) = 0 => —2x — 2y + 4z = —14 
=> х+{у- 22 = 7. 


ij К 
nı хи -12 1 —1) = 31 – 3] + ЗК 15 а vector in the direction of the line of intersection of the planes 
12 1 


= 3(х – 2) + (-3)(у – 1) + 3(2 + 1) = 0 = Зх – Зу + 31 =0 = x— у +z = 01$ the desired plane containing 
Ро(2,1,—1) 


i j k 
A vector normal to the desired plane is РР, xn— 2 0 2| = —2i — 12j — 2k; choosing P4(1, 2, 3) as a point on 
4 -1 2 


the plane => (—2)(x — 1) + (—12)(y — 2) + (—2)(z — 3) = 0 = —2x — 12y — 2z = —32 > x + 6y + z = 1615 the 
desired plane 


i j k 
5(0,0,12), P(0,0,0) and у = 41 - 2j+ 2k = PŠ ху= |0 0 12|—24i-- 48j = 248 + 2j) 
T 
PS 
4-| ді = ИМРЕ - \/5- 24 = 2/30 is те distance from 8 to the line 
E i j k 
$(0,0,0), Р(5,5, —3) and v = 3i + 4j- 5k > P$ ху-|-5 -5 3 | = 13i- 16j — 5k 
34 -5 


[Pš xv V169 +256 + 25 1/450 : : А 
ыш йі. Е E E = 
d М в 4750 У9 3 is the distance from 5 to the line 
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35. 


36. 


37. 


38. 


39. 


40. 


41. 


42. 


43. 


44. 


45. 


Chapter 12 Vectors and the Geometry of Space 
А . = | 0 : : : 
S(2, 1,3), P(2, 1,3) апау = 21- 6] = PS ху=0 а П Ja 0 is the distance from $ to the line 
(i.e., the point S lies on the line) 
= ij k 
S(2, 1, —1), Р(0, 1, 0) апау 22i -2j -2k = PS ху=|2 0 —1 =2i-—6j+4k 
2 2 2 
PS 
= | En = IE = уд - үш 18 the distance from 5 to the line 
E i j k 
SG, —1,4), 4,3, —5) апау = —i + 2] + 3k = PS х У = -1 —4 9| = —30i—- 6j — 6k 
-1 2 3 


de |PSxv] _ V900 + 36 + 36 1/972 1/486 У81-6 9/42 


М У1+4+9 V14 Ул Ул 7 


is the distance from S to the line 


S(—1,4,3), P(10, 3,0) and v = 41 + 4k = PS ху= |-11 
4 


o +=. 


k 
3| = 28i + 56} — 28k = 288 + 2j — k) 
4 


2 | | 28/1+4+1 =" 


М АЛ 3 15 the distance from 5 to the line 


SQ, —3, 4), x + 2y + 27 = 13 and P(13,0,0) is on the plane = PS = —1li—3j+ 4k and n = i + 2j + 2k 


— |-1—6+8| _ = 
= d=| PS - dice EI 3 


а 


S(O, 0, 0), Зх + 2y + 67 = 6 and РС, 0, 0) is on the plane = PS = —2i and п = 3i+ 2j + 6k 


= а= |Р $ S 


[о] 7 


2 | -6 | _ 6 _ 
/9+4+36 49 7 
S(O, 1,1), 4y + 32 = —12 and P(0, —3, 0) is on the plane => PS = 4j + Капа n = 4j + 3k 


2 16+3 _ 19 
= =|. = |а| 


а 


S(2, 2,3), 2х + у + 22 = 4 and РС, 0, 0) is оп the plane = PS = 2j + ЗК and n = 2i + j + 2k 
> а= |Р. 


inj ш = | = — 


S(O, —1,0), 2x + y + 27 = 4 and P(2,0,0) is on the plane = PS = —2i — j and n = 2i + j + 2k 


-4-140 5 
> а= |Р. = || = 3 


г 3 


$(1,0, —1), —4х + y + z = 4 and P(-1,0,0) is on the plane = PS = 21 — Капа n = —4i +j + k 


-8-1 2 | зү? 
z d=| PS - =|] vin 2 


а 


The point РО, 0, 0) is on the first plane and 5000, 0, 0) is a point on the second plane = PS = 91, and 


n = і + 2j + 6k is normal to the first plane => the distance from S to the first plane is d = | Ps PS - 


inl 


, which is also the distance between the planes. 


2 9 
|| = a 
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46. 


47. 


48. 


49. 


50. 


51. 


52. 


53. 


54. 


99: 


56. 


57. 


58. 


59. 


Section 12.5 Lines and Planes in Space 739 


The line is parallel to the plane since v - n — (i +j- 1 к) -(1--21--6Ю)-1--2-3-0. Also the point 
5(1,0,0) when t = —1 lies on the line, and the point P(10, 0, 0) lies on the plane = PS = —9i. The distance from 


MT 
5 to the plane is d = | PS - т -9 


= | Jt+4436 


| = Ta , which is also the distance from the line to the plane. 


n; = ++ jand n = 2i+j—2k > 0 = сов”! ЕР? = cos (255) = cos! (+) = 


п = 5i +j – Капа n = i — 2j +3k = 0 = соз”! (аре) = cos (35258) = cos”! (0) = 5 


n; = 21 + 2j + 2k and n = 2i — 2) – К = 0 = соз 1 (тат) = cos! ii) = cos (55) А 1.76 rad 


n =i+j+kandn =k > 0 = сов“! (тш) = cos! (=) ~ 0.96 rad 


n; = 21+ 2} — k and n =1+2]+К > 0 = сов”! (тыш) = cos! (545) = cos (=) = 0.82 гай 


Іш |n| 


n; = 4j + 3k and n; = 3i + 2j + 6К — 0 = сов”! (тн) = cos! (255) = сов”! (26) == 0.73 rad 


2х –у+32=6 => 21 – 0 – 80-30-0226 = –2+5=6 => (= – 4 х=З, у= — ё апі = 1 


> ($,- 3,4) 15 the point 
бх + Зу – 47 = —12 = 60) + 38 + 20) — 4(-2 – 20) = -12 = 14+29 = 122 1= — Ë x=2,y=3-4, 
and z = –2 + 4 = ( ,— 20,2) is the point 


xty4+z=2 > (1+20 + (1 + 50 + (39 22 = 1%+2=2 t=0 x=l,y=landz=0 
= (1,1, 0) is the point 


2x — 3% =7 => 2(—1+39 — 3659 =7 = -9%-2=7 t—-1 x—-—]-3,y-—-2andz- —5 
= (—4, —2, —5) is the point 


1 
nı =і+ј + Капап =i+j > n хи = |1 1 
1 


k 

1 | = —i + j, the direction of the desired line; (1, 1, — 1) 
1 0 
1 


is on both planes => the desired line is x = 1 — t, y = 1+7 = —1 
i Jj k 

n; = 31 — 6] — 2K and ng = 2+] – 2k > nj xm =|3 -6 —2) = 14i + 2j + 15k, the direction of the 
2 1 -2 


desired line; (1, 0, 0) is on both planes = the desired line is x = 1 + 14t, y = 2t, z = 151 


i j k 
nı =1— 2j + 4k and n =i +j— 2k > nj xn =|1 -2 4 | = 6] + ЗК, the direction of the 
1 1 -2 


desired line; (4,3, 1) is on both planes = the desired line is x = 4, y = 3 + 6t, z = 1 + 3t 
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60. 


61. 


62. 


63. 


64. 


65. 


66. 


67. 


68. 


Chapter 12 Vectors and the Geometry of Space 
i j k 

пу = 5i — 2j and ns = 4j — 5k > пі xm =|5 -2 0 |= 10i + 25j + 20k, the direction of the 
0 4 -5 


desired line; (1, —3, 1) is on both planes = the desired line is x = 1 + 10t, y = —3 + 25t, z = 1 + 20t 


4t—2s— 2 2t— s= 1 
—3s = —3 $ = Гапа( = 1 = onLl,z=1andonL2,z=1 = LI and L2 intersect at (5, 3, 1). 
12 « 13: The direction of L2 is i (4i + 2j + 4k) = i (2i + j + 2k) which is the same as the direction 
i (2i + j + 2k) of L3; hence L2 and L3 are parallel. 


11812: x -3-£2t = 1+ sandy = —144t—142s = | ш ез (0 


=> 3t=3 


11813: x 2342t =3+2гапау = —1+ 4 =2+1 = 2. ( aia. 


4t— r—3 4t— г=3 
=> t=landr=1 = оп, 2 = 2 while on L3,z = 0 = ІЛ and L2 do not intersect. The direction of L1 
18 75 (21 + 4j — К) while the direction of L3 is i (21 + j + 2k) and neither is a multiple of the other; hence 


L1 and L3 are skew. 


11 &12: x =1+42t=2-sandy =-1-t=3s = сағы –55=3 = s=- Запа (= 4 = on LI, 
2-12 while on L2, z = 1 — 3 = => [1 and L2 do not intersect. The direction of L1 is Ju 01-3 + 3k) 
while the direction of L2 is oa (—i + 3j +k) and neither is a multiple of the other; hence, L1 and L2 are 
skew. 

L2&L3: х=2—5=5 + 2гавау = 3$ =1-г = ЕО 5s=5 = s= 1апдг = —2 = оп12, 


z = 2 апа оп 13,2 = 2 = L2 апа L3 intersect at (1, 3,2). 
L1 & L3: L1 and L3 have the same direction Ju Qi — j + 3k); hence L1 and L3 are parallel. 


x=2+42t,y=—-4-t2=74+3tx=—-2-ty=-2+4tz=1-it 


I(x — 4) – 2(у – 1) + 1@—-5)=0 = х-4-2у-242-5-0 > x-2y+z=7; 
—\/2(х — 3) + 2\/2(у +2) - /2(2-0) 20 = —\/2х+2\/2у— \/2» = -7/2 


x=0 >t Ly 1,7 2 = (0,-1,-3);у=0 > (=–1,х=–12=–3 > (-1,0,-3);z=0 
t=0,x=ly=-l (1, —1,0) 
The line contains (0, 0, 3) and (Уз 21; 3) because the projection of the line onto the xy-plane contains the origin 


and intersects the positive x-axis at a 30? angle. The direction of the line is уз +j+0k = the line in question 
is x = V3, y =t, z =3. 


With substitution of the line into the plane we have 2(1 — 20 + (2 + 50) (—3t) = 8 = 2—4t+2+5t+3t=8 
=> 4t+4=8 > t= 1 > the point (—1, 7, —3) is contained in both the line and plane, so they are not parallel. 


The planes are parallel when either vector Ai + Ву} + Cık or Agi + Boj + Cok is a multiple of the other or 
when (Aii + Ву} + СК) x (Agi + Boj + ОК) = 0. The planes are perpendicular when their normals are 
perpendicular, or(Aji + Ву} + СК) - (Agi + Boj + ОК) = 0. 
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69. 


70. 


71. 


72. 


79: 


74. 


Section 12.6 Cylinders and Quadric Surfaces 


There are many possible answers. One is found as follows: eliminate tto get t = х — 1 = 2 – у ЌЕ 
2—3 
2 


=> х—-1=2- уапа2 – у = 


=> x+y = 3 апа 2y + z = 7 аге two such planes. 


Since the plane passes through the origin, its general equation is of ће form Ах + Ву + Cz = 0. Since it meets 

the plane M at a right angle, their normal vectors are perpendicular => 2A + ЗВ + С = 0. One choice satisfying 

this equation is А = 1, В = —1andC = 1 => x—y+z=0. Any plane Ах + Ву + Cz = 0 with 2A + ЗВ-С=0 
will pass through the origin and be perpendicular to M. 


The points (a, 0, 0), (0, b, 0) and (0, 0, c) are the x, y, and z intercepts of the plane. Since a, b, and c are all 
nonzero, the plane must intersect all three coordinate axes and cannot pass through the origin. Thus, 
cor Ё + 2 = 1 describes ай planes except those through the origin or parallel to a coordinate axis. 


Yes. Шу, and у; are nonzero vectors parallel to the lines, then vı х у» >= 0 is perpendicular to the lines. 


(a) EP — cEP, = —xgi-yj-czk-c[G — ход + у] + zık] = –х = сба — Хо), у = су! and Z = cz), 
where c is а positive real number 


= 71; : | = | LX. 
(b) Atx = 0 с=1 у = yı and 7 = 71; аху = хо хо = 0, у = 0, z = 0; x, m. c= lim. EH 
: -1 
= m. = =1=> с > Isothaty > yj andz > zı 


The plane which contains the triangular plane is x + y + 7 = 2. The line containing the endpoints of the line 
222 


3:373 
segment is «Gy + O + (2) = 1 unit in length. The length of the line segment is y 1? + 22 + 22 = 3 > 2 of 


the line segment is hidden from view. 


segment is x = 1 — t, y = 2t, z = 2t. The plane and the line intersect at ( ) . The visible section of the line 


12.6 CYLINDERS AND QUADRIC SURFACES 


1. 


10. 


13. 


d, ellipsoid 2. i, hyperboloid 3. а, cylinder 

g, cone 5. 1, hyperbolic paraboloid 6. e, paraboloid 

b, cylinder 8. j, hyperboloid 9. К, hyperbolic paraboloid 
f, paraboloid 11. h, cone 12. c, ellipsoid 

х2 фу2=4 15. x? + 42? = 16 

2+у2=4 | 
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16. 4x? + y? = 36 17. 9х2 +y?+77=9 18. 4x? + Ay? + 22 = 16 


19. 4x? + 9y? + 422 = 36 


42 + Oy? + 42 = 36 
2 
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28. ? +z - х? = 1 29. 22 — х? – у? = 1 gee = 


34. 4х? + Ay? = 22 


37. хе + у? — 22 =4 38. х2 + 72 = у 39. х2 + 22 = 1 


xb.y-g-4 
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43. 


45. 


40. 16y? + 972 = 4x? 41. 7 = — (х? + y?) 42. уг х? -z = 1 
< < 
г=-0 ey) 
16у? + 92 = 4х? 
y 
y 
4y? + z? — 4х? = 4 44. х? cy! =» 
^ P 
Ху =: 
Ay ez 42 =4 | 
B 
M 
(а) Ех? + Y + z = 1 and z = c, then x? + У: = a > (54 + Шал =1 > А-аһт 
= v9- 2/9—с?\ _ 2п(9—с%) 
=" 3 3 = = 
3 
(b) From part (a), each slice has the area d , Where —3 < z < 3. Thus V = 2 Ї a (9 — 7°) 97 


46. 


47. 


3 


3 3 
=4 (9—0) а= [95-5] = 427—9) = 8т 


Ө $+848=1 > РЕ + тер = 1 = А = (OS) (=) 


с2 


> У => fo ab (2-2) = 158 [ez 4 = 2888 (263) = 490. Note that if r = a = b = c, 
0 


Шеп У = zr , Which is the volume of a sphere. 


The ellipsoid has the form 5 + у + z = 1. To determine c? we note that the point (0, г, h) lies on the surface 


of the barrel. Thus, - + i =1 > с = IE . We calculate the volume by the disk method: 


h 2 F 2 Р E Р 
Ver | y dz Now, Ее =Ю (1-5) = |i- ВЫ =r- (E) 
ћ 2 2 P h 
> vos f [R - (Eg) 2] да ЕНЕ ЕЛЕҢ - 4 R- e)n] = 2л (BB+) 
= 1 nz R?h + 2 mth, the volume of the barrel. If r = В, then У--2лВ 2 which is the volume of a cylinder of 
radius К and height 2h. If r = О and h = R, then V = 1 nR? which is the volume of a sphere. 


We calculate the volume by the slicing method, taking slices parallel to the xy-plane. For fixed z, х + у, = 
р а х? у? 5 : а 7 7 паб 1 
gives the ellipse (©) + (=) = 1. Тһе area of this ellipse is т (a yZ ) (b4/2) = ТЗ (see Exercise 45a). Hence 


h 2108 
the volume is given by У = Ї лађа 42 = Ез - mum Now the area of the elliptic base when z — h is 
0 


rabh? __ 1 (тт 
КАНША 


А = кар, as determined previously. Thus, V = 5 


) ћ= 1 (Базе (а шпиде), as claimed. 
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48. (a) For each fixed value of z, the hyperboloid E Y = a — ] results in a cross-sectional ellipse 


a2 


2 


2 + У = 1. The area of the cross-sectional еШрве (see Exercise 45а) is 


Ё em Bere 


A(z) = т (2 Vc? + 2) (2 Vc? + 2) = тар (c? + 22). The volume of the solid by the method of slices is 


c? c c? 


(b) Ao = A(0) = тав and A, = A(h) = 72 (c? + ћ2), from part (a) => V = 188 (3c? +h?) 


c2 


= zh (24141) = = (2 + 933) = 8 [рлађ + sit (с? + һ®)] = # 2А, ФА) 


ћ ћ 
у= Ава = f, = (о + 22) dz = sb [ze 123] = 5b (ch + 183) = $t (3c? + h?) 


е) Ay = А ($) = (2 + Hf) = BB (4e? +h?) => BA +4А, + А) 


= # [rab + Z (ac? +h?) + 280 (c? + n?)] = 28 (с? + 4 +h? + с? +h?) = 222 (6c? + 2h?) 
= та (3c? +h?) = V from part (a) 


49; z= y? 50. 2 = 1 у? 
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(b) 
4 
22222222 -0.5 
2 
x 
ai c 
(d) 
A) 
3 SN D) 
07) 
ROR УЫП 
QR d 
12:55 9 2070 4 МОРИЊ 
RORY ХУ ЖЖ 7 
10 SRR 5 LE, 
4 2 2 -2 
2 1 
0 0 
2 4 
22 | 12 


53-58. Example CAS commands: 
Maple: 
with( plots ); 
eq := x^2/0 + y^2/36 = 1 - z^2/25; 
implicitplot3d( eq, х=-3..3, y=-6..6, z=-5..5, scaling=constrained, 
shading-zhue, axes=boxed, title="#89 (Section 11.6)" ); 


Mathematica: (functions and domains may vary): 
In the following chapter, you will consider contours or level curves for surfaces in three dimensions. For the purposes of 
plotting the functions of two variables expressed implicitly in this section, we will call upon the function ContourPlot3D. 
To insert the stated function, write all terms on the same side of the equal sign and the default contour equating that 
expression to zero will be plotted. 
This built-in function requires the loading of a special graphics package. 
««Огаршс8 ContourPlot3D" 
Clear[x, у, z] 
ContourPlot3D[x?/9 у2/16 7212, 1, (x, —9, 9}, іу, —12, 12}, Iz, —5, 5}, 
Axes — True, AxesLabel — (x, у, 7}, Boxed — False, 
PlotLabel — "Elliptic Hyperboloid of Two Sheets"] 
Your identification of the plot may or may not be able to be done without considering the graph. 


CHAPTER 12 PRACTICE EXERCISES 


1. (а) 3(—3,4) — 4(2, —5) = (-9 — 8, 12 + 20) = (—17, 32) 
(b) V172 + 322 = 4/1313 
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Chapter 12 Practice Exercises 


2. (a) A 3-2,4-5) ос 1, -1) 3. (а) (-2(-3),-2(4)) = (6, –8) 


) JC = 2 (b) 1/62 + (-8) = 10 


4. (а) (5(2), 5(—5)) = (10, —25) 


) 4/102 + (—25)? = /725 = 5/29 


5. в radians below the negative x-axis: (- УЗ, -i) [assuming counterclockwise]. 


6. 51) 


1 % A 8 e 2. ur 1 3. 4; — __ . 
7. (zac) = (ei - Fri) й Ч тетт) 8+9 HE 


9. length = |V + 2| = /2+2=2, Vä + V2) - 2 (io 253) = the direction is z i+ 75 


10. length = |-i- j| = VIFT = V2, -i-j= V2(- 4i- EL 


= the direction is — FL uc j 


П. (=== v = (-2sin 21 + (2cos 2) j = —2i; length = |-2i| = y4 + 0 = 2; 22i = 2(-і) => the direction is —i 


2 


12. (= ш2 = у = (e"? cos(In 2) — e? sin(In 2)) i+ (e? sin(In 2) + e? cos(In 2)) j 


747 


= (2 cos(In 2) — 2 sin(In 2)) i + (2 sin(In 2) + 2 cos(In 2)) j = 21 (cos(In 2) — sin(In 2)) i + (sin(In 2) + cos(In 2)) j] 


length = [2] (cos(In 2) — sin(In 2)) i + (sin(In 2) + cos(In 2)) j]| = 2\/ (cos(In 2) — sin(In 2)? + (cos(In 2) + sin(In 2)? 


= 24/2cos? (In 2) + 2sin?(In 2) = 2/2; 


2| (cos(In 2) — sin(In 2)) i + (sin(In 2) + cos(In 2)) j] = 24/2( (cos(In 2) — sin(In pi pam 2) + cos(In 2) 


(cos(In 2) — sin(In 2)) i+ (sin(In 2) + cos(In 2)) j 


=> direction = 72 VA 


13. length = |2i — 3j + 6k| = у4 +9 + 36 = 7, 2i — 3j + 6k = 7 (4i — 3j + К) > the direction is 2i — 2j + $k 


14. length = |і + 2] — k| = y1 +4 + = V i+2j-k= v6 (151+ A 368) = the direction is 


2. 


Ls 1 
Veit yel yok 
(2 4i-jt+4k _ 5 4-144к 08202. 8 
15. 2м=2- УР 2. 1/33 Vu Jz) + WEE k 
3): 1 (4 33: [4 
16. 5 У 5 . (i 25 — 5. (3) i+(5)k = 3i 4k 
m VG + (9 


ij k 


17. | = VI +1 = V2 |u| = V4+1+4=3,v-u=3,u-v=3,vxu=]|1]1 1 0 | =-214+2j-k, 


иху = —(ухи) = 21 – 


= v-u ж 1 T 
= \/4+4+ 1 = 3,0 = cos 46:3 = cos (5) Es 


|u| cos 0 = 7; , projy u = ()у=3@+р 
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18. |v| = V + 12 +2? = V6, |u| = /(-1? + (-1? = V2, v -u = (0(- D + DO) + QED = -3, 


i j к 
п-у=—Зјухи= | 1 1 2 —-i-j-ck,uxv-—-(vxu)—-i-j-k, 
-1 0 —1 


lv x ul = \/(—1)? + (—1)? + 12 = 3, 0 = cos! (тан) = cos! ( =3 ) = cos! (==) 
= сов”! (- x) = 2, 


ul cos 0 = \/2- (=) = – У proj, и = tt v= 32+) + 2) =-}0+1+Ю 


19. ргојуџ = СЭ = $ Ci +j- k) where v-u = Вапду у = 6 


20. рој = (gir) У = + (i — 2j) where у - и = —1 and v-v = 3 


i j k : 
21. иИху-11 0 О|=К 
1 1 0 
ix(i+j)=k 
i j k 
22. 0ху= |1 -1 О|= 2 
1 1 0 


23. Let v = vii + voj + v3k and w = wji + woj + wsk. Then ју — 2w|? = |(vii + voj + vsk) — 2(wii + woj + wak)|? 
2 
= |(vı — 2wi)i + (v2 — 2w3)j + (уз — 2ws)k|? = (Ми — 201)? + (va — 2w3)! + (уз - 2w3)?) 
= (v? + v2 + v2) — A(vqwi + V2W2 + v3w3) + 4 (wW? + w2 + w2) = МЕ — Ау му +4 у] 


= |v]? — 4 М [w] cos 6 + 4 |w]? = 4 — 4(2)(3) (cos =) + 36 = 40 — 24 (5) = 40 – 12 = 28 = |v-2w| = у28 


- 24/7 
і j k 
24. u and vare parallel whenux v—-0— |2 4 —5|=0 = (4а- 401 + 20 — 2а)ј + (ОК = 0 
—4 -8 a 


=> 4а- 40 = 0 and 20 — 2a = 0 = а= 10 


ij k 
25. (a) area = |u x v| = аб |1 1 -1|—[2i—3j-k| = vV4+9+1= М4 
2 1 1 


1 1-1 
(b volume = (u x v)-w=| 2 1 1(-13-2)-16-1(-0)-1(4-1)-1 
-1 -2 3 
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26. 


27. 


28. 


29. 


30. 


31. 


32. 


33. 


34. 


35. 


36. 


Chapter 12 Practice Exercises 
i 


(a) area = |u x v| = abs |1 
0 


(b) volume = (ux v)- w= 


Mee оо 
о 
| 
= 
= 
e 
| 
о 
Жы” 
| 
эн 
= 
о 
| 
о 
Зей 
о 
1 
tn 


FOr ымы. 


The desired vector is n x v or v x п since n х v is perpendicular to both n and v апа, therefore, also parallel to 
the plane. 


If a = 0 and b Z 0, then the line by = c and i are parallel. If a Æ 0 and b = 0, then the line ax = c and j аге 
parallel. If a and b are both > 0, then ax + by = c contains the points (5, 0) апа (0, с) => the vector 
ab (< к= j) — c(bi — aj) and the line are parallel. Therefore, the vector bi — aj is parallel to the line 


ах + Бу = ст every case. 


The line L passes through the point P(0, 0, —1) parallel to у = —i +j + К. With PS —2i + 2j + Капа 


i jk 
PSxv=/2 2 1 = (2 — 1)i — (2 + 1)j + (2 + 2)k = i — 3j + 4k, we find the distance 
—-] 1 1 


ш 
а— [Pš ху | 19416 _ 26 _ VB 
М М1+1+1 V3 are 


The line L passes through the point P(2, 2, 0) parallel to v = i +j + k. With BS =—21+ 2j + k and 


i j k 
PS ху=|-2 2 1 = (2 — 1)i — (—2 — 1)j + (—2 — 2)k = i + 3j — 4k, we find the distance 
1 1 1 


|Р xv] | vVI+9+I6 _ V26 _ VB 
Ivi "MESES! ТЕ 2777 


Parametric equations for the line are x = 1 — 3t, y = 2,2 = 3 + 7t. 


The line is parallel to РО = 01 + j — Капа contains the point Р(1,2,0) => parametric equations аге 
х= Бу=2-+67= — ЮГО << 1. 


The point P(4, 0, 0) lies on the plane x — у = 4, and PS = (6 — 4 i+ 0] + (—6 + 0)К = 21 — 6k with n =i-j 


ШЕ _ | 2+0+0 |= 2 = \. 


[ој V1+1+0 V2 


The point P(0, 0, 2) lies on the plane 2x + 3y + z = 2, and PS = (3 — 0)i + (0 — 0)j + (10 + 2)k = 31+ 8k with 


— 243: _ |КР] ТҮГЕ БИТЕН 
п=2+3}+К > d= = | = ЈЕ = Ум. 


P3,—2,1) andn 22i +] К = (2)(x – 3) + (D(y - 2295 + (а — 1 20 = 2x+y+z=5 


P(—1, 6, 0) апап =1— 2] + 3k = (1)(х — (-1) + (-2)y — 6) + (302 — 0) =0 = х- 2у + 3z = —13 
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— = — — 
37. Pd, 21,2, Q2, 1,3) апа R(-1,2, 1) => РО =i+2j4+k, PR = —2i+ 3j — ЗК and РО x PR 
i j k 
=| 1 2 1 =-9-] + 7К is normal to the plane => (—9)(x — 1) + (D(y + 1) + (7)(2 – 2) 20 
-2 3 -3 
=> —9х фу +72 = 4 
— — — — 
38. Р(1,0,0), Q(0, 1,0) and R(0,0, 1) = PQ = —i +j, PR = —i + k and PQ x PR 
i j К 
=|-1 1 0/-i-cj-kis normal to the plane = (1)(х — 1) + (D(y — 0) + (0(z—0) 20 
—1 0 1 
= х+у+7=1 
39. (0,—5,— 3), since t = — 1, y = – і and z = — à when x = 0; (—1, 0, —3), since t = —1, x = —1 and z = —3 


when y = 0; (1,—1,0), since = 0, x = 1 and y = —1 when z = 0 


40. x = 2t, у = —6 z = —trepresents a line containing the origin and perpendicular to the plane 2x — y — z = 4; this 
line intersects the plane Зх — 5y + 27 = 6 when t is the solution of 3(2t) — 5(—t) + 2(—t) = 6 


-1-1-( 


зоо 2, - 2) 15 the point of intersection 


41. n; = iandn; =i+j+ 2k = the desired angle is cos! (та) = сов“! (1) = 1 


42. nı =1+ jandn; =j+k = the desired angle is сов”! (gum) = сов“! (1) = 1 


i j К 
43. The direction of the line is n; x no =|1 2 1|-—5i—j – ЗК. Since the point (—5, 3,0) is on 
1-12 


both planes, the desired lineis x = —5 + St, y = 3 — t, z = — 3%. 


i j k 
44. The direction of the intersection is n; x nn = 1 2 2| = —6i— 9j — 12k = —3(2i + 3j + 4k) and is the 
5 —2 -l 


same as the direction of the given line. 


45. (а) The corresponding normals are n; = 3i + 6k and n» = 2i + 2j — k and since n; - n; 
= (32) + (002) + (66(—1) = 6 + 0 — 6 = 0, we have that the planes are orthogonal 


i j k 
(b) The line of intersection is parallel to пу x no = |3 0 6 | = –121+ 15) + 6k. Now to find a point in 
2 2 -1 
: : Зх + 62 = 1 3x + 62 = 1 Ш Ш _ 19 
the intersection, solve ( Dey spes ( 12x + 12у — 67 = 18 = 15x + 12у = 19 > x=Oandy= 5 
=> (0, n 3 is a point on the line we seek. Therefore, the line is x — —12t, y — i + 15t and z = : + бі. 
i j k 
46. A vector in the direction of the plane's normal is п =u ху= |2 3 1|=7i-— 3ј – 5k and P(1,2,3) on 
1 -1 2 


the plane => 7(х — 1) — 3(y — 2) – 5(z — 3) = 0 = 7x —3y – 5z = — 14. 
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47. Yes; v - n = (2i — 4) +k) - Qi+-j+ 0k) = 2-2—4-1+1-0=0 = the vector is orthogonal to the plane's normal 
=> vis parallel to the plane 


48. n- РБ; > 0 represents the half-space of points lying оп one side of the plane in the direction which the normal n points 


i k 
: e: v: J А А 5 : AP-n 
49. A normal to the plane is n = AB x AC = |2 0 -1|—-i-2j—2k = the distance is d = | ёл 
2 —1 0 
2 "арта ш зы) = |=1-8+0| =3 
М1+4+4 3 - 


50. Р(0, 0, 0) lies on the plane 2х + Зу + 5z = 0, and PS = 21+ 2j + 3k with n = 2i + 3j + 5k = 


а | 22S =| 4+6+15 | 25 
[n] У4--9--25 38 
i j k 
51. n = 2i — j — k is normal to the plane > пху = |2 1 1| = 01 — 3] + 3k = —3j + 3k is orthogonal 
1 1 1 


to v and parallel to the plane 


52. The vector В х C is normal to the plane of В and С = A x (B х С) is orthogonal to A and parallel to the plane of B 
and C: 
j к i 1 k 
ВхС= 1 2 І1І(|--5і-3|І-КалаАх(ВХО-|2 -1 1/|—-2i-3j«k 
1 1 -2 =з 3 =l 


= ЈА x (Bx O|= /4+9+1 = y14andu = Ja (—2i — 3] + k) is the desired unit vector. 


i j k 
53. A vector parallel to the line of intersection is v = n; x nn = |1 2 1|-5і-1|-3К 
1 -1 2 


= јуј = 4/25 +1+9 = М 35 2 ( x) = Js Gi j — 3k) is the desired vector. 


М 


54. Тһе line containing (0, 0, 0) normal to the plane is represented by x = 2t, у — —t, апа 7 = —t. This line 


intersects the plane Зх — Sy + 22 = 6 when 3Qt) — 5(—0 + 2(-t) = 6 t= 2 the point is (5, - 2, - 2) : 


55. The line is represented by x = 3 + 2t, y = 2 — t, and z = 1 + 2t. It meets the plane 2x — у + 27 = —2 when 
2(3 + 20) – (2 – 9 +201 +20) = -2 => 1=—8 = the pointis (И, 2$, — 7). 


9 9797 9 
ij k 
56. The direction of the intersection is v = n; x n2|2 1 —1|=+—5Ј+К > 0 = сов“! (кї) 
11 2 


= cos! (5) А 59.5? 


57. The intersection occurs when (3 + 2t) + 329 — t 4 t=-1 the point is (1, —2, —1). The required line 


ij k 
must be perpendicular to both the given line and to the normal, and hence is рагайе110 12 2 1 
1 3 —1 


= —5i+ 3] +4К = the line is represented by x = 1 — 5t, y = —2 + 3t, and z = –1 + 4t. 
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58. If P(a, b, c) is a point on the line of intersection, then P lies in both planes > a — 2b + c + 3 = 0 and 
2a—b—c4120 = (а-— 26 +с+ 3) +КОа-—Ъ-—с+ 1) = 0 for all к. 


_, = i j k 
59. The vector AB x CD =| 3 -2 4 | = %(2i+7j + 2k) is normal to the plane and A(—2, 0, —3) lies on the 
26 26 
0 -2% 


5 
plane = 2(х + 2) + 7(у — 0) + 2(2 — (—3) = 0 = 2x + Ty + 2z + 10 = 0 is an equation of the plane. 


60. Yes; the line's direction vector is 2i + 3j — 5k which is parallel to the line and also parallel to the normal 
—4i — 6j + 10k to the plane = the line is orthogonal to the plane. 


— = i j k 
61. The vector PQ x PR = | 2 -1 31| = –і – 11] – 3k is normal to the plane. 
-3 0 1 


(a) No, the plane is not orthogonal to PÓ x PR. 
(b) No, these equations represent a line, not a plane. 


(c) No, the plane (x + 2) + 11(y — 1) — 32 = 0 has normal 1 + 11j — 3k which is not parallel to РО х РВ. 
(d) No, this vector equation is equivalent to the equations Зу + 32 = 3, Зх — 2z = —6, and 3x + 2y = —4 


=> Х-- 1 — 2 t, y =t, z = 1 —t, which represents a line, not a plane. 


(e) Yes, this is a plane containing the point R(—2, 1, 0) with normal PÓ x PR. 


62. (а) The line through A and B is x = 1 +t, y = —6 z = —1 + 5t; the line through C and D must be parallel and 
1811: x=1+t,y=2—t,z=3+5t. The line through B and C is x = 1, y = 2 + 2s, z = 3 + 4s; the line 
through A and D must be parallel and is Lo: x = 2, y = —1 + 2$, z = 4 + As. The lines Гл and Ls intersect 
at D(2, 1, 8) where t = 1 and s = 1. 


. Qj+4k)-G-j+5k) _ 3 
(b) cos 0 У20 //27 v15 
BA-BC\ pÒ _ 1857 _ 9, A 1. 1 A _ ~; 
(с) ВЕЋЕ ВС = 55; ВС = 5 (j + 2k) where BA =i – j + 5k and ВС = 2j + 4k 


(d) area = |(2j + 4k) x (i — j + 5K)| = |14i + 4j — 2k| = 6/6 

(e) From part (d), n = 14i + 4j — 2k is normal to the plane => 14(x — 1) + 4(y 0)  2(z + 1) = 0 
= 7х +-Ф"2у – 2 = 8. 

(f) From part (d), п = 14i + 4) — 2k = the area of the projection on the yz-plane is [n - i] = 14; the area of the 
projection on the xy-plane is [n - j| — 4; and the area of the projection on the xy-plane is |n - k| — 2. 


— — = i J k 
63. AB = —2i +j + k, CD = i + 4] — К, and AC = 2i +j > n= |-2 1 1 --4-1-09К-» the distance is 
1 4 -1 
4-(|0:-5/-5-1-9Юю)..4 1 
М25+1+81 y 107 
= => -» 1 Ј k 
64. АВ = —2i+ 4j — k, CD = i — j + 2k, and АС = —3i + 3j > n= |-2 4 -1 = 714+ 3) – 2 = the distance 
1 -1 2 
ва — |31 30-01 31-2 | _ 12 
isd = V49 +944 У62 
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66. х? + (у – 1)? +22 = 1 67. 4х? + дуг +2? = 4 
2 Ax? + ду + 2 =4 
А 
2 
и 
х у E 
T ly 
2) 
68. 36x? + 9y? + 42? = 36 69. 7 = – (х + y?) 
2 д=-07 +y’) 
24 y 
28: 
X y х 


74. Ду? + 22 — 4х? = 4 76. 73 — х? — у? = 
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CHAPTER 12 ADDITIONAL AND ADVANCED EXERCISES 


1. Information from ship A indicates the submarine is now on the line Їл: x = 4+ 2t, y = 3t, z = — i t; information from 
ship B indicates the submarine is now on the line Lz: x = 18s, y = 5 — 65,7 = —s. The current position of the sub is 
(6, 3,- 1) and occurs when the lines intersect at = 1 and $ = i. The straight line path of the submarine contains both 


points P (2, -L- 1) апа О (6, З= 1); the line representing this path is L: x = 2 + 4t, y = —1 + 4t, z = — =. The 


submarine traveled the distance between P and Q in 4 minutes — a speed of lic] = МЕ = V2 thousand ft/min. In 20 

minutes the submarine will move 20/2 thousand ft from Q along the line L 

> 20/2 = J/Q + 4t - 6)? + (—1 + 4t - 3)? + 02 = 800 = 16(t — 1)? + 16(t — 1)? = 32% — 1? => (Е 1? = 89 
25 t—6 the submarine will be located at (26, 23,— i) in 20 minutes. 


2. Но stops its flight when 6 + 110t = 446 = t = 4 hours. After 6 hours, Н; is at P(246, 57, 9) while Н» is at (446, 13, 0). 
The distance between P and Q is 1 (246 — 446)? + (57 — 13)? + (9 — 0)? = 204.98 miles. At 150 mph, it would take 
about 1.37 hours for Н; to reach Н». 


— — 
3. Torque — |РО x F| = 15 ft-lb = во) |F| sin Z = 3ft-|F| = | | = 201b 


4. Leta = i+ j+ К be the vector Кот О to A and b = i+ 3j + 2k be the vector Кот О to B. The vector v orthogonal (о a 
and b = v is parallel to b x a (since the rotation is clockwise). Now b x a = і + j — 2k; ргојађ = (22)a = 21+ 2j + 2k 


= (2, 2, 2) is the center of the circular path (1, 3, 2) takes => radius = 4/ 12 + (—1)? + 02 = \/2 = arc length per 


second covered by the point is 5 32 units/sec — |v| (velocity is constant). A unit vector in the direction of v is 


тха 
_ 1». 14 2 E b x3 Digo la ET SET 
Zit ei JE у ју (а) = 32 (i + ы R к) = i+ V3k 
5. (а) By the Law of Cosines we have cos а = Se = 8 апі cos В = fime = $ = sina= $ = and sin 6 = 


=F =( 


маа) - (-àFi | 4811). F> = (IF; 


w = (0, —100). Since Е + В» = (0, 100) = (—3]F:| + #16, $ 


)- LES = 
183) = (0, 100) = —3|F,| + | Њ] = 0 


and 3 [Е | + 3|Е>| = 100. Solving the first equation for [Е | results in: |F?| = 2|F;|. Substituting this result into the 
second equation gives us: $|F;| + 5 |Е | = 100 = |Е | = 80 Ib. = |] = 60 Ib. = Е = (—48, 64) and 


F, = (48, 36) , and а = tan"! (3) and 8 = tan! (1) 


3412-12 . 5 — 122+132—52 _ 12 : — 12 : 2 
2(5/13) — = 13 ANdcos 0 = рузу = 13 => Sina = 43 and sin f = 


) = (-&F, |. Е, ув = (IF;lcos 8, IF; |sin 8) - (BIF, A [6] „апа 
w = (0, Бин +F, = (0, 200) = (- Зе + HIF], BIF. ШЫ) = (0, 200) 


= —&|Fi| + Б |] = 0 and |F;| + = || = 200. Solving the first equation for [Е; | results in: |F2| = 4|F\|. 
Substituting this result into the on equation gives us: Б|Е | МЕ | = 200 = |F\| = 2% д 184.615 Ib. 


=> [Fa] = 1% = 76.923 1b. => Fy = (1290, 28800) == (—71.006, 170.414) and Fz = ( 12000, 300) 
= (71.006, 29.586). 


5 


(b i3 


wm 


By the Law of Cosines we have сова = 


=F =( 


6. (а) T; = (-ITilcos а, ШЕШ Т, = (IT: 


май), апа у = (0, —w). Since Т, + T = (0, w) > 


(-ITilcosa + |T2|cos 8, |Т, |sin a + ту 8) = (0, м) => -|Ti|cosa + |T2|cos 8 = 0 and 


сова 
сов 8 


IT; |sin a + |T;|sin 8 = w. Solving the first equation for |T>| results іп: |T2| = Т, |. Substituting this result into 
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9. 


(b 


хи 


(с) 


(а) 


(b 


— 


Chapter 12 Additional and Advanced Exercises 755 


s Š . Р 8 s8 EE s B 
the second equation gives us: |Т, |ѕіп a + d IT| = w > Ти = оса в = п {дер 2) апа 
|Т | = Уу сова 
21 — sin(a 4 B) 
8 —w cos 8 +8 
4 (Ti) = а (ей) = eee 2; 4 (IT; ]) = 0 = —w cos 8 cos (a + 8) = 0 => cos (а + 8) = 0 
; —\ соз @ соз (а + 8) \ __ woos 8 (cos? (а + 8) +1) . 
2а+В= 5 > gu 5 – 8; (Т1) = &( sin?(a + 8) ) sin?(a + В) ? 
£ ті) M у cos В > 0 => local minimum when а = 5 — 8 
а=5— 
= 8) 
S(T: = аз (225) = = Mn (ІТ) = 0 = —w cos a cos (а + 8) = 0 = cos (а + 8) = 0 
. 42 _ а (-мсозасоз (а +8) \ __ сова (сов (а + 8) +1) , 
=> <а+ 08 = 5 > B= 2 ZQ; az (T2) = &( sin(a + 8) ) = т (а + В) > 
Ф (T2) = у сова > 0 => local minimum when 0 = 5 — a 
8-$5-a 


If P(x, у, 2) is a point in the plane determined by the three points Р (ху, ут, 21), РО, yo, Z2) and 
= > = a = — — 
Рз(хз, уз, Z3), then the vectors PP;, PP» and РР; all lie in the plane. Thus PP; - (РР. x PP3) = 0 


ХІ X N61 y 71 7 
= |Хх-х у-у 72-27| = О by the determinant formula for the triple scalar product in Section 12.4. 
X3—X ya—y 23-2 


Subtract row 1 from rows 2, 3, and 4 and evaluate the resulting determinant (which has the same value 


as the given determinant) by cofactor expansion about column 4. This expansion is exactly the 
determinant in part (а) so we have all points P(x, у, 2) in the plane determined by Р(х}, Y1, 21), 
P2(x2, Y2, 22), and Рз(хз, уз, 23). 


Let Lı: x = ais + by, у = ass + b2, Z = ass + ba and Lo: x = cıt + dy, у = cot + do, Z = est + da. If L4 || Lo, 


а сі bi um d4 ke, Сі bi m dı 


then for some К, а; = kc;, 1 = 1, 2, 3 and the determinant | а) c 5 – də| = | Кс2 co bə— də| = 0, 


a3 C3 bs — 43 Кез C3 Ыз = 43 


since the first column is a multiple of the second column. The lines L; and Г» intersect if and only if the 


ais — cıt + (bı — dı) = 0 


system 4 а2$ — Cot + (bə — d2) = 0 has а nontrivial solution <> the determinant of the coefficients is zero. 


аз5 — Cat + (b3 — 43) = 0 


(a) Place the tetrahedron so that A is at (0, 0, 0), the point P is on the y-axis, and A ABC lies in the xy-plane. Since 


(b 


wm 


ДАВС is an equilateral triangle, all the angles in the triangle аге 60° and since AP bisects BC => ЛАВР 
is a 30°- 60°- 90° trinagle. Thus the coordinates of P are (o. V3, 0) , the coordinates of B are (1, V3, 0). and the 


coordinates of C are (- 1, V3, 0) . Let the coordinates of D be given by (a, b, c). Since all of the faces are equilateral 


AD-AB = a+b/3 21 
ГАВЦАВ| (2)(2) 2 


= а + by/3 = 2 and cos(ZDAC) = cos(60°) = ADAE = ауз = 1 = –а + b/3 = 2. Add the two equations 


trinagles => all the angles in each of the triangles are 60° => cos(ZDAB) = cos(60°) = 


to obtain: 2b/3 =4=> = = Substituting this value for b in the first equation gives us: a + ( 3) УЗ = - 2 


= а = 0. Since |AD| = Væ +2 + с? =2 = 02 + (=). + <? = 4 = с = T Thus the coordinates of D are 


2 2y2 АВАР _ 20 ле о 
(0, л” A). со80 = cos(ZDAP) = АНАҢ = 23 9 = сов (+) = 57.74°. 


Since ДАВС lies in the xy-plane => the normal to the face given by ДАВС is n, = К. The face given by ABCD is an 


" I 1 l e 2/2 22 = . l e 2/2 AC R" 
adjacent face. The vectors DB = i + zT Vsk and DC = — + үй JE both lie in the plane containing 
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i j k 
1 2/2 
ABCD. The normal to this plane is given by n; = ! үз муз |= 42 j+ ak. The angle 0 between two 
= = 22 
3 3 
adjacent faces is given by cos Ө = cos(ZDAP) = @™ А = 0 = сов“ (1) ~ А 70.537. 


um] = (063) 


— — —À == > > > > > > 
10. Extend CD to CG so that CD = DG. Then CG = (СЕ = СВ + BG and (СЕ = 3 СЕ + CA, since ACBG is a 
parallelogram. If tCF —3 CÉ — СА = 0, һеп(- 3 — 1 = 0 = t= 4, since Е, E, and A are collinear. 
Therefore, CG =4CF = CD =2CF => Fis ће midpoint of CD. 


11. If Q(x, y) is a point on the line ax + by = c, then PQ = = (x — х) + (у — yi)j. and n = ai + bj is normal to the 


[х — aita- уп а + bj) | _ |ах— URS у1)| 
Va +b? уа? +b? 


line. The distance is |proi, РОЈ = = 


= must since с = ax + by. 
12. (a) Let Q(x, y, z) be any point on Ax + By + Cz — D = 0. Let ОР, = (x — x))i+ (y — yi)j + (z — 71), and 


Ai-- Bj + СК ; ; . Ap А А Ai-- Bj + Ck 
п = Te The distance is |proi, ОР; = х — xoi + (у — yj + (z — 21)Ю) - (A) 


_ [Axi +Ву + Ст — (Ax + Ву + С2)] _ |Axi + Ву! + Cz — D| 
МА? + B? + C? VA + В? + С? 
b) Since both tangent planes are parallel, one-half of the distance between them 15 equal to the radius of the 
gent p Р 4 


sphere, 1.е., г = 1 = = /3 (see also Exercise 12a). Clearly, the points (1,2,3) and (—1, —2, —3) 


are on the line containing the sphere's center. Hence, the line containing the center is x — 1 4- 2t, 
у=2 +4672 = 3 + 6t. The distance from the plane x + y + z — 3 = 0 to the center is V3 


сайы 5 E ны A =. = \/3 from part (а) = : = 0 = the center is at (1, 2, 3). Therefore 


an equation of the sphere is (x — 1)? + (y — 2)? + (2 — 3? = 3. 


— 


13. (а) If (xi, y1, 21) is on the plane Ax + By + Cz = Dy, then the distance d between the planes 15 


d= As Dl = ПЕС ры ‚ since Ax; + Ву! + Cz; = Dj, by Exercise 12(а). 
— 12-6 _ 
(b) d Ма+9+1 Ун 
(с) AEE шаа шини” 2-0-0 = D = 80r —4 = the desired plane is 
2х —y -2x = 8 
(d) Choose the point (2, 0, 1) on the plane. Then B e =5 D=3+ 54/6 the desired planes аге 


x—2ytz 234 5V/6andx – 2у +z = 3 — 5/6. 


14. Letn — AB x BC and D(x, у, 2) be any point in the plane determined by A, B and C. Then the point D lies in 
this plane if and only if AD -n = 0 = AD - (AB x BC) = 0. 


ік 
15. n = i + 2) + 6k is normal to Фе plane x + 2y + 62 = бу хп=|1 1 1|—4i—5j- kis parallel to the 
2 6 


1 
i j К 
plane and perpendicular to the plane of v andn => у = пх(ухп = |1 2 6|-3214--23|- 13К ва 
4 —5 1 
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Chapter 12 Additional and Advanced Exercises 


vector parallel to the plane x + 2y + 6z = 6 in the direction of the projection vector projp v. Therefore, 


(м м (ум — ( 324+23—13 42 1 32 | 234 13 
proje у = proj, v = (v x) = = (=) w= В) (725 У = a = Ня) - жк 


16. proj, м = —proj, v and м — proj, w = v — proj, У => w = (М — proj, М) + proj, w = (v — proj, У) + proj, w 


17. 


18. 


19. 


20. 


=v—2proj, v 2 v2 (25) 2 


(а u x v = 2i x 2] = 4k = (u x v) x w = 0; (u - w)v — (v - w)u = Ov — Ou = 0; v x w = 4i > u х (v x w) = 0; 
(u - w)v — (u - v)w = Оу — Оу = 0 


i j k i j k 
буиху=|1 —1 1 |=i+4j+3k > uxvxw=|1 4 3 -—-10i —2j4 6k; 
2 1 -2 -1 2-1 
(u - w)v — (v - wu = —4(21 + j — 2k) - 2i — j + К) = —10i — 2j + 6k; 
i j k i j k 
үХхМ-|2 1 —2|=3i+4j+5k > ох (ух) = |1 -1 1) =—9i-2j+4+ 7k; 
-1 2 -1 3 4 5 
(u - w)v — (u - v)w = —4(2i + j — 2k) — (—1)(—i + 2j — k) = -9i — 2j + 7k 
i j k i j k 
(с) аху-|2 1 01-1-2)-4 > (uxv)xw-|l 2 —4|— —4i— + 2k; 
2 —1 1 1 0 2 
(u - w)v — (v - w)u = 221 — j + k) — 401 + j) = —4i — 6j + 2k; 
i j k i j К 
ухт=|2 -1 1|=—21—3)+К = ux(vxw)=} 2 1 0|-i-2j-4k; 
1 0 2 —2 -3 1 
(u - w)v — (u - ум = 221 — j + k) - За + 2k) = i — 2j — 4k 
i j k i j К 
(d иху=| 1 1 —2|=-—i+3j+k > (uxv)xw-|-1 3 1| |—-10i- 10k; 
-1 0 -1 2 4 -2 
(u - w)v — (v - ми = 10(—i — k) — 0а + j — 2k) = — 10i — 10k; 
ij к i j k 
уху-1-1 0 -11-4-4)-4К- ux(vxw)—-|l 1 2| = —12i — 4j — 8k; 
2 4 = 4 —4 -4 


(u - w)v — (u - ум = 10(—i — К) — 1(2i + 4j — 2k) = — 12i — 4j — 8k 


(a) их (Vx w)+v (мхи) мх (и x у) = (u - ују — (u - v)w + (v -u)w — (v - ми + (w - v)u — (w -u)v = 0 
(b) [u (ух і + [u - (v x DH + [а - (v x ЮК = [(u x v) - ili + [Cu x v) - jlj + [а x v) - k]k = u x v 

u-w v-w 
u-r v-r 


(с) (ux v)-(wxr)—u-[vx(wxr)]-—u-[(v-r)w — (v- wr] = (u - у (у -r)— (0 -r)(v-w)= 


The formula is always true; u x [u x (u x У)] -w =u x [(u - v)u — (u - u)v] - w 


= [(u - v)u x u — (u - wu x v] - w = — ји u x v -w = — juju -v x w 


If u = (сов B)i + (sin B)j and у = (cos A)i + (sin A)j, where А > B, then u x v = [|у |v| sin (A — В) К 
i j k 
=|cosB sinB 0 = (cos В sin А — sin B cos A)k = sin(A — В) = cos B sin A — sin B cos A, since 
cosA sinA 0 


|u| = 1 and |v| = 1. 
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21. 


22. 


23. 


24. 


25. 


Chapter 12 Vectors and the Geometry of Space 


If u = ai + bj and v = ci + dj, then u - v = |u| |у| cos = ас + bd = ya? + b? yc? + d? cos 0 
= (ас + bd)? = (a? + b?) (c? + d?) cos? 0 => (ас + bd)? < (а? + b?) (c? + d?) , since cos? 0 < 1. 


If u = аі + bj + ck, then u - u = а? + b? + с? > О and u - u = O iff a = b = c = 0. 


а + v? = (0 + 7) (ау) = и-пи + 2и v v- v € [u[? +2 [ul |v] + |v]? = (ju| + |v)? > |u +v] < Ш + |v] 


Let о denote the angle between w and u, and 8 the angle between w and у. Let a = |u| and = |v|. Then 


о-у + Ба 


__ (av+bu)-u _ (avu-buu) _ (av-u+bu-u) | (av-u+ba?) | уы Ба 
D m [w] 


Ш КИП iw = ма wp and likewise, cos В = 


соза = 


w- 
Iw] fu] 
Since the angle between u and v is always < 5 and cos a = cos 0, we һауе that a = В = w bisects the angle between 


uand v. 


Quiv + (уш) - уч — July) = [uly - УЛ + [vlu - Јуји — July - july — [vlu |ШУ 


= |viu - [u|v + |v^u -u — [оуу [vlu - ШУУ ји — |и ју = 0 
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CHAPTER 13 VECTOR-VALUED FUNCTIONS 
AND MOTION IN SPACE 


13.1 CURVES IN SPACE AND THEIR TANGENTS 


1. х=1+1апйу= Ё -1 > у= (х -– 1) –- 1 = х2 – 2х; у= € =i4 21 а=  =2ј у= і + 2j апаа = 2j 


а= 1 


1 
t 1 у 1 1 Е аг 10:01: dv + | 2; 
2. X = рит and y | х түт = т+у у 1;у= 1-2) > а=а = в) 


1 


= у=41— 4j апаа = —16i — 16} att = —5 


3. x—e'andy- Ze” = у= 2х2; у= =е4+ е2) = а = eli - ё е2] => v= 3i + 4] апаа = 31+ 8 ја = 1n 3 
4. x —cos2tand y = 3 sin 2t > x? + 1 у? = 1; v = = (—2 sin 201+ (6 cos 20) => a= 2 
= (—4 cos 201 + (—12 sin 2t] = v = 6j anda = —4iatt = 0 


5. у = т = (cos t)i — (sin t)j апда = ү = —(sin t)i — (cos 0) 
т) = У2 у2 j апа 


= fort =, у (1 


а (1) = 2j v2 j; fort 5, У (5) = —j and 


6. v= € = (—2 sin £) i + (2 cos i)janda = % 


-(-со 2) i (— sin 1) j for = т, у(т) = —2i and 
) T 


п) = –—ј fort = 37, у (37) = V2i М2} and 


7. ул аг = (1 — cos t)i + (sin В] and a = у 
= (sin t)i + (cos 01 for = 7, v(7) = 2i and a(r) = —j; 
fort = 27 v (32) =1— јапда (3) == 


2 


8. у = + = 1 + 2tjanda= $ —2j = fort— —1, 


v(—1) =i — 2j and a(—1) = 2j; fort = 0, у(0) = i and 
a(0) = 2j; fort = 1, v(1) = i + 2j and a(1) = 2j 
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10. 


11. 


12. 


13. 


14. 


15. 


16. улс 


17. 


18. 


Chapter 13 Vector-Valued Functions and Motion in Space 


г = (1+ 11+ (2 — 1)] + Лк = v= € —i-2tj + 2k = а = n + = 2j; Speed: Iv(D| = VL + Q0)? + 22 = 3; 


Direction: may = 200528 = 11-21-12К > vw) =3 (11+ 2] + $k) 


г= (++ 5+5 ЗЭР" иж cies ј+ек = а = 4 = Jz i + 2tk; Speed: МЕУ 


41 [20) 29 ЭНХ” Йа _ |. |.| 
-4/1 + (22). + (12)? = 2; Direction: мај = = ай К > wb 


-2(1 i+ НЬЮ) 


г = (2 сов t)i (3 sin j + 4tk = у = % = (— 2 sin t)i + (3 cos 9} + 4k > а = 4 27 т = (— 2 cos t)i — (3 sin 0]; 
Speed: Iv (3)] = ү(-2 sin z)? + (3 cos 38 + 42 = 24/5; Direction: 


У (5) 
МЕ) 
анна a ре ЖЕ) 


г = (sec t)i + (tan 0j + 2 tk = у= а = (sec t tan t)i + (sec? Ој+ ik = а= E 


= (sec t tan? t + sec? t) i + (2 sec? t tan t) j; Speed: |v (Z)| = Ү бес Т tan т)? + (вес? zy + Cy = 2; 


А i т т AT tk Р > . 
Direction: — = Seren с dieta si+3j+ 3k = у(2) =2 (11+ 3j+ 2k) 


г= (21 (+ Ој к > v=% = (-21)1+29 + > а= = [ar] i+ 24k: 


2 1 : +2(1))+ (К 
Speed: | 0) = у (227) + 0)? + 1? = Мб; Direction: (0 = 24) x 


= 31+ 25) к = у) = V6 (1+ 3) + 5 к) 


г = (е7')1 + (2 cos 30j + (2 sin ЗОК => у = € = (—е—')1 — (6 sin 30} + (6 cos ЗОК = а = dT 


= (е“')1 — (18 cos 30} — (18 sin 30k; Speed: |v(0)| = V Ce»! + [-6 sin 3(0)}? + [6 cos 30)? = 4/37; 


v(0) (—e?)i— 6 sin 3(0)j + 6 cos 3(0)k 


Xp бин быть = – 351+ 4k мо) = уз7 (- 251+ Gk) 


Direction 


У-+ V/3j-+2tkand a 2k => v0) = + 5] and at) = 2k => мој = уз: + (V3) + 02 = y 12 and 
|a(0)| = \/2? = 2; v(0)-a(0) = 0 = cosó 20 = 0=7 


Zi (№2 — 32) janda = 232 => vO = Уі Pj and ao) = -32 > |мој = ү (2) + 


(22) 


= 1 and |a(0)| = /(-32)! = 32; v(0) - a(0) = (22) (-32) = –16/2 => соз = 21602 = У > д= У 


— 2 —1/2 _ |-22+2| + 
Май 2 1255: ЕШ Banda | |, ЕЕ a+ (ерт alk = MO) pana 


а(0) = 2i +k = |v(0)| = 1 and |а(0)| = V2 + 12 = 1/5; у(0)- а(0) - 0 => со80-0- 0 =7 


у=2(1+01/21—3(1-01/2} + Капда = 1(1 + 07721 + 1(1— 071/2) > vO) = 21— 2 Ј + 1 Капа 


a(0) = titij = [wo = V (2) + (- 2) + (5): EN ав 
0 cos 0 = 0 0 = $ 
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19. r(t) = (sin Hi + (2 — cost) j Бек = v(t) = (cos t)i + 2t + sin ој + e'k ; to = 0 = v(to) = i + k and 
r(to) = Ро = (0, 21,1) x =0+t=t,y = –1, апа 7 = 1 + t are parametric equations of the tangent line 


20. к) -121--(21-01))--0К = wt) = 28 +2] +32; 0 =2 = v(2) =41+2} + 12k and 
r(to) = Po = (4,3,8) > x = 4 + 4t, y = 3 + 21, and z = 8 + 12t are parametric equations of the tangent line 
21. r(t) = (n t)i + = j + (шок = У9=11+ c + (Int + ИК; ю =] = v(1) 2 i-- 1] + Капа 
r(to) = Po = (0,0,0) x=0+t=ty=0+ it it and z = 0 + t = t are parametric equations of the tangent line 


22. r(t) = (cos t)i + (sint) j + (sin 2t)k = w(t) = (— sin t)i + (cos Hj + (2 cos 20k ; to = 5 > убу) = —i — 2k and 


r(to) = Po = (0,1,0) x =0-t=-t,y = 1, and z = 0 — 2t = —2t are parametric equations of the tangent line 


23. (a) v(t) = —(sin t)i + (cost) = a(t) = —(cos t)i — (sin tj; 
(0) 00| = у Сіп t)? + (cost)? = 1 = constant speed; 
(i) v-a = (sin 0(соѕ t) — (cos t)(sin t) 2 0 = yes, orthogonal; 


(11) counterclockwise movement; 
(iv) yes, г(0) =i+ 0] 


(b) v(t) = —(2 sin 2t)i + (2 cos 2t)j = a(t) = —(4 cos 2t)i — (4 sin 2t)j; 
() 09| = МА sin? 2t + 4 cos?2t = 2 => constant speed; 
(1) v-a = 8 sin 2{ сов 21 — 8 соз 2t sin 21 = 0 = yes, orthogonal; 
(iii) counterclockwise movement; 
(іу) yes, г(0) =1+ 0] 
(c) v(t) = —sin (t — т) i+ cos (t — т) ] => a(t)— cos (t z)i sin (t т) ј; 
() 00| = ysin? (t — т) + cos? (t — т) =1 = constant speed; 
(1) у-а=чп (t т) cos (t т) cos (t т) sin (t т) =0 = yes, orthogonal; 
(11) counterclockwise movement; 
(iv) no, г(0) = 01 — j instead of i+ 0j 
(d) v(t) = —(sin t)i — (cos 0] = a(t) = —(cos t)i + (sin 0]; 


(i) O| = үу (іп 0? + ( cost)? = 1 => constant speed; 
(1) v-a = (sin 0(соѕ t) — (cos t)(sin t) = 0 = yes, orthogonal; 
(iii) clockwise movement; 
(iv) yes, г(0) = i — 0] 
(e) v(t) = —(2t sin t)i + 2t cos j = a(t) = —(2 sin t + 2t cos t)i + (2 cost — 2t sin t)j; 
() |v(t)| = Л — (t sin t) | + Qt cos t? = МАР (sin? Е + cos? t) = 2|t| = 2, t > 0 


— variable speed; 


(1) v-a = 4(tsin?t4- © sintcos t) + 4 (t cos? t — 2 cos t sin t) = 4t Æ 0 in general => not orthogonal in general; 
(11) counterclockwise movement; 
(iv) yes,r(0) =1+ 0] 


24. Let p = 2i + 2j + К denote the position vector of the point (2, 2, 1) and let, u = at zi and v = C i+ Л 1+ A k. 


Then r(t) = p + (cos и + (sin Оу. Note that (2, 2, 1) is a point on the plane and n = i + j — 2k is normal to 
the plane. Moreover, u and v are orthogonal unit vectors with u - n = v -n = 0 = wand v are parallel to the 
plane. Therefore, r(t) identifies a point that lies in the plane for each t. Also, for each t, (cos t)u + (sin t)v 


is a unit vector. Starting at the point (2 + vs 2- Te 1) the vector r(t) traces out a circle of radius 1 and 


center (2, 2, 1) in the plane x + y — 27 = 2. 
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25. 


26. 


27. 


28. 


29. 


30. 


31. 


The velocity vector is tangent to the graph of y? — 2x at the point (2, 2), has length 5, and a positive i 


component. Now, y? — 2x 2y 4 =2 = 5 = 55 = 5 => the tangent vector lies in the direction of the 
x x (2,2) : 
vector i + 1) — the velocity vector is v = 2 - (i + 1j) = 2) (i + 1j) = 24/51 + \/ 5] 
+ 4 (4 
(a) 


r (t) = (t-sint)i-(1—cost)j 


(b) v = (1 — cos t)i + (sin t)j and а = (sin t)i + (cos 0j; Iv? = (1 — cos t)? + sin? t 22—2cost = Iv? is at a max 


when cost = —1 => t= т, 37, 57, etc., and at these values of t, |уј = 4 = шах |v| = \/4 = 2; |v]? is at a min 


when cos t = 1 t = 0, 27, 47, etc., and at these values of t, |v|? = 0 = min |v| = 0; ja = sin? t + cos?t = 1 


for every t => тах |а| = min |а| = /1— 1 


Ч(гег=г- "+ -г= 2р. =2.0=0 = r-risaconstant > |r| = \/r-ris constant 
а а а а 4 d 
(а) Ч(и-ухм) = % - (уху) -u- $(vx w) = Ш (уху) фи (Я x wv x &) 


- du, . dv . dw 
= (ХМ) и ХУТ Ух 


(b) ІШЕ х i) = ar. (& x ЕЕ: х а) +r- (t x S) =r- (& x SF) since A - (A x B)=0 
and A - (B x B) = 0 for any vectors A and B 


(а) u= КО! + g(0j + КОК => си = cfi + cg(t)j + ch()k = 4 (си) = с Ес $ irc dk 
=c(#i+#j+ 2k) =c% 
(b) fu — ЛЕ + fej - fhk > ш = [Fem +f 1+ [3 ако + у [E00 + 8] к 


= КОГ + gj + ВОК +f [Sic 8] к) = fuses 


Let u = fi (Di + Ь(0} + В(ОК and v = 21 (91 + go(t)j + ga(0k. Then 
u у = [fi (0 + gi(0]i + [60 + 22001) + [60 + g3(0]k 

= (и + у) =PO + 51 (01 + [60 + g5(0]j + [BO + g3(0]k 
= [fDi + £/(0j + ВОК] + [21 (0i + 2о(0ј + g3(0k] = @ + 9 ; 
u — v = [fi(0 — gi(0]i + [600 — 22001) + [60 — g]k 

= (u-v) s= [fiO — gli + BO — 20 + [ВО — ЗК 
= [6 (Oi + Oj + ВОК] — [g1 (Di + gj + 23 ОК] = 99 — 4 


Suppose г is continuous at t = tp. Then lim r(t) = r(ty) <> m [f(t)i + gj + КОҚ) 
— lo — lo 
= Коу + g(to)j + h(to)k = lm f(t) — f(to), lm g(t) — g(to), and m h(t) = h(to) <> f, g, and В are 
— lo — lo — lo 


continuous at t = to. 
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i j k 22 J 25 
32. lim In) xm] = Ни |80 80 в0|=| 8, 10) m PO шщ fO 
&(0 gO 830| | gı lim g) lim 830) 


= lim rı(t)x lim rə(t)=A xB 
t — to t — to 


33. r'(tg) exists = f’(to)i g'(tg)j + h'(tg)k exists = f'(to), g'(to), h’(tg) all exist = f, ©, and В are continuous at 
t—to => r(t) is continuous at t = to 


34. u = C = ai + bj + ck with a, b, c real constants => du = d i+ j+ £ k = 0i + 0j + Ok = 0 
35-38. Example CAS commands: 
Maple: 
> with( plots ); 
r := t -> [sin(t)-t*cos(t),cos(t)+t*sin(t),t^2]; 


tO := 3*Pi/2; 
lo := 0; 
hi := 6*Pi; 


РІ := spacecurve( r(t), t=lo..hi, axes=boxed, thickness=3 ): 

display( РІ, title="#35(a) (Section 13.1)" ); 

Dr := unapply( diff(r(t),t), t ); # (b) 

Dr(t0); # (с) 

91 := expand( r(t0) + Dr(t0)*(t-t0) ); 

T := unapply( ql, t ); 

P2 := spacecurve( T(t), t=lo..hi, axes=boxed, thickness=3, color=black ): 
display( [P1,P2], title="#35(d) (Section 13.1)" ); 


39-40. Example CAS commands: 
Maple: 

а := 'а; b := 'b'; 
г:= (a,b,t) -> [cos(a*t),sin(a*t),b*t]; 
Dr := unapply( diff(r(a,b,t),t), (a,b,t) ); 
tO := 3*Pi/2; 
91 := expand( r(a,b,t0) + Dr(a,b,tO)*(t-tO) ); 
Т := unapply( 91, (a,b,t) ); 


lo :=0; 
hi := 4*Pi; 
Р:= NULL: 


forain[ 1, 2, 4, 6] до 

P1 := spacecurve( r(a,1,t), t=lo..hi, thickness=3 ): 

P2 := spacecurve( T(a,1,t), t=lo..hi, thickness=3, color=black ): 

P := Р, display( [P1,P2], axes=boxed, title=sprintf("#39 (Section 13.1)\n a=%a",a) ); 
end do: 
display( [P], insequence=true ); 


35-40. Example CAS commands: 
Mathematica: (assigned functions, parameters, and intervals will vary) 
The x-y-z components for the curve are entered as a list of functions of t. The unit vectors i, j, k are not inserted. 
If a graph is too small, highlight it and drag out a corner or side to make it larger. 
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Only the components of r[t] and values for tO, tmin, and tmax require alteration for each problem. 
Clear[r, v, t, x, y, 7] 
ІШ ]-( Sin[t] — t Cos[t], Cos[t] +t Sin[t], t^2} 
t02 37/2; tmin= 0; tmax- 67; 
ParametricPlot3D[Evaluate[r[t]], (t, tmin, tmax}, AxesLabel — (x, y, z}; 
v[t |= r'[t] 
tanline[t ]- v[tO] t + r[tO] 
ParametricPlot3D[Evaluate[{r[t], tanline[t]}], (t, tmin, tmax}, AxesLabel — {х, у, z}]; 
For 39 and 40, the curve can be defined as a function of t, a, and b. Leave a space between a and t and b and t. 
Clear[r, v, t, x, у, Z, а, b] 
r[t_,a_,b_]:={Cos[a t], Sin[a t], b t} 
t02 37/2; ниш= 0; tmax= 47; 
v[t_,a_,b_]= D[r[t, a, b], t] 
tanline[t ,а ;b ]-v[tO, a, b] t + r[tO, a, b] 


pal=ParametricPlot3D[Evaluate[{r[t, 1, 1], tanline[t, 1, 1]}], {t,tmin, tmax}, AxesLabel — (x, y, 21); 
pa2=ParametricPlot3D[Evaluate[{r[t, 2, 1], tanline[t, 2, 1]}], (t.tmin, tmax}, AxesLabel — (x, y, 21); 
pa4=ParametricPlot3D[Evaluate[{r[t, 4, 1], tanline[t, 4, ПІН, {t,tmin, tmax}, AxesLabel — (x, y, 21); 
pa6=ParametricPlot3D[Evaluate[{r[t, 6, 1], tanline[t, 6, ГІН, (t.tmin, tmax}, AxesLabel — (x, y, 21); 


Show[GraphicsRow[(pal, pa2, pa4, раб }]] 


13.2 INTEGRALS OF VECTOR FUNCTIONS; PROJECTILE MOTION 


2 1 
417031-- +t] к-1147)43к 


яя: | 
BIB 
ee 
о н 
(ші 


1 
1. Ја туа 1k] dt = 


r9 


ЈУ [6 — 60i - зуу + (4) k] at = [6t — 32121 + [282] 2] + [-471]2k = —31+ (4/2–2)] + ж 


"dl + [tan t] ТОБЕ (=) j+2k 


сэ 


т/4 : л 
Г. in t)i + (1+ cos t)j + (sec? t) k] dt = [— cos t] T + [t + sin t] 


= 


т/3 т/3 
f [(sec t tan t)i + (tan t)j + (2 sin t cos t) k] dt = f [(sec t tan t)i + (tan t)j + (sin 2t)k] dt 


= [sec (| 7 i + [— In (cos t)] 7? j + [— à cos 24] 75k i+ (In2j4- 3 


ub: 


5. Га +k) = = №911 + [7-116 – 0]] j [1 In t] К = (In 4)i + (In 4)j + (In 2)k 


1 
6. se + К) dt = D sin! doi [V3 tant] k= ті 52 к 


dig с 


‚11 
7. НО чек) dt = [1e] i- leo + Wok = 554+ 511 К 


8. | te' i + e' j + Intk) dt = [tet — e] 1-1 P j + (Ппс— t] °k 
= 3(In3 — 11 + (3 — е)і + (In3(In(In3) — 1) + 1)k 


т/2 т/2 
о. JL eos Qi — (sin 295 + (sin? k] = f [reos Yi (ка 203 ТЕСТІГЕ 
= [sin 4-1 cos t] 7^ j + + [и —1зш2] л k 2 i- j- Zk 
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11. 


12. 


13. 


14. 


15. 


16. 


17. 


18. % 


Section 13.2 Integrals of Vector Functions; Projectile Motion 


т/4 


НОО ) к] d = [(see i (sectt — 1)] — (tsin t) k] d 


т/4 e 


= [In(sec t + ап] 571 + [tant — 02 j + [tcost — sino К = (1 У2)1+ (1 т) + 


T 1 
(5 J)k 
r= [ой tj- tk) dt = = бі Ëj- Êk+C;r(0)= 01 — 0j - 0k+C=i+2j+3k > C=i+2j+3k 


- г= (-5+1)1+ (-5+2)3+ (-5+3)к 


г = J (48004 + (180t — 16t?) j] dt = 9021 + (902 — 1513) j + С; r(0) = 9000)21 + [90(0)? — 1 (09] j + С 
100) = С = 100} = г = 9021 + (908 — 1513 + 100) j 


r= fI 5 (+ D7)ir ej 4 (4) К] dt = (t+ 13/21 e^ j - In(t- ОК + С; 
r(0) = (0 + 9/21 — сој + (о + Dk + C=k > C=-i+j+k 
> r= [(+ DP – 11 (1-—e“)j+ [1+ 1n(t+ Dik 


r= (84014929 & = (5 +22) 1 $3 Ek С; rO = [S +20] 1+ £j 20 к-С 


i+j > С=1+ј >r (5 «28 +1)i+($+1)j+ к 


i — f (-3219 dt = —32 + Cy; © (0) = 8i + 8j > —32(0k + С = 8i + 8j > Cı = 8i + 8j 
— © = Bi + 8j — 32tk; r = f (8i + 8j — 32tk) dt = 8ti + 8tj — 16t?k + Co; r(0) = 100k 


=> 8(0)i + 8(0)j — 16(0)?k + С, = 100k С, = 100k r = 80 + 84 + (100 — 162) k 


a — а] +ю а= (ў) + С; =) =0 > (01-0) +00) +С 0 > С =0 
> ж (у) г f -i+ tj tk) dt = – (51+ 5 + $ К) + Су r0) = 101 + 10] + 10k 


= (Sit £j Fk) + c; = 101+ 10] + 10k => C; = 10i + 10) + 10k 

> г=(- 5 +10)1+ (-5+10)3+ (5 +10)К 

wy =a=3i-j+k = v(t) = 3 — tj + tk + С); the particle travels in the direction of the vector 

(4 — Di 4 (1 — 2)j + (4 — 3)k = 3i — j + k (since it travels in a straight line), and at time t = 0 it has speed 
2 = WO = 360 -jrk-C = £-w0 (31+ )i (A) (0 2) к 
> r= (+ (28 opi (28 Ao kt Сото) =1+2]+3К = С, 

> r= ($8 ат) (28 0-2) (12+ из) к 

= (22+ 2-0) 01-19 2j 3) 


— 


т =а=321+]+К = vit) = 21 + tj + tk + Cy; ће particle travels in the direction of the vector 

(3 — Di + (0 – ды + (3 —2)k = 2i + j + k (since it travels in а straight line), and at time t = 0 it has speed 2 
ЭЭ дг 2 

v(0) 2-101-1-Ю-0:- # =) (2: + +) i- (t+ 3.71 + (t+ 3) к 


> r(t) = | ete ee Rae ТТТ ЕМ 


765 


> код = (#+&+ї)ї+ (19+ и 1)3+ (12+ 2+2) к= (22+ 31) 01--1440--0-14-28) 
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19. 


20. 


21. 


22. 


23. 


24. 


25. 


26. 


27. 


28. 


Chapter 13 Vector-Valued Functions and Motion in Space 


X = (vo cos а)і => (21 km)( 0018) = (840 m/s)(cos 60°): => t= BA a; = 50 seconds 


R = - sin 20 and maximum R occurs when а = 45° = 24.5 km = (е) (віп 909) 
= үр = М (9.8)(24,500) 112/52? = 490 m/s 
(а) t= эта — 2000 mI 45) А, 72.2 seconds; В = Ў sin 2a = SOM" (sin 909) ~ 25,510.2 т 


(b х = = cos o)t => 5000 m = (500 m/s)(cos 45°)t => t = лоо; £z 14.14 s; thus, 
y = (vo sin a)t 2g? = y ^ (500 m/s)(sin 45°)(14.14 s) — 2 (9.8 m/s?) (14.14 s)? ~ 4020 m 


(vosinay __ — (6500 m/s)(sin 45°) 
5 2(58:17) 6378 ш 


(с) Y max = 


у = yo + (уо sin a)t — 1g? > у = 32 ft + (32 fUsec)(sin 30°)t — 1 (32 ft/sec”) 2 => у = 32 + 16t — 160; 
the ball hits the ground when y = 0 = 0 = 32 + 16t — 162 > t=—lort=2 = t=2sec since t > 0; thus, 
x = (у) cos a)t > x = (32 ft/sec)(cos 30°)t = 32 (2 ) (2) e 55.4 ft 


(а) R=“sin2a + 10m= (та) (віп 90°) => v2 = 98 m?s? => vo ~ 9.9 m/s; 


(b) 6m ~ 92 шу (sin 20) => зїп 2а = 0.59999 => 2а ~ 36.87? or 143.12° = a = 18.4? or 71.6? 


уо = 5 x 106 m/s and x = 40 ст = 0.4 m; thus x = (vo cos o)t => 0.4т = (5 x 106 m/s) (сов 0°)ї 
= t= 0.08 x 10765 = 8 x 1078 s; also, у = yo + (vo sin o)t — 1 gt? 

= у = (5 х 106 m/s) (sin 0°) (8 x 1075 s) — 1 (9.8 m/s?) (8 x 10-8 8) = —3.136 x 10714 m or 
—3.136 х 10712 cm. Therefore, it drops 3.136 x 107? cm 


В = ч віп 20 => 16,000 m = 00:57 sin 2a => sin 2a = 0.98 > 2а = 78.5? or 2a = 101.59 => а ~ 39.3? 


9.8 m/s? 
or 50.7? 


(a Е= Bur sin 20: = sin 2а = 4 Є sin а) or 4 times the original range. 


(b) Now, let the initial range be R — Ч sin 2а. Then we want the factor р so that pvo will double the range 


=> ын sin 2a = 2 Є т sin Ја) p =2 p 2 2 or about 141%. Тһе same percentage will approximately 


double the height: (Pine _ тай _, р2 2 => p= у. 


The projectile reaches its maximum height when its vertical component of velocity is zero => ay = vosina — gt = 0 


2 а | 2 
t Yosin а Ymax (vosin a) ( vm а ) ig ( yosin а ) = ы а) питај = = IAS œ% To find the flight time 


2vosin a 


we find the time when the projectile lands: (vosin a)t — igt? =0= (уовіпа = 181) 0=>t=Oort 


2wsin^ is the time when the projectile strikes the ground. The range is 


t = 0 is the time when the projectile is fired, so t = 
the value of the horizontal component when t = "2 — R = х = (vocos a) (Zane) = = (2 віп acosa) = % 7 sin 2a. 


The range is largest when sin2a = 1 > а = 45°. 


When marble А is located В units downrange, we have x = (у) cos ај => В = (у, cos a) => t= тап . At 


2 
that time the height of marble A is y = yo + (vo sin a)t — 5 500 = = (Vo sin о) (= R У i g ( E ) 


Ур сова 


R2 


Js The height of marble B at the same time t — ада seconds is 


=> у= Виа – 18 (те. 


v2 cos? а 
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30. 


31. 
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h =R tana — 1 gt? = В tana — 5 5 (=) . Since the heights аге the same, the marbles collide regardless 


s2q 
Vo COS а 


of the initial velocity vo. 


г = [ (—gj) dt = —gtj + С; and аг (0) = (vo cos аж + (vo sin o)j => —g(0)j + Сі = (vo cos a)i + (vo sin 00) 


= С, = (vo cos œ)i + (vo sin о)ј = г = (vo cos a)i + (vo sin а — gt)j ;r = ШО cos а)і + (vo sin a — gt)j] dt 


= (vot cos a)i + (vot sin а — i gt?) j + Сә and r(0) = xpi + уој => [vo(0) cos ай + [vo(0) sin а — i g(0)?] j^ С» 
= хо! + уој = О = Xoi + yoj = r = (xo + vot cos a)i + (уо + vot sin a — 122) j => X = Xo + Vot cos а and 


у = yo + vot sina — 150 


9 . 2. а 
The maximum height is у = == and this occurs for x = a sin 2а = 0°" 2009 


5 . These equations describe 


parametrically the points on a curve in the xy-plane associated with the maximum heights on the parabolic trajectories in 


2 vý sin? а cos? а (Уі sin? a) (1— sin? a) 


terms of the parameter (launch angle) a. Eliminating the parameter a, we have x^ = E = г, 
422,9 А: 4 2 2 2 ? 2 4. 4 
к – dite л => анау с (2) |-4 


2 ү у 
= х2--4 yeu = gg, Where x > 0. 


(a) At the time t when the projectile hits the line OR we 
have tan 3 = ; X = [vo cos (a — В) в and 
у = [vo sin (a — 8)]t — 1g? < 0 since R is 
below level ground. Therefore let 
|у = 5 gt” — [vo sin (a — 8)]t > 0 


i gt? (vo sin (a — Bi] 22 Ё gt — vo sin (а — 8)] 
[vo cos (а — В) ны vo cos (a — В) 


so that tan 8 = | 


=> vo соѕ (о — 8) tan В = 5 gt— vo sin (а — 8) 
2vo sin (a — 8) + 2vo cos (a — 8) tan 8 


о 
5 


when the projectile hits the downhill slope. Therefore, 


x = [vo cos (a — 8)] E oc AM ши ЫЫ: | — 24 [cos? (œ — |2) tan 8 + sin (а — 8) cos (а — 8)]. If x is 


= t= 


, which is the time 


maximized, then OR is maximized: m = Е [— sin 2(а — 6) tan 8 + cos 2(a — 8)] = 0 

= — зи 2(а — 8) tan B + cos 2(а — 8) = 0 = tan 8 = cot а — 8) = 2(а – 8) = 90° — 8 
= а- 8 = 1 (90° – 8) => а = 1 (90° + В) = 1 of ZAOR. 
At the time t when the projectile hits ОК we һауе 

tan 8 = # ; x = [vo cos (a + В) and 

y = [vo sin (a + 3): — 5 gt” 


vo sin (a + В) t — ig? 2 [vo sin (a + 8) — i gt] 
[vo cos (а + 8)ЈЕ ni vo cos (а + 8) 


=> vo cos (о + B) tan В = vo sin (а + 8) — + gt 

2vo sin (a + 8) — 2уо cos (a + B) tan 8 
в 

when the projectile hits the uphill slope. Therefore, 


X = [vo cos (а + 8)] E nen cos(a 8) ша?! = ч [sin (œ + 8) cos (а + В) — cos? (а + B) tan В]. If x is 


(b 


wm 


= tan 8 =! 


= [= , Which is the time 


maximized, then OR is maximized: 9 = 20 [cos 2(а + 8) + sin 2(а + 8) tan 8] = 0 


=> cos 2(а + 8) + sin 2(а + В) tan 8 = 0 = cot 2 (а + B) + tan 8 = 0 = cot 2(а + 8) = — tan 8 
= tan (—8) => 2(а + 8) = 90° — (–8) = 90° + 8 = а = $ (90° — 8) = + of ZAOR. Therefore ур would bisect 
ZAOR for maximum range uphill. 


Copyright O 2010 Pearson Education Inc. Publishing as Addison-Wesley. 


www. гетепд. 15 


768 Chapter 13 Vector-Valued Functions and Motion in Space 


32. vo = 116 ft/sec, а = 45°, and x = (vo cos ал 
= 369 = (116 cos 45?)t = t & 4.50 sec; 
also у = (vo sin o)t — 2 gt? 
— y — (116 sin 45?)(4.50) — 1 (32)(4.50)? 
~ 45.11 ft. It will take the ball 4.50 sec to travel 
369 ft. At that time the ball will be 45.11 ft in 
the air and will hit the green past the pin. 


27 
т 


| 


33. (a) (Assuming that "x" is zero at the point of impact:) 
r(t) = (x(t))i + (y(t))j; where x(t) = (35 cos 279) and y(t) = 4 + (35 sin 27°)t — 168. 
(b) уда = “BAY +4 = Пат) | 4 2, 7.945 feet, which is reached att = Xa — 358227" ~ 0,497 seconds. 
(c) For the time, solve y = 4 + (35 sin 27°)t — 162 = 0 for t, using the quadratic formula 


35 sin 27° + \/(—35 sin 27°)? + 256 


t= 3 = 1.201 sec. Then the range is about x(1.201) = (35 cos 27°)(1.201) ~ 37.453 feet. 
(d) For the time, solve у = 4 + (35 sin 27°)t — 16t? = 7 for t, using the quadratic formula 


(= mo p ШЫ да ~ 0.254 and 0.740 seconds. At those times the ball is about 


x(0.254) = (35 cos 27?)(0.254) ғә 7.921 feet and x(0.740) = (35 cos 27?) (0.740) = 23.077 feet the impact point, 
or about 37.453 — 7.921 ~ 29.532 feet and 37.453 — 23.077 ~ 14.376 feet from the landing spot. 
(e) Yes. It changes things because the ball won't clear the net (ушах ~ 7.945). 


34. x = xo + (vo cos ој = 0 + (vo cos 40?)t ~ 0.766 vot and y = yo + (vo sin о) — 3 ge = 6.5 + (vo sin 40°)t — 162 
== 6.5 + 0.643 vot — 162; now the shot went 73.833 ft = 73.833 = 0.766 vot => t = mE sec; the shot lands when y — 0 


2 
= 0 = 6.5 + (0.643)(96.383) — 16 ЕЗ = 0 © 68.474 — 148633 > vo 148635 m 46.6 ft/sec, the shot's initial 


speed 


35. Flight time = 1 sec and the measure of the angle of elevation is about 64? (using a protractor) so that t = ina 


2vo sin 64° 


>1= => vo & 17.80 ft/sec. Then Ymax = (ліп =, = 4.00 ftand В = S sin 2a > R = ш ын sin 128? 


2(32 
~ 7.80 ft => the engine traveled about 7.80 ft in 1 sec => the engine velocity was abot 7.80 ft/sec 


36. (a) r(t) = (x(t))i+ (y(t))j; where x(t) = (145 cos 23° — 14)t and y(t) = 2.5 + (145 sin 23°)t — 162. 
(6) ушах = бела оу + 2.5 = Шинээр + 2.5 ғ 52.655 feet, which is reached at = хапа = 19548023 д. 1.771 seconds. 
(c) For the Sap solve у = 2.5 + (145 sin 23°)t — 162 = 0 for t, using the quadratic блай 


1 Е sin 23°)? 
pa = = 23) +160 ~~ 3.585 sec. Then the range at t zz 3.585 is about x = (145 cos 23° — 14)(3.585) 


ға 428.311 feet. 
For the time, solve у = 2.5 + (145 sin 23°)t — 162 = 20 for t, using the quadratic formula 


i P sin 23°)? — 
(= UT — 225 Вийшын ~ 0.342 and 3.199 seconds. At those times the ball is about 


x(0.342) = (145 cos 23? — 14)(0.342) == 40.860 feet from home plate and x(3.199) = (145 cos 23° — 14)(3.199) 
ғә 382.195 feet from home plate. 
(e) Yes. According to part (d), the ball is still 20 feet above the ground when it is 382 feet from home plate. 


(d 


хий 


37. ЗЕ + kot = —gj => P(t) = Капа Q(t) = —gj > /Р() dt = kt > v(t) = е 9 = e > = 4 Губ) 
= -в 5 felt j jdt = —ge™ | “j + С | = =) + Сет“, where С = —#С1; apply the initial condition: 
a = (vocos a)i + (vosin a)j = —$j + € = С = (vocos a)i + (5 + vosin a)j 
fe 


= 4 = (voe “cos a)i + (— +e“ (2 + vosin a) )j, r = Л (voe сов a)i + (—£ + eM (E + vosin a))j Jat 
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= "ade а)і+ Є: - PX + vosin a))j + Сә; apply the initial condition: 
= (-%с0$ a)i + (-& 22 хопа) j + C; = С = (2 cos a)i + (& 4 ушт о) j 
=> 2 = (3 (1- e™)cos a)i + (№ (1 — e™)sin a + &(1— kt — e™))j 


38. (a) r(t) = (x(t))i + (y(t))j; where x(t) = (333) (1 — e9?*) (cos 20°) and 


y(t )= =3+ (15°) (1 == ег0129 (sin 20°) + (СЕЗІП — 0.12t— e-912t) 


(b) Solve graphically using a calculator or CAS: At = 1.484 seconds the ball reaches a maximum height of about 40.435 
feet. 


(c) Use а graphing calculator or CAS to find that y = 0 when the ball has traveled for = 3.126 seconds. The range is 
about x(3.126) = (155) (1 — е70-12:126)) (cos 20°) ~ 372.311 feet. 


(d) Use а graphing calculator or CAS to find that y = 30 for t ~ 0.689 and 2.305 seconds, at which times the ball is about 
x(0.689) ~ 94.454 feet and x(2.305) ~ 287.621 feet from home plate. 


(e) Yes, the batter has hit a home run since a graph of the trajectory shows that the ball is more than 14 feet above the 
ground when it passes over the fence. 


39. (а) | "kr(0 dt = | * кі + ke(0j + kh(t)k] dt = f " IkK(0] dti + [ " (ke(0] dtj + f ° [kh(0] dtk 

=k (fr ati + | коду + Jno att) =k f roa 

® ЈУ trio rod = f^ (бї + gi (0j + MOK] + [0 + gj + 0) dt 
= Г ([fi (0 = f2(0] i + [g:(0 + go(t)] j + [hı (t) = h»(0] k) dt 
= Г [fi (t) + fo(t)| ди + ЈУ [21(0 + 22(0] dt j 212 [hy (t) + ho(t)] dtk 
= Ji dti + f &o "mmn ЇЕ dtj + Га ati | + no ака | во ак 
= [n ась [^r dt 

(c) Let € = cii + caj + csk. Then | Cr dt — ЈУ [око + cogo + csh(o] dt 
=o ffo acc f gates f noa c- f^ ro dc 
f € хт а = ЈУ (со – esc] i  [esft — спој] + [1509 — eof] k dt 
= E Г h(t) dt — сз T ШІ i+ E Г f(t) dt с ШІ E Ј soa — e CES k 


=Cx [xoa 


40. (a) Let u and г be continuous on [a, b]. Then um u(t)r(t) — um [u(t)f(t)i + u(t)g(t)j + u(t)h(t)k] 
- lo - 0 


= U(tp)f(to)i + u(t) g(to)j + u(to)h(to)k = u(to)r(to) => ur is continuous for every to in (а, b]. 
(b) Let u and r be differentiable. Then E (ur) = 4 [u(t)f(t)i + u(t)g(t)j + u(t)h(t)k] 


= (ж ft) + vto уі (4 gto uo #)j + (S ве) 4-ш0 9) к 


= [fi + gj + ВОК 9 + uct) (91+ 5 рг tk) = = гі рц 


41. (a) If R(t) and Ro(t) have identical derivatives on I, then oR = a i+ j j+ Чы k= fs i+ ы j+ dh k 


=F c В ааш eF SO = BO +, "m = " men = ha(t) + сз 


=> fi(0i + gi(j +h (Ok = [6 (9 + с ЈЕ + [go(t) + с> + [ho(t) + сајк = Ri(t) = Ro(t) + С, where 
С = cii + сој + c3k. 
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(b) Let R(t) be an antiderivative of r(t) on I. Then R'(t) = r(t). If U(t) is an antiderivative of r(t) on I, then 
Ut) = r(t). Thus U'(t) = R'(t onI = U(t) = R(t) + C. 


42.4 | т(т)йт = 4 1 [f(r)i + g(7)j + ВСК] dr = 4 [ка 1-2 fa dr j + if h(r) drk 
= fi + g(0j + ВОК = r(t). Since 4 [| 'т(т) dr = r(t), we have that 1 о) dr is ап antiderivative of 
г. If R is any antiderivative of r, then R(t) = | (т) dr + C by Exercise 41(b). Then R(a) = f rar «c 


=0+С = С= Ва) = [rear = ке) — € = RO – Ке) = [`т(т) ат = RO) — ке). 


43. (a) r(t) = (x(t)i + (y(0)j; where x(t) = (в) ж се“ 9080) (152 cos 20° — 17.6) and 
y(t) = 3 + (455) (1 — e-999) (sin 20°) + (55) (1 — 0.08: — е“998) 

Solve graphically using a calculator or CAS: At t ~ 1.527 seconds the ball reaches a maximum height of about 41.893 

feet. 

(c) Use a graphing calculator or CAS to find that y — 0 when the ball has traveled for z 3.181 seconds. The range is 

about x(3.181) = (51%) (1 — e79086.180) (152 cos 20° — 17.6) ~ 351.734 feet. 

Use a graphing calculator ог CAS to find that y = 35 for t ~ 0.877 and 2.190 seconds, at which times the ball is about 

х(0.877) == 106.028 feet and x(2.190) ~ 251.530 feet from home plate. 

(e) No; the range is less than 380 feet. To find the wind needed for a home run, first use the method of part (d) to find that 
y = 20 at t ~ 0.376 and 2.716 seconds. Then define x(w) = (545) (1 — e 9980.719) (152 cos 20° + w), and solve 
x(w) = 380 to find w = 12.846 ft/sec. 


(b 


wm 


(d 


wm 


2 еН 2 
44. Ymax = (Vo зіп а) = Ч Ymax = 3(у шш в)? and у = (vo sin а) — т 1 gt? = 3(vo x oy _ (vo sin ot — 1 1 ge 
= 3(vosin a)? = (8gvo sin a)t — 4922 => 4g?t? — (8gvo sin a)t + 3(vo sin о)? = 0 = 2gt — 3vo sin а = бог 
2gt— vo sina = 0 > t= m ort = = . Since the time it takes to reach ушах is tmax = nma 1 


then the time it takes the projectile to reach i of Ymax is the shorter time t = 7 x а or half the time it takes 


to reach the maximum height. 


13.3 ARC LENGTH IN SPACE 


1. r = (2cos t)i + 2 sin 9] + УЗ = у = (—2 sin t)i (2 cos 0ј + /5k 


= ју = уС2 sino? + @eos? + (/5) = МА зш 4 cost +5 =3;T= у 
= (– 2 sint)i+ (4 cos t) j + Z3 k and Length = | |v| dt = Їза- 134 = Зт 


2. r= (6 sin 291 + (6 cos 20] + Stk = у = (12 cos 291 + (—12 sin 2t)j + 5k 
= |У| = у 2 cos 202 + (—12 sin 202 + 52 = 1/144 cos? 2t + 144 sin? 2t + 25 = 135 T = ~ 


lv 


= (12 cos 2t) i — (3$ sin 2t) j + = Капа Length = f |v| dt = f 13 dt = [1300 = 137 


— #1 2 43/2 ШИР 1/2 2 2 1/22 — т. үл 
3. rz tic 1 РОК > v=i+t?k > МЕР (02) =vy1+t;T=ġ = Л! + нк 


8 
апа Length = Ї 1+tdt= [į 0 +97] | E 


4. r- 40i - (t- Dj+tk > v=i-j+k > [v = „12 + (71? + 12-43; T— BI zk 


and Length = [46 dt — Уз | = 3/3 
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10. 


11. 


12. 


13. 


14. г = (1+ 201+ (1 + 30Ј + (6 – 60k = у = 21+ 3] – 6k = |v] = 4/22 + 32 + (-6)2 = 7 


Section 13.3 Arc Length in Space 


г = (cos?t) j + (si? 0) К = у = (—3 cos? гіп 0) ј + (3sin?tcost)k = |У] 


= "EE cos? t sin t)? + (3 sin? t cos t)? = \/(9 cos? t sin? t) (cos? t + sin? t) = 3 |cos t sin t| ; 


== -3 cos?tsint s 3sm'teost k — ( cos t)j + (sin k, РО «t < т, апа 


| 3 |сов t sin t| J+ 3 |cos t sin t| 


1/2 . т/2 у п/2 M 3 п/2 4 
Length — f 3 |cos t sin t| dt = f 3 cos t sin t dt = f 3 sin 2t dt = [— 3 cos 2t] -3 
0 0 0 0 2 


г = 681 — 28} — ЗВК = у = 1821 — 60) – 92к = |v| = y üsey + (-68)? + (902)? = /4414 = 212; 


2 2 2 А 
Т=р = Bii- 8) – 250 $i- 2j- 3kandLength = | 212 dt = [781 = 49 


г = (t cos t)i + (t sin t)j + 22 в/к = v=(cost—tsint)i+ (sint + t cos t)j + (и) k 


2 
= |v] = Ц (eos t= tsin 9? + Gin t+ teos + (v21) = V1-4 8 2t — УУ 12 = |+ 1 =t+ 1,ift > 0; 


T= M — (8:8) į + (Sntciteost) j+ (227) kand [айий _ Газ 1) dic [Е + E z xa 


п 
екі б 
г = (t sin t + cos t)i + (t cos t — sin )) = v = (sin t + t cos t — sin t)i + (cost — t sin t — cos 0] 
= (t cos t)i — (t sin 0} = ЈУ] = V/tcos t? + (-tsinp? = УВ = | = tif V2<t<3T= № 


5 Е ? 
= (t) i — (6) j = (costi — (sin Dj and Length = ftat [5]. - 1 


Let P(tp) denote the point. Then v = (5 cos t)i — (5 sin t)j + 12k and 267 = ЈЕ 1/25 cos? t + 25 sin? t + 144 dt 


= ЖЕ dt = 13% => tọ = 27, and the point is P(27) = (5 sin 27, 5 cos 27, 247) = (0,5,24т) 


Let P(tp) denote the point. Then v = (12 cos t)i + (12 sin t)j + 5k and 
-13r = f 144 сов? 144 sin? t+ 25 dt = f dt = 130 => tọ = —т, and the point is 
Р(—т) = (12 sin (—л), —12 cos (—л), —57) = (0, 12, —57) 


г = (4 cos t)i + (4 sin )j + ЗІК = у = (—4 sin t)i + (4 cos )j + ЗК = |уј = /(—4 sin t)? + (4 cos t)? + 32 
/25=5 = s = [5dr o 5t > Length = s (5) = 4 


r = (cos t + t sin t)i + (sin t — t cos t)j = v = (—sin t + sin t + t cos t)i + (cost — cos t + t sin tj 


t р 
= (t cos t)i + (t sin 0ј = ју] = /(t cos t)? + (t cos t)? = = V? =t, since т <t Ст = s= Јтат=5 


та тү _ л? G? — Зп? 
= Length = s(7) s (3) = 2 2 8 


г = (е! cos t)i + (е sin t)j -ек = у = (е! cos t — е! sin t) i + (е! sin t + e' cos t) j + e'k 

> || = үе cos t — et sin t)? + (e! sin t + et сов 0)? + (e)? = = узе“ = узе = s(t) = Jive = 
Ё Е Ш —ш4 — 3У3 

= Зе — УЗ = Length = 500) – s(—In 4) = 0 – (УЗе -y3)- 38 


=> Length = s(0) — s(-1) = 0 — (7) = 7 
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15. r= (М2) 1+ (20) + t(1—-8)k > v= ул + V2j - ак = |v| = (V3) + (V3) «cav = Узнав 


1 1 
=2/1+6 > Length = | 2 геа = [2 (5 шэнэ 1+8) )| = V2 +в (1+ V2) 
0 


Note that the radius of the cylinder is 1 = the 


16. Let the helix make one complete turn from t = 0 to t = 27. 2 
| 
circumference of the base is 27. When t = 27, the point P is і 


т = с05 [1 + sin Е} «tk 


(cos 27, sin 27,27) = (1,0, 27) = the cylinder is 27 units Ср esl 


high. Cut the cylinder along РО and flatten. The resulting > 
rectangle has а width equal to the circumference of the En 


cylinder — 27 and a height equal to 27, the height of the 


са. => ------ 4Y 
cylinder. Therefore, the rectangle is a square and the portion x 2227 
of the helix from t = 0 to t = 27 is its diagonal. Бич 
х“ 


17. (а) г = (cos t)i + (sin ОІ--(1-сов ОК, 0 < t < 2r > x = cos t, y = sin t, z = 1 — cost => x? +y? 
= cos? t + sin? t = 1, a right circular cylinder with the z-axis as the axis and radius = 1. Therefore 
P(cos t, sin t, 1 — cos t) lies on the cylinder x? + y? = 1; t = 0 = P(1,0,0) is оп the curve; t = 7 > Q(0,1,1) 


2 


is on the curve; t = 7 = К(—1,0,2) is on the curve. Then РО = —1+] + Капа PR = —2i + 2k 


i j К 
= РО x PR = |—1 1 1| = 21+ 2К isa vector normal to the plane of P, О, and К. Then the 
—2 0 2 


plane containing P, О, and R has an equation 2x + 2z = 2(1) + 2(0) or x + z = 1. Any point on the curve 
will satisfy this equation since x + z = cost + (1 — cos t) = 1. Therefore, any point on the curve lies on the 
intersection of the cylinder x? + у? = 1 and the plane x + z= 1 => the curve is an ellipse. 

(b) у = (—sin Hi + (cos Hj + (sin ОК = |v| = ysin? t + cos?t + sit = y1 + sit > T= WI 


| 
== sin t)i + (cos 0] + (sin ОК = T(0) -1, Т (5) = | „Та) = =. Т (35) - i-k 


VJ1+sin?t 12 
(с) а = (— cos t)i — (sin 0] + (cos ОК; n = i + kis 
2 
normal to the plane x + z= 1 => n - a = — cos t + cos t 


— 0 = aisorthogonal ton = a is parallel to the 
plane; a(0) = —i +К,а (5) = –ј, а(л) =i-k, 
a(7) =} 


27. 
(d) |v| = у 1 + sin? t (See part (b) = L = Ї 1 + sin? t dt 
(e) Г. = 7.64 (by Mathematica) 


18. (а) г = (cos 401 + (sin 40j + 4tk = v = (—4 sin 4t)i + (4 cos 4t)j + 4k = |у = \/(—4 sin 402 + (4 cos 402 + 4? 
V32 = A2 => Length = [42a = 4 24, ЯМ о 
(b) r= (cos $)i+ (sin$)j+ik > v—(-isinz)i- (1 cos 5)ј+ ik 
= v = V (1 sin +)? + (1 cos Dey = /1+1= У = Length = f" У? ар = [Уң] оту 
(с) г = (cos )i — (sint) — tk = у = (— sin 01 — (cos Yj -k = |v| = /(—sint? + (— cos 92 + (—1)? = y1 + 1 


= V2 > Length= | /2à = [v2] И = 2т\/2 


T 
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19. ZPQB = ZQOB = t and PQ = arc (AQ) = t since 
PQ = length of the unwound string = length of arc (AQ); 
thus x = ОВ + ВС = ОВ + DP = cost + t sin t, and 
у = РС = ОВ — QD = sint —tcost 


20. r = (cost + tsin t)i + (sin t + tcos t)j > v = (—sin t + tcos t + sin t)i + (cost — (t(—sin t) + cos t))j 
= (tcos t)i + (tsin t)j > |У = y (tcos 092 + (tsin t)? = УБ = |{ =t.t>05T= p= un 


= costi + sintj 


t t t 
21. v = £(xo + tuj)i + (уо + tu)j + 4 (20 + tu3)k = uii + wj + uk = u, sos(t) = ма = f мат = f 1ат= 


22. r(t) = ti + 0] + к = v(t) = i+ 20 + ЗОК = |v(t)| = "T + (292 + (32)? = V1 +42 +90. (0,0,0) = t—0 
2 2 
and (2,4,8) > t = 2. ThusL = | |v(t)|dt= |, /1-- 4€ +98 dt. Using Simpson's rule with n = 10 and 
Ах = 02 > L ~ 9» (180) + 4|у(0.2)| + 2|У(0.4)| + 4|У(0.6)| + 2|v(0.8)| + 4|v(1)| + 2|v(1.2)| + 4|v(1.4)] 


+ 2|v(1.6)| + 4|v(1.8)| + |v(2 D ~ “(1 + 4(1.0837) + 2(1.3676) + 4(1.8991) + 2(2.6919) + 4(3.7417) 


+ 2(5.0421) + 4(6.5890) + 2(8.3800) + 4(10.4134) + 12.6886) = = 92 (143.5594) = 9.5706 


134 CURVATURE AND NORMAL VECTORS OF А CURVE 


1 г= й +10 (соѕ j > У-і-- ( noi =i-(tantj = М = y1? + (— tant)? = Vsec?t = |sec t| = sec t, since 


=2<1<5 > T= M = (4)i (шыу = (cos t)i — (sin 0); 2 йг = C sin t)i — (cos tj 


sect 


ІМ 


= | T| = УС sint? + (- cost)? = 1 М —- (— sin t)i — (cos 01; к= |9 = =. 1 = cos t. 
dt 


2. r— In (secti + = v= (secant) 1 } = (tant +ј = || = dup a 12 = y sec? t = |sec t| = sec t, 
sine -2«t« 5j > Те = (21) i — (4) j = (sin di + (cos 0j; $T = (cos pi — (sin 0j 


sect 
(а) 


( 
= | L| = \/(сов 0? + (— sin 0? ] —N 


(cos t)i — (sin 0]; к = 4- || = 1 


М 


= 


3. г= Qt- 3)1+ (5 0)ј > у= 21-20) > М = VZ +C 22/148 > T= 


M 2 : —2t ss 
= i 
I| ^ 2148 + 2+5) 


2 2 
2 1 і t ј: 4 = -і ті = | = —t 5 + 2 1 ; 
Vire Vises? d (vie) (vies (Утғғ) ( 1+8) 
ат 
= Пра > N= Н =i- ен = [| = у ee 
(14-8) 1+ E Vi+e үл-е [v] аи +t 2(14-8) 


4. г = (соѕї + tsin 0)і + (sin t-— t cos t)j => У = M > |v| = vt cos 92 + (t sin t)? = = уе = || = t, since 


і>0-Т- NT = (008 эне ш} — (cos tji + (sin bj; a = (— sin t)i + (cos t)j => => | т = = \/(— sin t? + (cos t? 
ЯТ . . . 
1->М ЇН (—sin 01 + (cos Ој; к = у. ат =4.]=ż 
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5. (а) 
(6) 
(с) 
6. (а) 
(6) 
(с) 
7. (а) 
(6) 
(с) 
8. (а) 
(6) 


Chapter 13 Vector-Valued Functions and Motion in Space 


n(x) = py: |]. (9j => || = 1+ (у =т= 
(oe rior) кайыр “уль ах үү БШ 


(1+1[Р60] у («te GP) 


2 
Em Ес Ш | яг E Ж Е" (х) = ШӘЛЕ ШЕЛІ) = ІР (x) 
a (18007 (1+ [0% сој) (18008). IIT 
= 1 О ЁО) 
Thus k(x) = тууру! 1 ОР = ron” 
= dy _ 1 : f Фу — 2 =. |- sec? x| 2 2 
у =ln(cosx) > = (==) (—sin x) = -tanx => J% =- sec’x > к= MiC” = есту 
= сн = cos x, since — 5 <x < $ 


Note that f"(x) = 0 at an inflection point. 


E . 422. . _ as 2 2 -2 „2 _ у __ X 
г = fi + 20) = хі +уј > v—xicsjlv-vx-y-—T-m леу! + 


av _ 0-3), Нм — |] «| өвс aT (? ex) -xyy 
а” ея)” "у +) (4-9) +P) 
Е 2. || = 1 |ШХ-ХУ _ [RY ~ 9X] 
Бе у] М Very +y] (32 --угул” 
r(t) = 0 +10 (5іп 9], 0 < <л = х = (апау = In(sin t) х=1,Х=0;у соя cott, У = — csc? t 
32 |-est-0| | est _ 
= к = ово" = во = sint 


r(t) = апт! (sinh t)i + In (cosh t)j => x = tan^! (sinh t) and у = In (cosh t) > x = a = 


[sech? t + sech t tanh? t| 
(sech? t + tanh? t) 


sinht 
cosh t 


= sech t, X = —sechttanh t; у = = tanh t, y = sech? t > к = 


= |sech t| = sech t 


r(t) = 01 + gj = v = f'(t)i + g'(t)j is tangent to the curve at the point (f(t), g(t)); 
n-v= [- 2 (91 + f'(0j] - [f(Oi + g(0j) = —g'(Of'(t) + f'(0g'(t) = 0; -n- v = —(n- У) = 0; thus, n and —n аге 
both normal to the curve at the point 


r(t) = ti -- e?j > v —i--2e?"j > п = —2е?4 + j points toward the concave side of the curve; N = Th] and 
22 At —2e7 34 1 : 
in| m 4e +1 N= Утаа! +} Jirar) 


rt) = /4— 1-4 tj У = крути E i+j п--і- Е j points toward the concave side of the curve; 


N= grand In| = У1 + © = 725 > N- - i(V4- is d) 


2 


r(t) = ti + 4 ĉj > v = i + Cj = n = Ci — j points toward the concave side of the curve when t < 0 and 


—n = —{?1 + j points toward the concave side when t > 0 N= aa 3 (21-41) fort < 0 and 


е 2224 BENE 
N= ral ti+j) Гог: > 0 

2 4 2 1-4 È es dT _ -2É0 ; 46 + 412 
From part (a), |у| = У 1 +t T a Ard лай! dads t asp 19 ЕЗ = еј 
2021. (Œ) — E -28 i) = ; = 
= түш; N= || = «a төрт яр дет 5] тлі + угтай t £ 0. М does not exist at = 0, where the 
curve has a point of inflection; n Е о = = 0 so the curvature к = ЕР ШЕ - |. “4 Oatt=O>N 1 ат 18 


undefined. Since x = t and y = i t >y= i x^, the curve is the cubic power curve which is concave down for 


x = t < 0 and concave up for x = t > 0. 


9. r= (3sint)i + (3 cos 0] + 4tk = v = (3 cos t)i + (—3 sin t)j + 4k = |v| = М (8 cos t? + (— 3 sin t? + 42 = 25 
=5>Т= р = (3 cost) i (З sint) j - 2k — “Т = (—2 sint)i— (2 cost) j 


5 5 
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dT 
= | = \/(— 3 sint" + (7 cost)? 3 М п (—sin 01 — (cos tj; к= 1.3 = = 


10. г = (cos t + t sin ti + (sin t — t cos 0] + ЗК = у = (tcost)i + (t sin О) = || = t cos 02 + (t sin 02 = УВ 


=|t|=tift>o0 => = (cos t)i — (sin Ņj, t» 0 = 4 = (— sin £i + (cos tj 
dt 


= |] = y€ siny? + (cos? =1 > М -- (—sin їйї + (соѕ 0); к = 1. 1=1 
dt 


t 
11. r = (e cos t)i + (et sint) j -2k = у = (e'cost— e'sint)i + (et sin t + e' cos t)j = 
№ = үе cos t — et sin t)? + (et sint + et cos t)? = V/2e* = е'\/2; 
__ v . { cost—sint | • sin t+cos t dT —sint— cost | s cost—sint | è 
tye ы с йы ж ы шш 


= Ев (ее) + те, 1 М Ur ЕЕЕ у 


Lum 1 


= 41 1 
272) е'\/2 


12. г = (6 sin 201 + (6 cos 2t)j + К = у = (12 cos 20)і — (12 sin 20) + 5k = |у|= /Q2 cos 2t)? + (—12 sin 2t)? + 5? 
М 169 = 13 Т М (2 cos 2t) i— (4 sin 2t)j+ 4k = a = ( 3 sin 2t) i — (24 cos 21) j 


Е а + (— 24 cos 21)’ = >N 


Е ат 1 24 


(— sin 201 — (сов 201; 


13 7 $ = т5. 


13. ғ Ju Үһі>0 ~ у=@ї+ > ју = Vt + = t/Ü +1, віпсе( > 0 = T-q 
dT ME t ; dT 1 " e y 
=== г! Tue dt (gap 1 epy”) =? ЕЗ = Tem t (===) 
= =н > ме @ = i- i= 8 = = де 
(2+1) 8-1 ЕН уе V8 +1 =M межі #+1 o q(Bu p 


14. г = (сов? ()і + (sit)j, 0 << 7 = у = (—3cos?tsint)i + (3 sin’ t cos t) j 


= |v] = ШЕ cos? t sin t)? + (3 sin? t cos t)? = 1/9 cos! t sin? t + 9 sin‘ t cos? t = 3 сов Е sin t, since 0 1-7 


2 
ат 
> T = м = (- cos gi + (sin 0) = a = (sin t)i + (cos 0j = ш = Vsin?t+cos?t=1 > N= n 


dt 


NN 1 = 1 
77 3 cos t sin t ^. 3 costsint* 


= (sin t)i (сов Ој; к = М | 


15. r= ti - (acosh!)j,a>0 = v=i+ (sinh D) j = Iv] = у + sinh? (1) = „cosh? (1) = cosh £ 


T = = (sech ;) i+ (tanh $) j = ST = (— 1 sech t tanh 1) i + (1 sech? 1) j 


|а| = УЗ sech? (+) tanh? (5) + 2 secht (1) = 1 sech (5) = N= ЧЕ. = (- tanh £) i + (sech 2); 
1 


16. г = (cosh t)i — (sinh tj + tk => у = (sinh ti — (cosh 0) +k => |v| = Vsinh?t + (— cosh t)? + 1 = \/2 гох 
— У — 1 aT _ (1 2 _ (1 
Tw (4; anh t) i – 31+ (4; secht) k = т = (2. sech ді (55 sech t tanh t) k 
=> и mi "E sech? t + 5 sech? t tanh? t = а secht > N= О = (sech t)i — (tanh ОК; 


dT 1 1 
= . sech t = = 
“| 77-42 cosht JB 2 9 


sech? t. 
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18. 


19. 


20. 


21. 


22; 


. y=ax у = ах = y" = 2a; from Exercise 5(a), K(x) = Tags |2а| (1 + 4a2x2) >? 


= K(x) = – 8 |2а| (1 + 4a?x?) 7/2 (8a?x) ; thus, к(х) = 0 => x = 0. Now, &'(x) > 0 for x < 0 and &'(x) < 0 for 
х > 0 so that к(х) has an absolute maximum at x = 0 which is the vertex of the parabola. Since x = 0 is the 
only critical point for к(х), the curvature has no minimum value. 


г = (a cos t)i + (b sin t)j = v = (—а sin t)i + (b cos 0] = a = (~a cos t)i — (b sin t)j = уха 
i j k 
—|-asint bcost 0|=abk = уха| = |ab| = ab, since a > b > 0; кб) = т 
—acost —bsint 0 
= ab (a? sin? t + b? cos? t) У; ки = — 3 (ab) (a? sin? t + b? cos? 0) 7? (2а? sin t cos t — 2b? sin t cos t) 


= — 3 (ab) (a? — b?) (sin 20) (a? sin? t + b? cos? 0797, thus, к'@) = 0 = sin2t =0 = t — 0, т identifying 


points on the major axis, ort = 5, a identifying points on the minor axis. Furthermore, к' (0) < 0 for 


О << 5 апа гл «t < Эл, K'(t) > О for 5 <t< лапа т < t < 2m. Therefore, the points associated 


with t = 0 and t = топ the major axis give absolute maximum curvature and the points associated with t = 5 


2 
and t = т on the minor axis give absolute minimum curvature. 


Р А аад 2 s D 4 < . 
к zig d RAUS : шы =0 = -a+b?=0 а = +b а = b since a, b > 0. Now, йн > Oif 


a<b and 45 в = Oifa b = x is at a maximum for a = b and к(б) = i gly = + 15 the maximum value of к. 


(a) From Example 5, the curvature of the helix r(t) = (a cos t)i + (a sin t)j + ЫК, a, b > Ois к = Тү? ; also 
|v| = Ма? + b?. For the helix r(t) = (3 cos Di + (3 sin t)j + tk, 0 < t < 4r, а = 3 and b = 1 к= == =? 


32 + 12 10 
Ат 
and | = V10 > K= [75 утоа = |], = 


v10 
(b) y=x? > x=tandy=t?, –оо <t< oo = ee > rv = | | = V1- 48; 
Te тле! И, а = аа! i+ шоо У ( ay = ш ET Thus 
к= ттар = Е Then К = . {сей (VIF) а= f^ sat 
=, jim, 2 ing di, lim nr dt—, lim. [tan 12]? + ышты [tant 249 


—,lim, (—-tan 2a) + im, (tan !2b 22 + 2 = т 


r—ti--(sint)) > v—i-(cosj > |v| = /1? + (cost? = 4/1 + cost > ју (=)| = 1 + сов? (5) = Т= М 
— itcostj dT ___ 8шїсовг + —sint + dT} _ [sint . ат _ iin] _ т — „(1)— 1.1— 
М1 + cos?t dt (1 + сов) 8 m (Fco?) т? | dt | Тасо ІШ It=F © 1+cos? (4) — P= A к(%) m >" 

= p= + = 1 and ће center is (2,0) > (1-2) + у2 = 

= А А ШАР iss 2 4 1\2 2-1 2040-08-14, 
r=(2Inti-(t++)j 2 у= (2)1- (1-1) 5 м 2-(1-2) i T= м = eel eb 
ат _ -2(8-1), 4(2 – 1)? +160 _ ат| _ , 2 20 2-2 

d = ey! m pd = |4І Е „Тише к Шыт ан = тыр > КИ) = 2 


5 = р= 1 = = 2. Тһе circle of curvature is tangent to the curve at P(0, —2) => circle has same tangent as the curve 
=> у(1) = 2115 tangent to the circle => the center lies on the y-axis. If t Z 1 (t > 0), then (t — 1)? > 0 
>P?-2+1>0 > P+1>2> FH »2sincet» 0 > (+1>2 > — (1+1 < -2 > y< –2 опђоћ 


sides of (0, —2) => the curve is concave down => center of circle of curvature is (0, —4) => х? + (у + 4)? = 4 
is an equation of the circle of curvature 
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23. у= x? > f'(x) = 2x and f"(x) = 2 
[2] 2 


> К пох" = паз 
24. у= $ = Р(х) =x? and f"(x) = 3x? 
=: |3х | n 38 
=> к= = = 
(sey oP 
25. y = sin x f'(x) = cos x and f"(x) = — sin x 
2 |= sin x| 2 |sin x| 
=e (1+ cos? x)? ^^ (1-4 cos? x)? 


26. у= ех = f'(x) = ех and f"(x) = ех 
le*| = ех 
=> к = 5 = 7 
(1+ (e) (146%) 


“1 -0.5 0 0.5 1 1.5 2 


27-34. Example CAS commands: 
Maple: 
with( plots ); 
r:-t-» [3*cos(t),5*sin(t)]; 


lo := 0; 
hi := 2*Pi; 
tO := Pi/4; 


РІ := plot( [r(t)[], t=lo..hi] ): 

display( РІ, scaling=constrained, title="#27(a) (Section 13.4)" ); 

CURVATURE := (x, y,t) -5simplify(abs(diff(x,t)*diff(y,t,t)-diff(y,t) *diff(x,tt))/(diff(x,t)^2--diff(y,t)^2)^(3/2)); 
kappa := eval(CURVATURE(1(t)[],t),t=t0); 

UnitNormal := (x,y,t) ->expand( [-diff(y,t),diff(x,t)]/sqrt(diff(x,t)^2--diff(y,t)^2) ); 

М := eval( UnitNormal(r(t)[],t), t=t0 ); 

С := expand( r(t0) + N/kappa ); 

OscCircle := (х-С[1])^2+(у-С[2])^2 = 1/kappa’2; 

evalf( OscCircle ); 
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P2 := implicitplot( (x-C[1])^24(y-C[2])^2 = ШКарра^2, х=-7..4, y=-4..6, color=blue ): 
display( [P1,P2], scaling=constrained, title="#27(e) (Section 13.4)" ); 
Mathematica: (assigned functions and parameters may vary) 
In Mathematica, the dot product can be applied either with a period "." or with the word, "Dot". 
Similarly, the cross product can be applied either with a very small "x" (in the palette next to the arrow) or with the word, 
"Cross". However, the Cross command assumes the vectors are in three dimensions 
For the purposes of applying the cross product command, we will define the position vector r as a three dimensional vector 
with zero for its z-component. For graphing, we will use only the first two components. 
Clear[r, t, x, y] 
r[t_]={3 Cos[t], 5 Sin[t] ) 
(0= т /4; ниш= 0; tmax- 27; 
r2[t_]= 19011, (9021) 
pp-ParametricPlot[r2[t], (t, tmin, tmax]]; 
mag[v_]=Saqrt[v.v] 
vel[t ]- r'[t] 
speed[t ]2mag[vel[t]] 
acc[t_]= vel'[t] 
curv[t_]= mag[Cross[vel[t],acc[t]]]/speed[t]*//Simplify 
unittan[t ]- vel[t]/speed[t]//Simplify 
unitnorm[t | unittan'[t] / mag[unittan'[t]] 
ctr= r[tO] (1 / curv[t0]) unitnorm[t0] //Simplify 
(а,51- fetr[[1]], etr[[2]]] 
To plot the osculating circle, load a graphics package and then plot it, and show it together with the original curve. 
<<Graphics ImplicitPlot 
pc-ImplicitPlot[(x — а)2 + (у — b)2 == I/curv[t0]? , (x, —8, 8},{у, —8, 8} ] 
radius=Graphics[Line[{ (a, b}, 12[t0]3]] 
Show[pp, pc, radius, AspectRatio — 1] 


13.5 TANGENTIAL AND NORMAL COMPONENTS OF ACCELERATION 


1. r= (acos t)i + (а sin ој ФК = v = (—-asin t)i + (a cos )j + bk = |v| = \/(—а sin t)? + (a cos t)? + b? 
= Va! +b? > a = $|v| = 0; a = (-acost)i + (Casintj = |а| = V/(-acost? + (-asint? = Va? = [ај 
= ay = [а -a = yla? — 02 = la| = |] = а = OT + [a[N = ак 


2. r- (1+ 301+ ((— 2) -3tk > у 23i j -3k > М = 32 + 12 + (3) = V19 > а = 5 ју = ба=0 


> a = Ja – a2 =0 = а = (0)Т + (0М = 0 


3. r=(t+ 11+29 + Pk > у=і+2ј +2 > М = ут +22 + QU? = 45-48 > а = 1 (5 +40) 72 


ата) 7) ч;а=2К = а(1) = 2 la] 22 = ay = yla? -a = /22 - (8)? 


P= э a(l)=$T+ М 


(8t) 


-1/2 


= 4t (5 + 412) 


4. г = (tcost)i + (tsint)j + Ck = у = (cost— t sin t)i + (sint + t cos 0] + 2tk 
= |v| = \/(соз t — їзїп 02 + (sint + tcos 02 + (202 = узе +1 > a, = 1 (56 + 1) "" (101) 
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= JS > ат(0) = 0; а = (—2 sin t — t cos t)i + (2 cost —tsint)j+2k = a(0) = 2j +2К = |а(0)) 


= (PFE =2/2 > a= yla? -a= | (272) -0 2/2 = a(0) = (OT + 2/2N = 2\/2N 


г=1ї1+(++4))+(—4)К > у=24+ (1+2) + а-в)к = М = V Qo? + (1 - 8? +(1–0) 
= 2 (tt +202 + 1557 > а = 24/2 = а (0) = 0; a = 2i + 2tj — 2tk > а(0)- 21 > [a(0) = 2 


= ay = 4/ |а| — а2 = у22—0:=2 = а(0) = (OT + 2N=2N 


r = (е! cos t) i + (e sint) j + у2ек = у = (е! cost — е! sin t) i + (e' sint + e' cos t) j + \/2е'К 
= |у|= је cos t — et sin t)? + (et sin t + et cos t)? + (Ме). у 4е2 = 2e! ат = 2е' ат(0) = 2; 
а = (еї cost — e sint — e sint — e' cos t) i + (еї sin t + e! cost + e! cos t — е! sin t) j + \/2e'k 


= (—2e sin t) i + (2e' cos t) j + V/2e'k = a(0) = 2] + 2k = |a(0)| = 4/22 + (у2) = 6 
> ay = үа 2 = (ve) -2 V2 = a(0) = 2T + /2N 


г = (cos 01 + (sint)j - К = v = (– ѕіп 01 + (cost)j = |v| = y(— sin t}? + (cost? 21 > T= М 


= (—sin €i + (cos 0] = T (i) = us ig v2 j; т г = С COs thi — (sin t)j => = |9 ШЕ y- cos t)? + (— sin t)? 
: Ї 1 k 

1-м ЕТ (—cos 01 — (іп 0ј => М (5) = – У21— У ВЕТХМ= |-sint cot 0|-К 
; —cost —sint 0 


=> В (7) = К, the normal to the osculating plane; r (2) — d v2 } k > P= (22, у?,-1) Нез оп (һе 
osculating plane = 0 (х = 32) +0 (v = 32) + @- (-1) =0 = z= —1 is Фе osculating plane; T is normal 
to the normal plane = ( x) (x Xi) + (32) (у Xx) -0(2—(-1)202 A d Wy = 

=> —х фу = 015 the normal plane; М is normal to the rectifying plane 

= (– У) (х— У) + C3) (у— У) носе) > Xx у= і => xy узве 


rectifying plane 


г = (cos t)i + (sin t)j + tk = у = (—sint)i + (сов у +k = |y] = ysin? t + cot + 1 = 2 = Т= М 


ат 1 


(знн Gaon) i+ 75 К => + = 4, сове ја + (- 25 sint) j > E 


ор lain2 Ale, (45) т NE 
= 4/ 5 COS (+: 2 sin^t Ji N НН (— cos t)i — (sin 01; thus ТО) = сті + Ji К and N(O) = —1 
i j k 
В(0) =| 0 т; a = 75 j+ v^ К, the normal to the osculating plane; r(0) = i => Р(1,0,0) lies on 


-] 0 0 
the osculating plane = 0(х — 1) J5 (у = 0) + J (2—0) =0 = у 2 = 01$ ће osculating plane; Т is normal 


to the normal plane = 0(х – 1) + 72 (у= 0) + 2 (7 — 0) =0 = y+z = 0 is ће normal plane; М is normal to 
the rectifying plane => —1(x — 1) + 0(у – 0) +0(2 — 0) =0 = x = lis the rectifying plane. 
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9. By Exercise 9 in Section 13.4, T — (3 cos t) i+ (-3 sin t) j+ +k and М = (— sin t)i — (cos t)j so that B = T x N 


5 
i j k 
= 2 cost —isint і = ($cost)i— (+ sint) j — ЗК. Also у = (3 cos t)i + (—3 sin t)j + 4k 
—sint —cost 0 


і ] k 
= a = (—3 sin t)i + (—3 cos бі = 9 = (—3 cos t)i + (3 sin 0)ј and vxa-—|3cost -—3sint 4 


—3sint —3cost 0 
= (12 cos t)i — (12 sin )j — 9k = |v x al’ = (12 cos t)? + (—12 sin t)? + (—9)? = 225. Thus 


3cost —3sint 4 
—3sint -—3sint 0 
—3cost 3sint 0 


. 4(-9simàt-9cos?t) _ —36 __ 4 
225 m 225 ^ 225 = 25 


T = 


10. By Exercise 10 in Section 13.4, T = (cos t)i + (sin t)j and N = (— sin t)i + (cos t)j; thus B = T x N 


| j k 
= | cost sint 0| = (cos?t+ sin? t) К = k. Also у = (t cos t)i + (t sin t)j 
—sint cost 0 


=> а = (t(—sin t) + cos t)i + (t cos t + sin 0} = “ = (—t cos t 


+ = sin t — sin t)i + (—t sint + cos t + cos t)j 
i ] k 
= (—t cos t — 2 sin t)i + (2 cos t — t sin t)j. Thus v ха = t cost tsin t (0) 
( j 


(—t sint + cost) (tcost+sint) 0 
= [(t cos t)(t cos t + sin t) — (t sin t)(—t sin t + cos )]k = СК = |v x a? = (2)? = t^. Thus 


tcost tsint 0 

cost—tsint sint+tcost 0 

—2sint—tcost 2cost—tsint 0 0 
T= а 25 “4 = 0 


11. By Exercise 11 in Section 13.4, T = (nn isnt) i+ (ze tent) j and N = (== у i+ (= eost) j; Thus 


i j k 
B=TxN= SAL "SR O} _ C) 4 (У | қ 
— - = 2 2 
cos t — sin t sin t+ cost 0 
v2 v2 
= | (=e) + (125800)| k =k. Also, v = (е! cost — е! sin t) i + (е! sin t + е! cos t) j 
= a = [e'(—sin t — cos t) + e'(cos t — sin t) ] i + [e'(cost — sin t) + e'(sin t + cos 0) | j=(—2et sin t) i + (2e! cos t) j 
i j k 
= @ = —2e'(cos t + sin t) i+ 2e'(—sin t + cost)j. Thus v x a = |e'(cost — sin t) et(sint+ cost) 0| = 2e7k 
—2e' sint 2e! cost 0 
e'(cos t — sin t) el(sint+cost) 0 
—2e! sint 26! cost 0 
2 _ rat " m if E с 
> v x ар = (2е2) = Де” Thus т = 2e' (cos t+ sin t) a sint+cost) 0 -0 


12. By Exercise 12 іп Section 13.4, T = (1$ cos 2t) i — (12 sin 2t) j + $ k and N = (— sin 2t)i — (cos 2t)j so 


i j k 
B=TxN= (2 cos 2t) (— 5 sin 20) 5 = (5 cos 2t) i — (5 sin 2t) j — 4k. Also, 


(— sin 2t) (—cos2t) 0 
у = (12 cos 2t)i — (12 sin 2t)j + 5k = a = (-24 sin 20і — (24 cos 20) and ба = (-48 cos 201 + (48 sin 2t)j 
і 1 k 
vxa-|12cos2t -—12sin2t 5 | = (120 cos 201 — (120 sin 20] — 288k = |v x ар 
—24 512 —24 соѕ 21 0 


= (120 cos 202 + (—120 sin 202 + (—288)? = 120? (cos?2t + sin?2t) + 2882 = 97344. Thus 
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12cos2t  —12sin2t 5 
—24 5іп 21 —24cos2t 0 


. 1—48 соѕ 21 48882 0| _ 5.(—-24.48) _ 10 
е 97344 = 797344 — 169 
. у ; : 2 1 : ( Р 2 
13. Ву Exercise 13 in Section 13.4, T = gu p" i+ ea jm jand М EE i Jeni so that B = T x N 
: 1 5 Ü t 0 
= | 841 8-1 0 = —k. Also, у-121-1)-ха-21-) да 2180Шаг|21 1 01202 7=0 
== Ен 0 2 0 0 


14. By Exercise 14 in Section 13.4, T = (— cos t)i + (sin t)j and N = (sin t)i + (cos t)j so that B = T x N 
i j k 
=|—cost sint 0|=-К. Also, у = (—3 сова t sin t)i (3 sin? t cos t)j 
sint cost 0 


= a = 4(-3 cos? t sin t)i + 4(3 sin? t cos t) j => @ = 4(4(-3 cos? t sin t)) i + 5 (4 (3 sin? t cos t)) j 


—3 cos” t sin t 3 sin? t cos t 0 
= | 4£(-3cos’t sin t) 4(3sin?tcost) 0|=0= т=0 
4(4(-3 cos? tsin t)) $(4(3sin?tcost)) 0 


15. Ву Exercise 15 in Section 13.4, T = M = 


і j K 
= | зесћ (5) tanh(t) 0|—k Also, v= i+ (sinh 1) j > а = (1 cosh +) j > ® = 1 sinh (t) j so that 
—tanh(i) sech(i) 0 
1 sinh(t) 0 
0 1 cosh (1) 01 =0= т= 0 
0 1 sinh (+) 0 


4 . . = 1 . NEN Ix = 
16. By Exercise 16 in Section 13.4, T = (5 tanh t) i zi + (3 sech t) К and М = (sech t)i — (tanh ОК so that 


i k 


2 


781 


(sech +) i+ (tanh 1) j and N = (— tanh £) i + (sech +) j so that B = T x N 


J 
B=TxN= us tanh t Te Ta secht| = (5 tanh ji dos + (5 зесћ ) К. Also, у = (sinh t)i — (cosh t)j + k 
0 


sech t — tanh t 


i j k 
а = (cosh t)i — (sinh t)) = ба = (sinh t)i — (cosh 0) and уха = |sinht —cosht 1 
cosht -—sinht 0 


= (sinh t)i + (cosh t)j + (cosh?t — sinb?t)k = (sinh t)i + (cosh tj + К => |v x ај“ = sinh? t + cosh? t + 1. Thus 


sinht —cosht 1 
cosht —sinht 0 
sinht —cosht 0| _ zi 2 
sinh? t+cosh?t+1 ^ sinh?t+cosh?t+1 ^ 2 cosh? 17 


T = 


17. Yes. If the car is moving along a curved path, then к Z 0 and a, = к Ур 0 а=аТљам Z 0. 


18. |v| constant = a; = 4 |v| = 0 а = ayN is orthogonal to Т = the acceleration is normal to the path 


19. а | у» а1т ат = 0 4 [ү = 0 |У| is constant 


20. a(t) = a4T + auN , where ат 4 М 4 (10) 0 and ay = к Iv? 100к а = 0Т--100кМ. Мом, Кот 


"œ| 2 2 2 : 
Wo PE т; also, 
[1+ (Р69):] DORP? (142) 


Exercise 5(a) Section 12.4, we find for y = f(x) = x? that x = 
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r(t) = ti + 2) is the position vector of the moving mass => у = і + 20) > |v| = V 14- 40 
> T= “гле (i+ 2t)). At (0,0): ТО) = i, №0) = j and «(0) = 2 Е = ma = m(100«)N = 200mj; 
At (02,2): T(V2) = (i+ 2V2j) = + 5 у.м (У2) =– 1+ }j апак (V2) = 2 = F=ma 


= m(100%)N = (29 m) (- 2921 + 13) =- 52 mi + W mj 


21. Вуа = атТ + anN we have v ха = e х [eT + «(S)'N|- ($35) x m + к(5 s)? (TxN) 


= = K($) B. It follows that |v x a| = к 


|= к 5 к= 


22. а= 0 > к Iv? =0 = к = 0 (since the particle is moving, we cannot have zero speed) => the curvature is zero 
so the particle is moving along a straight line 


23. 


= t and ay = t so that ay к |v]? K ер 5 i,t 0 pedet 


24. г = (xo + Ati + (yo + ВОЈ + (20 + СОК = у = А+ В] + СК = a=0 = уха=0 = к = 0. Since the curve 
is a plane curve, т = 0. 


25. If a plane curve is sufficiently differentiable the torsion is zero as the following argument shows: 


r—f(ti4d-g(tj = v-—f'(ti--g(0j = a-f"'(ti--g'(0j = = = "(ОЕ 4- g"(0j 
го g() 0 
rO 210 0 
"— "О g"() 0 220 


|vxa[? 


26. v = —(asint)i + (acost)j + bk and a = —(acost)i — (asint)j 


—asint acost b 
| | сабо t B. | t : o s oat a’sin’t) a? b(cos?t 4 sint) b p 
То find the torsion: 7 = "Атау = (а zu +52) = 202 TB ты r'(b) ou 5 
70) =0 > Ga = 0 = а? –— ђе = 0 b= +а = b= азшсеа, Ъ > 0. Акођ са = т’ > О0апіър а 
= т! < 0 50 Tmax occurs when b = a Тах = Y i 


27. r(t) = Оі + g(0j + h(Ok > v = fi + g(0j - h'(Ok; v-k 20 > (0) =0 > h() = С 
= r(t) = fi + g(0j + Ck and r(a) = Кај + gaj + Ck = 0 = Ка) = 0, g(a) = 0and C —0 = h(t) = 0. 


28. From Exercise 26, у = —(а sin t)i + (а cos 0] + bk = |v| = Ма? +b? = T= Wi 


= С т ‚ _ : : 28) (4) 
= | (a sin 01 + (a cos t)j + bk] ; $T a vem (а cos t)i — (а sin ОД => N= ІҢ 
і j k 
: хүс asi a cos b 
= —(cost)i — (sin 0]; В = T x N = NAI VES = аъ 
— cost —sint 0 
bsint $ bcost 4 a dB _ 1 : 5 3 dB . 2 1) 
Jere уара 7816 k ac [(b cos t)i + (b sin ој] => -N= 20 
= т=— М (8. Х) = ( e z) ( =) = bs ‚ Which is consistent with the result in Exercise 26. 
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20-32. Example CAS commands: 
Maple: 
with( LinearAlgebra ); 
r := < t*cos(t) | t*sin(t) | t»; 
t0 := sqrt(3); 
rr := eval( г, t=t0 ); 
у := шар( diff, г, ё); 
уу := eval( v, t=t0 ); 
a := map( diff, v, Е); 
аа := eval( a, t=t0 ); 
s := simplify(Norm( v, 2 )) assuming істегі; 
Ss := eval( s, t=t0 ); 
T := v/s; 
TT := vv/ss ; 
91 := map( diff, simplify(T), t ): 
NN := simplify(eval( q1/Norm(q1,2), t=t0 )); 
BB := CrossProduct( TT, NN ); 
kappa := Norm(CrossProduct(vv,aa),2)/ss^3; 
tau := simplify( Determinant(« vv, aa, eval(map(diff,a,t),t=t0) »)/Norm(CrossProduct(vv,aa),2)^3 ); 
a_t := eval( diff( s, t ), 10), 
a n := evalf[4]( kappa*ss^2 ); 
Mathematica: (assigned functions and value for (0 will vary) 
Clear[t, v, a, t] 
mag[vector_]:=Sqrt[vector.vector] 
Print["The position vector is ", r[t_]={t Cos[t], t Sin[t], t} 
Print["The velocity vector is ", v[t ]- r'[t]] 
Print["The acceleration vector 18", ај |= v'[t]] 
Print["The speed is ", speed[t_]= mag[v[t]]//Simplify] 
Print["The unit tangent vector is ", utan[t ]- v[t]/speed[t] //Simplify] 
Print["The curvature is ", curv[t_]= mag[Cross[v[t],a[t]]] / speed[t]? //Simplify] 
Print["The torsion is ", torsion[t |: Ре (УП, a[t], a'[t]]] / mag[Cross[v[t],a[t]] 2 //Simplify] 
Print["The unit normal vector is ", unorm[t ]- utan'[t] / mag[utan'[t]] //Simplify] 
Print["The unit binormal vector is ", ubinorm[t_]= Cross[utan[t],unorm[t]] //Simplify] 
Print["The tangential component of the acceleration is ", at[t ]-a[t].utan[t] //Simplify] 
Print["The normal component of the acceleration is ", an[t ]-a[t].unorm[t] //Simplify] 
You can evaluate any of these functions at a specified value of t. 
Ю- Sqrt[3] 
(utan[t0], unorm[t0], ubinorm[t0]) 
N[{utan[t0], unorm[t0], ubinorm[tO] ) ] 
{curv[tO], torsion[tO]) 
N[(curv[t0], torsion[tO]) ] 
(at[t0], an[tO] } 
N[(at[tO], an[tO] ) ] 
To verify that the tangential and normal components of the acceleration agree with the formulas in the book: 
а == speed'[t] //Simplify 
an[t]==curv [t] speed[t]? //Simplify 
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13.6 VELOCITY AND ACCELERATION IN POLAR COORDINATES 


1. #=3=0= 0 = 0,г= а(1 – соѕ0) = i = авіп0% = 3asin => ï = Засов 0% = 9a cos 0 
у = (3asin0)u, + (a(1 — cos 0))(3)ш, = (3asin0)u, + 3a(1 — cos 0)ug 
= (9acos 6 -а(1- сов 63)” и; + (a(1 — сов0).0--2(Завіһп0)(3))0% 


= (да сов 0 — 9a + 9a cos 0)u, + (18asin0)ug = 9а(2 cos Ө — 1)ш + (18а sin 0)ug 


2. өн 22-0->0-2,г-авіп20->і- acos 20 - 2% = 4ta cos 20 => Y = 4ta (—sin 20 . 2%) + 4acos 20 
= —16t?a зїп 20 + 4acos 20 


у = (4tacos 20)u, + (asin 20)(2t)ug = (4ta cos 20)u, + (2ta sin 20) ug 
a= | — 16а ѕіп 20 + 4acos 20) — (asin 20) Q9 u, + [(аѕіп 20)(2) + 2(4ta cos 20) (2t) | ug 


= |-168а sin 20 + 4acos 20 — 42а sin 20) u, + [га sin 20 + 16 асов 26] Ug 


= (-20ға sin 20 + 4acos 20| u, + [2asin20 + 162асоѕ 20] и = 4a(cos 20 — 52 т 20)u, + 2a(sin 20 + 82 cos 20), 


з. гг БОР (тее >i eè? . a% = Jae? > y = 2ac? .а = 4a? e 
= ms ч, 2 со (2ае? ii + (2e*) ug 

a= | (заг ог? e? (2) |, + [(e*) ) + 0) + 2(2ae**) (2) up = ЕБ еа? — дец, + [o+ вает? ши 
= 4e?? (a? — 1)u, + ?)us 


4 6д=1—е' => ġ =е' > 0 = —е ог = a(l + 511) > і = ас05 >ï = —asint 
у = (acost)u, + (а(1 + sint))(e us = (acost)u, + ae "(1 + sin t)ug 
а = |(—asint) — (а(1 + sint) (e^ ы, + |(а(1 + sint))(~e7) + 2(acost) (e?) | uy 


= ЕТЕ ae "(1 + sint |ы, + |-ае (1 + sint) + га е“'сов t| uy 


= —a(sint + е72(1 + sint))u, + ае (—(1 + sint) + 2cos о 
= —a(sint + е“ (1 + sint))u, + ae '(2cost — 1 — sint)uy 


5 9-21 0 = 2 = 0 = 0, r = 2cos4t = i = —8sin4t => ï = —32 cos 4t 
v = (—8 sin 4t)u, + (2cos 4t)(2)ug = —8(sin 4t)u, + 4(cos 4009 
а = (- 32 cos 4t) -(2сов 49 (2)? и, + ((2cos 4t) · 0 + 2(—8 5140 (2))ш 
= (—32 cos 4t — 8 cos 4t)u, + (0 — 32sin 4t)ug = —40(cos 4t)u, — 32(sin 4000 


E тоу 2 GM(e + 1) 2 СМ(е--1), 
6 суур SS >? S 


Circle: e = 0 = vo = \/ 9M 


Ellipse: Осе <1 = M <v < зам 
Parabola: e =1 > vo = 20M 
2GM 
Hyperbola: e > 1 = vo > Л 
цал цаг: Ы SM which is constant since С, M, апа г (the radius of orbit) are constant 
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1 AA 1 t+At 1 t+ At) — r(t) 4 r(t 
8. ДА = 1 t+ Ай x (| => Ал = 1 |80 x e| = 1 [EAD FOAM x eo) 
1 t+ At) — r(t 1 1 t+ At) — r(t dA : 1 t+ At) — r(t 
-1| 40:59 xo дад x e| = $ | 40:50 x тој => B= im, P [309-79 x ro 
1 |d 1 d 1 : 
-1| хк (0|-41| 0)х “| = Е |r x t| 


4 2 
9. Т= (=) \/1—е? = P= (sx) (1—е2) = (88) | (Si 1) | (from Equation 5) 
4 


0 *0 
2 rat т M +2 To M __ d Anat 2GMro M - In м = (4r? а”) (2GM — rv?) 
НТ: G?M? ОМ/| \ ву G?M? ш гоС2М2 
ВИ 2,4) ( 26М - nv 23. 2,4) (1 2 : 2 __ 4ra Тат 
= (4л2а4) ( GM (см) = (4n*a*) (=) (81) (from Equation 10) T GM S = GM 


10. г = 365.256 days = 365.256 days x 2410ш% x 60) тише x Qoni = 31,558,118.4 seconds ғ: 3.16 x 107, 


G = 6.6726 x 10-1! E, and the mass of the sun M = 1.99 х 109 кв. T, = ёт => а? = T?OM 


= аз = (3.16 x 107)? (86726107) (1995109) „з 35963335 x 1033 => а = 4/3.35863335 x 1038 
= 149757138111 m e 149.757 billion km 


CHAPTER 13 PRACTICE EXERCISES 


1. гі) = (4 cos ti + (У2 sint) j = x=4cost 
andy = /2sint > 5-5-1 
v = (—4 sin Di + ( V2 cos t) j and 
а = (—4 cos Qi – (/2 sin t) j; г(0) = 41, vO) = \/2], 
а(0) = —4i; r (5) 22 /2i +j, У (5) =-2\/21+}, 
а (5) = –2 у21 — j; |v| = V/16 921+ 2 cos?t 


"X = 14 sin t cost : ? 2 n. 2 амо 4 5 
ar = $ |Y] а" att = 0: ат = 0, ах = lal — 0 =4, а = ОТ + 4N = AN, к MET a 2; 


att = Т; ат Je DAE 9-8 = 42 а= 7т + М, к= à = 4/2 

2. r(t) = (МЭ sec t) i+ (УЗ tant) j = х = \/3 sec tand y = v3 tant > + — © = вес? — іап? = 1; 
= x-y? = Зуу = (V3 secttant) i+ (УЗ sec?) j 
апа 
а = (V3 sec tar + \/3 sect) i — (2 3 sec t tan 1) j; 
г(0) = V3i, WO) = V3j, a) = v3i: 


|| = V3 sec? t tan? t + 3 sec! t 


6 sec? t tan? t + 18 sec^ ttant . 
24/3 sec? ttan2t+3sectt ” 


att = 0: ат = 0, ах а? — о = УЗ, 


2 n _ aw v3 1 
а = OT + УЗМ = УЗМ, к == 


> аг = 4 [v| = 
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3. r= 


2 2 
і зі у--Ціз йу + (1+8) У] = ју = ТЕГЕН ке 


= түе. We want to maximize |у|: aM — mE and “М =0 = @ РЁ =0 = 1-0, Fort < 0, = TER > 0; for 


occurs when t = 0 => |у) ы-і 


max 


t » 0, "up ^0 = |У| 


max 


4. r= (e cost)i (е! sint)j = v = (e'cost— e' sin t)i + (e! sint + е! cos t) j 
= a= (e' cos t — е! sint — e sint — еї cos t) i + (et sin t + et cost + е! cost — e sin t) j 


= (—2e! sin t)i + (2et cos t)j. Let 0 be the angle between r and a. Then 0 = cos! (ы) 


|г| [a] 
= cos! a sin t cos Due шин - | = cos! (58) = сов“! 0 = £ for all t 
үе cos 1) (еї sin t)“ ШЕЛ sin t)? +(2et cos t)? E 
i j k 
5. v= 34-4] апда = 51 + 15] > уха=|3 4 0|=25К > |vxa| = 25; |v) = уз2 + 42 = 5 
5 15 0 
[уха| 25 1 
Iv oS 
б. к= тут = ех(1 + е2) 82 = йк = ех(1+ e) 9 ех |- 5 (1+ ex)? (ге) | 


= e (1+е2*) У — Зезх (1 + 2%) 92 = ex (1 + е2х) 75/2 [(1 + 2x) — 3е2*] = eX (1 +0) (1 — 28) ; 
i= = (1 —2e*) = 0 ex = 1 2х - 02 > х= -12= - V2 > y= NE therefore к is at a 


maximum at the point (- In 2, 5) 


7. r=xi+yj > v= E i+ 3 ij andv-i=y => 4% = = у. Since the particle moves around the unit circle 
х? + у? =1,2х 8 +2у 9 24 > “= х & > - х (у) = —х. Since ® = y and & = —x, we һауе 
v = yi — xj = at (1,0), v = —j and the motion is clockwise. 


8. 9у = x9 9 = 3x? ЯН = 4у = $ lx? dx . Ifr=xi+ | ‚ Where x and y are differentiable functions of t, 


then v = E14 5 Xj Hencev-i=4 = у) -j= 9 = 1х2 9 = 1 (3)2(4) = 12 at (3,3). Also, 


а = dx i+ ФУ j and dy = (2х) (= + (1х2) 5 dé . Hence a -i = —2 => = = —2 and 


a -j= $3 = 2 (34): + 1 (3)—2) = 26 at the point (x, у) = (3,3). 


9. 3 orthogonal юг = 0 = . г-2. г+ 5 іг. =, 4 (r-r) => г-г = К, a constant. If r = xi + yj, where 
x and у are differentiable functions of t, then r- r = x? +y? = х? + у? = К, which is the equation of a circle 


centered at the origin. 


10. (a) (b у = (т — cos по! + (т sin 7t)j 
шы ы a => а = (л? sin nt)i + (7? cos лї) }; 
EAS 2) = 721 . { 
у а(0) = z?j wol | v(0) = 0 and a(0) = 72): 


v(3) = 2 ті 


v(1) = 2ri and а(1) = —7?j; 
v(2) = 0 and a(2) = nj : 
v(3) = 2лі and а(3) = — 


а(3) = – тој 


а(1) = – пој 
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11. 


12. 


13. 


14. 


15. 


16. 


17. 


Chapter 13 Practice Exercises 787 


(c) Forward speed at the topmost point is |v(1)| — |v(3)| — 27 ft/sec; since the circle makes i revolution per 


second, the center moves 7 ft parallel to the x-axis each second — the forward speed of C is 7 ft/sec. 


y = yo + (vo sin а) — į gt? > y = 6.5 + (44 ft/sec)(sin 45°)(3 sec) — 3 (32 ft/sec”) (3 sec)? = 6.5 + 66/2 — 144 
= —44.16 ft => the shot put is on the ground. Now, y = 0 = 65 + 22/21 — 162 = 0 = tz 2.13 sec (the 
positive root) = x z (44 ft/sec)(cos 45?)(2.13 sec) == 66.27 ft or about 66 ft, 3 in. from the stopboard 


= (vo sin о)” в)? [(80 ft/sec)(sin 45)? | 
Ymax = Yo + 2g = Tht + “обв 2578 


= 2 2 у __ (vo sin a)t — 1 gt” __ (vo sin a) — i gt 
X = (vo cos o)t and у = (vo sin а) — 5 + gt = (апф==- = Ga = 5 єє. 


2у sin а — "i cos а tan ф 
g 


=> Vo COS a tàn ф = Vo sin а — i gt > t= ‚ Which is the time when the golf ball 


0 


8 


hits the upward slope. At this time x — (vo cos o) e Si Рио 2) - (2) (Và sin a cos a — v? cos? a tan 0). 


2 22-20 
ур sin а cos a — v; cos? a tan ф 
Now OR = 3; => OR = (2) ( E ) 
_ ( 20 сова sina cos a tan ф 
Е g cos ф cos Ф 


2 В . 
__ | 27) cos a sin a cos ф — cos a sin ф 
= g cos? ф 


= ЕС [sin (a — ¢)]. The distance OR is maximized 


g cos? 


when x is maximized: 


mc (2) (os За + sin 2а tan ф) = 0 


= (cos 2a + sin 2a tan ф) = 0 = cot 2a + tan ф = 0 > cot 2a = tan(—¢) = 20 = 5 +" ф= а oy 


(a) x = vo(cos 40°)t and у = 6.5 + vo(sin 40°)t — 1 380 = 6.5 + vo(sin 40°)t — 160; x = 262 5 ft and y — 0 ft 


= 262 5 = vo(cos 40°)t or vo = 224167 and 0 = 6.5 + | 224197 | (sin 40°) — 162 = В = 14.1684 


= (= 3.764 sec. Therefore, 262.4167 = vo(cos 40°)(3.764 sec) => vo ~ ЕТЕН EEO) => vo 91 ft/sec 


(b) yu = yo + Cosine? я: 6,5 + (90624097 ~ 60 ft 


г = (2 сов t)i + (2 sin 0) + Ck = v = (—2 sin t)i + (2 cos )j 4-2tk > |v| = /C2 sin t)? + (2 cos t)? + (20? 


п/4 т/4 т n 
= 21+? = Length = f 2 1+8 dt= уто em | + v1] = учи (5 + 1+5) 
0 


г = (3 cos t)i + (3 sin t)j + 282К = у = (—3 sin t)i + (3 cos 0j + 3/28 = |v| = сз sin t)? + (3 cos 02 + (30/2)? 
— 3 
= V9 9 = 3 /T*t = Length = | 3yTFtdt= [20 + 092] = 14 


г= (1+ 03/21 $ (1— 03/27 +1 > у = 2 (1+ 0121 2] —0!2j + 1k 
Iv| = VB aov; + [-3ü-o9/2] + (2)? 21 2 T2204 97i 2601 012) + Ек 


TO) = $i- 2) +20; -4(1-0794-10-077)-  (0)-141411)-» | (|= 2 


4 4 


№0) = 


әді Ton j; BO) = ТО x МО) = 


ait seit zak 


а=1(1+0-21+1(1-0-1/2} => а(0) = 11+ 1] ава vO) = 21— 2) + 1к => v(0) x a(0) 
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i j k (4) 
=| 3 -3 3/=- Git git gk > Wxal= = so = це =; 
1 1 
з 3 0 
200201 
3 3 3 
3 3 0 
а —l(ap032;4 1 (1 —{у—3/2{ (0) = — 115 1i p= 12% > 9| @@)_1 
а--:(-097/4-;01-071-> a0) = – +3 = 70) = кај = (B) • 


18. г = (е! sin 2t)i + (e' cos 20) j + 2е => у = (е! sin 2t + 2е' cos 2t) i + (e' cos 2t — 2е' sin 2t) j + 2e'k 
= |v] = үе sin 2t + 2e! cos 2t)? + + (et cos 2t — 2e' sin 2t)? + (2602 — зе > T= а 
= (1 sin 2t + 2 5 cos 2t) i+ (5 cos 2t — 2 5 sin 2t) j+ 5 2k = T(O) = 


1--11--3К: 


2 
3 
ST (2 cos 2t — $ sin 2t) i + (— 2 sin 2t — $ cos 2t) j = Ч (0) = 21-4] = ші (0| = 2 М5 
1 ] k 
(21-4) _ 1. 2... E _ | 2 1 2 4s 2; 5 
= Мо) = 08) = әзі Js: BO) = ТО) х МО) = Е. ES : 3/51 asd 375 К 
v5 v5 
а = (4e' cos 2t — Зе! sin 2t) i + (—3е' cos 2t — 4e' sin 2t)j + 2e'k = a(0) = 4i — 3j + 2k and v(0) = 2i + j + 2k 
i j k 
=> w0) ха(0) =|2 1 2|=8ї+4}—10К = |уха| = 4/64 + 16 + 100 = 64/5 and |v(0)| = 3 
4 -3 2 


к(0) = 575 = 223. 


37 9^ 
= (Ае! cos 2t — 8e! sin 2t — Зе! sin 2t — бе! cos 2t) i + (—3e! cos 2t + бе! sin 2t — 4e sin 2t — Зе! cos 2t) j + 2e'k 
= (—2e' cos 2t — Пе sin 2t) i + (—11 e! cos 2t + Зе! sin 2t) ј + 2ек = à(0) = —2i — 11j + 2k 


2 1 2 
4 -3 2 

_ 152 -1 2| -80 _ _ 4 

= т(0) = уха? ^ 2180009 


19. r- # + iej > у=1+е24 > |у = у1-+е“ Т = rua 7E T(n2) = Fai + 753: 
ат _ -2e€" . ге“, ат —32 4 : 
а ену і nua] а pat => N(n2) = ght di 
i j k 
1 4 
B(n2)-TIn2 х ма 2 = | 77 75 9] =k;a=2e%j > a(In2) = 8j and vIn 2) ^ i 4 4j 
4 1 
-vu уп 9 
ij k 
= у(ш2) ха(т2) =|1 4 0 =8К = |vxa| = 8 and |v(ln 2)| = / 17 = n(n 2) = тля а = 4e^ i 
ово 
14 0 
0 8 0 
: : 0 16 0 
= a(In 2) = 16 = т(һ2)- "9,7 =0 


20. г = (3 cosh 2t)i + (3 sinh 20] + ӨК = у = (6 sinh 201 + (6 cosh 20] + 6k 
> |v| = 1/36 sinh? 2t + 36 cosh? 2t + 36 = 6/2 cosh 2t > T = = -(à tanh a) ++ (5 sech a) k 


М 


= Тап2) = 


i+ 


51+ = Us k; = (3 sech? 2t) і- (+ sech 2t tanh 2t) к = 2012) 


ИЕ 


2 2 
= (5) i- (A) (@Ф к= за к => Ма = (ы) (os) = 
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i j k 
Nan 2) = $i- Bk;Bün2)- Tün2 xN(ün2) = | 25 25 1272(---35-144-1--3-К: 
^ Nn 2) = рі 17 k:Bün2) = T(n 2 x NIn2) = 2 v2 Цэ пуз! A) т 
p 0 Мал 
а = (12 cosh 20i + (12 sinh 2t)j = айп2)--12(12)1--12(2))--51-4-2 jand 
i j k 
vin 2) = 6 (23) i-- 6 (№) j.-6k = 51+ 3j +6К > уш2) xam2 =|® $ 6 
51 45 
2 2 0 
= —1351+ 153} — 72k = |v x ај = 153\/2 and |v(In 2)| = 31 у2 > к(һ2)- СҮЛ =; 
4 
$35 
а = (24 sinh 20i + (24 cosh 20) = адп2) = 451+ 51] > 7012) = бр = 2 


21. r = (2 + 3:+ 30) 1+ (4t - 40)j — (6 соѕ )k = v = (3 + 60i + (4 + 80j + (6 sin ОК 
> |v| = УВ + 60? + (4 + 892 + (6 sin 92 = 4/25 + 100: + 1002 + 36 sin? t 
= М — 1 (25 + 100t + 1002 + 36 sin? t) "^ (100 + 200: + 72 sin t cos = а, (0) = “№ (0) = 
а = 61 + 8j + (6 cos ОК = |а| = 4/62 + 82 + (6 cost)? = y 100 + 36 cot => |a(0)| = о 


=> ay = lal — a2 = 4/136 — 10? = /36 = 6 => а(0) = 10T + 6N 


22. г=(2 + gi + (1+ 20) + (1 –ф0ЈК > у =<=+1 + 40] + 2tk = |у| = /1? + (1 + 402 + (202 
= 2+8 +208 = 4М- © стат а= > ar = “№ (0) = 24/2; а = 4j + 2k 


= |а| = VÆ + 22 = ам = lal? — a2 = [о (203) 2/2) V12 = 24/3 = a(0) = 22T + 24/33 


23. г = (sin ti + (v2 cos ) )-(810К = у = (cos t)i — (v2 sin ) ј + (cos Ok 


= |y] = ІШЕ V sint) + (cos t)? v2 > Т ii (4; cost) i— Gin oj (45 cost) к; 
ат (– 4, sint)i - eos gj - (2 sint) k = |9 T= (- 25 sint) + (cosy? (- 5 sint) -1 
dt 2 V2 V 
i j k 
dT 1 : 1 
N = tit = (— 4; sint) i- (cos oj – (45 sint) kK; B=TxN=| yest —sint уз соз: 
| әз sint cost 5 sin t 
i j k 
= +i К; а = (—sin t)i — 2cost)j—(sintk = у ха = | cost —/2sint cost 
у V2 J 
—sint — 2 cos t —sint 
2i— /2k = |уха| = /422 = к кш С] "iE ( cos t + (V2 sint) j — (cos ок 
Y 2 


cost 2 sint cost 

—sint —V2 cost —sint 

3 —cost /2 sint —cost (cos t) (v3) = (v2 sin ) (0) + (cos t) (-v2) 0 
4 -— == = 


|vxa[? 4 


24. r = ++ (5 соѕ 0) + (3 sin k = v = (—5 sin 9] + (3 cos ОК = а = (—5 cos tj — (3 sin ОК 
=> у.а = 25 sin t cos t — 9 sin t cos t = 16 sin t cos t; v-a = 0 = l6sintcost = 0 = чп = 0огсо5 {= 0 
= t=0, 5 огт 
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25. r= 21+ (4 эт 1) j + (3 -— 1) к= 0 =: (1 )) = 20) + (4sin 1) (-l) = 0=2-4sin$ > sin = 1 


t T 
272 276 
= t= + (for ће first time) 


26. кб) = ti - Cj + Ok => у= 1+ 20) +32К = |v| = у1+42 +90 = |У(1)| = у14 
та) = Ta i+ 7 zÍ + | k, which is normal to the normal plane 


= Ju (х—1)+ Ja (y-D- n (z 1) = 00r x + 2y + 37 = 6 is an equation of the normal plane. Next we 
calculate МА) which is normal to the rectifying plane. Now, a = 2j + 6tk = ад) = 2j + 6k = v(1) x a(1) 


i j k 
=|1 2 3|=6i-6j+2k = |У(1) x a(D| = 76 = ка) M 5. а = ој > $ 
026 (Уч) 2 
—l(14 48 91) 7 "(Ste368) _ = FR, ,soa= $ T+ ($) N > 21 +66 
_ 22 (i+2j43k _ мм Us 8,9 11 8 95 
22. (Ese) + м. (VI) м М-2(-41-311438) = -426-D-$6-D0-3G-D 
= Qor 11x + 8y — 97 = 10 is an equation of the rectifying plane. Finally, Ва) = Та) x Ма) 
i j k 
_ (уй 1 1 EN : 05 үг 2 = = 
= (45) (55) 0) E 2 3 = ја 334k) > 3(х – 1) – 3(у - D -(z- 1) = 00r3x — 3y + z 


= 1 1$ an equation of the osculating plane. 


27. r = еї + (sint)j + In(1 ӨК = у = eli + (cos t)j — (7) К = v(0) =i+j—k;r(0) =i = (1,0, 0) is on the line 


=> x—l-cty-t,andz = —tare parametric equations of the line 


28. r— (V2 cos t) i (V2sint) j+ tk = у= (—v2sint) i+ (М? cost) ј+ к = v(£) 


= (- 522 sin 3r i+ (v2 сов 3) j+k = —i + j + k is a vector tangent to the helix when t = 7 => the tangent line 


is parallel to v (7 ІЗ also г (2) = (V2 сов 1) і+ (v2 sin 171 Tk = the point (1, 1, т) is on the line 


=> x—l-ty-l-ctandz- + + tare parametric equations of the line 


29. x? = (và cos? а) t? and (у + 152)? = (vå sin? a)? = х + (у + 152)? = у? 


4s d -3 -3 _ ХХ-уу ..2 1.2 922-249 1.2 (хх + yyy 
30. $ = 4 ух TY Eg >? Х Y —s° =x ЫГ eu 
- У е ў) R zixyy-y y) xy eyx*-2:xyy _ (ку- уху 
== x+y? uni Х + у == х + у 
т, шы р А 933/2 
4243. _ 8У-5Х ху GP ry) 1 
X -% = = 
= ыг ух y? МУ? Ixy —yx| à 
8 8 T dó 1 1 lg 
31. $ = a 0-2 ф-і-2 ъ =з k = |1| = ! since a > 0 
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29 О О 6380 
32. (1) ASOT = АТОР ОТ 50 6380 6380--437 : 
=> yo = $89 = уулт 5971 km; 


6380 2 p 2 а 027 
2лх4/1-- (%) ду = (000 М 


5971 


= 2л 5971 V 6380? — y? Е Е NU ;) dy 
= 2л | 6380 ду = 27 [6380y] 517 


= 16,395,469 km? = 1.639 x 10° km"; 


(3) percentage visible ~ spi ^ 


CHAPTER 13 ADDITIONAL AND ADVANCED EXERCISES 


1. (a) r(0) = (a cos 0)i + (a sin 0)j + Бок = а = [(– a sin 0)і + (a cos 0)j + bk] 4 Ti v| = 252 = | 
— a2 | p2 dé dà _ 2gz _ | 2gbó _ _ [ Angb Tgb 
=V +b k > tyrr БЭР = -ү2 TE E Tp 
ыз-/ды => 3 = а = 207 = fa t+Gt=0 = #=0 => C=0 


= 20172 = => 0= үй үүй2-00- 2-4) 
(с) v(t) = € = [(—a sin 0)i + (a cos 0)j + bk] % = [(—a sin 0)i + (a cos 0)j + bk] (ы ін.) ‚ from part (b) 
__ | Casin 0)і + (a cos 0)j + bk gbt Е gbt 5 
=> о ма? + b? (оа) = a? + b? T; 


er = [(—а cos 01 — (a sin 0)j] (4 2)? + [(—a sin 0)і + (a cos 0)j + bk] $ аг 
- (255) [(—a cos 0)1 — (a sin 0)j] + [(—a sin 0)i + (a cos 0)j + bk] е 23 


іп 0)i + (a cos 0)) * 1 1 1 
= | Бэхи цав nis (a) +a (18) IC eos Di — Gin ®Л 


НЭЭ = T+a (ғ Е н) М (there is no component in the direction of B). 
2. (a) r(0) = (аб cos 0)i + (аб sin 0)j + БЕК = = (а cos 0 — аб sin 0) + (a sin 0 + ай cos 0)) + bk] 29 a 
1/2 /2г50 
|v] 257 аг (а? + а202 + b?) " 9 = гї + = + be 


(b) s= | |v] dt = Ї (a? + а202 4-2) > 40 40 at = Ге? + ate? 4 62) do = f(a + аи? +b?) du 


2 vi 2 2 
=f aV 5* +wdu=a ЈУ Vc? + и? du, where c = № +t? 


à 9 
> s=al} ое ши Vr и] = 2 (0002 с In је Vete — o Inc) 


— (l4 ey dr _ (1+e)ro(esin@) , dr (1 + e)ro(e sin 0) : 2 
3. г= 1 + е сов 0 шд 4077 (1-есов0) 0 = 0 = (1 + e cos 0 =0 = (1 + еуго(е sin 0) = 0 


sin 0 = 0 9 = 0огт. Note that 45 г > 0 when sin 0 > 0 and 4 р < 0 when sin 0 < 0. Since sin 0 < Oon 


(1 + е)го 
1 +e cos 0 


той ыы жа еее аны = 1 


4. (а) х) = х – 1— 5 sinx = 0 = КО) = —1 and f(2) = 2 — 1 — 5 sin 2 > 5 since |sin 2| < 1; since f is continuous 


on [0, 2], the Intermediate Value Theorem implies there is a root between 0 and 2 
(b) Root ~ 1.4987011335179 


Copyright O 2010 Pearson Education Inc. Publishing as Addison-Wesley. 


791 


www. гетепд. 15 


792 Chapter 13 Vector-Valued Functions and Motion in Space 


5. (а) v—xi-c yj and v = tu, + r Ô ug = (i) (сов 0)ї + (sin 6)j] + (20) [(— sin 0)і + (cos ОҢ = v-i = хапа 
v-i—icos0—rÜsinÓ = x —icosÓ — гб sin 0; v - j = y and v - j = t sin 0 + rô cos 0 
=> у=Езш 0 + гй cos 0 
(b) u, = 


(cos 0)i + (sin 9)} => v- u, = Xcos 0 + ýsin 0 


(i cos 9 — rÜ sin 0) (cos 0) + (i sin Ө + гб cos 0) (віп 0) Бу рагі (а) 
= v-u,—i;therefore, t = x cos 0 + уз 0; 


ug = —(sin 0)і + (cos 6)] => у -ш = — Хз 0 + ý cos 0 
= (i cos 0 — гд sin 0) (— sin 0) + (t sin 0 -- гй cos 0) (cos 0) by part (a) — v ug = гй 
therefore, гб = — à sin 0 + y cos 0 
6. г= 0) > 4 = 70)  -» È = #700) (39)? + (бу $9; у = du, +r E ш 


r 


ЕСЕИСТ 


= Ж біп 9) 4 P + (сов 0) 4 ar 


(cos Ө # — rsin Ө #)i+ (sind € + гсоз 0 $9) j = |у = ( 
lv x al = AU а шиний Then $ 


= = = (-2 sin 0) % $t _ (г cos 0) (2)? 


— (r sin 0) È E Ted д dr : © = = (г cos д % + (sin д 4 
= = = (2 cos 0) £ g — (r sin 0) (р + (г сов 0) 4 E ? + (sin 9) $t . Then |v x a| 
Г Е r 3 
= (after much algebra) г? (4 3 +r A и г dr 428 (ur = (2) (2 г" + Xy) 
— |уха| _ f£? — Ef" + 2(Р)2 
=> к = МІ (en? + e]? 
7. (а) Таг=2 –—гапдд = 31 > 4 = —1 апа =3 = 4: = Ë? = 0. The halfway point is (1,3) > t= 1; 
у = би г а) > v(1) = –и + 3u; а = ERIO |u + ЕСЕЕІЗЗ uy = ад) = —9u, — би; 
(b) It takes the beetle 2 min to crawl to the origin => the rod has revolved 6 radians 
6 2 2 6 2 
> L= ЈУ yt + ӨГ a= f ye- + (-1) ав = ЈУ ү/4— 2 - + 140 
б ue 6 
не ag - if Уб - б? +149 = 1 [459 @- OF +1+1 19 -6+/@-6+1], 
= V81 - } In (37-6) = 6.5 in. 
8. 


(а) x = гс050 = ах = cos ð dr — r sin 0 10; у = r sin 0 = dy = sin 0 dr + r cos 0 dé; thus 
dx? = cos? 0 dr? — 2r sin 0 cos 0 dr 40 + r? sin? 0 10? and 


dy? = sin? 0 dr? + 2r sin 0 cos 0 dr 40 + г? cos? 0 402 => ds? = dx? + dy? + dz? = аг? + г 40? + dz 
(с) r— e? = dr = e? ад (b) 


> L- | Vae + P 402 + dz? | 
= [ves x en x e? дө 
- f view = [Vie] 
= 8/3- уз = 7\/3 
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i j k 
9. (a) шхо = | со80 810 О|=К = aright-handed frame of unit vectors 
—sinÜ cos 0 
(b) n" = (— sin 0)i + (cos 0)j = шапа дн = (— cos 0)i — (sin 0)j = —u, 
(c) From Ед. (7), v = tu, + rug + zk = а = v = (ти, + fü) + (ёби + rÜug + r ùg) + Zk 


= (t — 10") u, + (rö + 260) uy + žk 


10. L(t) = r(t) x mv(t) = d = ( x mv) + (rx m £r) = % = (ух ту) + (r x та) = r x та; Е = ma > =T 


= та = Ж =гх ша =гх (--Sr)=-S@xn=0 = L = constant vector 
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NOTES: 
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CHAPTER 14 PARTIAL DERIVATIVES 


14.1 FUNCTIONS OF SEVERAL VARIABLES 


1. (a) f(0,0) — 0 (b) f(-1,1) 20 (c) f(2,3) — 58 
(4) f(—3, –2) = 33 


3. (а) (3,—1,2)={4 (6) 4(1,4,-1) = 5 (с) Қ0,-1,0)-3 
(d) f(2, 2, 100) = 0 


4. (a) f(0,0,0) — 7 (b) f2, 3,6) =0 (c) f(—1,2,3) = 4/35 
4 5 6Y.. f2l 
ч) (+ v2’ %) ү? 
5. Domain: all points (x, y) on or above the line 6. Domain: all points (x, y) outside the circle 
у=х-+ 2 х2 + у? =4 


7. Domain: all points (x, y) not liying on the graph 8. Domain: all points (x, y) not liying on the graph 
of y=xory=x° of x? + у? = 25 
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9. Domain: all points (x, y) satisfying 10. Domain: all points (x, y) satisfying 
а +1 (х= D(y-1)»0 
y ysx«1 Y х=1 
ца 
І 
21 I 
І 
Mog 
І 


11. Domain: all points (x, y) satisfying 12. Domain: all points (x, y) inside the circle 
(x - 2)(х + 2)(y - (y +3) 20 x? + у? = A such that x? + y? 43 


ы 


х--2 у xe 


13. 


15. 


17. (а) Domain: all points in the xy-plane 
(b) Range: all real numbers 
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18. 


19. 


20. 


21. 


22. 


23. 


(д) 


(5) 


(4) 


(b) 


(d) 


(b) 


(d) 


(b) 


(d) 


Section 14.1 Functions of Several Variables 


level curves are straight lines y — x = c parallel to the line y = x 
no boundary points 

both open and closed 

unbounded 


Domain: set of all (х,у) sothaty-x > 0 = y>x 

Range: z > 0 

level curves are straight lines of the form y — x = с where с > 0 
boundary is \/y — x = 0 = y = х, а straight line 

closed 

unbounded 


Domain: all points in the xy-plane 

Range: z > 0 

level curves: for f(x, y) = 0, the origin; for f(x, y) = c > 0, ellipses with center (0,0) and major and minor 
axes along the x- and y-axes, respectively 

no boundary points 

both open and closed 

unbounded 


Domain: all points in the xy-plane 

Range: all real numbers 

level curves: for f(x, y) = 0, the union of the lines у = + x; for f(x, у) = с Z 0, hyperbolas centered at 
(0, 0) with foci on the x-axis if с > 0 and on the y-axis if c < 0 

no boundary points 

both open and closed 

unbounded 


Domain: all points in the xy-plane 

Range: all real numbers 

level curves аге hyperbolas with (ће x- and y-axes as asymptotes when f(x, у) > 0, and the x- and y-axes 
when f(x, y) = 0 

no boundary points 

both open and closed 

unbounded 


Domain: all (x, y) Z (0, y) 
Range: all real numbers 


? minus the 


level curves: for f(x, y) = 0, the x-axis minus the origin; for f(x, y) = с Æ 0, the parabolas у = cx 
origin 

boundary is the line x — 0 

open 

unbounded 


Domain: all (x, y) satisfying x? 4- y? « 16 

Range: 7 > i 

level curves are circles centered at the origin with radii r « 4 
boundary is the circle x? 4- y? — 16 
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24. 


25. 


26. 


27. 


28. 


29. 


30. 


(b) 


(d) 


(b) 


(d) 


(b) 


(d 


хий 


(5) 


(4) 


(а) 
(5) 


(а 


Хий 


Chapter 14 Partial Derivatives 


open 
bounded 


Domain: all (x, y) satisfying x? + y? < 9 

Range: 0 <2 € 3 

level curves are circles centered at the origin with radii r < 3 
boundary is the circle x? + y? = 9 

closed 

bounded 


Domain: (x,y) > (0,0) 

Range: all real numbers 

level curves are circles with center (0, 0) and radii г > 0 
boundary is the single point (0, 0) 

open 

unbounded 


Domain: all points in the xy-plane 

Range: 0<z< 1 

level curves are the origin itself and the circles with center (0,0) and radii r > 0 
no boundary points 

both open and closed 

unbounded 


Domain: all (x, y) satisfying -1 <у-х< 1 

Range: —5 £z € 5 

level curves are straight lines of the form y — x = c where -1 <c < 1 
boundary is the two straight lines у = 1+ x andy = —1 + x 

closed 

unbounded 


Domain: all (x, y), x = 0 

Range: - 5 <z< 5 

level curves are the straight lines of the form у = сх, c any real number and x 4 0 
boundary is the line x — 0 

open 

unbounded 


Domain: all points (x, y) outside the circle x? + y? = 1 
Range: all reals 

Circles centered ar the origin with radii r 1 
Boundary: the cricle x? 4- y? — 1 

open 

unbounded 


Domain: all points (x, y) inside the circle x? + y? = 9 
Range: z « In9 
Circles centered ar the origin with radii r < 9 
Boundary: the cricle x? 4- y? — 9 
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(e) open 
(f) bounded 
31. f 32. e 33. a 
34. c 35. d 36. b 
(b) | 
1=4 
1-1 
20 >x 
z=1 
=4 
38. (a) й (D > 
5 ш Хус хэ 
ам: 
3 
2 
1 
x 
-1 
-2 
-3 
39. (a) А (b) 


^ zx. y 


= 


40. (a) 
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41. (a) 1 (6) 


Ф 
s 
NON NNN 
ШІП oN 
= © l 


( 
a oN ON 
У 

к WN 


42. (а) Ж (6) у 
| 2-0 
[AN 
СО 
43. (а) 
44. (а) 


2-6-2х-3у 


ІІ ны 


о шо = 
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45. (a) (b) : 
А 
&=-1 
ІШЕ! 
| 2-1 >x 
Fg : 
ЭГ 
46. (а) (b) 
z=1-|x|-|y| y 
y 1 
| X 
47. (а) 
48. (а) 


49. f(x, y) = 16 — x? — y? and (2/2, v2) = = 16– (22) – (/2) -6 > 6б-16-32-у > х? + y?-10 


50. f(x,y) = Vx? — Тапа (1,0) > z= у 12—1=0 = xX -1=0=>х=Тогх = —1 
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51. f(x, y) = Yx + уг -3and(3, —1) > z = 4/3 (-1)2 —3=1=х-+ у: 3-219 x 4 y? =4 


52. f(x,y) = „== and (71,1) = z= СВ =3 = 3= 35 = уз-4х-3 


53. 54. 


fey д) =х%*+у*+ =1 


56. 
2 
(хуу) =2 = 1 
Их, у, 5) =х+&=1 
57. 58. 
Ж 
дед А ауса 
С | 
x 
59. 60. 


x 
f(x, y,2) ets zx 1 


|] fe»2-2z-x-y-1 


vel 
| 
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61. f(x,y,z) = /x-y - Inzat(3, 1,1) > у= /x-y-Inzat(3,-1,1) > w=./3-(-l)-In1=2 


=> x—-y-lInz-2 


62. f(x,y,z) = In (x? +y + 22) at (-1,2,1) > w= ln(x? +y +27); at (-1,2,1) > у = 1 (1+2+1) = 14 


2 


> 14 = (х фу +2?) = х? фу+22 = 4 


803 


63. g(x,y,z) = „уха + у? +22 at (51,2) = у = уха + у2 + 72; ай (1-1 V2) = у= ШЕ (—1)? + (va) 


=2= 2 = уху +22 => х? у: +2? =4 


Ж == 2 x— 7. -0 -2 
64. (ут) = XT. at (1, 0, -2)->м- zs at (1,0, —2) > W= ПЦ == рж» 
->2Х-у--2-0 
65. Қыу->(У = eer ; = 
ay Ах? 1— (3) y = “ "P 
$| < 1 = Domain: all points (x, y) satisfying |x| < |y|; CW ” 
~ 
а (1,2) = since | | «19 2 52; =2 р 5 >x 
= 2 > y 2x Р Сан 


66. g(x,y,z) = У; GFW" — e0)/7 = Domain: ай points (x, у, 2) satisfying z > 0; at (In 4, In 9,2) 


п! 21 
п-0 
sw e(in4 +n 9)/2 — е(п36)/2 elnó 6 6 elxty)/z = Er — In 6 
У а ін-і 1 ін. : 
67. f(x, y) = Г Vig cs y- sin хэ Domain: all points Р 


(x, y) satisfying -1 < x < land-1 < y < l; 

at (0, 1) => sin"! 1 — sin !0 = 7 => sin ly — sin^!x 

= $.Since -7 < sin ly < Тапа —§ < sin !x < 1, іп 
. =Í . 24 . _1 

orderforsin у —sin x to equal 5, 0 < sin y < 5 and 


—5 €sin"!x < 0; that isO < y < 1 and —1 <x < 0. Thus 


у = эт (т + ап 1х) = /1—x?,x <0 


dt 


68. g(x,y,z) — 12:35 + f, zz = ап "у — tan"! x + 510! (4) => Domain: all points (x, у, z) satisfying —2 < z < 2; 


at (o. 1, v3) => јап“ !1 — tan !0 + sin! (3) - > tan ly — tan !x + ап ! (2) = Z. Since —7 < sin ! (£) < 


2 


2 


5 < {ап у tan х < Bt > z = 2sin(72 — tan^!y + (ап іх), 5 < tan ly — ап 1х < 97 


ЖБ > 12 


69-72. Example CAS commands: 
Maple: 
with( plots ); 
f := (х,у) -> x*sin(y/2) + y*sin(2*x); 
xdomain := x=0..5*Pi; 
ydomain := y=0..5*Pi; 
x0, yO := 3*Pi,3*Pi; 


plot3d( f(x,y), xdomain, ydomain, axes=boxed, style=patch, shading=zhue, title="#69(a) (Section 14.1)" ); 
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plot3d( f(x, y), xdomain, ydomain, grid=[50,50], axes=boxed, shading=zhue, style=patchcontour, orientation=[-90,0], 
title="#69(b) (Section 14.1)" ); # (b) 

L := evalf( f(x0,y0) ); # (c) 

plot3d( f(x,y), xdomain, ydomain, grid=[50,50], axes=boxed, shading=zhue, style=patchcontour, contours=[L], 
orientation=[-90,0], title="#45(c) (Section 13.1)" ); 


73-76. Example CAS commands: 
Maple: 
eq := 4*ш(х^2+у^2+7^2)=1; 
implicitplot3d( eq, x=-2..2, у=-2..2, z=-2..2, grid=[30,30,30], axes=boxed, title="#73 (Section 14.1)" ); 


77-80. Example CAS commands: 
Maple: 
X := (u,v) -> u*cos(v); 
у := (u,v) ->u*sin(v); 
7 := (u,v) -> и; 
plot3d( [x(u,v),y(u,v),z(u,v)], u=0..2, v=0..2*Pi, axes=boxed, style=patchcontour, contours=[($0..4)/2], shading=zhue, 
title="#77 (Section 14.1)" ); 


69-60. Example CAS commands: 
Mathematica: (assigned functions and bounds will vary) 
For 69 - 72, the command ContourPlot draws 2-dimensional contours that are z-level curves of surfaces z = f(x,y). 
Clear[x, y, f] 
f[x_, y_]:= x Sin[y/2] + y Sin[2x] 
xmin= 0; xmax= 57; ymin= 0; ymax= 57; { х0, yO}={37, 37}; 
cp= ContourPlot[f[x, y], (x, хит, xmax}, (у, ymin, ymax}, ContourShading — False]; 
ср0= ContourPlot[[f[x.y], (x, хит, xmax}, (у, ymin, ymax}, Contours — {f[x0,y0]}, ContourShading — False, 
PlotStyle —^ {RGBColor[1,0,0]}]; 
Show[cp, cp0] 
For 73 - 76, the command ContourPlot3D will be used. Write the function f[x, y, z] so that when it is equated to zero, it 
represents the level surface given. 
For 73, the problem associated with Log[0] can be avoided by rewriting the function as x2 + y2 +z2 - el/4 
Clear[x, у, z, f] 
f[x_, y_, z_J:= x? + y? + 22 — Exp[1/4] 
ContourPlot3D[f[x, у, 7], (x, —5, 5}, (y, —5, 5}, {z, —5, 5}, PlotPoints — (7, 7}]; 
For 77 - 80, the command ParametricPlot3D will be used. To get the z-level curves here, we solve x and y in terms of z 
and either u or v (v here), create a table of level curves, then plot that table. 
Clear[x, у, 7, u, v] 
ParametricPlot3D[(u Cos[v], и Sin[v], и), {u, 0, 2}, (v, 0, 2p}]; 
zlevel= Table[(z Cos[v], z sin[v]}, (2,0, 2, .1}]; 
ParametricPlot[Evaluate|[zlevel], ( v, 0, 27:11: 


14.2 LIMITS AND CONTINUITY IN HIGHER DIMENSIONS 


; 3х? у? +5 _ 3(0 —02+5 s 
1 ЭЭ хфу+2 ~ +042 23 
2 lim Хе =0 
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10. 


11. 


12. 


13. 


14. 


15. 


16. 


17. 


18. 


Section 14.2 Limits and Continuity in Higher Dimensions 


jim, "аа уг—1= \/3? +42 — 1 = у24 = 2\/6 


х,у) > 0, 4 


: ху! \ _ 02408) _ Р 
Н соз (E = cos | от = соѕ 0 = 1 


іт x-y — е0- 2 — еп (5) - 
x, y) — (0,1n2) 


lim ђ In |1 + x2y?| = In |1 + (1)?(1)?| = №2 


1 e sinx — 4 sin х = 0. . sin x Е А = 
МЕ = egg) a лла 


cos уху = cos 47 ( (35)? = cos ( (2) =} 
E 3) У = 27 5) 


х,у 
А xsiny _ lLsin(2)) _ 1/2 | 
х,у Ші eel = ES EA 
: сову +1  (с080)-1 1+1 _ 
Жэ Ён Osa TT? 
іп 82937 = jim  & = нт „к-у=а-ђ=о 
нај T (њу) > (1) Х7У (ку) 
хжу 
2 2 
lim ХУ = т GTyG-Y — її х+у) = (1+1) = 2 
(х,у) = (1,1) *"Y (х,у) = (1,1) сан (x,y) > 5 (A; ;! уг 0.5 
хту 
lim See Түй &-Dy-2. lim (у-2)= (1-2) = 
Gy) mun) 00571 ayo) FF (yon 
x#l х #1 
lim ea L EE lim =. ytt ВИ lim DOE. 02. 4.21 
(х,у) = (2, —4) х?у — xy + Ax? — 4х (њу) = (2, —4) x(x — D(y +4) (x, у) > = (2, –4) x(x — 1) 2(2 — 1) 2 
y4#—-4,x4#x? у + —4, х з х? х № х? 
T х-ужљух-2уу _ li (Ух- yy) (Ух+ +2) _ Е 
хту x у 


= (/о+ уо +2) =2 


Note: (x, y) must approach (0, 0) through the first quadrant only with x Z y. 


: x+y- К 7 (\/xFy +2) (\/xFy—2) _ 
«уы 2) VRTY-3 > (хур (22) yen =a aa МЕУ? 
x-y£4 x+y #4 2. 
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19. 


20. 


21. 


22. 


23. 


24. 


25. 


26. 


27. 


28. 


29. 


30. 


31. 


32. 


33. 


34. 


35. 


36. 


37. 


Chapter 14 Partial Derivatives 
li ү?2х-у-2 = Т ү2х-у-2 T li 1 
(x,y) (2,0) 2-4 ^ (xy) (2,0) (А УРУК У 78) | (y) (2,0) Vy 
2x—y #4 2x-y #4 
2 1 ЭЭ ЭРЭ! 
V/Q)Q) - 04-2 242 4 
li vx- у+1 = li УХ- Му+1 2. li 1 
(x,y) (43) КТ (wy) (43). МАРО (ИУ) (ey) аа) VEE VET 
х-у #1 х-у #1 
E 1 21-11 
VA- 341 242 4 
sin(x? + y? : sin(r : r-cos(r 
ла T SO E lim, : ) — lim, 2 ox ) — lim cos(r?) = 1 
lim 1-0) = Jig eu — Jim su = 0 
x,y) — (0,0 ху u—0 2-0 
li S+ li 2 Ж m 2) = (12 - (11) + (-1)) =з 
у эа €f њу a x+y (х,у) x bed (X = xy + y) (1)(—1) + (—1) 
1 ху = 1 ES ut m 1 1 = 1 Е 
a 22) Х-У — tes) а («-у)х-у)7-у) — у 10,2) +y)? фу) Q-20-.2) 32 
кор с ы ы = 8 
Р 2xy +yz __ 2000-0 +0060) _ -2+1 _ 
Po im 1) m = Pep = =-2 
= lim, n (sin? x + cos? y + sec? z) = (sin? 3 + cos? 3) + sec? 0 = 1 + 12 = 2 
lim tan ! (xyz) = tan! (C 1-2-2) = tan! (- т 
р (1,2 (ху?) [cum ) ( 2) 
Е 21110 те" У cos 2х = 3e? cos 27 = (3)(1)(1) = 3 
li In уха + y! + zi = ш /2 + (—3) + 62 = In 4/49 = In 7 
2827 пух? +y? +2 пу (—3) ny n 
(a) АП (x, y) (b) АП (x, y) except (0, 0) 
(а) АП (x, y) so that x Z y (b) АП (x, y) 
(a) АП (x, y) except where x = 0 or y = 0 (b) АП (x, y) 
(а) All (x,y) so that x? — 3х +2 # 0 = (x-2)(x—1) Z0—x # апах Z1 
(b) АП (x, y) so that y > x? 
(a) All (x,y,z) (b) All (x, y,z) except the interior of the cylinder x? + у? = 1 
(a) All (x,y,z) so that xyz > 0 (b) All (x, у, 2) 
(a) All (x,y,z) withz 40 (b) All (x,y,z) with x? +z? Æ 1 
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38. 


39. 


40. 


41. 


42. 


43. 


44. 


45. 


46. 


47. 


48. 


49. 


50. 


(a) АП (x, у, 2) except (x, 0,0) 


(а) АП (x,y,z) such that z > x? + y? +1 


Section 14.2 Limits and Continuity in Higher Dimensions 
(b) All (x, y, z) except (0, y, 0) or (x, 0,0) 


(b) АП (x,y,z) such that z Z /x2 + y? 


(а) АП (x,y,z) such that x? + у? + z? < 4 
(b) АП (x,y,z) such that x? + y? + z? > 9 except when x? + y? + 22 = 25 


lim 
(х,у) = (0,0) 
along y = x 
х> 0 


lim 
(x, y) — (0,0) 
along y = x 
х<0 


lim 
(х,у) = (0,0) 
along y = 0 


lim 
(x, y) ^ (0,0) 
along y = kx? 


lim 
(х,у) = (0,0) 
along у = kx 

k 40 


lim 
(х,у) — (0,0) 
along у = kx 

kz-l 


lim 
(х,у) — (0,0) 
along y = kx 

kzl 


lim 
(х,у) — (0,0) 
along у = kx? 

к 0 


lim 
(х,у) — (0,0) 
along y — kx? 


lim 
(x, y) > (1,1) 
along x = 1 


— = lim, -- = Шш -= = lim, -+ = lim -4=-4; 
ух Бу? xy Vx + х? х > 0+ v2 |x| х— 0+ V2x x 0+ v2 
— ——.- lim —-— = lim —— = lim == 
мх? + у? х— 07 у2 |x| х— 07 ES x20 v2 v2 


xt х! E 1 хы х! —. TH х ч 
жент кени b. moo МУ = ИШ, Вэб И, 288 
along y = x? 
х-у ү. x! — (кх?)” т х-Юх 1-8 : а + : 
“Үс = um, ry = Jim, асым = т+ = different limits for different values of k 
ЖУ = lim Қ) = lim № = Ши £;ifk > 0, the limit is 1; but if k < 0, the limit is —1 
[ху| х 0 [х(Кх)| х—0 [к] x0 ІЗ 2 ? : ? 


x-y | x—kx _ l-k : 27: Е E 
p im, ла = 17k => different limits for different values of k, k z-1 
х2-у _ ү к y x-k _ К : . А 

хэ im, VE im, i-r = тр = different limits for different values of kkzl 

2 . . . . . 
х лэн - lim, x tke = Lt — different limits for different values of k, К Z 0 

Хх — 
х2у НУ” kx? а к 5 ES * 
ao im, est = т = different limits for different values of k 
X'-1. lim Yo! = lim (у +1)—2 lim хУ-1- lim Y=! = lim (у2--у--1)-3 
у-! уз У-! JS ) "(њу)— (11) УЕ у— 1771: y шал 
along y — x 
ху+1 _ | х+1 — y = 1 : ху : -—Ó41.. qq x +х +1 
х2 – у? im, х2-1 im, xtl — 2 y ҮЛ =i) x-y? lim, х-х lim, (x+ 1)(х2--1) 
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51. 


52. 


53. 


54. 


ЭЭ, 


56. 


57. 


58. 


59. 


Chapter 14 Partial Derivatives 
1 ify2x 
Цх,у)-%1 ify<0 
0 otherwise 
(а) | a je y) = 1 since any path through (0, 1) that is close to (0, 1) satisfies y > х? 
х,у) AM, 


(b) lim : a y) = 0 since any path through (2, 3) that is close to (2, 3) does not satisfiy either y > x* огу < 0 
х,у) > (2, 


(c) lim (х, у) = Тапа lim (х,у) =0 = lim f(x, y) does not exist 


(x, y) = (0,0) (x, y) — (0,0) (x, y) — (0,0) 

along x = 0 along y = x? 
2 x? abs d 

У — уз х <0 

(a) (ку) m. a у) = 3? = 9 since any path through (3, —2) that is close to (3, —2) satisfies x > 0 

х,у) > (3,— 
(b) pH эг ^ гс у) = (—2)* = —8 since any path through (—2, 1) that is close to (—2, 1) satisfies x < 0 

х,у ш 
(с) ( ын (0, is y) = Osince the limit is 0 along any path through (0, 0) with x « 0 and the limit is also zero along 

х,у 

any path through (0, 0) with x > 0 
First consider the vertical line x = 0 = lim E os = lim 2006 = lim 0 = 0. Now consider any nonvertical 

(х,у) = (0,0) Х ТУ узо (0) +у yo 
along x = 0 

through (0, 0). The equation of any line through (0, 0) 18 of the form у = mx = lim f(x, = lim E 

о : цаас d (x9) 0,0) IUe Y) 7 ТЕ 

along y — mx along y — mx 
— № 2X!(m) _ |. 2055 _ | 2móÓ р 2т = : P _ 
B m x*r(m) = E xt + m?x? ар х2(х2 +m?) E Кеш?) = ш 25: o ty 
any line though (0, 0) 
If f is continuous at (xo, yo), then ша E f(x, y) must equal f(xo, yo) — 3. If f is not continuous at 
X, y) — (хо, Yo 


(Xo, yo), the limit could have any value different from 3, and need not even exist. 


lim (1 = 22 =land lim | 1—1 -» Ш = > = 1, by the Sandwich Theorem 
(x, y) ^ (0,0) | (х,у) ^ (0,0) (ху) = (0,0) 9 


ый 


Шху> 0, 1 = ii кыйы di 2— S) = 2 апа 
=" ху о) в (y) “(000009 ба 2 ш. 
2|ху|— (222 —2х у 
lim ЫШ. lim 2=2;#ху<0, lim личе = lim a ) 
(х,у) = (0,0) "4 (x,y) > (0,0) (x, y) = (0,0) | (њу) — (0,0) И 
= lim (2+5) = 2апа lim ЭРЭН то 5-555 V! — 2, by the Sandwich Theorem 
(x,y) = (0,0) elo) сан (њу) = (00) 


The limit is 0 since |sin (1 )| <1 > -1< sin (1 ) <1 > —у < y sin (1 ) < y for y > 0, and -y > y sin (1 ) > y for 
y <0. Thus as (x,y) — (0,0), both —y and y approach 0 = y sin (1) — 0, by the Sandwich Theorem. 


The limit is 0 since [cos (1). <1 = -1 < cos (1 Ja = -x € x cos (1) < x for x > 0, and -x > x cos (1) РХ 


forx < 0. Thusas (х,у) — (0,0), both —x and x approach 0 = x cos (2) — 0, by the Sandwich Theorem. 


(a) f(x, y)| у=тх = =. = Due 5 = sin 20. The value of f(x, y) = sin 20 varies with 0, which is the line's 


angle of inclination. 
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61. 


62. 


63. 


64. 


65. 


66. 


67. 


68. 


69. 


70. 


71; 


72. 


Section 14.2 Limits and Continuity in Higher Dimensions 


(b) Since f(x, y)| = sin 20 and since —1 < sin 20 < 1 for every 0 lim f(x, y) varies from —1 to 1 


d 5 - * (х,у) = (0,0) 


along y = mx 


[xy (x? — у2)| = |xy| i? — y?| < |x| ly] |x? + y] = vx? уу? |x? + y?| < Ух? + y? үх? + y? |x? + y?| 


E 22 xy (x? - у?) (ety)? _ 2 2 2 2 xy (x? - y?) 2 2 
= (х + у?) о |o uro = ey = —(x +у?) < тру < (х + у?) 
2,2 x . . 4 
= lim (xy 5) = 0 by the Sandwich Theorem, since lim + (x? + y?) = 0; thus, define f(0, 0) 
(х,у) = (0,0) Ба (х,у) — (0,0) 
А у | 13 cos? 0 — (r cos 0) (r? sin? 0) __ т (cos? 0 — cos Ө sin? 0) __ 
Xy lim 0,0 2 - у = Jim, т? cos? 0 +r? sin? Ө = lim. 1 0 
. r. " 2 Ae > ES р 30. n? 
lim cos ( 522, | = lim. cos ( 5:95,6—5 5m] — Jim cos | 7602-50 9| — сов0 = 1 
х,у) > (0,0 х? у r0 г? cos? 0 +r? sin? 0 r0 1 
* 2 " 2 ein? « 1 1 4224 . % А 4 
lim У = lim Г = lim (sin? 9) = sin? 0; the limit does not exist since sin? 9 is between 
х,у) = (0,0) Х ТУ 1-0 г г—0 
0 and 1 depending on 0 
lim E т шы im 260080 == im 20058 — 2 mE 8. the limit does not exist for cos 9 = 0 
( ) (0 0) х+х+ у? — 0 Г-гс0$9 +0 г+с050 ^ со 
х, у => ? 
lim tan"! E 4 x — lim tan-! E cos 0| + |г sin 1 — lim tan-! Б (|сов err [sin 0|) |, 
(х,у) > (0,0) ХУ] го 4 r0 4 | 
ifr — 0+, then lim. tan | 261 = lim, tan | Е 6| + |sin а - : ifr — 07, then 
T— E => 


lim tan"! | — lim tan"! (е0) 2 
г 07 5 r— 07 


T 
—r 779 


— the limit is 5 


lim Y — lim 
oxy) оо) RED 


—] and 1 depending on 0 = the limit does not exist 


2 220. r2 gin? " . . . 
rco бег sm — lim (cos? 0 — sin? 0) = Ши (cos 20) which ranges between 
Л" 
г- 0 г 0 


У 2 х2у2 2 ! d edu. А cd dg 
lim In (3: у Toy ) = lim In (3 cos* 6 — г“ cos ш 0 + 3г^° sin 2) 
(х,у) — (0,0) * ТУ г-0 | 


= lim In (3 — r° cos? 0 sin? 0) = In 3 = define (0,0) = In 3 
IY => 


Geos) (г sino) L lim, Згсов 6 sin^ 6 = 0 => define (0,0) = 0 
г— 


Let ô = 0.1. Then /x? + y? <6 = x? +y? < 0.1 => x? +y? < 0.01 = |x? +y? – 0| < 0.01 
= |х, y) — f(0,0)| < 0.01 = є. 


Let 6 = 0.05. Then |x| < 6 and |у <6 = [f(x,y) — £(0,0)| = |= – 0| = |w4| € |у| < 0.05 = є. 


Let 6 = 0.005. Then |х| < б and |у <6 = | (х,у) — f(0,0)| = 
< 0.005 - 0.005 = 0.01 = e. 


sg — 0| = [а | < Ix Yl < |] 01 


Let 6 = 0.01. Since —1 < cosx <1 = 1<2+cosx<3 = iX <1 > хэй Баг | < х+У 


= а = 2 +с05х| — 
< |x| + |y|. Then |x| < бапа |у| < 6 = [f(x y) — £(0,0)| = |== – 0| = ЖҮН < |x| + |y| < 0.01 + 0.01 
= 0.02 = є. 
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810 Chapter 14 Partial Derivatives 


73. Let 6 = 0.04. Since y? < x3 + y? => У «12 МУ, < |х| = уха < / x2 +y? <6 = |Ңх,у)- 0,0) 


х2 + у2 х2 +y? 


2-0 < 0.04 = е 


74. Letó = 0.01. If |y] < 1, then y? < |у| = Vy? < Vx? + у2, so |х| = vx? < x? - y? = |х| + у: < 2\/х? + y?. Since 


2 24 42 х? 2 Tay у? ре У х? у y? 2 
x^ EX" фу > шүү < Тау <х фу => ұту < 1. Then түр < gta x| + гугу < |x| фу“ < 26 


4 


= |f(x,y) – £(0,0)| = |2225 — 0| < 2(0.01) = 0.002 = e. 


x+y 


75. Let 6 = \/ 0.015. Then yx? +y? +z? <6 = |f(x,y,z) — £(0,0,0)| = |x? + y? + z? — 0] = x? + y? + 22| 


= (ут re) <(/0015) -0015-с 


76. Let ó = 0.2. Then |x| < 6, 
= 0.008 = е. 


y| < 6, and |z| < 6 = |Кх,у, 2) — f(0,0,0)| = |ху2- 0] = |xyz| = |x| ly] |z| < (0.2? 


77. Let 6 = 0.005. Then |x| < ô, |y| < 6, and |z| <6 = |Қх,у,2)- f(0,0, 0| = |_--- У — 0 


x +y +z +1 


= с <|х-у--2| < |x| + |y| + |z| < 0.005 + 0.005 + 0.005 = 0.015 = є. 


78. Let 6 = tan ! (0.1). Then |x| < 6, |у| < ô, and |z| <6 = |Қх,у,27)- f(0,0,0)| = |tan? x + tan? у + tan? z| 
< |tan? x| + |tan? y| + |гап z| = tan? x + tan? у + tan? z < tan? 6 + tan? 6 + tan? 6 = 0.01 + 0.01 + 0.01 = 0.03 = є. 


79. f(x,y,z) = | lim (X +y — 2) = Хо + yo — Zo = f(Xo, yo, 20) => fis continuous at 
X 


im 
(х,у,2) — (Хо, yo; Zo „У; 2) — (Хо, yo; Zo) 


every (хо, yo; Zo) 


80. f(x,y,z) = lim (x? + y? + 22) = ха + уд + 22 = хо, уо, 20) => fis continuous at 


іт 
(х,у, 2) — (хо, уо, Zo) х,у,2) — (Xo, yo; Zo) 


every point (Xo, yo, Zo) 


14.3 PARTIAL DERIVATIVES 


1. Æ —4x, $ = –3 2. & =2х—у, 8; = -х+2у 
3. & = 2х(у + 2), F=x?-1 4. & = Sy — 14x + 3, $ = 5х - 2у — 6 
5. 8 —2y(xy – 1), A — 2x(xy — 1) 6. 8 = 6(2х – 3y)’, ді = —9(2x — 3y)? 
7 Of __ X Of — y 8 of 2x? Of __ 1 

дх \/х? xy ду NI су! 


Of — 1 д = 1 Of _ 1 д = 1 
9. а = — бу ox КУ) = — отур, ду = {утуу ` ду (ХУ) = — (сууу 
10, 2 — @+y)@=x@x _ у-ж ө _ (к-у?) 0) хОу) _ 2ху 
` ðx (х2 + у?) (ха + у?)*, ду (x? + у?) (x? + у?) 
11, 8£ 2 = &y-DQ-G-yQ _ -y-1 of _ (ку 0) -(к+у)к) _ —?—1 
` Ox (ху 1? (ху 1? › ду (xy - D? (ку - D? 


Copyright O 2010 Pearson Education Inc. Publishing as Addison-Wesley. 


www. гетепд. 15 


12. = 1. 2 (Уу = у = 


Section 14.3 Partial Derivatives 


ю [1+ (77 


13. at - eH). 2 (х+у + 1) = еу), 


Ё эш 21 - 2 (5) = 1 о «x 
х фу ду ~ 14 (2)? ду \x “| +] = фу: 


2, = е(х+у+1) 1 2 (х+у+ 1) = е(х+У+1) 


14. ue = —e™* sin (x + y) + e * cos (x + y), Е = e^* cos (x + y) 
аг _ д 2001-0801 9 2 
15. x теат тоттан 
16. of = еу. 2 (xy)-Iny = уе? пу, 8 = е. 2 (xy)-Iny+e%-1=xeY¥lIny+ Ž 


17. €€ 22 sin 


3y)- 2 sin (x 


Зу) = 2 sin (x — 3y) cos (x — 3y)- 


2 (x — 3y) = 2 sin (x — 3y) cos (x — 3y), 


x = 2 sin (x — 3y) - 2) sin (x — Зу) = 2 sin (x — Зу) cos (x — Зу) - 2 (x — 3y) = —6 sin (x — Зу) cos (x — 3у) 
18. 27 = 2 cos (3х — y?) - 2 cos (3x — y?) = —2 cos (3x — y?) sin (3x — y?) - 2 (3x — y?) 
— —6 cos (3x — y?) sin(3x — y?), 
а = 2 cos (3x – у?) - Ž со $ (3х — y?) = —2 cos (3x — y?) sin (3х — y?) - 5 (3x — y?) 
= Ay cos (3x — y?) sin (3x — y?) 
Of __ -1 Of |. — lnx Of _ 1 Of _ -lnx 
19. 5х = уху", m x’ lnx 20. f(x,y) = hs 79 m xy and ду = yünyy 
21. $ = —g(x), Æ = gly) 
22. f(x,y) = 3; (хуу, Saag cg x3) v rand 
Of __ 1 д = x 
dy |. ü-xyy ду И — ху) = (Г ху? 
23. f, = y’, fy = 2xy, f, = —4z 24. f, =y+z,fy=x+z,f,=yt+x 
2 = y = 2 
25. f. = L fy Ak JS 
26. fx = —x(x? + y? + zy» fy = -y(x + у? + 22) 3”, f, = —2 (x? + у? + 72) 3? 
= yz 2 х2 2 ху 
27. fx М1 = х2у222 ‚ іу М1 = х2у222 2 fz vA — xig 
2 1 = 7, 25 M 
28. = [x +yz| у(х + yz?-1 fy [x 4- yz| / x 4- yz? — 1 E |x +yz| у(х + yz? — 1 
E 1 E 2 2 3 
29. Б 7 х+2у +32 ° f, ^o х+2у +32 ° f, ^ x+2y+3z 


30. б = у®- у Ed) s Б 


Ё, = y In (xy) + yz - © In (ху) = у In (xy) 


31. f, = —2xe- (^, = dye +) ү, = 


32, f, = —yze 97, f, = —xze 9", f, = 


—хуе 


z In (ху) + yz - 2, In (xy) = z Ш (ху) + 22 -Ë (ху) = z (ху) + 7, 


ху 


—2ze- (х2+у2+22) 


-ху2 
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812 Chapter 14 Partial Derivatives 

33. f, = sech? (x + 2y + 32), f, = 2 sech? (x + 2y + 32), f, = 3 sech? (x + 2y + 32) 
34. f, = у cosh (xy — 22), fy = x cosh (xy — 22), f, = —2z cosh (xy — 22) 

35. Æ = —2m sin (271 — а), & = sin (27t — а) 


дї 


36. да - у2е(24/у) . 2 (=) = 2veQu/v). os = 2ме бију) а. у2е(24/у) . = (=) = 2уе(24/у) = 2пе(24/ч) 


да v 
37. 9» = sin ф cos 6, 9) = p cos ф cos 0, oh = —psin ¢ sin 0 
38. д =1 сов 0, 2 58 = =r sin 0, 2 5 = =-1 
39. Wp = У, W, = P+ &, W = МЕ W, = er = Vor ЛЭГ 
0. Pam B= EBB B= + 
41. Ñ =1+y, 2 -14х, 1 =0, 9 =0, 2L. = #4 = 
42. 2L = y cos ху, 55 = x cos Xy, 24 = —y? sin ху, ші f = —х2 sin ху, $c = ШЕ = cos Xy — Xy sin Xy 
43. 98 = 2xy + y cos x, 28 = x! — sin y + sin x, 2$ = 2y — y sin x, 2§ = = cos у, Е = 2: = 2х + cos х 
у х y yox хду 


dh _ у oh y Әһ а 2 Ph _ Oh _ у 
44. 25 = ©, By = хе + 1, да = 0, др = Хе, gyar = Буу = & 


45 or _ 1 дг _ 1 O^ —1 Or —1 Or д. 


= — _-l 
"oOx x+y?’ Oy — x+y’ Ox?  (х+у) ° Oy? — (хау)? дудх ^ дхду ^ (x+y)? 


T 25 40-09Їн | = a р) 80-01 ны эт «зэ 
Lo 2% Os _ _—x(2y) 


E E E E 2xy д? s (“-у)(-0-уОу _ у—х 
бе (Язу)  qeeyy tor ая 


(ну бук бебу 7 (жир У 


47. = 2xtan(xy) + x?sec?(xy) · у = 2xtan(xy) + x?y sec? (ху), Di = x? sec? (ху) · x = x? sec? (xy), 


= 2tan(xy) + 2x sec? (xy) · у + 2xy sec? (xy) + x?y вау) tan(xy) · у) 
= Ил DET. + Аху sec? (xy) + 2x? y? sec? (xy) tan(xy), 2 u- = x? (2sec(xy)sec(xy) tan(xy) - x) = 2x^sec?(xy) tan(xy) 


Ow _ Ow 


Эудх = 595 = 3x? зес? (ху) + x? (2sec(xy)sec(xy) tan(xy) · у) = 3x? зес? (ху) + х?у sec? (ху) tan(xy) 


48. Өк = уе“ -Y .2x = 2xye* СУ, Es = (1)е =Y + уе -* (-1) = е -*(1— у), 
25) -2уе“-У Ші ӘН . 2x) = 2ye* -У(1 + 2х2), d = (73 . (-))a — у) +e" ~¥(-1) 


= 2w х2 — x^-— 
= е "yo 2), 2 да = = $3. = (с d 2х) (1 = у) = 2хе | ҮЙ =>; 


49. 9% = sin(xZy) + хсоѕ(х2у) - 2xy = ѕіп(х2у) + 2х2усоѕ(х2у), A = хсоз(х2у) · x? = x3cos(x’y), 
У = соѕ(х2у) · 2ху + Axy соз(х?у) — 2x?y sin(xy) - 2xy = бхусов(х2у) — 4х3у? віп(х2у), 
= mE ѕіп(х2у) - х2 = —x° ѕіп(х2у), eX = = AX = Зх2соѕ(х2у) — х?ѕіп(х2у) - 2xy = 3x?cos(x?y) — 2x^y ѕіп(х2у) 
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51. 


52. 


93; 


54. 


55. 


56. 


57. 


58. 


59. 


60. 


61. 


_ -xX +2ху+у dw _ 


(2 + у)(-1) - (к-у) . 


2 


Section 14.3 Partial Derivatives 


22 == № 

дх (х у) НИ 2 30 (к? yy 7 (а ауу” 
әм _ +у) 2x + 2y) – (—x? + 2xy + y)2(x? + y) (2x) E 2(x3 — Зх2у -3xy + y?) 
E [oe у] (ty? 
aw __ ( у). 0 (-х2-х)2(52--у) 1 _ 2х242х w Әм _ (x74 у) ох E1) - (=x? + 2xy + у) 2 (х + y): 1 

2 2 = 2 3» m — 2 
ду [62 yy] (x? фу) дудх дхду [+y] 
__ 2х3 E 3X! - 2xy - y 
шиг 
Ow — 2 Ow — 3 Ow _ —6 and Ow _ —6 
Ox  2х-3у ’ ду  2х+3у? дудх | (2x+3y)?’ дхду — (2x+3y)? 
Ow — ax y Ow _ Фу _ _1 1 Ow _ 1 1 
эх =e +шу+, у =y TX, будх = =; tand gy =, 
ди = у? + 2xy? + Зх2уќ, X = 2ху + 3x?y? + 4x3y3, X = 2y + бху? + 12x?y?, and ak = 2y + бху? + 12x2y? 
би = sin y + y cos x + y, бк = X COS у + sin X +x, мн = cos у + cos x + 1, and x = cos y + cos X + 1 
(a) x first (b) y first (c) x first (d) x first (e) y first (f) y first 
(a) y first three times (b) y first three times (c) y first twice (d) x first twice 


| Е Ш T ie 
f,(1,2) = Ши ныд) = lim П-(1--І9--2 билээ Q-6 _ 
һ—0 ћ— 0 


іш =- — lim (—13 — 6h) = —13, 
ћ— 0 ћ—0 


lim 
һ--0 


—h—6(1+2h+h?) +6 


(1,2) = lim 2:72 рр Loder за EO - jy Q-6-29-0-9 


Ші, (52-22 


a К-24-,1)-4-2,1) __ 4 [44-2(-24-h) 23 — (-24-h)] - (—3 +2) 
apum иж ли 
= lim Æ+ -= lim 1-1, 

ћ— 0 ћ— 0 
f,(—2, 1) = lim f(-2,1-h) -f[-2,1) _ їр [4–4–3(1+ћ) +2(1 +ћ)7] - (234-2) 
d ^ ћ—0 ћ ћ— 0 ћ 
= lim (с-з аны _ Би 5426 — fim (1--28)-1 
ћ— 0 ћ— 0 ћ— 0 
n (—2 3) = Úm f(—2 +h, 3) —f(-2,3) _ limi V2(-2+h) +9-1-М-4+9-1 
Ж? ћ—0 h ћ—0 h 
ET У28-4-2 4 (223 2 2h44 2) ЕЕ 2 _ 1 
=a h о ћ Мћ+4 +2 Пи. V2h+44+2 2 
f (2-2 3) = Üm f(—2,3 +h) —f(-2,3) _ lim М-4+3(8 +h) -1-М-4+9-1 
са ћ—0 h ћ—0 1 
mE vV3hr4-2 4 ДЕ 2 /3h+4 2) ШИ? 3 23 
i e. ш = ћ Мата +2 рй, Мо+а+2 4 
sin (n? +0) 
= = a 3 

5,(0,0) = lim £9*59550 — p Сыз = lim 85 = 1 

ћ—0 ћ— 0 ћ— 0 

за (0 +ћ9) 
= win ht E "v 

5400) "aH ix c Шы ни ey B Td (в. 52 == 


(a) In the plane x = 2 = f (x,y) = 3 = #(2,-1) = 3 >m = 3 


(b) Inthe plane y = —1 = Ё (х,у) = 2 = 5,2, 


-1)222m-2 


Copyright O 2010 Pearson Education Inc. Publishing as Addison-Wesley. 


813 


www. гетепд. 15 


814 Chapter 14 Partial Derivatives 


62. (а) Inthe plane x = —1 > f,(x,y) = Зу > f(-1,1) 3(1? 232 т= 3 
(b) Inthe plane y = 1 => f(x,y) = 2х > f,(-1 


63. Е (хо, yo, Zo) — lim Қалу zo +h) — ffxo, yo, Z0) , 
һ— 0 


: 1(1,2,3--)-1(1,2,3 : 2(3 +h)? —2(9 : 
£(1,2,3) = lim, (65355-0653. = үш 2858 ҖӘ = fig PHI = lim (12 + 2h) = 12 


хо, yo + В, zo) — (хо, Yo, 20). 
ћ э 


64. (хо, Yo, Zo) = tim, 


f,(—1,0,3) = lim Е-Е). gg 0 — im, (2h4-9) 29 
Ju һ->0 ћ 0 


RES h 


65. у + (322 2) x +z’ — 2y % = 0 = (3xz? — 2y) % = -y -  — at (1, 1, 1) we have (3 — 2) 22 = —1 — 1 ог 22 = —2 


66. (2) z ox + (+) 2 — 2х2 = 0 = (z+ У — 2х) & = —x => at (1, 21, 3) we have (—3 — 1 — 2) 23 = —1 ог 2 = 1 


67. а? = b? + c? — 25 cos А => 2а = (2bc sin А) M = дА = ыша: also 0 = 2b — 2c cos А + (2bc sin А) 28 
= 2с соз А — 2b = (2be sin А) ФА => дА = ccosA-b 


Ób ðb be sin A 
68, -= = -> > Са - 0 = (sin А) 22 — acos А — 0 > 23 = 2084 , also 
` sinA — sinB sin? A Ox m OA _ sinA ? 
1 да рү да — _ 1 
(six) 25 = b(—csc В cot B) > 55 = —b csc В cot B sin А 


69. Differentiating each equation implicitly gives 1 = v, In u + (t ) ux and 0 = ux In v + (i ) ух ОГ 


1 1 
(пију +(*)u=1 _ г шу 
(3) vx + (in v)u = 0 = 


ER Inv 
~~ (Inu)(In v) - 1 


70. Differentiating each equation implicitly gives 1 = (2x)x, — (2у)у„ and 0 = (2x)x, — yy or 


1 -2у 
(2х)хь — (2ују = 1 > == [ E | = = à and 
(2х)ха — у. = 0 ч |2x —2y| | —2х+4ху | 2x—4xy 
2х -1 
2х 1 
— | 0] ____-гх Ц 201 2 ðs _ > 
у. = —2х+4ху — —2x+4xy 2х-4ху  1-2у? ; пех $ = x? --у? => = 2х х + 2у 8 


эм 1 1 — 1 2y _ 1+2у 
m 2x (5) +25 (т^) ^ 1-2y T 1-2у 1-2у 


-10 ify>0 2 f(x,0--h)—f(x,O) 1. f(x; h) - 0 
71. “еле ify «907 5. ‚ y) = 0 for all points (x, y); at y = 0, fj(x,0) = lim h = lim т 
3 2 і 
= lim” zh = 0 because Jim. fes b) = Jim 7, = 0 and Jim. ев) в) — Jim 1 =0= (х,у) = ( S b 5 S 
fj (x, y) = fy(x, у) = 0 for all points (x, у) 
72. Atx = 0, £,(0, y) = lim = у) - Ко, У) = Jim y) 20 = lim ih, 3) which does not exist because — lim Қу) 
һ—0 һ—0 —0 һ-0- 
2 ВЕНИ ifx >0 
= lim K = 0 and Jum = = lim У = = lim Fi = +оо > f(x,y) = 4 2v* | ; 
h—0- h—0* h—0* УВ 2x ifx <0 


1 > 
f(x,y) = ( о x = | => (х,у) = 0 for all points (x, у); fyx(x, y) = 0 for all points (x, y), while f,y(x, у) = 0 for ай 


points (x, y) such that x Æ 0. 
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of of of at ot at Ot Ort Of — = 
73. Эх 2х, ду 2у, 52 47, ox 2: бу? 2. 52 4 aa + бу? + эв = 2+2+(—4)=0 

Of __ Of _ Of _ 2 2 2 Of | Of _ Of | Ot Ot Ot 
74. 5х = —6xz, бу = буг, 5, = 67. 3 (х ТУ) ва = —6z, ду? = 67, 25 = 122 => az + ду + Өш 


= —67 — 67 + 127 = 0 


Of — 95-2y qi Of — 9e-2y Of _ да» Of _ де Of | OF 
75. Эх = 2е ? sin 2x, ву = 2e? cos 2x, Ө? = 4e ^! cos 2x, дут = Де? cos 2х = ую + ду? 
= —4е 77 cos 2х + 4e? cos 2x = 0 
76. 9€ — x Of ___ У О | y-o grt х2-у _, д фат — у? х? x-y . 
` Әх ЮУ > ду — ЮУ > 9х2 — (ту By? — (кожу) Эх? ду? — (уау (ауу — 
of of Ort Ot Ot Of | 2 
77. дх 3,5 2,653 0,5: 0 ба + эр = 0+0=0 
18. DE. Us . y РЕ. an ә [y брак ыы. 
НЬ. TO PORUM 1+ (2) ыы (у? +0) (у? + ° ду? (у? + х2) (у? xy 
y y 
Ot at —2xy 2xy _ _ 
=> Ox? + Oy? (у? + х2)2 giao 0 
Е 0: 2 2\-3/2 = 2 2 2\-3/2 af _ 12 2 2\-3/2 
79. oe РУ 4) (2x) = =x (x? у: + z?) ww Е +y* + z^) "' (y) 
-3/2 —3/2 —3/2 
= -y (x? + у? +22) PO 1 (2+ y? + 22) (92) = —z (x? + у? + 22) n. 
m —3/2 -5/2 gi —3/2 —5/2 
pt = – (x +y? +22) / + 3x2 (x? + у? + 22) P. 8$ = (Pty? + 22) / + Зу? (x? + y? + 22) Ё 
2 —3/2 —5/2 2 2 2 
Zi = —(х? + ура P 4 322 (yt 25) 77 => By aa + Sa 


= |- (x2 + у? + 22) 2 + 3x2 (х? + у? + сан + [- (х? + у? + 22) ?P + Зу? (x2 + у? +2?) P 

-[-0 ey! ez)? +з (х2 + у? + 2) У?| = —3(х® + y! c2) + Bx? + By? + 32) GP + у? ez) 97 = 0 
80. a = 3e)**^Y cos 57, а = 4e3*+4Y cos 57, a = —5е3*+4У sin 52; 24 = 9е3Х44У cos 52, p = 16e?**^ cos 52, 

a = —25e9**^y cos 52 => ын + s + = = 9e3*+4Y cos 57 + 16655797 cos 52 — 25e?*^^Y cos 5z = 0 
81. ды = cos (x + ct), би = с cos (x + ct); ду = —sin(x + ct), ow = —c? sin (x + ct) > ow = с? [— sin (x + ct)] = с? aw 


82. 9* = —2 sin (2х + 2ct), & = —2c sin (2x + 2ct); £X = —4 cos (2x + 2ct), 2% = —4c? cos (2x + 2ct) 


Әх? де 
= ow = c?[-4 cos (2x + 2ct)] = c? ow 
83. ou = cos (x + ct) — 2 sin (2x + 2ct), би = с cos (x + ct) — 2c sin (2х + 2ct); 
aw = — sin (x + ct) — 4 cos (2х + 2ct), ow = —c? sin(x + ct) — 4c? cos (2x + 2ct) 
> дз = c?[- sin (x + ct) — 4 cos (2x + 2ct)] = с? ow 
Ow _ _1 Ow с дм _ l Ow е Ow _ 2 —1 — „2 дм 
84. Ox ^ x-cct? Ot х-сі? Ox? ~ (х--с027? 20 ^ (+а? => де — с ЕЕ -с gg 


85. ды = 2 sec? (2x — 2ct), бу = —2c sec? (2x — 200); 9% = 8 sec? (2x — 2ct) tan (2x — 200), 


Ox — 
w _ 


ZF = 8c" sec? (2x — 200) tan (2x — 200) => ux y = с2[8 sec? (2x — 2ct) tan (2x — 2ct)] = c? Zw 
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816 Chapter 14 Partial Derivatives 


86. 5% = —15 sin (3x + 3ct) + e**, 2* = —15c sin (3x + 3ct) + сеч“; Fw — _45 cos (3х + 3ct) + езе, 


Ox ^o — 
Ow _ _ 2 2 дх-с Ow 2p. xtet] — „2 0 
ag = – 450“ cos (3x + 3ct) + се" = 5 = c^[-45 cos (3x + 3ct) + e**| = c^ 57 


87. дж = 81 ди = (ас) => ди = (ас) (2) (ac) = adc? 2%; ôw — Of Qu — Фа ду (а 2) -а 


Ot ди at OU Em) ди? > Ox ди дх ди Әх? ди? 
2 OF ду 2.2 Qf „2 („2 O£Y _ 2 дм 
дч? qu ҮН ди = 8 (а 58) = Ox 


88. If the first partial derivatives are continuous throughout an open region R, then by Theorem 3 in this section of the text, 
f(x, y) = хо, yo) + Б (Хо; yo) Ax + f,(X0, yo) Ay + а Ax + ez Ay, where ei, є — 0 as Ax, Ay — 0. Then as 


(x, y) — (xo, Yo), Ах —> бала Ау 0 = (жу) m f(x, y) = (хо, уо) => f is continuous at every point (xo, yo) in R. 
х,у) — (хо, Yo 


89. Yes, since f, ђу, Гу, and fy, are all continuous оп К, use the same reasoning as in Exercise 76 with 
f(x, y) = В (хо, yo) + faxo, yo) Ах + fy(xo, yo) Ay + а Ax + e; Ay and 
fy(x, y) = fy(Xo, уо) + Ру (хо, yo) Ах + fyy(Xo, yo) Ay +€,Ax +€,Ay. Then 25 lim f(x, y) = fx(Xo, yo) 


х,у) — (хо, уо 


апа lim fy(x, y) = БС, yo). 
(х,у) = (хо, Yo) 


90. To find a and 8 so that u, = Uxx > щ = —Ü'sin(ax)e ?' and ux = acos(ax)e*! 2 (а хје 95 then 


e?! = —а? sin(a x)e ?' , thus u, = uy, only if 8 = а 


=> ба = –а 


ш = uy, > —sin(ax) 2 


h ољ2 
.  f(0+h,0)-f(0,0) _ 1; RATO _ |. 0 . ; Қ0,0--Һ)-Қ0,0) |. 2280 _ |. 0 . 
91. f,(0,0) = lim = lim == = lim; = 0; f, (0, 0) = Па = lim 2——— = lim; = 0; 
(0,0) h—0 h hoo) № hoo y(0, 0) һ-0 ћ 0 № h-0h 
(ЮУ = lim 


= y mm =. нэ | 
f(x,y) = у іт y ey yim, су гу = p, = different limits for different 


. 2 . k 
(x,y) 20,0) i a ES 


along x — ky? 

values of k => um 0) f(x, y) does not exist => f(x, y) is not continuous at (0,0) => by Theorem 4, f(x, y) is not 
х,у) > AU, 

differentiable at (0, 0). 


— Jim КОВ, 0) — 0,0) _ |. 0) -1 1-10. — Jim 000+) = 0,0) 144 f(05-1. 1-1. 
ши 5 eee NE ны 
lim f(x, y) = lim 0 =0 but lim f(x, y) = lim 1212 lim f(x, y) does not exist 
(x, y) — (0,0) у 0 (њу) = (0,0) у-0 (x, y) = (0,0) 

along y = x? along y = 1.5х2 


= f(x, у) is not continuous at (0, 0) => by Theorem 4, f (x, y) is not differentiable at (0, 0). 


14.4 THE CHAIN RULE 


1. (a) ow = 2x, = 2у, x = sin t, ЧУ —cost => dw = —2x sint + 2y cost = —2 cos t sin t + 2 sin t cos t 
= 0; м = х? + у> =cos’t+sirPt=1 > 4 = 0 
а 
(b G(m = 0 
2. (а) б ок пре ду, = sint + cost, 9 = — sint — cost > dee 


= (2x)(— sin t + cos t) + (2y)(— sin t — cos t) 
= 2(cos t + sin t)(cos t — sin t) — 2(cos t — sin t)(sin t + cos t) = (2 сова t — 2 sin? t) — (2 cos” t — 2 sin? t) 
= 0; № = х? + у? = (cos t + sin t)? + (cos t — sint)? = 2 cos? t + 2 sin? t = 2 = n -0 

(b 2 (0)-0 
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3. (а) 
(6) 
4. (а) 
(6) 
5. (а) 


(5) 


(6) 
7. (а) 
(6) 
8. (а) 
(6) 


Section 14.4 The Chain Rule 


ду = 1, ӧн = 1, = И & = 2 cos t sin t, ® = 2 sin t cos t, € = — 1 
dw _ _ 2 : 2: 3 x+y __ cost sin?t 5 х y cos? t sin?t __ dw — 
> T= — 5 costsint+ > sintcost+ ar = (С) ; № 2 Бий ин т =1 
2 ( ( 
dw = 
= (3) = 1 
Ow _ 2x Ow _ 2y Ow _ 2z dx __ : dy — dz _ 94—1/2 
Ox — х +у +2 ° ду х? +у +2 ° да Хуа = sin t, dt — COS t dt =2t 
a dw _ -2xsint + 2y cost ES 4/22 —2 cost sint +2 sin tcost+4 (40/2) (772 
dt ~ x+y +22 х2 у? +22 x+y +22 = cos? t + sin? t + 161 
PER MCN 2 2 2) — 2 : 2 2 dw _ _16 
= pig У = ln(x фу +z“) = In (сов t + sinf t+ 160) = In (1 + 169 > а = тата 
dw 16 
а (3) = > 
Ow — х Ом —^ax Ow _ 1 dx | 2t dy | 1 dz _ gt dw __ 4yte* 2ех el 
Әх = 2уе", Gy = 26", 55 = z? 402417 470412 dt 2 а = ват Рат 7 
__ (4t) (tan! t) (2+1) 2 (8 4-1) е = 52 х Е =i 2 
= ёл + =т= © —4ttan t + 1; w = 2уех — Іп z = (2tan t) (tà +1) -t 


> oh) (8 +1) + 2а) 20 – 1 = Аш 


W (1) =(4(1) (5) +1="7 +1 


д д (2) а а та = d = 
Эх = —УСО5ху, бу = —х СОЗ Ху, 57 = la =1, Z= 1, Ze dw — _y cos xy — ŽES 4 en! 
= —(In t)[cos (t In t)] — с + еб! = —(In t)[cos (t In 0] — cos (t In t) + e^; w = z — sin ху 


= e! — sin (tln 0) = dw = е! — [cos (t In t)] [Int+t (2)] = e! — (1 + In €) cos (t In t) 


9% (1) 21—(1-0)1 20 


д2 _ Oz Ox | Oz Oy _ x cos V 4e* : __ 46“ In y Дех sin v 
да дх Ou ду ди = (4e In y) (28%) + (3) (sin v) = u р у 


= А(а cos v) In (u sin v) + А(а cos v)(sin v) 


= (4 cos v) In (u sin v) + 4 cos v; 


u usin v 
Be = Be B+ 3 = Get ny) Gu) + (S) (а cos v) = — (e In y) tan v) + ees 
= [—4(u cos v) In (u sin v)](tan у) + == cos (ш 0050) — (— Au sin v) In (u sin v) + du соз” у н 
z = Де“ ш y = 4(0 cos у) ln (u sin у) = да = (4 cos v) In (и sin v) + 4(u cos v) (22+) 


= (4 cos v) In (и sin v) + 4 cos v; also = = (—4u sin v) In (и sin v) + 4(u cos v) (=) 


u sin v 
4u cos? v 
sin v 


At (2,3): 22 = 4 cos т In (2 sin 1) + 4 cos 5 = 2/21n V2 +2у2 = V2 (n 2 + 2); 
2: — (—4)(2) sin 2 In (2 sin 5) + oe = —4)/2 In V2 + 4/2 = -2V2 In 2 + 4/2 


= (—4u sin v) In(u sin v) + 


1 =х 
аг - С | cos v + m. sin у = aa хрлу = (u sin v)(cos you cos v)(sin v) нэ 0: 
уу y 
1 =х 
% = 9 | ( usin v) E Ae | ucos у = 5 Хал esr = —(usin v)(u sin we (ucos v)(ucos v) 
y) т y 
ЭР ind Жаз ысы -1(хү-2 -1 д2 — да _ 1 2 
= —sin^v — cos* у = —1;z = tan (=) = (ап (cot v) => 5, = Оапа 22 = (==) (- сөс? у) 


= —1 == 
sin? у + cos? v 


At (13,2): 22 =Oand 2 = —1 
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9. (а) 


(b) 


10. (a) 


(b) 


11. (а) 


(b) 


12. (a) 


(b) 


Chapter 14 Partial Derivatives 


Ow 
ди 


— Ow Ox 
^. Ox да 


Ow Oy 
ду Ou 


Ow Oz 


+ Oz ди 


+ 


= (и + v) + (а — v) + 20у + v(2u) = 20 + 40у; 2 ры = 


Ow 2х Әу ду Ow Oz 


+ 


дх ду ду + д? ду 


= (у + 200) + (х + 27)(1) + (у + 0) = x + y + 22 + Wy + х) 


= (y + 20) + (х + 2070) + (у + х)(и) = у 2x + (у 2. = —2v + (2u)u = —2v + 212; 


w = ху + yz + xz = (и? — v?) + (и?у — пу?) + (wv + uv?) = и? — у? + 202у => 28 
ди = —2v + 2u? 

2 
At (5,1): 5% =2 (1) +4(5) 0) = Запа @ = 20 +2 (5) --3 
ду = (25) (е sin u + ue” cos u) + (3) (e* cos и — ue" sin и) + (—— 
= (шан на TUE (е“ sin u + ue" cos u) 


Зе 2ue* cos u ) v MENS des 
( u2e?* sin? u + u?e?* cos? и + u2e2" (e cos u ue sin u) 
E 2ue" ) vi — 23 

(25 sin? u + u?e?* cos? и + u?e?Y (e ) ^ ou? 


2y 


2X _.. ME CUN 
х? +у? + 22 


x+y + 22 


-( 
( 


) (ue" sin u) + ( 


2ue' sinu 
u2e?" sin? u + u?e? cos? u + и2е2У 


) (ue sin u) 


) (ue" cos и) + ( 


2z 
x+y? +27 


) (ue") 


2ue' cos u 

ЈИ (wen sin? u + u2e2" с) (ue* cos u) 

+ (a ee states) (ue”) = 2; w = In (ue? sin? u + u^e?" cos? и + и?е?”) = In (2026) 
E" Ow _ 2 Ow 
=In2+ 2inu+2v > S = сапа 5, = 2 

. Ow 2 _ Ow __ 

At (—2, 0): а = эз = land 5, = 2 
ди ди Op | ди да | Ou дг астра р-4 _q т+т-р+р-4 _ p. 
Ox Op Ox да Ox Or Ox q-r (4-1) (4-і? — (9 = г)? , 
да да Әр | du да | ди дг 1 г-р | P-q | 4-г-г“р-р-а 2p — 2r 
dy ~ др ду! да dy дг Oy а-г (q=? oe (9—1)? (а= 1)? 
__ Ох +2у +22) – (2х +2у – 22) _ 2. Ou _ Ou др + д + да Or 
ЕЕ (22 — 2y} ^ (@-у) ° ôz др Oz 24 5 Or Oz 
=. у. ТЕР р-а _ q-rtr-p-ptq _ 24-2р _ -4у __ У. 

q-r ' q- (9-1) (9—1)? (9—1)? (22 - 2yy (z—yy > 

р-а 2у y ди ди (2-у)-У(-1)... 7 ди _ (2-у)0)-у(1) 
= цег 22-2у 2-у дх 0, ду (z — yy — G-yy" and Oz — (®— у)? 
NER; 
— У 

а . Qu ди 1 ди _ -2 _ 
At (3,2,1): @ =0, & = пух = 1, and & = gy = -2 
ди - qr qr UT — eMYcosx ип я, 
Әх a (cos x) + (re sin“! p) (0) + (деч sin! р) (0) = mr = aa if-5<Xx<35; 
г 2 : -1 2(1)yz 
бі = Ji (0) + (re® sin Ps (2) + (qe® sin! p) (0) = iun po. t т = хгу:“!; 
qr . . 1 

ди — e" _ (0) + (гет віп” 2z In у) + (де! sin! p) (— i). = (2zre™ ут“ In uk me. 
az л у 4 р 7 у) — 
= (22) (1) (y*x In y) — "mos = xy” In y; u = ей У sin-! (sin x) = xy” if о<х<о = 2u = у”, 
ді = = х2у” |, and ди = = = ху? шу from direct calculations 

т 1 17. ди. (1 -1/2 2 ди _ (т 1 1ү(-1/2)-1 2 тү/2 ди _ (т 1\-1/2 ТҮ: тү/21һ2 
А (%, 972): R=G) - 2, 2 = (5) (-1) (4)! цан cuo) аен 


(©) 
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13 dz _ Oz dx 


+ 


Oz dy 


dt дхш 


ду « 


Ow _ Ow Ox Ow Oy Ow Oz 
15. ðu — Ox ди + By ди + д» дч 
Ow _ Ow Or Ow Os Ow дї 
16. Ox д Ox s Ox m Ot дх 


17 Ow _ Ow Ox 


Ow ду 


дь 


дх 


ди 


+ 


ду ди 


Section 14.4 The Chain Rule 


14 dz — Oz du | д2 dv | Ox dw 


dt ~ ðu dt Ov dt Ow dt 
2 
92. az 
ди ow 
и м 
gu. eu. 
dt dt 


Ow _ Ow Ox Ow Oy Ow Oz 
ду дх Ov + ка 


Ow _ Ow Or Ow Os 3 Ow Ot 
Oy _ Or ду s ду Ot ду 


Ow _ Ow dx | Ow ду 
ду дх ду ду ду 


Copyright © 2010 Pearson Education Inc. Publishing as Addison-Wesley. 


819 


www. гетепд. 15 


820 Chapter 14 Partial Derivatives 


Ow __ Ow Ou Ow Ov Ow _ Ow Ou Ow Ov 
18. Ox ðu 5х Т ду дх ду ди ду | ду ду 
\ 
ow. ow. 
ди àv 
u v 
ди. ov. 
әу ду 
y 
Oz _ Oz Ox 9: Oy Oz _ Oz dx 9: ду 
19. Ot дх Ot * ду дї Os — Ox Os + ду 98 
Oy _ dy ди Ow _ dw ди Ow _ dw ди 
20. Or du Or 21. Os аи Os Ot аи д 
у w и 
ду dw 
dy. du du 
du 
и и 
ди ди 
2 95 21 
or 5 t 
ї 
Ow _ Ow Ox Ow Oy Ow Oz Ow Ov 
22. Әр = os dp ^ Uy Op | д» Op | ду бр 
Ow _ Ow dx Ow dy | Ow dx с: dy __ Ow _ Ow dx Ow dy | Ow dy |: 
23. Or дх dr + ду dr Ox dr since г = Os ~ Ox ds + ду ds Oy ds SEE 
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SELLE 25. Let F(x, у) = х? - 2y? + ху 20 = Р(х,у) = 3х? +y 
: edF.) = ух = Ecc =~ д, 
= x + Блуа 
ду 
: y 
а à 
= 95 
s 
26. Let F(x, у) = xy + у? – 3х – 3 = 0 => Е, (х,у) = y — 3 and F\(x, y) = x + 2y => Фу = F = 55 
=> %(-1,1)-2 
27. Let Fx, у) = x? + ху фу: - 7 20 = F(x,y) = 2х + y and (x, у) 2 x -2y = ду = 5 2 ээ 


> %(12)--? 


28. Let F(x,y) = xe” + sin xy + y—In2=0 = F(x,y) = еу + у cos xy and F,(x, у) = xe” + x sin xy + 1 


ду _ E e” + у cos xy dy Ш 
> ны Е, хеу+хѕіпху+1 => ux (0,In 2) = —(2 + In 2) 


29. Let F(x, у,2) = 2? — ху +yz фу - 220 = Е, (х, у, 2) = –у F(x,y, Z) = —х + 2 + 3у?, Е.(х,у,2)- 322 + y 


Oz _ № — У — у Oz 1. 92 Fy x+z+3y? | х—2—3у? 
=> Ox В 322+y 32-у = дх (1,1,1) 4? ду Е, 32-у 2 30-у 
д E 3 
> £01)--3 


30. Let F(x, y,z) = į + + —1=0 = Руј = — > Вуд = — у, В» у, 2 = — 2 


1 
y 


1 
д2 Е, ( 5) 22 д2 . д2 Fy (-3) 2 Oz 
эз кє шс ш ы = жоош Ел #030 =-4 


31. Let F(x, y, 2) = sin (х фу) + sin (y + z) + sin (x + 7) = 0 = Е, С, у, 2) = cos (х + У) + cos (x + 2), 


Е, (х, у, 2) = cos (x + у) + cos (у + 2), БХ, у, 2) = cos (у + 2) + cos (x + 2) => Бе = – E 
cos (x + y) + cos (x + 2) д2 РЕС . dz _ _ Fy __ __ соѕ(х+у) + сов(у +z) д2 == 
cos (у + 2) + cos (х +z) => дх (т, ar т) = И ду — E 27 cos (у + 2) + cos (х + 2) => ду (т, T; т) ==l 


32. Let F(x, у, 2) = xe! + уе +2 шх-2—3ЗШ2=0 = Е» (х,у, 2) = e + 2, Fy(x, у, 2) = xe! + e", F,(x, y, Z) = ye 


Oz — Е _ ( +) Oz = 4 .0z — FE _ xe" e? д2 - 
> &B--RI-STOS > £(Lm24n3)-2-542,:2 = В —— SF > 2 (L1n2,In3) = 


ee 
312 


33. Se = би Ox би 05 + би 85 = 2 + y + 200) + 2(Х + y + 2)[— па + s)] + 2( + у + 7)[соз (т + 81 
= 2(x +y + Z[1 — sin (r + s) + cos (т + $)] = 2[r — $ + cos (т + $) + sin (r + S)][1 — sin (r + s) + cos (r + s)] 
= 88 = 2(3)(2) = 12 


Or | r-1,s—--1 


34. ди = би к би Dy д= Sy (27) xd) (2) (0) =(о+У (2) +e => 2 _ „= 0 (0) + (2) =-8 


35. Зи = Ou Bee = (2x — 3) C2 (1) 0) = Da – у + 1) – AER] (D+ ob 
=> æ -7 


ду | u=0,v=0 = 
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36. 4% = x ^ + 5: ov = (y cos xy + sin y)(2u) + (x cos xy + x cos у)(у) 


= [uv cos (u?v + uv?) + sin uv] Qu) + [(u? + v?) cos (u?v + uv?) + (u? + v?) cos uv] (v) 


> 2 = 0 + (cos 0 + cos 0)(1) = 2 


| u=0,v=1 


Oz _ dz Ox _ 5 u — 5 u Oz = 5 ims 
37. Ou dx ди (<) е = ll e = 2 — [тз] (2) = 2; 


94 = 42 A = (3) (1) = ll (5) => ЕЕ — | y= 


38. 02 — dz да — (1 Vv+3\ — 1 vv+3\ _ 1 = 2z | = 1 s 
' ди ад Ou Ха 1--12 Му + 3 tan-1 u 1+u? J ^ (tan u)(1--w) ðu | u=1,v=—2 _ (tan ТО (1+1) ^ m" 
Oz _ dz да — 11 tan lu 2 1 tan`! u = 1 = az | И | 
ду ~ dq ov Ха 2/v+3 v/v +3 tan! u 2/v+3 2(v + 3) Ovlu=l,v=-2 ~ 2 


39. Letx = 5 +0 => у = f( +t?) = f(x) > @ = 48 & f'(x) 352 = 3s2e8 +, ow — dw 8: — f'(x) .2t— жез 


40. Let x = ts? and y = Н => w = f(ts?, 5) = f(x, y) = - = À - + да бу = f(x, y) : 205 + f(x. у): ! 


а 152)? 4 4 9 » 
— (157) (7) 215 + e | i = 25% + %- *1 a = _ a + » à = f(x у) s? + fy(x, y): * 


= (9) (5) 2 + €-.(-8)) -9-£-$ 


41. V=IR = 9 = Вапа 5% =1; 9 = У Ч 98 -R р => —0.01 volts/sec 


= (600 ohms) € + (0.04 amps)(0.5 ohms/sec) => 4 = —0.00005 amps/sec 


_ dV _ ду да , ду db , OV de _ d db d 
42. V — abc > а = A d + зь а ^ ас а = ФО а + (ac) ар + (ab) а 


- 4У = (2 m)(3 m)(1 m/sec) + (1 m)(3 m)(1 m/sec) + (1 m)(2 m)(—3 m/sec) = 3 m?/sec 


dt | a=1,b=2,c=3 
NE TE dS _ OS да | OS db | AS dc 
and the volume is increasing; 5 = 2ab + гас + 260 => т = 9 Ф 95340791 


= 2(b + с) € + а + с) ® + а +ђ) 4 > 8 — 
= 2(5 m)(1 m/sec) + 2(4 m)(1 m/sec) + 2(3 m)(—3 m/sec) = 0 m?/sec and the surface area is not changing; 


= 2 2 2 ар _ OD da OD db OD dc _ 1 da db де ар 
Е +b +e > = эх «+ ob ш аса Jerrya са) >F 2-15-2,0-3 


= (=) [а m)(1 m/sec) + (2 m)(1 m/sec) + (3 m)(—3 m/sec)] = — Ja m/sec < 0 = the diagonals are 


decreasing in length 


of | Of д of д of Ow _ дї of of — дї of 
43. ын EU xU x = и (1) + 5, (0) + а ( 1) = Şi ду? 


дх ди дх ду дх дх 

af _ af ди | Of ду | Of Ow _ af Л 8f үү əf, дї 

Oy ди ду ду ду Ow ду — Ju ( 1) “р ду а) F ðw (0) ЕЕ да + ду? апа 

Of _ Of да Of ду Of Ow _ Of of of 22 of of of of of _ 
д> — ди д> | ду On T Ow B. = би (О) 5 D+ (= тыс йу дл О 


44. (а) ow = 2х + fy ду = fx cos 0 + fy sin 0 and би = (г sin 0) + fy(r cos 0) => 1 би = —f, sin 0 + fy cos 0 


(b) 2* sin 0 = fx sin 0 cos 0 + fy sin? б and (952) 9% = —f, sin 0 cos 0 + fy cos? 0 
=> fy = (sin 0) Өк + (sos) Әк ; then ох = f; cos 0 + [(sin 0) A + (cos) ow) (sin 0) = f, cos 0 


r 
= ou an (sin? 0) ow (Sin Ecos 8) ow = (1 sin? 0) ow a) ow = f, = (cos 0) ou нэ ЕШ би 
(c) (F)? = (cos?) (88) — (26st) (x дуу + (Set) (08) and 


: AL sin 0 cos w Ow cos? wy? : wy? wy? 
(E)? = (sin? ө) (88)? + (23226) (Ge By) + (sce) (фу! = (6) + (5)? = (9^ + (88) 


Copyright O 2010 Pearson Education Inc. Publishing as Addison-Wesley. 


www. гетепд. 15 


Section 14.4 The Chain Rule 823 


_ ôw _ Ow ди Ow ду |, Ow ðw — Ow д (Ow д (Ow 
45. Wx = Ox ~ Ou ax т ду ax — X ди Бу ду => Way = ди +х y эх (9%) 


_ dw Ow ди Ow ду Ow ди Ow ду) _ dw Ow ow Ow Ow 
~ Qu ex (58 дх T дуди 2J у (2; дх + ду? 23 Ни Qu +x(x да? У +y(x диду -уф%) 


— Ow 2 дм Ow 2 Pw. _ dw _ Ow да Ow ду _ ðw ду. 
= ay tX Qu + 2ХУ руди 7 У av? Му = ду = ди ду | ду ду — У а TX а 
_ _ dw Ow ди Ow ду Ow ди дм ду 
=> Муу = — да y (23 ду + дуда à) ЦАС бу + 57 %) 
201 dw Ow Ow Ow дү... dw 2 Ow ow 2 Ow. 
== ди М ( у ди? +х 23) +х ( у доду +х ду? ) нэ ди Ty ди? 2ху дуди +x ðv? * thus 


Wxx + Wyy = (x? + y?) oy + (x? + у?) ay = (x? + у?) буш + Ww) = 0, since Way + Му = 0 


46. 9* = Роза) + аи) = Fu) + gv) = Wa = f0) + "а = FU) + g'i); 
Se = РОШ) + Е'(У)(—1) => њу = f (?) + 2") G) = —f"(u) — 8) => Wa + Wy = 0 


. : а 
47. f(x, у,2) = cos t, (х, у, Z) = sin t, and Ё,(х, у, 2) = Ё +1—2 > Ч = ді ах + » X4 ar g 


= (cos t)(— sin t) + (sin 0(соѕ t) + (2 +t- 2) =? +t- 2; 20 > 2 +t-2=0 > t=-2 
ort = l;t = —2 x = cos(—2), у = sin (—2), z = —2 for the point (cos (—2), sin (—2), –2); t= 1 = x = cos 1, 


y = sin 1, z = 1 for the point (cos 1, sin 1,1) 


48, 48 = 0к dx ү os & + 2w € = (2xe7 cos 32) (— sin t) + (2х2е?У сов 32) (55) + (-3x?e? sin 32) (1) 


Р 242 с . . 
= —2xe?! cos 3z sin t + A: — 3х?е?У sin 32; at the point on the curve z = 0 = t=z=0 


dw m 20) 41) нэ 
—? dt аз = 0+ 2 =0=4 


49. (a) ЭТ = 8х — 4y and or =8y -4x = = 1% д ЧУ = (8x — 4y)(— sin t) + (Ву — 4x)(cos t) 


= (8 cost — 4 sin t)(— sin 0) + (8 sint — 4 cos t)(cos t) = 4 sin? t 4 cos? t => «т = 16 sin t cos t; 


d =0 = 4 121 — 4 со [= 0 => sin?t= cos? t sint = cos t or sin t = — cost => t= F, 57, 37, 77 on 

the interval 0 € t € 27; 

чт _ = 16sin 1 cos | > 0 => T has a minimum at (x, y) = (22,2); 
“4 

2 5 . 

ат EP = 16 sin 37 cos 27 « 0 = Thasa maximum at (x, y) = (732.33); 
=F 

Фт E "E 5 ЭР 2 УР 2ү. 

«|. = 16 sin 7 cos 7 > 0 = T hasa minimum at (x, у) = (-38.- 38); 
г 

ФТ = nd 77 : 2 2 2 

a | нэ 16 sin 7 cos T < 0 = T has a maximum at (x, у) = (2.-¥%) 
5-4 


(b Т = 4x? – 4ху+4у? > әт = 8х — 4у, апа o — 8y — 4x so the extreme values occur at the four points 


found in part (a): T(- 38,92) -T(33.- X) 


2 


=4 (1) -4(- 1) +4 (1) = 6, the maximum апа 
(2,2) = т(– 2, 32) = «(9 - 4) +4 (0) = 2 te minimum 


50. (a) ёт = уапа 5 =x = т = 01 8 $ = y ( 2 2 sint) +x (/2 cost) 


= (v2sint) (-2 2 sint) + (2 2 cost) (V2 cost) = —4 sin? 1+4 cos? = —4 sin t-- 4(1— sin? t) 


=4-8sin?t > dT = —16sintcostt; ST — 0 > 4 — 8 sin?t 0 sint — = sint Зол t= 7, 
зт эл, a on the interval 0 € t € 27; 
eT  ==– 812 (т) = —8 = T has a maximum at (x, y) = (2,1); 
= 
ФТ 


m = —8 sin 2 (3") =8 = T has a minimum at (x, y) = (—2, 1); 


—3т 
= 4 
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—8 sin 2 (25) = —8 = Т has а maximum at (x, y) = (—2, —1); 


—8 sin2(4) = 8 = T has a minimum at (x, y) = (2, —1) 


(b Т-ху-2 = от = y and аг = x so the extreme values occur at the four points found in part (a): 


T(2, 1) = T(—2, —1) = 0, the maximum and T(—2, 1) = ТО, —1) = —4, the minimum 


51. G(u,x) = | g(t,x) dt where и = f(x) => d = 26 d« 90 & — gu x)fG) + [вл (т, ху dt; thus 


Род = f, уп + dt = РО) = VG + 30+] 2 ve ха = 2ху/х® f “28-20 


1 x? 
52. Using the result in Exercise 51, F(x) — |. t +x? й = — 1 УВ +x? dt > F(x) 
xà 1 
= EN + ха ха — 1 2 t + x? а | = — ха у хе + x? + = dt 
14.5 DIRECTIONAL DERIVATIVES AND GRADIENT VECTORS 
1 #=-1,¢ 


== yf=-i+j;f2,)=-1 


= —1 = у — x is the level curve 


Of _ 2x of _ 1. of _ _2y y 
2. Ox x+y? > a (1,1) = 1; Ея 


=> 8(,1)-1- х21-1-1:41,1-12-12 манж! 


= ln(x? +y?) = 2 = х? + у? is the level curve 


2 2 
in(x «ү)-іп2 


? ? 
огх «y =2 


9 дв — 1. 98 — д = 1 

3. ту = RZD = l; g = 2xy > $Q,-1-2-4 
=> уг=1—4];2(2—1=2== x= 5 is the level 
curve 


> #(V2,1)=-1 > ve=v2i-i: 


= + orl = х? — у? is the level 


да 
тт 
m 
E 
NYS 
| 
tol 
tol 
| 
v|% 
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10. 


11. 


12. 


13. 


14. 


Section 14.5 Directional Derivatives and Gradient Vectors 


Of __ 1 al 22 3 
дх Му > phus 2 a 2. /2x + Зу у 
> 00(—1,2) = 3; > vf= 3); 1-1,2) = 2 


= 4 = 2х + Зу 15 the level curve 


Ч» 


4=2Х + Зу 


>x 


əf _ at = 
Ox — рауга 2х3/2 => дх (4, 2) = 16? 

Ot _ __ух 1 Dx te, 
ду 2у2-х = а г (4, 2) 4 УЕ — 161 — g: 
1(4,—2) = -І = у= — x is the level curve 


У=-ы-Н 


a =2х+2 = &01,0-25$8 =2у = 2 (1,1,1) =2; & = -42--Іпх > 2 (1,1,1) = 


thus vicio -4k 


€ = —6бх®+ с > #11, = – 1; % = —бу > # (1,1,1) = —6; 8 = 622 — 3 (x? + у?) + x 
= #(1,1,1) = 5 thus п бак 

of _ 1 дї — _ 26. oF — at 

Ox — (x2 = EXE E => 9х ( 1,2, —2) = 277 ду Gay ray de => ду (—1,2, 2-2 

af _ 1 at 2 

дг — БҮТЭЭЛИЙГ = %(-1,2,-2)- 235 thus чув 3k 


УЗ кі; (y = e" cosz-Fsin! x => 5 (0,0, : т) = Уз, 


aL = е*+У cos z + A = at (0, 0, т) = 
a = —e*** sinz > 9 (0,0, 7) —-l;thus Y f= (мн Fj- ik 
4i+3j ix 34 
ИА = Spee = Sit Ку = 2y = 56,5) = 10; (х,у) = 2x — бу = 16,5) = -20 
= wvf-10i-20j > (рар, = xz f-u— 10 ($) – 20 (5) = —4 


_ А 3i — 4j 2234 
Uc = V32 + (—4)? 51 


> yf=-—4i+2j > Daf, = 


ВС, у) = 4x => f(-1,) = —4; (х,у) = 2у > f,(-1,1)=2 
2112 8. 


1214-5) 2+2 
mes А = jas = Bit ізі; (ху) = 227 вх(1,--1) = 3; вуку) = “бур по а ийн 
=> Vg-3i-3j = (Dig, = Ve-u=8-B=H 
A 9-2 _ T _ 8) (8) уз 1. 
пије тте, ун! а (х у) = (Тут + (s 5 > AMET 
1) (5) v3 ЭМ. ак СОЧИБ ЖӨЛЕК M 
Ћи у) = л + рта = B7D-i- vh-jitijo (Он vhu- зд да 
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15. u= A у Tit j- GREG YD = уе > 5(1-1,2)-1,5(хууул) =х +2 


= Ба, -1,2) = 3; £,4,y,z)=y+x > Һ(1,—1,2)=0 > yf=i+3j > (Dg = f-u-24 8 =3 


А __itj+k _ l; 1 — 5. 2 
16. п ГА] ЛЫ? Jit 713 ЖАК; І(х,у,2)-2х > Ба 1,1) = 2; у(х, у, z) = 4y 


=> f(,1,)24£(y,2--6z => 50,1,1)--6 > хуї=21+4]—6К = (Dır = vf-u 
1 = 
=> (55) +4(5) -6(5) =0 


А 2i-- j 2 
17. u [А] Мати 2 


=> 8,(0,0,0) = 0; g,(x, y,z) = —3ye* sin yz = g,(0,0,0) = 0 Vg-83i (Dag), = Vg-u-2 


= 21+ 1) - К; &x(X, y, Z) = Зе“ cos yz = в,(0,0,0) = 3; gy(x, у, 2) = —3ze* sin yz 


18. u= р VELA = 3143] + 3К; Ву, 2) = —ysinxy + = № (1,0, 5) = 1; 


hy(x, у, 2) = —х sin ху + ze? => ћу (1,0, 1) = 15 h(x, у, 2) = уе” + 1 = h, (1,0 
= (Duh), = ућ'и=1+: + 34 =2 


Е 
х- 


=2 = vh=i+}j +2k 


2 . . — e: А | ХЕ _ -і-- E 1: 1 5.6: 2 
19. үЁ= (2х +у)і + (х + 2у)ј vf(-L1)—-i-cj ч = m Ло T 51 yz); f increases 
most rapidly in the direction u = — a i+ vs j and decreases most rapidly in the direction —u = "T 1- 8 j; 


(Duf, = Y f-u = | xz f| = У2 and (рь, = —\/2 


20. sz f 2 (2xy + ye? sin y) i + (x? + xe? sin y + ех cos y)j > gf(,0)=2j = и wa j; f increases most 


rapidly in the direction и = j and decreases most rapidly in the direction —и = —j; (Duf)p, = J f-u = | ҳу f| 
= 2 and (D_uf)p, = 


жээ x si oa 20100540 vf _ i—-5j—-k 2 1: 5 * 1 Ё 
21. vf-li (3+2); yk у 4,1,1) =1- 5) - кеа = % = ШЕ = i-is К; 


1 22 К and decreases most rapidly in the direction 


f increases most rapidly in the direction of u — 


1 5 * 
ЕГЕ 3/37 
и = We i + тегі іш 22 к; (Ра ђе = = zf- їл | УЕ = 3/3 and (DDr, - —3\/3 


ЕЗ y/2 +22 + 12 


22. ҳу в = еўі хеј +22К > ve(1,In2,4) =2i+2j+k > u= VE = ЯК — 2142] Ik; 
21 +3 21 +3 1 k and decreases most rapidly in the direction 


g increases most rapidly in the direction u = 


“--2-2і ыы стен ба 3 and Dai = 3 


23. у= (1+1) 1+ (2+1)]+ + Ок > ҳу 1,1,1) = 2i + 2j + 2k u= ут = Git Bit qk 


f increases most rapidly in the direction u = NC i+ т j+ vs k and decreases most rapidly in the direction 


u= 5i zj А к Dufr, = vf-u- |Y f| = 24/3 and (D «fp, = 2/3 


24. vh- (2-2) 1+ (e т+1) +6 = ува 0) -2ie3je6k > и = үр = За 


= 2 i+ 3 j+ 5 К; h increases most rapidly in the direction и = 2 i+ 3) + $ k and decreases most rapidly in the 


direction Cu = — 21— 2j — $k; (Dah), = Y h-u = | Y h| = 7 and (D_gh)p, = — 
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25. 


26. 


27; 


28. 


29. 


30. 


vy f= 2xi+2yj > vf(v2. v2) = 24/21+ 2 /2j 
= Tangent line: 24/2 (x- v2) + 242 (у – №) = 0 
= М2х + V/2y = 4 


Section 14.5 Directional Derivatives and Gradient Vectors 827 


vf = 2401 + 2\2] 


y 
^ 


х фуга у=-х+2\2 


vf=2i-j = у (2,1) 22/2i- j / 


= Tangent line: 2/2 (х — v2) -(у-1-0 


> у-2/2х-3 


УЕ= ях] => wvfQ,-2)- — 21 + 2j A 


= Tangent line: —2(x — 2) + 2(у + 2) = 0 
> у=х-4 


ү f= (2х – у)і + Су—хј = wf(-1,2) = —4i+ 5j 
= Tangent line: —4(х + 1) + 5(y – 2) = 0 
= -4х--5у- 14-0 


vf - -2i + 2j 
2 


ХЕ = (2х — у)і + (—x + 2y – 1)ј 


(а) 
(5) 
(с) 


Jf, -1) = 31-4 = | ҳу (1, -1)| = 5 = Daf(1, —1) = 5 in the direction of u = 31-54 
— ҳу f(1, -1) = -31+4j > | 7 f(1, -1)| = 5 = Daf(1, —1) = —5 in the direction of u = —2i+ $j 
Рака, —1) = 0 in the direction of u = 2i + 2j oru = —41— 3j 


(d) Letu = wi + wj > |u| = /u? +u = 1 > uf +u? = 1; Duf(1, —1) = sz f(1, —1) -u = (3i — 4j) - (uii + шј) 
= Зи — 4 = 4 = 0 = fu — 1 > + (бш - 1) =1 > Би – ju = 0 = ш =0оги =; 
u = 0 = ш = -1 = и = -рогш = > ш = Д >us 1—5] 

(е) Letu = ші + wj > |u| = /u? +u = 1 > uf +u? = 1; Duf(1, —1) = sz f(1, 21) -u = (3i — 4j) - (uii + wj) 
= Зи; —4u = —3 > ш = fm - 15 (fu - 1)? +и2=1=2 Bus — $u = 0 = = 0 or w = 28, 
u = 0 > u = —1 > u = -i, ог uw E 0 E u 21+ 24] 

(a) У 5) =3i+j >| “7-і, 3)| = V10 > Duf(—}, 3) = /10 in the direction of u = Fait 21) 

(b) – f-t, 3) = –31-ј >| ҹу (1, 2)1= v10 = Рака, —1) = – v10 in the direction ofu = — 71 - Jp) 
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(c) 04 (—5, 3) = 0 in the direction of u = 


701 70 u= = T 70) 

(d) Letu = ші + шј = |u| = Vu? +u} = 1 > uf +03 = 1; Daf(—4, 3) = УЕ, $) -u = (3i +j) - (wit wj) 
= Зи + = –2 => № = —3щ — 2 => u? + (-3u; — 2? = 1 => 1002 + 2щ +3 = 0 => ш = EVE 

= => ш = шон = 0 = ээр, -2- Mii or u = ЕС = ш = EU 

> u= шинэ 


(e) Letu = ші + wj > |u| = Vu? + = 1 > uf +u} = 1; Daf(—4, 3) = y f(—4, 3) -u = (3i j) (wi + wj) 
оао Билэг би = 0 = u =0оги, = 3; 


ш = 


и = 0 = ш = 1 = 0 =ј, oru 3 02 -i >u 31—5 51 
31. Wf=yit(x+2yj = y (3,2) = 24 + 7]; а vector orthogonal to ху fis у = 7i - 2j > u= У MM 
V y y V g V ІМ МУЛ? (-2* 
= = i a E j and —u = 22 i+ J Т j аге the directions where the derivative is zero 
32. 7 f= us i E n tam j= УКП =i-—j;a vector orthogonal to ҳу fisv = і +] 
u К A = = = л i+ ТА jand –о = v i j are the directions where the derivative is zero 


33. wf = (2х – Зу)і + (–3х + 8у)ј > ҳу 1,2) = -4 + 13} > | ху £0,2) = /(-4? + (03? = М 185 ; no, the 
maximum rate of change is \/ 185 < 14 


34. WT = 2уі + (2х – 2j- ук => vT(,-1,1)-5-2irjcek = | уТ(,-1,11 = /(—2? +P + 12 = Уб; no, the 
minimum rate of change is — V6 > –3 


35. ҳу #= £(,2i- 5,2) andw = лс = hit іі > (0001,2) = 601,2) (5) + 641, 2(5) 


= 22 > (1,2) + 601,2) = 4» = —j > (р,50,2) = 0,200) +5(1,2)(-1) = -3 = 601,2) = – 


A = mE E 4 m Б. -i- 2j 
=> 601,2) = 3; then 61,2) +3=4 = 50,2) = 1; thus 10,2) = i+ Зјапди = у = zs 


=- 51-95) > О = у= о 0 = – 


36. (а) (Dae = 2/3 > | Wf] = 24/3; а = * = К = 1+ Xj 


17 ЕСТ К; thus u = = 


Js 


> vi-|vflu = у= 23 (31+ d j- ак) = 214-2) - 2k 
SULLA v 1-1 _ 1. ПИР = XP 1 1 
(b v=i+j uw e fut ya (D,f), = у и 2 (35) +2 (>) 2(0) = 24/2 


37. The directional derivative is the scalar component. With ҳу f evaluated at Ро, the scalar component of ҳу f in the 
direction of о is ҳу f- и = (Ра у. 


38. Df = Vf-i=@i+fj+f£k -і = 6; similarly, Df = vf-j-f,andD,f— Vf-k=f, 


39. If (x, y) is a point on the line, then T(x, y) = (x — xo)i + (y — yo)j is a vector parallel to the line = Т-М-0 
= А(х — xo) + B(y — yo) = 0, as claimed. 


40. (a) v (кђ = 9001 200] + 20 к = к (2) ek (2) je k (3E f) k = к (i + 1+ к) = КЕ 
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(b) 


(c) 
(d) 


(e) 


Section 14.6 Tangent Planes and Differentials 


ot В od 8 Of+g 2 Og \ + д : Og 
у @+&) = Misi Mew р вк = (э ү в) р (4 28) i+ (E Ук 


= Rit Bit jit Bit Akt Bk = (Mit Aj Aw) + (Pit Bit $k) = vt- ve 
ХУ f-g) = vi- Vg (Substitute —g for g in part (b) above) 

у (fe) = 581 590 | + Wu — (e+ Beis (Het Brit (Het )к 

= (# в) 1-6 (28е) 1 (2 =) у (Bt) i+ GE) (# )k 

=f (Sit Ze $k) +e(Hi+ Zi Xk) =fvstevet 

v()- ea (нау (SB) (аа) 


Of + Of + : Әр: 8g ; де Ot; , Os, Of Og: , Og ; дв 
Е (на) c) Е z(£i- 2j | 2k) ((8:-23-288) 


е? g g 87 
ЕУІ fvg _ gvf-ftyeg 
= g^ g 


14.6 TANGENT PLANES AND DIFFERENTIALS 


(b) 


2. (a) 


(b) 


3. (a) 


(b) 


(b) 


(b) 


(b) 


(b) 


(b 


wm 


829 


үу f = 2хі + 2yj+2zk => vfd,1,l = 21+ 2j+ 2k = Tangent plane: 2(x — 1) + (у – 1) + 22 — 1) = 0 


=> Х--у--2-- 3; 
Normal line: Х--1-2,у-1-2,7-1-2 


үу f = 2хі + 2уј —2zk => y Қ3,5,-4)- 6i + 10] + 8k = Tangent plane: 6(x — 3) + 10(y 5) + 82 + 4) = 0 


=> 3x + 5y + 47 = 18; 
Normal line: x = 3+ 6t, y = 5 + 10 z = —4 + 8t 


vif=-2xi+2k = у Қ2,0,2)- —4i + 2k => Tangent plane: —4(х — 2) + 2(2 – 2) = 0 
= -4х--22--4- 0 = —2х +2 +2 = 0; 
Normal line: x = 2 — 46 y = 0,2=2 + 21 


wv f = (2х + 2у)і + (2х — 2у)ј + 226 = v КІ, 1,3) = 4] + 6k = Tangent plane: Ку + 1) + 6(z — 3) = 0 
=> 2у + 32 = 7; 
Normal line: x = 1, y = —1 + 4t, z = 3 + 6t 


V f = (—п sin Tx — 2xy + ze?)i + (—x? + z) j + (хех +y)k = y f(0,1,2)=2i+2j+k = Tangent plane: 


2(х — 0) + 2(y — 1) + 1(z 2) = 0 = 2х + 2y +z — 4 = 0; 
Normal line: x = 2t, y = 1+ 2t, 2 =2+t 


у f= (2x — у)і — (х + 2y)j -К = y fd,1,-1) = і -— 3j – k = Tangent plane: 
1x—-1)—-3(y-1)—-1(z-1)202ox-3y-z-—-kL 
Normal line: x =1+t,y=1-—3t,z=-—1-t 


vf=i+j+k forall points => ху Қ0,1,0) =1+ј + К = Tangent plane: 1(x — 0) + у — 1) + 12 - 0) = 0 


= x+ty+z—-1=0; 
Normal line: x =t,y=1+t,z=t 


V f= (2х — 2y — l)i + (2у — 2х+3)] -К = 57 Қ2,-3,18)-91-7|-К = Tangent plane: 
9(х — 2) — 7(у + 3) — 12 — 18) 20 = 9Х-7у-2--21; 
Normal line: x = 2 + 9t, у = —3 — 7,2 = 18 — t 
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9. 


10. 


11. 


12. 


13. 


14. 


15. 


16. 


17. 


18. 


19. 


2 = f(x,y) = ln (x? + y?) > f(x,y) = zn and f(x, у) = zia = f,(1,0) = 2 and fy(1,0) = 0 = from 


Eq. (4) the tangent plane at (1,0, 0) is 2(х — 1)— z = 00r2x –2—2 = 0 


z = Қх,у) = e- 8) = f(x, y) = —2xe- (ЗУ? and f(x, у) = —2ye- +) = £,(0,0) = 0 and f,(0,0) = 0 
= from Eq. (4) the tangent plane at (0, 0, 1) 157 — 1 = Оог27 = 1 


z= f(z,y) = /y—x -Ї(хуу)--1(у-х) И? and ф(х, у) = 1 (у – х)? = 54,2) = – Гапдђ 1,2) = 1 
= from Eq. (4) the tangent plane at (1,2, 1) is — + (х – 1) + 4 (у – 2) – (2 1) = 0 = х-у+22-1= 0 


7 = Қа,у)- 4x? + у? => f(x,y) = 8x and f(x,y) = 2y => (1,1) = 8andf,(1,1) =2 = from Eq. (4) the 
tangent plane at (1, 1, 5) is 8х — 1) + 2(у — 1) — (z — 5) =0ог8х + 2у —2—5 = 0 


УЕ=1+ 2уј +2К = wf(l,1,1) =i4+ 2j + 2k апа у g = forall points; v= J fx Vg 


—2j-2k = Тапсеп пе: x = l,y = 1 + 2t, z = 1 — 2t 


[E 
о > м 


ү f= yzi + х )--хуК > Vfd,l,D=i+j+k у = 2х + 4у] + 67К = у g(1,1,1) = 2i + 4j + 6k; 
ij k 
> v= gfx Jg > |1 1 | =2i-4)+2k = Tangent line: x =1+2t,y=1—4t,z=1+2t 
2 4 6 


үу Ё= 2хі +2] +2К > Vf(1,1,4) = 21+ 2j+ 2k and хур = forall points; у = Vix 576 


j k 
2.2 = —2i+2k = Tangent line: x = 1 — 2t, y = 1,z = 5 + 2t 
1 0 


% 

< 

| 
ON 


vf=it+2yj+k = SEC) =1-+ 2] + Капа ҳу g = j for all points; v = \УЁх Vg 


j k 
2-1 = -1+К = Тапреп пе: х-01-4,у-1,2-1-1 
1 0 


O = м. 


J f= (3х2 + бхуг + 4y) i + (6х2у + 3y? + 4х)ј – 2zk > y 1,1,3) = 13i + 13} — 6k; Wg = 2xi + 2yj + 2zk 


i j k 
= у 0(1,1,3) =21+2] + 6К;у= fx Jg = у= |13 13 —6 = 901 – 90] = Tangent line: 
2 2 6 


x = 1 + 90t, y = 1 — 90t, z = 3 


gf=2xi+2yj = vf(v2. v2.4) =2 2142/23; vg-2d-2yj-k = J g (v2 2,4) 


i j k 
=2\/24+2\/2)—К;у= үх 7g = v= 24/2 2/2 0|--2 21--24/2) = Tangent line: 
2/2 2/2 -1 


x= f2-2/2t y= /24+2/2t2=4 


vt- (ус тә)1+ (аи) + (eee) К > 716.419 = Hit Git Bs 


и = С = 3i+$j-2k = vf-u= на and df = (ҳу f- и) ds = (155) (0.1) ғ 0.0008 


и = 
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20. xz f = (ех cos yz) i — (ге sin yz) j — (уе sin ух) К > ҳу 0,0,0) =; и = WT JBISICH 
Lodo sg d. 2011 E 1241 ЭР 
yit ul Gk V би = с and df = (у f- u) ds = 75 (0.1) ~ 0.0577 


21. ос. тэх ээ = y (2,1,0) = 21+] +k: A = PoP; = —2i + 2j + 2k 


U= = турт =—5ї+ 51+ ДК => Vg-u=Oanddg=(vg-u)ds = (0022) = 


22. у h = [-лу sin (xy) + 27] i — [rx sin (тху)] j + 2х2К > ҳу h(-1, 21, 21) = (7 sin 7 + Di + | sin 7)j + 2k 


E v DD. 5 : = 2 i+j+k = 
=i+2k;v = РР = i + j + k where P, = (0,0,0) ч= р ЛЕП quid usd de k 


= yh- п= = УЗ and dh = (ху h - и) ds = \/3(0.1) = 0.1732 


23. (a) The unit tangent vector at (4. x) in the direction of motion is u — УЗ - 5 j; 


2 
57 T = (sin 2y)i + (2x cos 2у)ј = ут (5,77) = = (sin Уз): + (cos ТЕУІ => р,т (1, X2) = vT-u 


= уз sin УЗ — j cos МЗ = 0.935? СИ 


r(t) = (sin 20i + (cos 20) => v(t) = (2 cos 20i — (2 sin 20j and |v| = 2; 1 = 51 & + a у 


(b dir 


хи 


=VT-v= (ут. т) |v| = (D,T) |v| , where u = р sat (5 32) we have и = У z J from part (a) 


" «т (У sin “0 = УЗ sin \/3 — cos (/3 ~ 1.87? Сјвес 


24. (а) ХУТ = (4x — yzi — xzj - хук > ҳу 1(8,6, —4) = 56i + 32] — 48k; r(t) = 221 + 3tj — СК = the particle is 
at the point P(8, б, —4) when t = 2; v(t) = 4ti+ 3j — 2 = v(2) = 81 + 3j — 4k => u= Bi 
D,T(8,6, —4) = v T-u— vs [56-8 + 32 - 3 — 48 - (—4)] = 78 = ^ С/т 


42 = (35) р = 736° Clsec 


_ 8: 3; 4 
89 1+ Jg 765 


4 
(bp 4 = «бт Y gyT-v=(JT-u)|v| > а =2,4 = 


25. (a) (0,0) = 1, f(x,y) = 2x = £(0,0) = 0, f(x, y) = 2у = 600,0) 20 = Цх,у) = 1+ 0(х – 0) + у – 0) =1 
(b) Қ1,1)-3,5(1,1)-2,,(1,)-2- Ly) = 3 + 2(х —1)++2(у—1) 22x +2у - 1 


wm 


26. (а) f(0,0) = 4, fG, y) = 2K Њу +2) = £,(0,0) = 4, (х,у) = 2 + y +2) > 60,0 =4 
=> х,у) = 4+ 4(х – 0) + 4(у – 0) = 4х + 4у +4 


(b) (1,2) = 25, &,(1,2) = 10, 6(1,2) = 10 = L(x, y) = 25 + 10(x — 1) + 10(у — 2) = 10x + 10у — 5 


хи 


27. (а) f(0,0) = 5, (х,у) = 3 Тога (x, у), (х,у) = —4 for all (x, y) > L(x, у) = 5 + 3(x — 0) — 4(y — 0) = 3x – 4y +5 
(b) f(1,1) =4, В (1,1) = 3, (1,1) = —4 => Цх,у) = 4 + 3(х – 1) - 4(у - 1) 23x - 4у + 5 


хи 


28. (а) 1,1) = 1, f(x, y) = Зху = 5 (1,1) = 3, fy(x, у) = 4x°y? = ђ1,1)=4 
=> Ц(х,у) = 1+ 3(х — 1) + 4y – 1) = Зх + 4у – 6 


(b) КО, 0) = 0, 500,0) = 0, (00,0) = 0 = Ц(х,у) = 0 


— 


29. (a) f(0,0) = 1, KG, у) = е” cos y => Б(0,0) = 1, fy(x, y) = —e* sin y = fj(0,0) = 0 
= Ц(х,у) = 1+ Цх – 0) + 0(у — 0) =х+1 


(b (0, =) =0, f (0,2) =0, f, (0,4) =-1 > Lip =0+0%-0-1(0-* =-у+т 


— 
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30. (а) Қ0,0)- 1, f(x,y) = -е2У-Х = 540,0) = — fx, y) = 2е2-х = 6, (0,0) = 2 
> L(x, y) = 1-10 —0) + Ay —0) = —x 2y 41 
(b) f(1,2) = е (1,2) = —е3, 51,2) = 2e? = L(x, у) = e — e(x — 1) + 2е(у — 2) = —е?х + 2ey — 2e? 


31. (а) W(20, 25) = 11°F; W(30, -10) = —39°F; W(15, 15) = 0°F 
(b) W(10, —40) = —65.5°F; W(50, —40) = —88°F; W(60, 30) = 10.2°F; 
(с) W(25, 5) = —17.4088°F; 5% = – 512 + 00088 = 94 (25, 5) = —0.36; 5% = 0.6215 + 0.4275ү016 


= 99 (25, 5) = 1.3370 > L(V, Т) = —17.4088 — 0.36(V — 25) + 1.337(T — 5) = 1.337T — 0.36V — 15.0938 

i) W(24, 6) ~ L(24, 6) = —15.7118 = —15.7°F 

ii) W(27, 2) ~ L(27, 2) = —22.1398 = —22.1°F 

ii) W(5, —10) = L(5, —10) = —30.2638 ~ —30.2°F This value is very different because the point (5, — 10) is not 
close to the point (25, 5). 


(d 


wm 


32. W(50, —20) = —59.5298°F; 9 = — 52 + 00688 => 98 (50, —20) = —0.2651; 97 = 0.6215 + 0.4275v°!® 
= 2% (50, —20) = 1.4209 = L(V, T) = —59.5298 — 0.265 (У — 50) + 1.4209(T + 20) 
= 1.4209Т — 0.2651V — 17.8568 
(а) W(49, —22) = L(49, —22) = —62.1065 ~ —62.1°Е 
(b) W(53, —19) = L(53, —19) = —58.9042 ғ —58.9°F 
(с) W(60, —30) = L(60, —30) = —76.3898 ғ —76.4°F 


33. #20, 1) = 3, f(x, y) 22x – Зу > &(2,1) = 1, f,(x, y) = -3x > 602,0 = -6 > Цху)=3+ 1x – 2) – 6(y 1) 
=7+х- бу; у(х, y) = 2, fy(x, y) = 0, fy, y) = 3 > М = 3; thus |E, у)| < (1) (3) (Ix – 2] + |y — 1) 
< (5) (0.1 + 0.1)? = 0.06 


34. 62,2) = 11, fy) x -y £3 > £0,2 = 7, fy) -x- 253 > 50,2) = 0 
= Цу) = 11 + 7(x – 2) + 00 — 2) = 7x - 3; (х,у) = 1, fy y) = 5, Бу, y) = 1 
> М = 1; thus |E(x, y)| < (4) (D (|x - 2] + ly — 2? < (4) (0.1 + 0.1)? = 0.02 


35. £(0,0) = 1, (х,у) = cosy > £,(0,0) = 1, (х,у) =1—xsiny = (0,0) = 1 
=> Цх,у) = 1+ Кх — 0) + Цу — 0) = х+у-+ 1; (х,у) = 0, fy (х,у) = —x сову, Һу(х,у) = -siny > М = 1; 
thus |E(x, y)| < (1) (D (Ix| + |y? x (1) (0.2 + 0.2)? = 0.08 


36. К1,2) = 6, Ё,(х, y) = y? — y sin(x— 1) > £,(1,2) =4, fy(x, y) = 2ху + cos x - 1) => 50,2) = 5 
=> Цх,у) =6 + 4(х — 1) + 5(у — 2) = 4x + 5y — 8; В» (х,у) = —y cos (х — 1), fyy(x, y) = 2x, 
Һу(х,у) = 2y — sin (x — 1); |x — 1| < 0.1 = 0.9 <x < 1.1 ава |y — 2] < 01 = 1.9 € y < 2.1; thus the max of 
[6х x, y)| on R is 2.1, the max of |fy, (x, y)| оп В is 2.2, and the max of |f,y(x, у) | оп В is 22.1) — sin (0.9 — 1) 
< 4.3 > М = 43; thus |E(x, у) € (1) (4.3) (Ix — 1| + |y — 2) < (2.15)(0.1 + 0.1)? = 0.086 


37. £(0,0) = 1, (x, y) = ех cosy = &(0,0) = 1, Ку) = —e* siny = f,(0,0) =0 
=> х,у) = 1 + Кх — 0) + 0(у — 0) = 1 + х; Бх(х, у) = ех cos у, ђу(х, y) = —e* cos y, Бу(х, y) = —e* sin y; 
(| < 0.1 = —0.1 < x < 0.1 and |у < 0.1 = —0.1 < y < 0.1; thus the max of |f, (x, y)| on В is e?! cos (0.1) 
< 1.11, the max of |fj,(x, y)| оп В is е0! cos (0.1) < 1.11, and the max of [£y (x, y)| on В is e?! sin (0.1) 
< 0.12 > М = 1.11; thus |E(x, y)| < (1) (1.11) (|x| + |y? < (0.555)(0.1 + 0.1)? = 0.0222 
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38. 


39. 


40. 


41. 


42. 


43. 


44. 
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„ой Ld => 5(1,1)-1, у) = 5 => fd,D=1 = Цх,у) =0+1(х—1)+1(у— 1) 


=x +y- 2; (х,у) = 
Бао y)| on В is 


(0. (0987 


(а) 


(5) 
(с) 


(с) 


(а) 


(b 


хи 


(с) 


(а) 


(b 


wm 


(a) 


(b 


wm 


(c) 


(a 


~ 


(b 
(c) 


wm 


2 ra у) = — + „Ђуњу) = 0; |x — 1| € 0.2 = 0.98 € x € 1.2 зо the max of 
— 1<02 = 0.98 € y € 12 so the max of |f, (x, y)| on R is 


х 


waar © 
< 1.04 = M = 1.04; thus ч y) < (4) (1.04) (Ix — 1] + |y — 1])? < (0.52)(0.2 + 0.2)? = 0.0832 


а јез £0,1 D у ваја = ==) = у ај =2 

= L(x,y,z) =3 + 2(к — 1) + Uy - 1) + 202: — 1) = 2х + 2у + 22 —3 

1,0,0) = 0, &(1,0,0) = 0, fy(1, 0,0) = 1,£(1,0,0 = 1 = LG, о 
(0,0, 0) = 0, &(0,0,0) = 0, fy(0, 0,0) = 0, Е,(0,0,0) =0 = 14х,у,2)- 


f(1, 1,1) = 3, (1,1,1) = 2х |111) = 2,6(1,1,1) = 2111) = 2, f,(1, 1,1) = 221111) => 

=> І(х,у,7)-3--2(х- 1) + 2(у – )--2(2- 1) = 2х + 2y + 22-3 

КО, 1,0) = 1, 600, 1,0) = 0, (0, 1,0) = 2, £,(0, 1,0) = 0 > L(x, у, 2) = 1 + 0(х — 0) + 2(у — 1) + 0((2- 0) 
= 2у – 1 
(1,0,0) = 1, (1,0,0) = 2, f (1,0, 0) = 0, 1,(1,0,0) = 0 = LG, у, 2) = 1 + 2(x — 1) + 0(у — 0) + 0(2 — 0) 
= 2х – 1 


(1,0,0) = 1, (1,0,0) = = ,50,0,0) = === = 0 


X 
Vx + y! +z | (100) vx + y! + | про) 


=0 L(x,y,z) = 1+ 1(x — 1) + 0(у – 0) + 0(z – 0) = х 


(1,0,0) 

{1,1,0 = \/2, (1,1,0) = 55 Ба 1,0) = > £(1,1,0) =0 

=> L@,y,2)= 02+ 5 (х-1) ы 5 (у) +02 0) = d xt Jy 

1,2,2) = 50,2,2 = 1, 6(1,2,2) = 2, 50,22 = 2 > L, y, = 3+ 1(х- 1) + 2 (у – 2) + 2 (2 2) 
-beriyriz 


£,(1, 0,0) = 


7 
ух + у? + 22 


cag 


=-1 > Цх,у,2) = 1+0(х – 1) +0(у – 1) – 100-1) =2-2 


f(3,1,1)=1, f (3 


(р) = === 


Бу -0 (11) = ет 


Dice 2173 


(ла) 
(2,0,1) = 0, f,(2, 0, 1) = 0, f,(2,0, 1) = 2, £,(2,0,1) = 0 = І(х,у,2) = 0 + 0(х – 2) + 2(у – 0) + 0(2 – 1) = 2y 


КО, 0, 0) = 2, fx(0, 0, 0) = e*| ооо = 1, fy(0, 0, 0) = — sin (y + 2)| ооо = 0. 
f,(0,0,0) = - sin (у + z)| (0,0,0) =0 = ГС, у, 7) = 2 + (х – 0) + 0(у – 0) + 02 — 0) =24+x 


Г(0, 5,0) = 1, Б (0, 3,0) = 1, fy (0, 5,0) = –1, f, (0, 3,0) = -1 > L(x, y,z) 
=1+1%-0-1(у- =) 2 0) = х Z Z+5+1 

Е (0,1, 1) = Lf (0,2, 7) = Lf (0,2, 2) = — t, (0.5.3) =-1 = 1(,у,2) 
=1+1(-0)-1(y- 1) 2 т) =х-у Е 

1,0,0) = 0, &(1,0,0) = ао 7 050,09 = mnao =A 


f,(1,0,0) = =0 = ГС, у, 7) = 0 


буй +1 | (1,0,0) 
f(1, 1,0) = 0, f,(1, 1,0) = 0, f,(1, 1,0) = 0, f,(1, 1,0) = 1 > L(x,y, z) = 0+ 0(х – 1) +0(у – 1) + 102—0) = 2 
1,1,0) -5,5(1,1,1) -4,5(1,1,1) = 4, 6,1, D=} > 1Шх,у, )-2-41(х-1)44(у-1)-10:-1) 
=ix+iy+iz+3%-3 
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45. f(x, у, 7) = xz - Зуг + 2 at Ро(1,1,2) = Қ1,1,2) = — КБ =z, fy = —3z, £j = x —3y = Ц(х, у, 2) 
= —2+2(x — 1) — 6(у — 1) — 2(z — 2) = 2x — бу — 22 + 6 Б; = 0, fy, = 0, Е, = 0, Бу = 0, fy; = —3 
= М = 3; thus, |E(x, y,z)| < (1) (3)(0.01 + 0.01 + 0.02)? = 0.0024 


46. f(x, y,z) = x? + ху + yz + 122 at Po(1,1,2) > f(,1,22 = 5f, = 2x + y, fy =x +z, f =y + 12 


=> Цх,у, = 54-3(x — 1) + 3(у — 1) -2(2 — 2) = 3x + 3y + 2z — 5; fx = 2, fyy = 0, fz = 1, fy = Lf 
fy, =1 => М = 2; thus |E(x, y, 2)| € (3) (2)(0.01 + 0.01 + 0.08)? = 0.01 


47. f(x, y, z) = ху + 2yz — 3xz at Po(1,1,0) => (1, 1,0) = 1; fx = y 32, fy = х + 2z, f, = 2y — 3x 
=> Ц(х,у,2) = 1+(х– 0) + (у – 1) – (0-0) =х+у-2- fx 0, 5, 0, £; 0, fry 1, Б, -3, 
fy, 2-2 => М = 3; thus |E(x, y,z)| < (5) (3)(0.01 + 0.01 + 0.01)? = 0.00135 


48. f(x,y,z) = 1/2 cos x sin (y + 2) at Ро (0, 0, т) = f (0, 0, т) = 1; Б = -а/2 sin x sin (y + 2), 
f= 1/2 cos x cos (у + 2), f- 1/2 cos x cos (у + 2) => І(х,у,7)-1-0(х-0)--(у-0)-- (- т) 
-у--2- 5 + 1; Бак = — 2 сов x sin (y + Z), fyy = — 2 cos x sin (y + 7), Ё = — 2 cos x sin (y 4- Z), 
fy = б sin x cos (у + 2), fxz = x2 sin x cos(y + 2), fy, = — 2 cos х sin (y + z). The absolute value of 
each of these second partial derivatives is bounded above by /2 => М = 42, thus |E(x, у, z)| 
< (3) (V2) (0.01 + 0.01 + 0.01)? = 0.000636. 


49. Т,(х,у) = е + е У and Ty(x, y) = х (е —e У) = dT = T«(x, y) ах + Ty(x, y) dy 
= (е +е Y)dx + x(e —е У) dy = аТ|] „›у = 2.5 dx + 3.0 dy. If |dx| < 0.1 and |dy| < 0.02, then the 
maximum possible error in the computed value of T is (2.5)(0.1) + (3.0)(0.02) = 0.31 in magnitude. 


50. V, = 2rrh and Vp = лг? = dV = V, dr + Vy dh = dV = 2mhdri rr dh — 2 dr + 1 dh; now [dr . 100] « ] and 


"T 


|%.100| < 1 = |& - 100| < |(2 €) (100) + (48) (100)| < 2 | - 100] + |9 - 100] < 20) +1 =3 = 3% 


51. 9 < 0.02, 9 < 0.03 
(а) S = 2х? + Аху = dS = (4х + 4y)dx + 4x ду = (4х? + 4ху) ® + Аху = < (4х2 + Аху)(0.02) + (4xy) (0.03) 
= 0.04(2х2) + 0.05(4ху) < 0.05(2х2) + 0.05(Аху) = (0.05) (2x? + 4xy) = 0.055 
(b) V = ху > dV = 2xy dx + ходу = 2x’y ® + xy? < (2х?у) (0.02) + (х?у) (0.03) = 0.07(х2у)-0.07У 


52. У = H + mh => dV = (Arr? + 2nrh)dr + л г2аһ; r = 10, h = 15, dr i nade 
dv = (47010) + л (10)(15)) (1) + т (1070) = 3507 om? 


53. V, = 2тіһ and Му = ті? = dV = V, dr + Vp dh dV = 2лтһ dr + лг? dh dV (5.12) = 120m dr + 257 dh; 


|dr| < 0.1 ст and |dh| < 0.1 ст = dV < (1207)(0.1) + (257)(0.1) = 14.5т cm?; М(5, 12) = 3007 сіп? 


= maximum percentage error is + 14.5 x 100 = + 4.8396 
2 T 


2 2 
R R 
54. @ i= + = шке -h dR- h dR = ак = (Е) ак + (Е) ав, 
(5) dR =R? | (gs) ав + (№) ав) = аа) = R? [dog dRi + шу dRo| => R will be more 


sensitive to a variation in Ку since 0007 > (2007 
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55. 


56. 


57. 


58. 


59. 


60. 


61. 


62. 
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2 2 
(c) From part (a), dR = (8) dR, + (8) dR, so that Еј changing from 20 to 20.1 ohms => dR, = 0.1 ohm 


and R» changing from 25 to 24.9 ohms — dR» — —0.1 ohms; Ё = Ё + i В = 100 ohms 


x 100 


2 2 
= dR| (2925) = 82. (0.1) + с) (—0.1) ға 0.011 ohms => percentage change is R 


(25). 
= (16) х 100 z 0.1% 
9 


(20,25) 


А = ху => dA = x dy фу dx; if x > у then a l-unit change in y gives a greater change in dA than а 1-unit change in x. 
Thus, pay more attention to y which is the smaller of the two dimensions. 


(а) (x,y) = 2x(y + 1) > (1,0) = 2 and (х,у) = х? => fj(1,0) =1 = df= 2 dx + 19у = 915 more 
sensitive to changes in x 


(5) df=0 = 2dx+dy=0 = 2%+1=0 => сэвэг 


(а) г = х? у: = 2rdr = 2x dx -2y dy > dr = 5 dx + ау = за = (2) (0.01) + (4) (40.01) 
y 
x2 


3 
5 
1 dx + Ө PT dy 


= x9? = +0.014 = |E x 100| = | + 29 x 100| = 0.28%; 40 = Са uum 
pag х + уу ду > |а) = (55) ( + 0.01) + (5) (+0.01) = M Ix 
= maximum change in 49 occurs when dx and dy have opposite signs (dx = 0.01 and dy = —0.01 or vice 
versa) => 40 = 5001 ~ + 0.0028; 0 = tan! (4) = 0.927255218 => |% x 100] = |00028. х 100] 
2 0.30% 
(b) the radius г is more sensitive to changes in y, and the angle 0 is more sensitive to changes in x 


(а) V = «rh = dV = 2zrh dr + ті? dh = atr = 1 and В = 5 we have dV = 107 dr + т dh the volume is 
about 10 times more sensitive to a change in r 
(b) dV 20 = 0 = 2 dr + пг? dh = 2h dr + r dh = 10 dr + dh = dr = — 1 аһ; сһоове аһ = 1.5 
= dr = —0.15 = h = 6.5 in. andr = 0.85 in. is one solution for AV zz dV = 0 


b 
d 


|а| is much greater than |b], |c], 


Ка, b, c, d) = 


ЕСЕ f, = d, f, = —c, Ё = —b, fy =a df = d да — c db — b dc + a dd; since 


их = ©, uy = xe? + sin 2, и, = y cos 7 => du = e? dx + (хе? + sin 2) dy + (y cos 2) dz 


база) = 3 dx + 7 ду + 0 dz = 3 dx + 7 ду = magnitude of the maximum possible error 
< 3(0.2) + 7(0.6) = 4.8 


Qe = 1 (298) ^ Qu = 1) E) canc, = 1 f "^ Ca 
= ao = $ (49) "^ (40) ак + (дм) (RE) aM + (р) ^ (му а 
= 1g) [M ace 38 aM — 38 di] => AQ smo 


-1/2 
-1 Е Е ак + 92 ам – 95D dh] = (0.0125)(800 dK + 80 dM - 32,000 dh) 


= О 15 most sensitive to changes in В 


А = таб sin С = А, = 26 зїп C, Љ = таз С, A, = jab cos С 

= dA = (55 sin C) да + ($ a sin C) db + (5 ab cos С) dC; dC = |2°| = |0.0349| radians, da = |0.5] ft, 
db = |0.5| ft; ata = 150 ft, b = 200 ft, and С = 60°, we see that the change is approximately 

А = 5 (200)(sin 60°) |0.5| + 1 (150)(sin 60°) |0.5| + 5 (200)(150)(cos 60°) |0.0349| = + 338 ft? 
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63. z= х,у) > с(х,у,2)- х,у) -z 4 0 = ру(х,у,7) = (њу), ву(х,у,2) = fj(x, y) and g,(x, y,z) = —1 
=> gx(Xo; Уо, хо, Уо)) = В (о, Yo), gy (Xo, Уо, хо, yo)) = fy(xo, yo) and gz(xo, yo, хо, yo)) = —1 => the tangent 
plane at the point Ро is fx (xo, yo)(x — хо) + (хо, yoYX(y — yo) — [2 — f(xo, yo)] = 0 or 
2 = fx(Xo, yo)(x — xo) + (хо, yoY(y — yo) + f(xo; yo) 


64. Wf = 2хі + 2yj = 2(с08 t + t sin t)i + 2(sin t — t cos t)j and v = (t cos t)i + (t sin j = u 


(t cos t)i + (t sin t)j 
y(t cos t)? + (t sin t)? 


= 2(cos t + t sin t)(cos t) + 2(sin t — t cos t)(sin t) = 2 


= (cos t)i + (sin Ој since t > 0 => (Daf), = v f-u 


65. J f= 2хі + 2yj + 2zk = (2 cos t)i + (2 sin tj + 2tk and v = (— sin t)i + (cost) +k => u= M 
.. (=sinti+(costj+k | —sintY:; cost | % 1 Эс 
\/ (зїп t)? + (cos t? + 12 ( у. )i+ (“еуі к = (Duf)p, = уби 
= @ соз) (=) + (2 то (92) + Qo (+) = % = Dad (52) = 25, (0000) = 0 and 
ul (3) = ув 


66. r= уй + tj lt-3)k > у = 11141112] -1к;1=1 x=ly=1,z=-1 Ро = (1,1, — 1) 
and v1) = 21+ j – 1; f(x,y,z) = х cy? —2—3=0 = ҳу = 2хі + 2уј – К 
= УК! 1, 21) = 2i + 2j — К; therefore у = į (Y Ê — the curve is normal to the surface 


67. r= /й+ tj Qt- Dk > у = 11710214 117102) фок;г=] > х=ју=]1,2=1 = Ро = (1,1,1) and 
У) = 1+1] + 2К; Кх,у, 2) = х + у? -2-1=0 > yvf-2x-2yj-k > У1,11)=2+2]-К; 
now У (1) - ҳӯ f(1, 1, 1) = 0, thus the curve is tangent to the surface when t = 1 


14.7 EXTREME VALUES AND SADDLE POINTS 


І. Ғ(х,у)-2х--у--3- Оапа (ху)= x + 2у -3—0 > х= —3and y = 3 = critical point is (—3, 3); 
Б,(-3,3) = 2, fyy(—3, 3) = 2, Бу—3,3) = 1 = у — гу = 3 > Оапа 6, > 0 = local minimum of 
f(—3, 3) = —5 


2. f(x,y) = 2y - 10x + 4 = 0 and f,(x,y) = 2х — 4y + 4 = 0 > x= 2 апду = 3 = critical point is (5,3) : 
Ба (3,3) = –10, fyy (5,3) = —4, Бу (3,3) =2 > Бу — £2, = 36 > Oand f, < 0 = local maximum of 


3:3 $3 ху 
f($3) -0 


3. f(x,y) = 2х фу c 3-—0andfj(x,y) 2x +2 = 0 х = —2andy = 1 = critical point is (—2, 1); 


£4(72,1) = 2, fyy(—2, 1) = 0, fry(—2, 1) =1 = Бубу — £2, = —1 < 0 = saddle point 


4. f(x,y) = 5у — 14x + 3 = Oand f(x,y) = 5x –6=0 = х = бапду = бе = critical point is (5,5); 


Ба (5,2) = —14, fy (5,55) = 0,5 ($, 8) =5 = £f, — £2, = –25 < 0 = saddle point 


5. f(x,y) = 2y - 2х + 3 = Oand (ху)=2х—4)у=0 => х = Запау = 3 = critical point is (3, 3) 1 
Ба (3,3) = –2, f, (3,3) = —4, fry (3,3) =2 = і.у- £2, = 4 > бапабх < 0 — local maximum of 
(3) - 9 

6. f(x, у) = 2x — ду = О апа f,(x, y) = —4х + 2y +6 = 0 => х= 2 апау = 1 > critical point is (2, 1); 
£40,1) = 2, fyy(2, 1) = 2, £2, 1) = —4 = В, — if = —12 < 0 = saddle point 
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11. 


12. 


13. 


14. 


15. 


16. 


Section 14.7 Extreme Values and Saddle Points 837 


(х,у) = 4х + 3y —5 = 0 and f(x, y) = 3x + 8y +2 =0 => х = 2 апау = —1 = critical point is (2, — 1); 
fix(2, —1) = 4, fyy(2, —1) = 8, £y, —1) =3 = Бф — B = 23 > 0andf, > 0 = local minimum of f(2, —1) = —6 
(х,у) = 2x — 2y – 2 = 0 and у(х, у) = –2х + 4y +2 = 0 > х = Land y = 0 = critical point is (1,0); 

fxx(1,0) = 2, (1,0) = 4, £(1,0) = —2 => fixfyy — в. = 4 > Qand fxx > 0 = local minimum of f(1,0) = 0 

(х,у) = 2х — 2 = 0andfy(x, y) = —2y +4 = 0 = х = land y = 2 = critical point is (1, 2); Б (1,2) = 2, 
5,(1,2) = —2, (1,2) =0 = уу — £2, = —4 < 0 = saddle point 


ху 


f(x, y) = 2х + 2y = 0 and f(x,y) = 2х = 0 > x = Оапау = 0 = critical point is (0, 0); £,,(0, 0) = 2, 
fyy(0,0) = 0, fxy(0,0) =2 > fxxfyy — ff = —4 < 0 = saddle point 


x = 8х -8 2 ЯГ А 
f(x,y) = Ju m 8 = 0 and f(x, y) = У сон === = 0 = critical point is (19,0); 
f (+2, 0) = È, fy „(#,0) = в, fy (£, 0) = =0 = fufy-— 2 = = 44. > Oand fj, < 0-> local maximum of 
(%0)--% 
—2x —2у 
f(x, y) = 302+ yn — = 0 and f,(x, y) = yy = = 0 = there are no solutions to the system Ё, (х,у) = 0 and 
х^ х2 у?) 


f,(x, у) = 0, however, we must also consider where the partials are undefined, and this occurs when x = 0 and y = 0 

= critical point is (0,0). Note that the partial derivatives are defined at every other point other than (0, 0). We cannot use 
the second derivative test, but this is the only possible local maximum, local minimum, or saddle point. f(x, y) has a local 
maximum of f(0,0) = 1 at (0,0) since f(x, y) = 1 — /x2 + у? € 1 for all (x, y) other than (0, 0). 

f(x, у) = 3х? — 2y = 0 апа f,(x, y) = —3у? - 2х 20 = х =Oandy = 0, or x = — 2 and y = : = critical points 
аге (0,0) and (— 3,3) ; for (0,0): fxx(0, 0) = 6x| 00) = 0, fyy(0, 0) = —6y| со = 0, ын 0)-- 


=> бу — 12, = —4« 0 => saddle point; for (— 2,2): £a (- 2,2) = 4 fy (- 2,3) = -4 fy (- 2,3) = 2 
=> fafy – £2, = 12 > O and fx < 0 = local maximum of (— 2,2) = 1 


f(x, у) = 3x? + Зу = 0 and f(x, y) = 3x + 3y? 20 = x = 0andy = 0, orx = —1 and y = —1 = critical points 
аге (0,0) and (—1, —1); for (0,0): fxx(0, 0) = 6x| (0,0) = 0, fyy(0, 0) = 6y| (00) = 0, 5500,0) = 3 = њу — id 


= —9 <0 = saddle point; for (C1, —1): fx(—1, 1) = —6, fyy(—1, -1) = —6, f,(71, 1) = 3 = fafy — £2, 


= 27 > Qand fxx < 0 = local maximum of f(—1, —1) = 1 


f(x, y) = 12x — 6x? + бу = 0 and f,(x, y) = бу +6х = 0 = х = Qand y = 0, or x = l and y = —1 = critical 
points are (0, 0) and (1, — 1); for (0,0): £4,(0,0) = 12 — 12x| (0,0) = 12, fy, (0,0) = 6, £,(0,0) = 6 = fixfyy — у 
= 36 > 0and f, > 0 => local minimum of КО, 0) = 0; for (1,—1): £4(1, 1) = 0, Ryd, —1) = 6, 
һҺу(1,—1)=6 = ВБ, - #2 —36 « 0 = saddle point 


ху 


f(x, y) = 3x? + 6x = 0 x = 0 or x = —2;fy(x, у) = 3y? — бу = 0 у =0огу = 2 the critical points аге 
(0, 0), (0, 2), (—2, 0), and — 2); for (0,0): £4(0,0) = 6x + 6| ( (0,0) = 6, Ђу(0,0) = 6y – 6| (0,0) = —6, 
Гу(0,0) — 0 = fixfyy — ied = —36 < 0 = saddle point; for (0,2): f,,(0, 2) = 6, fj,(0, 2) = 6, Бу(0, P -0 
=> Бу — г. = 36 > Оапа К, > 0 = local minimum of КО, 2) = —12; for (—2,0): fxx(—2, 0) = — 
fyy(—2, 0) = —6, Бу(—2,0)= 0 = Бу — в, = 36 > Oand fy, < 0 = local maximum of f(—2,0) = — 
for (—2, 2): £4(72,2) = —6, fyy(—2, 2) = 6, Бу(—2,2) =0 = Б — f? —36 < 0 = saddle point 


ху 
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17. f(x, y) = 3х2 + 3y? — 15 = 0 and 5 (x,y) = бху + 3y? — 15 = 0 => critical points are (2, 1), (—2, —1), » (0, v5). and 


(o. -У5) Жеш ы у „= 12, Hy Set ву] | 18; 140,1) уу 
=> В.Б, – Е, = 180 > Oand f, > 0 = local minimum of f(2, 1) = —30; for (–2, —1): £4(—2, —1) = 6x| (-2,-1) 
= —12, 5,(-2,-1)- (6х + бу) _) = —18, ђу(–2, —1) = 6y| (2-1) 7 —6 = Б} – 22 = 180 > бала 


ба < 0 => local maximum of f( —2, —1) = 30; for (0. V5): i (0. v5) = 6х (о 4) = 0, у (0, v5) 
= (6x + бу)! (д) = 6\/5, f (0. v5) - бу] s (os) ^ = 6/5 > айуу — fZ = —180 < 0 => saddle point; 
for (o. -V/5): ба (0, -V5) = 6х Ж 0, Ж = (6x + 6у (y5) = —6\/5, 


Б, (0. = v5) = бу (0,- "m = —6\/5 5 = fat = pe —180 « 0 = saddle point. 


18. £(x,y) = бх? — 18x = 0 = бх(х – 3) = 0 x = Оогх = 3; f(x, y) = 6y? + бу – 12 = 0 = 6(у + 2)(у – 1) = 0 
= у= —2 огу = 1 = е critical points аге (0, —2), (0, 1), (3, —2), and (3, 1); f(x, y) = 12x — 18, 
fyy(x, у) = 12у + 6, and (х,у) = 0; for (0, —2): (0, —2) = —18, fj,(0, —2) = —18, (0, –2) = 0 
=> Бобу — у = 324 > Оапа fxx < 0 = local maximum of КО, —2) = 20; for (0, 1): fxx(0, 1) = —18, 
Б,,(0, 1) = 18, £,(0,1) =0 = ББ, — із = = —324 < 0 = saddle point; for (3, —2): £,,(3, —2) = 18, 
D = —324 < 0 = saddle point; for (3, 1): £4(3, 1) = 18, 


fyy(3, —2) = —18, £03, —2) = 0 = цол 
fyy(3, 1) = 18, Бу(3, ) =0 = Бђу — = 324 > Q and fj, > 0 = local minimum of f(3, 1) = —34 


бу 


19. f(x,y) = 4y — 4х3 = 0 and f(x, у) = 4х – 4у 20 > х= у = х(1- х) = 0 = х= 0,1, —1 = е списа! 
points аге (0, 0), (1, 1), and (—1, —1); for (0, 0): £4(0,0) = —12x?| (0,0) = 0, 5,,00, 0) = —12y?| (00) = 0, 
fry(0,0) =4 = Бађу — i= = —16 < 0 = saddle point; for (1, 1): fxx(1, 1) = —12, (1, 1) = —12, fy, 1) = 4 
=> Њу — po = 128 »0andf,, < 0 = local maximum of f(1, 1) = 2; for(—1, —1): 5, (—1,—1) = —12, 
fyy(—1, -1) = -12, £y(-1, 21) = 4 = фу — m = 128 > 0 and fxx < 0 = local maximum of f(—1, —1) = 2 


х 


20. f,(x, y) = 4x? + 4y = 0 and f(x, y) = 4y? + 4х 20 = х = -y х +х=0 > х(1–х)=0 > x=0,1,-1 
=> the critical points аге (0, 0), (1, — 1), and (—1, 1); f(x, y) = 12x?, fyy(x, у) = 12у2, and Бу(х, у) = 
for (0, 0): £4(0,0) = 0, fyy(0, 0) = 0,5 (0,0) = 4 = ffy, — #2, = —16 <0 = saddle point; for (1, em 
fx, 1) = 12, Ба, 1) = 12, £(1, 21) 2 4 = у — f2 = 128 > 0 and б, > 0 > local minimum of 


ху 
f(1, —1) = —2; for (—1, 1): £4(-1, 1) = 12, Би —1,1) = 12, Бу(—1,1) = 4 = Бђу — ps = 128 > 0 and 
fa > 0 = local minimum of f(—1,1) = —2 
21. f(x y) = I EE ET = 0 and fy(x, y) = а аат =0 > x=Oandy = 0 = the critical point is (0, 0); 
__ 4х2-2у2--2 —2х? + 4y? +2 8ху EE = = 2 
Ба = шағы ул тарас fay = пр та fal0,0) = —2, fy(0, 0) = —2, 50,0) = 0 


=> fafy — = =4 > Оапа fxx < 0 = local maximum of КО, 0) = — 


22. (х,у) = – E +y = Оапа f(x,y) = x – y 0 x =landy=1 = the critical point is (1, 1); £4, = E ‚Бу = 


fy = Ба 1) = 2, (1,1) = 2, £40,1) 21 = Бу - £2, =3 > бапа f, > 2 => local minimum of f(1, 1) = 3 


23. f(x,y) = у cos x = 0 and fy(x, у) = sin x = 0 х = пл, nan integer, and y = 0 = the critical points аге 
(n7, 0), n an integer (Note: cos x and sin x cannot both be 0 for the same x, so sin x must be 0 and y = 0); 
Ба = —y sin x, fyy = 0, ђу = cos x; f (nz, 0) = 0, fyy(n7, 0) = 0, Бу(ал,0) = 1 if n is even and Бу(пл, 0) = — 
ifnisodd = fxxfyy — f? ——1 <0 = saddle point. 


ху 
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26. 


27: 


28. 


29. 


30. 


31. 


Section 14.7 Extreme Values and Saddle Points 839 


Е, (х, y) = 2e?* cos y = 0 and fy(x, y) = —e^ sin y = 0 = no solution since e?* 5 0 for any x and the functions 


cos y and sin y cannot equal 0 for the same у => по critical points => по extrema and no saddle points 


f(x, y) = (2х — 4)е +У-4 = 0 and fy(x, y) = 2уе * Y -^* = 0 = critical point is (2,0); Б (2,0) = 2, fry(2, 0) = 0, 
fyy(2,0) = 5 > у — £2, = & > бапа 6х > 0 = local mimimum of (2,0) = 4 

f(x, у) = —ye* = 0 and f,(x, y) = e! — е = 0 => critical point is (0,0); fxx(2,0) = 0, £,(2,0) = —1, fyy(2,0) = 1 

= fafy —f2 = —1 < 0 => saddle point 

(х,у) = 2xe^? = 0 and (х,у) = 2уе-У — e (x? + y?) = 0 = critical points are (0, 0) and (0, 2); for (0, 0): 


fxx(0,0) = 2e | у = 2, Б,(0,0) = (2277 —4ye^* + e=” (x? + y^y)] (00) = 2. fry(0,0) = —2xe^*| 9) = 0 


=> fafy — f? = 4 > 0 and 6» > 0 = local mimimum of f(0, 0) = 0; for (0,2): 6, (0,2) = 2e"| (02) = 3, 
Б,(0,2) = (2677 -4уе” + eG? ау) | оо) = – 2 ћу(0,2) = –2хе | 9.) =0 > fafy = а <0 


=> saddle point 


f(x, у) = e (x? — 2x + y?) = 0 and f, (x, y) = —2ye* = 0 => critical points аге (0, 0) and (—2, 0); for (0, 0): 
Ба (0,0) = E(x? + 4x + 2 – У) ооу = 2, 5,(0,0) = —2e^| оду = —2, 5,(0,0) = —2ye*| у = 0 
=> fafy — @, = —4 < 0 and f, > 0 => saddle point; for (—2, 0): 5.(—2,0) = е*(х? +4x +2 - y’) 20) = -é 


у e2? 


fyy(—2, 0) = —2e*| (20) = 5, Һу(-2,0) = —2ye*| (-20) = 0 = Бађу — г. = 5 > Оапа fxx < 0 = local maximum 
of (2,0) = 5 


(њу) = —4+ 2 = 0 and fy(x, y) = —1 + 1 = 0 = critical point is (5, 1) ; f (5, 1) = —8, fy (2, 1) = —1, 
(5,1) = 0 => ББ, — £2, = 8 > Oand 6х < 0 = local maximum of f(5, 1) = —3 — 2а2 


f(x, y) = 2х + кту = 0 and f,(x, y) = —1 + — = 0 = critical point is (— 


x+y 2 2) ба (72 3) = 1, fy(-2, 2) =-l, 


Бу(-31-3) = —1 => у — 12, = —2 < 0 => saddle point 
G) ОпОА, f(x, y) = f(0,y)=y?—4y+1on0<y< 2; 
Ғ(0,у)-2у-4-0 у-2; 
КО, 0) = Тапа f(0, 2) = —3 
(ii) Оп AB, f(x, у) = f(x, 2) 22x? — 4x -3on0 <x < 1; 
Ғ(х,2)-4х-4-0 х = 1; 
КО, 2) = —3 and КТ, 2) = —5 
(іі) Оп ОВ, f(x, y) = Кх, 2х) = 6x? — 12х + 1 on 
0 € x € 1; endpoint values have been found above; 
Ғ'(х, 2х) = 12x — 12 = 0 = х = l апау = 2, but (1,2) is not an interior point of OB 
(iv) For interior points of the triangular region, f,(x, y) = 4x — 4 = 0 and f(x, y) = 2у – 4 = 0 


= х = land y = 2, but (1, 2) is not an interior point of the region. Therefore, the absolute maximum is 
1 at (0, 0) and the absolute minimum is —5 at (1, 2). 


Copyright O 2010 Pearson Education Inc. Publishing as Addison-Wesley. 


www. гетепд. 15 


840 


32. 


33. 


34. 


0) 


i) 


(iii) 


(iv) 


(i) 


(ii) 


(iii) 


(iv) 


0) 


(ii) 


(iii) 


(iv) 


(v) 


Chapter 14 Partial Derivatives 


On OA, D(x, у) = DOO, у) = у? +1 оп0 < y < 4; 
D'(0,y) = 2у = 0 у = 0; D(O, 0) = 1 and 

D(0,4) = 17 

On AB, D(x, y) = D(x, 4) = x? — 4х + 17 on 

0 <х < 4; О/(х, 4) =2х-4=0 = x—2and (2,4) 
is an interior point of AB; D(2, 4) = 13 and 

D(4, 4) = D(0, 4) = 17 

Оп OB, D(x, у) = р(х, х) = х? +1010 < x < 4; 
D'(x, x) 22x = 0 x = 0 and y = 0, which is not an interior point of OB; endpoint values have been found 


above 
For interior points of the triangular region, f,(x, y) = 2x — у = 0 and fy(x, y) = -x + 2у = 0 => x = 0 and y = 0, 
which is not an interior point of the region. Therefore, the absolute maximum is 17 at (0, 4) and (4, 4), and the 


absolute minimum 15 | at (0, 0). 


On OA, f(x, y) = f(0, y) = y? оп0 < y < 2; 

Ғ'(0, у) = 2у = 0 у = О and x = 0; КО, 0) = 0 and 
КО, 2) = 4 

On ОВ, f(x, у) = Кх, 0) = x? оп0 < x < 1; 

f'(x,0) = 2x =0 x = 0 and y = 0; КО, 0) = 0 and 
КТ, 0) =1 

On АВ, f(x, y) = f(x, —2х + 2) = 5x? — 8х + 4 оп 
0<х< 1; Ех, —2х +2) = 10х-8=0=х=+ 
and у = 2 ЈЕ (3, 2) - 5; endpoint values have been found above. 

For interior points of the triangular region, f,(x, у) = 2x = 0 and fy(x, y) = 2y = 0 x = О and y = 0, but (0, 0) is 


not an interior point of the region. Therefore the absolute maximum is 4 at (0, 2) and the absolute minimum is 0 at 
(0, 0). 


On AB, T(x, у) = ТО, у) = у? on —3 < y € 3; у 
Т(0,у)-2у-0 у = О and x = 0; Т(0, 0) = 0, 

ТО, —3) = 9, апа T(0, 3) = 9 

On ВС, T(x, y) = Т(х, 3) = x? — 3х +9000 <x € 5; 
T(x,3)22x-3—0 > x= ¿andy = 3; 

T (5,3) = Zand T(5,3) = 19 

On CD, T(x, у) = Т(5,у) = y? + 5y 5 оп 

—3 < y < 3;Т'(5,у) = 2у +5 =0 = у= — 5 and 

х = 5;T (5,— 3) = — $,T(5,—3) = —11 andT(5,3) = 19 
On AD, T(x, y) = T(x, —3) = х? — 9х -9on0 < x 5; T(x, 3) = 2x — 9 = 0 = x = 2 andy = —3; 


T (2,-3) = – 5, T(0, —3) = 9 and T(5, —3) = —11 


2: 


For interior points of the rectangular region, T,(x, у) = 2x фу — 6 = 0 and Ty(x; y) =x+2y=0 > х=4 


and y — —2 — (4,—2)is an interior critical point with T(4, —2) — —12. Therefore the absolute maximum 
15 19 at (5, 3) and the absolute minimum is —12 at (4, —2). 
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35. (i) On OC, T(x, y) = T(x,0) = x? - 6x +2 оп 

0 <х < 5; Т'(х,0) =2х-6=0 = х= Запа 
у = 0; Т(3, 0) = —7, Т(0,0) = 2, and T(5,0) = — 

(ii) Оп СВ, Т(х,у) = Т(5,у) = y? + 5y – 3 оп 
—3 <у<0;Т(5,у) = 2у +5 =0 > у= — $ ава 
х = 5; Т (5, — 3) = – 27 and Т(5, —3) = — 

(іі) On AB, T(x, у) = T(x, —3) = x? - 9х + 11 on 
0<х< 5; Т(х, -3) =2х-9=0 = x= $ and 
y = —3; T (5, —3) = – X and T(0, —3) = 11 

(iv) Оп АО, T(x, у) = Т(0, у) = y? + 2 on —3 <у<0;Т(0,у)-2у-0 у = Oand x = 0, but (0, 0) is 
not an interior point of AO 


(v) For interior points of the rectangular region, T,(x, у) = 2x + y — 6 = 0 and Ty(x, y) =x + 2y = 0 x=4 


and у = —2, an interior critical point with T(4, —2) = —10. Therefore the absolute maximum is 11 at 
(0, —3) and the absolute minimum is —10 at (4, —2). 


36. (i) On OA, f(x, у) = КО, у) = —24у? ond < y < 1; 
Ғ'(0, у) = —48y = 0 > у = 0 and x = 0, but (0,0) is 
not an interior point of OA; f(0, 0) = 0 and 
КО, 1) = —24 

(ii) On AB, f(x, у) = f(x, 1) = 48x — 32x? — 24 on 
О <х < 1; #(х,1) = 48 — 96x? =0 = x= v; and 


y= l orx = — 75 and y = 1, but (735.1) is not in 


the interior of AB; f (5, 3 = 16/2 — 24 and КТ, 1) = —8 

(iii) On BC, fx, y) = f(1,y) = 48у — 32 — 24y? on 0 < y < 1; #(1,у) = 48 — 48у = 0 = y = Landx = 1, but 
(1, 1) is not an interior point of BC; f(1,0) = —32 and f(1, 1) = —8 

(iv) On OC, f(x,y) = Кх, 0) = —32х3 on 0 < x € 1; f'(x,0) = —96x? = 0 = x = 0 and y = 0, but (0, 0) is not an 
interior point of OC; f(0,0) = 0 and f(1,0) = — 

(v) For interior points of the rectangular ME f(x, у) = 48у — 96x? = 0 and f(x, у) = 48x — 48у = 0 


= 2. 


=> x=Oandy = 0, огх = 1 and y = 5 , but (0, 0) is not an interior point of the region; f (5, 1) 


Therefore the absolute maximum is 2 at G, 3) and the absolute minimum is —32 at (1,0). 


37. () On AB, f(x,y) = КІ,у) = 3 cos y оп — 4 
Ғ(1,у)--3віпу-0 = у=0апах = l; 
1,0) = 3, £(1, 2) = 372 ава #(1, 2) = ЗУ? 

(11) On CD, f(x, y) = КЗ, у) = 3 сову оп — 7 сул 42 
Ғ(3,у)--3віпу-0 = y=Oandx = 3; 
68,0) = 3,1 (3, – 2) = 32 апа f (3,1) = 3У2 

Gii) On BC, f(x, у) = f (x 


sys 


п. 
4? 


18) = 32 (бх-хд) on 
1<x<3;f' (х, =) = 0202-х) 20 = x =2andy = 2; f (2,2) 22/2, (1,5) = 32 , and 
Ур = = 
(м) On AD, f(x, y) =f (x, — 5) = У2 (4x — x2) enl £x €3;f'(x,- 2) = /22-3) 20 = x = 2апду = –5; 
4 


f(2,- 2) = 2/2, #(1,– and f (3, – 5) = 32 
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38. 


39. 


40. 


41. 


42. 


43. 


Chapter 14 Partial Derivatives 


(v) For interior points of the region, f,(x, у) = (4 — 2x) cos у = 0 and f(x, y) = — (4x — x^) sny=0 > x=2 
and у = 0, which is an interior critical point with f(2, 0) = 4. Therefore the absolute maximum is 4 at 


(2, 0) and the absolute minimum is ыз at (3, т) : (3, т) ; (1, т) , and (1; т) ; 


G) ОпОА, f(x,y) = КО, у) = 2у-+ 1010 <у< 1; 
f'(0, y) 2 2 = по interior critical points; КО, 0) = 1 
and КО, 1) = 3 

(1) On OB, f(x, у) = f(x,0) = 4х + 10п0 <х < |; 
f'(x, 0) 2 4 = по interior critical points; f(1,0) = 5 

(ii) On AB, f(x, у) = f(x, —x + 1) = 8x? — 6x + 3 оп 
О<х< 1; Р(х, -х+1) = 16х-6=0 = х= $ 
andy = 2; (8, 2) = 1, КО, 1) = 3, and 1,0) = 5 

(iv) For interior points of the triangular region, f,(x, y) = 4 — 8y = 0 апа у(х, у) = —8х +2 = 0 


11 
479 


=> у= 1 апах- 1 which is an interior critical point with f ( ) — 2. Therefore the absolute maximum is 5 at 


(1, 0) and the absolute minimum is 1 at (0, 0). 


b 
Let F(a, b) — | (6 — x — x?) dx where а < b. The boundary of the domain of F is the line а = b in the ab-plane, and 


F(a, a) = 0, so F is identically 0 on the boundary of its domain. For interior critical points we have: 
ФЕ = —(б—а— а?) = 0 = а = —3, 2 and ЭЕ = (6 — b —b?) = 0 = b = —3,2. Since a < b, there is only one 
interior critical point (—3, 2) and Е(—3,2) = f ЕС — x — x?) dx gives the area under the parabola у — 6 — x — x? that is 


above the x-axis. Therefore, a — —3 and b — 2. 
b 
Let F(a, b) — Ї (24 — 2x — х2)! dx where а < b. The boundary of the domain of F is ће line а = b and on this line Е is 


identically 0. For interior critical points we have: 4 = — (24 —2a а?) / 3=0 = а= 4, —6 апа 


дЕ = (24 — 2b — p?) 


=0 => b= 4, —6. Sincea < b, there is only опе critical point (—6, 4) and 

7 
F(—6, 4) = [ол — 2x — x?) dx gives the area under the curve у = (24 — 2x — х2)! that is above the x-axis. 
Therefore, a — —6 and b — 4. 


Tx(x, y) = 2x — 1 = 0 and T,(x, y) = 4y = 0 х 1 and y = 0 with T (5,0) == 1 ; on the boundary 


x+y? = 1: Ту) = —х —х + 2 [07 —1 <Х <1 = Т(х,у) = –2х–-1=0 > х= – 1 ау = +58, 
T(-2,33) 2$. T(- 1,- 33) = 3,7-1,0) = 2, апата,0) =0 = the hottest is 24° at (— 1, X3) and 


2) 2 


3 і 5 
(- i. = уз) ; the coldest is — i at (5,0) | 


ба) 28, 


= 4, Бу (3,2) =1 > ВБ, —f2 =1> бапаћ, > 0 => alocal minimum of f (1,2) 


f(x, у) = y +2 — 2 = 0 and f(x,y) х-1-0 X 1 апау = 2; Е» (2,2) = 5 


у 
fyy (3,2) - y (52) 


—2—]n$5-—2-41n2 


х 


1 
2 


(a) (х,у) = 2х — Фу = 0 and fj(x, у) = 2y – 4х = 0 = x= Qand y = 0; 5 (0,0) = 2, fj,(0,0) = 2, 
Бу(0,0) = —4 = Бађу — i = —12 < 0 = saddle point at (0, 0) 


(b) f(x,y) =2x— 2 = 0 and f(x,y) =2у-4=0 = x= 1 andy = 2; f4(1,2) = 2, fj, (1,2) = 2, 


5,1,2) 2 0 = füfy, — Е. = 4 > Оапа fxx > 0 = local minimum at (1, 2) 
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44. 


45. 


46. 


47. 


48. 


49. 


50. 


51. 


92. 
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(c) f(x, y) = 9x? — 9 = 0 and (х,у) =2у+4=0 = x= + landy = —2;f«(1, —2) = 18x| (1-2) = 18, 
у, —2) = 2, hyd, -2) 2 0 = у — E = 36 > Oandf,, > 0 => local minimum at (1, —2); 
f (C71, 2) = —18, fyy(-1, 2) = 2, Бу(—1,–2) = 0 = Һу — m = —36 < 0 = saddle point at (—1, —2) 


X 


(a) Minimum at (0, 0) since f(x, y) > 0 for all other (x, y) 

(b) Maximum of 1 at (0, 0) since f(x, y) « 1 for all other (x, y) 

(c) Neither since f(x, у) < 0 for x < 0 and f(x, y) > Oforx > 0 

(d) Neither since f(x, у) < 0 for < 0 and f(x, y) > Oforx > 0 

(e) Neither since f(x, y) < 0 for x < 0 and y > 0, but f(x, y) > Oforx > O and y > 0 
(f) Minimum at (0, 0) since f(x, y) > 0 for all other (x, y) 


If k = 0, then f(x, у) = x? + у? = f(x; у) = 2x = 0 and f,(x, у) = 2y = 0 > x = 0 and y = 0 = (0,0) is the only 
critical point. ШК Æ 0, f(x, y) = 2x + ky = 0 > у = – 2х; f(x,y) = kx + 2y = 0 > kx +2 (— 2x) = 0 
= Кх – #=05 (К *)х 0 х= ОогКк = +2 у (— =) (0) = богу = +x; in any case (0, 0) is a 


critical point. 


(See Exercise 45 above): f(x, y) = 2, fyy(x, y) = 2, and f(x, y) = К > Б, уу — ї2, = 4 — К2; f will have а saddle point 
at(0,0)if4— k? <0 = k>2ork < —2;f will have a local minimum at (0, 0) if 4 — k? > 0 = —2 < k < 2; the test is 


inconclusive if4 — k? 20 = k= +2. 


No; for example f(x, y) = xy has a saddle point at (a, b) = (0,0) where fx = f, = 0. 


If f, (а, b) and fy, (a, b) differ in sign, then f,,(a, b) fyy(a, b) < 0 so Бађу — Цэн < 0. The surface must therefore һауе a 


saddle point at (a, b) by the second derivative test. 


We want the point on z = 10 — x? — y? where the tangent plane is parallel to the plane x + 2y + 3z = 0. To find a normal 
vector to z = 10 — x? — y? let w = z + x? + y? — 10. Then ҳу w = 2xi + 2yj + К is normal to z = 10 — x? — y? at 

(x, y). The vector 57 w is parallel to i + 2j + 3k which is normal to the plane x + 2y + 3z = 0 if 

6xi + буј + 3k = i + 2j + 3k or x = i and y — i. Thus the point is (1,4,10- x — 5) ог (13). 

We want the point оп z = x? + y? + 10 where the tangent plane is parallel to the plane x + 2y — z = 0. Let 

у = 2 — x? — y? — 10, then ҳу w = —2xi — 2yj + К is normal to z = x? + y? + 10 at (x, y). The vector ҳу w is parallel 


to i+ 2j — К which is normal to the plane if x = 1 and y — 1. Thus the point (5, 1, 1 +1+ 10) or (1 1,2 


51, 5) is the point 


on the surface z = x? + y? + 10 nearest the plane x + 2y — z = 0. 


d(x, у, 2) = "S — 0) + (y — 0)? + (z — O = we can minimize d(x, y, х) by minimizing D(x, у, 2) = х2 + y? + 22; 


3x + 2y +z = 6 => z = 6 — 3x — 2y => D(x, y) = x? + y? + (6 — 3x — 2у)? = Di (х, y) = 2x – 6(6 — 3x — 2y) = 0 
апа Dy(x, у) = 2y — 4(6 — 3x — 2y) = 0 = critical point is (2, $) > z = 3; D (3, $) = 20, D, (3, 1) = 10, 


Dy (1, 1) 212 = D,xDyy – D2, = 56 > бапа D, > 0 = local minimum of d(?, $, 3) = зүй 


d(x, у, 2) = у(х 2) + (у + 1)? + (z — 1)? => we can minimize а(х, у, z) by minimizing 
D(x, у, 2) = (x – 2)? + (у - 1? + (2— D5x фу—2=2== = х фу – 2 
=> D(x, y) = (x — 2) + (y + D^ + (x +y —3) = Ри у) = (x - 2) +2(«+у-3) = 0 
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53. 


54. 


55: 


56. 


57. 


58. 
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8(х, У, 2) =x +y +z; х фу +2 =9—2 —9—х — у = s(x, у) = х2 + у? -(9-х-ур 


= s(x, y) = 2x - 2(9 — x — y) = 0 and 5у(Х, y) ка ит y) = 0 = critical point is (3, 3) > z = 3; 
њу (3, 3) = 4, 5уу(3,3) = 4, 85/(3,3) = 2 => SxxSyy — 55, = 12 > Oand sxx > 0 => local minimum of s(3, 3, 3) = 27 


р(х, у, 2) = xyz; x +y +z =3 > z = 3 — х — у = р(х, у) = ху(3 – х – у) = Зху – ху — ху 

=> p(x, y) = 3y – 2xy – y? = 0 and ру(х, у) = 3x — x? — 2ху = 0 = critical points аге (0, 0), (0, 3), (3, 0), and 
(1, 1); for (0, 0) = z = 3; р, (0, 0) = 0, руу (0, 0) = 0, pxy(0, 0) = 3 = роруу — p = —9 < 0 = saddle point; 
for (0,3) => z = 0; р, (0,3) = —6, pj,(0, 3) = 0, p4,(0,3) = —3 = рађу — p, = —9 < 0 = saddle point; 

for (3,0) > z = 0; р, (3,0) = 0, руу(3,0) = —6, рьу(3,0) = —3 = PxxPyy — pj = —9 < 0 = saddle point; 

for (1,1) > z = 1; p«(L 1) = —2, py(L, 1) = 22, py(L, 1) = 21 = PxxPyy — ps = 3 > Qand p, < 0 = local 


maximum of p(1, 1, 1) = 1 


s(x, у, Z) = ху +yz+xz;x+y+z=6>52z=6-x-y=>s8(x, у) =xy+y(6—x-—y)+x(6—x-y) 

= 6x + бу — ху — x? — у? > 5(Хх у) = 6 — 2x — у = 0 and s(x, y) = 6 — x — 2y = 0 = critical point is (2, 2) 
= Z = 2; Sxx(2, 2) = —2, syy(2, 2) = —2, (2,2) = —1 = 8ххбуу m = 3 > Qand sxx < 0 = local maximum of 
4(2, 2,2) = 12 


d(x, у, 2) = "S + 6)? + (y — 4)? + (z — 0): => we can minimize d(x, у, 2) by minimizing 

D(x, у, 2) = (x +6) + (у – 4 + 22; 2 = УХ + y! => Dh, у) = x6) + (у – 4)? + х2 + y? 

= 2x? + 2y? + 12x – 8y + 52 = О, (х, y) = 4х + 12 = 0 and D,(x, y) = 4y – 8 = 0 = critical point is (—3, 2) 
= z = \/13; D4(—3,2) = 4, D(-3,2) = 4, Dyy(—3, 2) =0 = DxDyy – D2, = 16 > бапа D, > 0 = local 


minimum of 4(-3, 2, уз) = 4/26 


V(x, у, 2) = (2x)(2y)(2z) = 8xyz x? + у? + 22 = 4 => 1 = /4-х2-у2-> V(x, у) = 8ху\/4 — х2 — у2, 


x > 0andy > 0 = V,(x, у) = 2277 ie => = 0 and V,(x, у) = 32x Му 5X" — 0 = critical points are 


ү4-х2- МА х2 – у? 
(0, 0), (+ 3), (>, A). ( 75 ere T -2). Only (0, 0) and (>, 3) satisfy x > O and y > 0 
У(0, 0) = 0 and v (3, 3) =f: Опх = 0,0 < y < 2 = У(0, y) = 8(0)у\/4 – 0? — y? = 0, no critical points, 


У(0, 0) = 0, У(0, 2) = 0; On y = 0,0 < x < 2 = V(x, 0) = 8x(0)/4 — x? — 02 = 0, по critical points, У(0, 0) = 0, 


V(0, 2) = 0; пу = Уа –х, 0 <х<2=У(х, уа x?) = вхуа зү х2 (v4 116 


2 PA 
no critical points, V(0, 2) = 0, У(2, 0) = 0. Thus, there is a maximum volume of TE if the box is “Хх A д 


S(x, у, Z) = 2ху + 2yz + 2xz xyz = 27 > Z = S(x, y, z) = 2xy + 2y( 22) + 2x(22) = 2ху + 5 + 3, х > 0, 


y > 0; S(x, у) = 2y — 8 = 0 and $, (х, у-2х-35 2$ = 0 => Critical point is (3,3)->2- 3; Sxx(3, 3) = 4, 
Syy(3, 3) = 4, D4(3,3) = 2 => D4Dy, — DZ, = 12 > бапа D,, > 0 => local minimum of S(3, 3, 3) = 54 


х 
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59. Let x — height of the box, y — width, and z — length, cut out 


squares of length x from corner of the material See diagram 
at right. Fold along the dashed lines to form the box. From 
the diagram we see that the length of the material is 2x + y z 


and the width is 2x + z. Thus (2x + y) (2x +z) = 12 | 
2(6 —2х2 + ху) 
2х+у 
2х y(6 —2х2 + ху) 
2х +у 


= 7 = 


. Since V(x, y, 2) = ху2 LEE ONES КИЕ x 


=> V(x, y) = , where x > 0, y > 0. 


4(3у2 — 4x3y — Ax2y? —х 
У,(х, у) S ( Y cem E У) 


У, (х, у) = шин I У-ХУ) — 0 = critical points are (v3. 0). (- V3, 3,0), (+ 4). 


— 0 and 


ty) 

and (- ve -%). о. (v3. 0) and (+: +) satisfy x > 0 and y > 0. For (МЗ, 0): 7 = 0; У» (УЗ, 0) =0 

Му (УЗ, 0) = —2\/3, 3, Vay (V3, 0) = —4\/3 => VixVyy — Му = —48 < 0 = saddle point. For (+ 4): 7 = Р 
У» (5. 4) --18 0 Vy. 4) - s V 4) = T- Ма Vyy — V2, = 16 > 0 and 


16 


Уз’ у 4) 735 


Ма < 0 => local maximum of v(4 


60. (a) (1) Onx = 0, f(x, у) = КО, у) = y? — y+ for0 < y < 1;  (0,у)-2у-1-0 y + and x = 0; 

f (0,3) = 3, 0,0) = 1, ава f(0, 1) = 1 

(ii) Ony = 1, f(x,y) = f(x, 1) = х? +x + 1 for0 < x < 1; Ех, 1) = 2х+1=0 = х= – 5 апау = 1, but 
(— 5,1) is outside the domain; КО, 1) = 1 and f(1, 1) = 3 

(iii) Onx = 1, f(x,y) = 1,у) = уг фу + Лого Су 1; Г, у) =2у+1=0 > y= — 5 and x = 1, but 
(1, — 5) is outside the domain; (1,0) = 1 and f(1, 1) = 3 

(iv) Ony-0,f(x,y) = Кх, 0) = x? —x +1 for0 < x < Ех, 0) = 2x — 1 = 0 => х= 1 andy = 0; 
f (5,0) = 2; К0,0) = 1, ава К1,0) = 1 

(v) On the interior of the square, (х,у) = 2x + 2y — 1 = 0 and fj(x, y) = 2y + 2x —1 — 0 = 2x+2y=1 
= (х +у) = 1. Тћеп КХ, у) = х2 + у: + 2xy —x-y+ 1 = (х + у)? –(х+у) +1 = 5 15 the absolute 
minimum value when 2x + 2y = 1. 

(b) The absolute maximum is f(1, 1) — 3. 


61. (a) Ч = 8 = йу — 4 = 2 sin t + 2 cos t = 0 cost = sint х-у 
(i) Оп the semicircle x? + у? = 4, y > 0, we have t = д апах = y = м2 = (2, v2) = 22. At the 
endpoints, f(—2, 0) = —2 and Қ2,0) = 2. Therefore the absolute minimum is f(—2,0) = —2 when t = 7; 
the absolute maximum is f (v2, v2) =2y2 whent=}ĵ. 


(ii) Оп the quartercircle х? + у? = 4, x > 0 апа y > 0, ће endpoints give КО, 2) = 2 and f(2, 0) = 2. 
Therefore the absolute minimum is (2,0) = 2 and КО, 2) = 2 when t = 0, 5 respectively; the absolute 


22 у2) = 2\/2 whent = 1. 
(b) 3 =% a 4 ЈЕ ухо = 4 sin? t + 4 cos?t 20 = cost = sint x= фу. 
о On the semicircle x? ty? = 4, y > 0, we obtain x = y = /2 att = 2 and x = -4/2,у- V2 at 

= 5. Theng (v2, v2) = 2 and р (-v2, №) = —2. At the endpoints, g(—2,0) = g(2,0) = 0 


me : E 2037. 1 1 
Therefore the absolute minimum is 2 (-v2, у2) = —2 when t = -7 ; Ше absolute maximum is 


e(v2, v2) —2whent- 1. 
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(ii) On the quartercircle x? + y? = 4, x > 0 and y > 0, the endpoints give g(0, 2) = 0 and g(2,0) = 0. 
Therefore the absolute minimum is g(2, 0) = 0 and (0,2) = 0 when t = 0, 7 respectively; the absolute 


maximum is g (v2, у2) —2whent- 7. 


(с) 9 = BR + HS = Ax & + ду F = (8 cos 0)(—2 sin t) + (4 sin t)(2 сов 0 = —8 cos t sint = 0 
= 1-0, 3 т yielding the points (2, 0), (0,2) for 0 € t Ст. 
(1) On the semicircle x? + y? = 4, у > 0 we have h(2, 0) = 8, (0, 2) = 4, and h(—2, 0) = 8. Therefore, 


the absolute minimum is h(0, 2) = 4 whent = a ; the absolute maximum is 12,0) = 8 and h(—2, 0) = 8 


when t = 0, т respectively. 
(ii) On the quartercircle x? + y? = 4, x > 0 and y > 0 the absolute minimum is h(0, 2) = 4 when t = 5 ; the 


absolute maximum is h(2, 0) = 8 when t = 0. 


62. (a) EE оо. у =2%--3% = 6 sint + 6 созЕ = 0 sint = cost ї= 10:01 
G) Оп thesemi-ellipse, ® + У = 1, y > 0, f(x,y) = 2x + Зу = бсовг + 6 sint = 6 (2) +6 (2) = 6\/2 
att = 5 . At the endpoints, f(—3,0) = —6 and К3,0) = 6. The absolute minimum is f(—3,0) = —6 when 
t — п the absolute maximum is f (22, v2) = 6/2 ућеп ( = 1. 
(ii) Оп the quarter ellipse, at the endpoints f(0, 2) = 6 and КЗ, 0) = 6. The absolute minimum is f(3, 0) = 6 
and КО, 2) = 6 when t = 0, 5 respectively; the absolute maximum is f (38, №) = 6/2 whent = 7. 


б) ЕЖЕ уа х € = (2 sin 0(—3 sin t) + (3 cos 02 cos t) = 6 (cos? t — sin? t) = 6 cos 2t = 0 


= 1= 7, 37 ЮГО <1 Сп. 

(i) On the semi-ellipse, g(x, y) = ху = 6 sin t cos t. Then о (38, №) = 3 whent = 7, and 
g (- m у2) = —3 whent = т . At the endpoints, g(—3, 0) = g(3,0) = 0. The absolute minimum is 
g (- x. v2) = —3 when t = m ; the absolute maximum is g (22, №) = 3 whent= 1. 

(ii) Оп the quarter ellipse, at the endpoints g(0, 2) = 0 and g(3,0) = 0. The absolute minimum is (3,0) = 0 
and g(0, 2) = 0 att = 0, 7 respectively; the absolute maximum is 2 (£, №) = 3 ућеп (= 7. 


(с) 38 = 58 € + 68 3 = 2х + бу = (6 cos 0(—3 sin t) + (12 sin 12 сов t) = 6 sin t cos t = 0 
= 1-0, Е , п for O < t < m, yielding the points (3, 0), (0, 2), and (—3, 0). 
(i) Оп е semi-ellipse, y > 0 so that h(3, 0) = 9, h(0, 2) = 12, and h(—3,0) = 9. The absolute minimum is 
h(3,0) = 9 and h(—3, 0) = 9 when t = 0, л respectively; the absolute maximum is h(0, 2) = 12 when t = т 5 
(ii) Оп the quarter ellipse, the absolute minimum 15 h(3, 0) = 9 when t = 0; the absolute maximum is 
h(0,2) = 12 whent = 5. 


df _ Of dx Of dy _ ү dx ду 
63. dt дх dt + dy а Ya tX 


G) x=2tandy=t+1 > # = (1+ 1000) + (20) = 4+2=0 = – 1 x = —landy = 3 with 


f (-1, 1) = – 1 . The absolute minimum is f (-1, 1) = – i when t = — : ; there is no absolute maximum. 
(i) For the endpoints: t –1 = x = —2 and y = 0 with f(-2,0) = 0;t = 0 x = Оапау = 1 with 
f(0, 1) = 0. The absolute minimum is f (-1, 1) = – 1 when | = — : ; the absolute maximum 15 КО, 1) = 0 


and f(—2,0) = 0 when t = —1, 0 respectively. 

(11) There are no interior critical points. For the endpoints: t — 0 = x = Оапау = 1 with КО, 1) = 0; 
t=1 = х= 2 апау = 2 with f(2,2) = 4. The absolute minimum is КО, 1) = 0 when t = 0; the absolute 
maximum is (2,2) = 4 whent = 1. 
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eo иен 
(i) x-tandy —2-— 2t £ = (200) + 22 — 20(-2) = 10t- 8 = 0 (== x = і andy = 2 with 
f (5, 2) - 16 + = = = =. The absolute minimum is f (5, 2) = і when t = 5; there is по кы 


ш) 


maximum along the line. 


For the endpoints: = 0 = х = 0 and y = 2 with f(0,2) = 4;t— 1 x = l and y = 0 with f(1,0) = 1. 


The absolute minimum is f (2 58 2) = : at the interior critical point when t = 5; the absolute maximum is 


f(0, 2) = 4 at the endpoint when t = 0. 


® = = [етер] ® + [етиў] 8 
(i) x=tandy=2-2t> х°?+„+у*=5°—8 +4 = а = – (50 — 8t + 4) ^[(—20(1) + (—2)(2 — 2t)(—2)] 
— (5t2 — +4) ^(—10t + 8) 0 (== х= іа andy = 5 with (5,5) = у = 3. The absolute 
maximum is g (2 5) 2) = 5 when t = i ; there is no absolute minimum along the line since x and y can be 
as large as we please. 
(ii) For the endpoints: t = 0 = x = 0 and y = 2 with g(0,2) 1 ;t=1 > х= landy = 0 with (1,0) = 1. 


The absolute minimum is g(0, 2) = i when t — 0; the absolute maximum is g (5, 2) = 5 when t — 3 4 


65. м = (mx, +b— yi? + (mx. +b — y2) +... + (mx +6— y)? 


Ow 
— Эш 


( 
= 2(mx; +b — у) (хи) + 2(mx2 + b — у2)(х2) +--+ + 2(mx, + b — Yn) (Xn) 
( 


=> де = 2(mx; +b — у!) (1) + 2(mxo + b — у2)(1) +--+ + 2(mx, + b — ул) (1) 


Ow _ 
дт | 


0- 2| (mx; +b — у!) (хи) + (mxo + b — y2)(x2) +++» + (mx, +b — Yn) (ха) | -0 


= шх! +bxı — хуу + mx? + bx) — хо y2 + mx? + bXn — Xn Yn = 0 
=> m(xi + x5 + +: + ха) + BOK + х + +++ + X) — (X1 y1 + хоу + + ха ув) = 0 


=> m»; (х2) + by x. = » (хкук) = 0 


к=1 К-1 k=1 


ди =0 = 2 (тх + b— у) + (mx; +b— уз) +--+ + (mx_ +b- y,)] =0 
=>mx,;+b—yi+mx.+b—y2+---+mx,+b—y, = 0 
= m(x, + х2 +... + ха) + (b+b+---+b)— (у уз + + у.) = 0 


>т} +1 у = 0 ә mdm +з — ду =0 == | - Хусны.) 


k=1 k=1 k=1 k=1 k=1 k 


Substituting for b in the equation obtained for 2 a, We get m шээг, 2) + (> yk — m» 8) So xk — У (хкук) = 0. 


n 


Multiply both sides by n to obtain mn»; (х2) + (Zn -mx ) Ух = п У) (хкук) = 0 
к= k=1 


k=1 k=1 


= mnY (xl) - »(3x) = п); (хкук) — (Хх) (£x) 
n n 2 n n 
ж : b =" (худ - (Sm) 


= т = 


k=1 
k=1 


k=1 


To show that these values for m and b minimize the sum of the squares of the distances, use second derivative test. 


n S n 
= 252 +202 +... +202 = 2002); PR —2xi2x)-eec42x.—2Y x6 $2 = 2+2+---+2 = 20 
К-1 k=1 
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2 
Тһе discriminant is: (2% 3 (5 ap x) (2 Эп 13) = 


Chapter 14 Partial Derivatives 


[Р оф) - ( 


66. т 


67. 


68. 


2 

Now, us х)- (> p n(x? + x +... + х2) — (xi + xo + + жи) (и + X) c + Xn) 

k=1 
= =nx? +nx? +: -+nx? X 1X2 ХІХр — X2X| х ХоХу — XnX1 — XgX2 — е” x 
= (п- 1) х2 ЭЭЖ E ЛИН 1) x2 — 2xix? — 2xix 2 хх: — 2X2X3 2 X2Xn 2 Xp .1Xn 
= (x? — 2xixo x2) + (x? — 2xixa + х2) c (X? — 2X1Xn x2) + (х2 — 2xoxs + x2) +... + (х2 — 2хоха + x2) 

озер ы — 2 Xn—1Xn + ха) 
= (xy =X)? + (ху з) + + би — Xn) + (ка — ха) + (x5 — X) Ht xx) 20. 

2 2 2 n n 2 
Thus we have : (Zx) (=) (5) = п) (xi) - (Хк) | > 4(0) = 0. If x} = x2 Ха then 
k=1 k=1 
2 2 2 2 n 2 
(85) (%%) (2%) = 0. Also, 2X = 22/0) > > 0. If = x; Xn 9% = 0. 
ЯНГ, 

Provided that at least one x; is nonzero and different from the rest of xj, j > i, then (= ) ce ) ( ақ) > 0 and 


_ 06-36) _ 3 
2-38 = 4 and 


»-15-10]-i 
—y-ixtbyL-5 


_ (20-314) . 20 
m = “сузуу =- із and 
1 20 _ 9 
Б=з [-1- (- в) 0] = в 
_ _ 20 9. т 
> у= - хай, = 
(36) – 3(8) . 
m = (382365) = 3 and 


Ь= 1 [5-2(3)] =: 
> у= јх ЕУ =e 


69-74. Example CAS commands: 


Maple: 
f := (х,у) -> x^2xy^3-3*x*y; 
х0,х1 := -5,5; 
УО,У1 := -5,5; 


k Хү 

1 -2 

2 0 

3 2 

У 0 

k Xk 

1 —1 

2 0 

3 3 

> 2 

k Хе Ук x ху 
1 0 0 0 0 
2 1 2 1 2 
3 2 3 4 6 
> 3 5 5 8 


plot3d( f(x,y), х=х0..х1, у-у0..у1, axes=boxed, shading=zhue, title="#69(a) (Section 14.7)" ); 
plot3d( f(x, y), х-х0..х1, y=y0..y1, grid=[40,40], axes=boxed, shading=zhue, style=patchcontour, title="#69(b) 


(Section 14.7)" ); 
ОШО; 
D[2](f); 


{х= 
fy := 


crit pts := solve( {fx(x,y)=0,fy(x,y)=0}, {x,y} ); 


Ёхх := 


р) 


fxy := D[2](fx); 


# (c) 


# (d) 
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fyy := D[2](fy); 
discr := unapply( ЇЁхх(х,у)*Ғуу(х,у)-Ёху(х,у)^2, (х,у) ); 
for CP in {crit_pts} do # (e) 
eval( [x,y,fxx(x,y),discr(x,y)], CP ); 
end do; 
# (0,0) is a saddle point 
# (9/4, 3/2) is a local minimum 
Mathematica: (assigned functions and bounds will vary) 
Clear[x,y,f] 
х „у := x? + уз -3xy 
xmin- —5; хтах= 5; упип= —5; утах= 5; 
Plot3D[f[x, y], (х, xmin, хтах |, (у, ymin, ymax}, AxesLabel — (х, у, z}] 
Сопюш Рю х,у], (х, хаш, хтах |, (у, ymin, ymax}, ContourShading — False, Contours — 40] 
fx- D[f[x,y], x]; 
fy= Р х,у], у]; 
critical=Solve[{fx==0, fy==0},{x, y}] 
fxx= D[fx, x]; 
fxy= D[fx, y]; 
fyy= РПУ, у]; 
discriminant- fxx fyy — fxy? 
{{x, у}, f[x, y], discriminant, fxx} /.critical 


14.8 LAGRANGE MULTIPLIERS 


1. УЕ= уі + xj and y g = 2хі + 4уј so that Vf=A Vg = уі--хі- AQxi + 4yj) = у —2xA and x = 4yA 
x = 8x)? À + Y? orx = 0. 
CASE 1: If x = 0, then y = 0. But (0, 0) is not on the ellipse so x > 0. 


2 
CASE2: xZ0 => A= +% > х= + уу (+ v2y) +2у2=1 > у= +1. 
Therefore f takes оп its extreme values at ( zs 2 У апа ( E сэ Е У . The extreme values of f on the ellipse 


are ix. 


2. f= уі + х] апа y g = 2х1 + 2yj so that Vf=A Vg => уі +хј = AQxi + 2уј) = у —2xA and x = 2yA 
> x = 4x)? х=богј= +. 
CASE 1: If x = 0, then y = 0. But (0, 0) is not on the circle x? + y? — 10 = 0 so x Æ 0. 


САЅЕ 2: x#0 => à= £l > у=2х(+=4) = +x = х + (+х)? –10=0 > х= + 4/5 > у= + V5. 


Therefore f takes on its extreme values at ( t5, v5) and ( zE М5 ; -45) . The extreme values of f on the 


circle are 5 and —5. 


3. wvf-—-2xi -2yjand v g = і + 3] зоћа Vf=AVg => -2xi-2yj2 Ai + 3p = х= – А апау = – 32 


2 
=> (- 2) 43 (- 34) 10 А--2 x = | andy = 3 = ftakes on its extreme value at (1, 3) on the line. 
The extreme value is f(1, 3) = 49 — 1 — 9 = 39. 


4. vf=2xyit+ x/jand ҳу в = і + jsothat f= Zg = 2хуі + х2ј = Aij) = 2xy = à and x? = А 
2ху=х? > х=0ог2у=х. 
CASE 1: Ех = 0, then x+y = 3 > у= 3. 
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CASE 2: Ех #0, then 2y = x sothatx+y=3 => 2y+y=3 у=1 х = 2. 
Therefore f takes on its extreme values at (0, 3) and (2, 1). Тһе extreme values of f аге (0,3) = 0 and f(2, 1) = 4. 


5. We optimize f(x, y) — x? 4- y?, the square of the distance to the origin, subject to the constraint 
g(x, y) = xy? — 54 = 0. Thus vf = 2xi + 2yj and Vg = у2і + 2хуј so that Y f= А ху = 2xi + 2yj 
= А(у?ї + 2xyj) = 2x = Ay? and 2y = 2Axy. 
CASE 1: If y = 0, then x = 0. But (0, 0) does not satisfy the constraint xy? = 54 so y Z 0. 
CASE 2: Ку 0, ћеп2 = 22x > x=} = 2(1) = Ху = у? = 2. Then xy? = 54 = (1) (4) = 54 


№= 5 х= x—3andy?— 18 > х=Запау = +3\/2. 


Therefore (3. = 3v2) are the points on the curve xy? = 54 nearest the origin (since xy? = 54 has points increasingly 


far away as y gets close to 0, no points are farthest away). 


6. We optimize f(x, y) = x? + y?, the square of the distance to the origin subject to the constraint g(x, у) = x?y — 2 = 0. 
Thus ху Ё = 2xi + 2уј and хур = 2xyi + x?j so that ху f= À Y g = 2x = 2xyA and у = x24 = А = 44, since 


12 
ха > 


x=0 = у = 0 (but g(0,0) # 0). Thus x # 0 and 2х = 2ху (23) = x? = 2y? > (2у)у-2-0 = у=1(утсе 


у> 0) = х= + м2 . Therefore ( = V2, 1) аге the points on the curve x?y = 2 nearest the origin (since x?y = 2 has 


points increasingly far away as x gets close to 0, no points are farthest away). 


7. (а) VWf=i+jand у g= уі + xj so tht vf—-ANVg2i-cj М№уі + xj) => 1 = Ay and 1 = Ax > у = 1 and 


X i 4 16--1-4 1, Use А = 1 since x > 0 and y > 0. Then x = 4 and y = 4 => the minimum value is 8 
at the point (4, 4). Now, xy = 16, x > 0, y > 0 is a branch of a hyperbola in the first quadrant with the x-and y-axes 
as asymptotes. The equations x + y = c give a family of parallel lines with m = —1. As these lines move away from 
the origin, the number c increases. Thus the minimum value of c occurs where x + y = c is tangent to the hyperbola's 
branch. 

(D у ЕР= уі + храпа Vg=i+jsothat Vf—AN/g = Я-х] = ла) = у=л=ху-у = 16 = у=8 

=> х=8 = Қ8,8)- 64 is the maximum value. The equations ху = с (х > Oandy > Oorx < Oandy < 0 
to get a maximum value) give a family of hyperbolas in the first and third quadrants with the х- and y-axes as 
asymptotes. The maximum value of c occurs where the hyperbola xy = c is tangent to the line x + y = 16. 


8. Let f(x, y) = x? + y? be the square of the distance from the origin. Then ху f = 2xi + 2yj and 
Vg = (2х + yl + (2y + х)ј so that Y f= à Y g = 2x = AQx + у) and 2y = Ау + x) > „> = А 


2у-х = 
> X= (34) Qx+y) > xy +x) = yx +y) > х? = у: = y= +x. 
CASE1: у=х = x?4+x(x)+x?-1=0 x + дату =x. 
CASE2: у--х = x2+x(—x) + (х) 120 > x= +landy = —x. Thus f (+, +) -2 
=f (- > - 5) and f(1, —1) = 2 = f(—1, 1). 
Therefore the points (1, —1) and (—1, 1) are the farthest away; Ga 5) апа (- ==, - 5) are the closest 


points to the origin. 


9. У = qr?h 16r = лг?һ 16 = Ph g(r,h) = r°h — 16; S = 2лтћ --2n? => ҳу S (2лћ + Алт + 2zrj and 
ҳу g = 21 + Pj so that ҳу $ = А 2 = (2ліһ-- 4rr)i + 2nrj = А (2rhi + гај) => 2лтһ + Алт = 22 and 2лг- Аг? 
= г= ОогА = =. Butr = 0 gives no physical сап, so г 0 А т 2тһ + 4пг = 2 (27) > 2r=h 


16 = Qr => г = 2 => h = 4; thus r = 2 cm and h = 4 cm give the only extreme surface area of 247 сте. Since 


г = 4 стапаћ = 1 cm = У = 16r cn? and $ = 407 сте, which is a larger surface area, then 247 cm? must be the 
minimum surface area. 
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10. For a cylinder of radius г and height h we want to maximize the surface area $ = 27rh subject to the constraint 
g(r, В) = r? + Ж — à? = 0. Thus ҳу S = 2rhi + 2rrj and ҳу g = 2ri + 8 5] so that Y S = à Y => 2лћ = 2Агапа 
2тт = Ab = Лапа 2лт = (2) (8) > 42-12 => һ=2г => г 2440 а? Qr а <= pem. 


у 
ћ M S 2 (5) (av2) = 2лаг. 


2 


= (2х)(2у) = 4xy subject to g(x, y) = 16 + Y –1=0 JA = 4уі + 4хј апа у g= 1+ Yj so that Y A 
2 = 4yi+ Ах] = А (3i 7j) > = ду = (5) Лапа 4х = (Зул - А = 22 and 4х = (%) (2%) 
2 


х 


11. 


- 


=> у= = 


ix => = + (>) 1» х?=8 х= + 2\/2. Weusex = 22 since x represents distance. 
Then y — 3 (2/2) = a2 , So the length is 2x = 4/2 and the width is 2у = 32. 


2 


12. P = 4x + ду subject to g(x,y) = 5 + Y -1-20 ХР = 4i + 4j and ҳу р = 214 2 ј воћа VP=A\ Veg 


2 
= 4= (S) Aand4 = (#) > А = 2 and4 = (8) (#) > у= (E)x > TEOL - жама 


х а“ 


=1 = (а +" )х =at = x= Vi: = у= (#)х= TE = width = 2х = Ju 
and height = 2y = —29 erimeter is Р = 4x + Ду = 42240 — 4 /a2 +b? 
g Y= Лалы P Y= Ver 


13. Wf = 2хі + 2уј апа ху g = (2x – 21 + (2y — 4j so that J f = А ху g = 2xi + 2у] = A[Qx — Di + (2y — 4j] 
=> 2x = AQx – 2) and 2y = AQy – 4) > х = у andy = 21,351 y —2x > x? — 2x + (2х)? – 4(2х) = 
= x = 0 and y = 0, or x = 2 and y = 4. Therefore f(0, 0) = 0 is the minimum value and f(2, 4) = 20 is the maximum 


value. (Note that A = 1 gives 2x = 2x — 2 or 0 = —2, which is impossible.) 


14. v f—3i- јапа v g = 2хі + 2yj so that уу f= à Y g => 3 = 2Ax and —1 = 2Ay > à = # and -1 = 2 (2) y 


>y=-% > (х)? 4 10x? = 36 > x + 55 х Ja andy = — Jg огх = — > an апа 
у = Ju Therefore f (+: 24) = Ti + 6 = 24y 10 + 6 ~ 12.325 is the maximum value, and t(- 5 Ju Ax) 
= —2X 10 + 6 ~ —0.325 is the minimum value. 

15. T = (8x – 4у)і + (—4х + 2y)j and g(x,y) = x? + у? — 25 = 0 = ҳур = 2хі + 2уј ѕо аг VT=A 7g 


= ео > 4x + 2y)j = AQxi + 2yj) = 8x — 4y = 2Ах апа —4х + 2y = 23у => у= 5 , Хи 1 

= 8х — 4 (525) =2Ах > x=0,orA =0,orA = 5. 

CASE 1: x =0 = y = 0; but (0, 0) is not on x? + у? = 25 sox Æ 0. 

CASE2: \=0 = y 22x = x + (2х)? = 25 = x= + 5andy = 2х. 

САЅЕ 3: Х=5 > y= 2% = – & x? + (- 4)? = 25 x= +24/5 = x = 24/5 andy = – 4/5, or x = 24/5 
апау = \/5. 

Therefore T (,/5,2,/5) = 0 = T(-V5,-2V/5) is the minimum value and T (2/5, — /5) = 125? 


-Т (-2V5, v5) is the maximum value. (Note: А = 1 = х = 0 Кот the equation —4x + 2y = 2Ay; but we 
found x Z 0 in CASE 1.) 


16. The surface area is given by $ = 4лг? + 27rh subject to the constraint V(r, В) = 3 4 лг? + лт?һ = 8000. Thus 
ҳу $ = (8ar + 2rh)i + 2лтј and ҳу V = (4nr? + 2rrh) і + ті?) so that ҳу S = A ху V = (8r + 2rh)i + 2лтј 
= А [(4nr? + 2zrh)i + ті => 87r + 2лћ = Л (Алт + 2лтћ) and 2лт = Алт? г= 00г2 = rA. Butr 40 
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17. 


18. 


19. 


20. 


21. 


22. 
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so 2 = ГА А 2 > Ат +>ћ = 2 (2r? + rh) => һ-0 = the tank is a sphere (there is no cylindrical part) and 


4 113 = 8000 = r=10(8)"”. 


Let f(x, y, 2) = (x — 1)? + (y — 1)? + (z — 1)? be the square of the distance from (1, 1, 1). Then 

wv f = 2(x — Di + 2(y — Dj + 2( — Dkand Į g = і + 2) + ЗК ойла: Vf=AVeE 

= 2x- Dit Wy – 1] + 202 – Yk = 18 +2] 43k) > 20: — 1) = А, у — D = 24,2(2 1) = ЗА 

=> Ay – 1) = 202(х – 1] and 2(2 — 1) = 3[2(х - D] => x= HH => 2+2 =3 (444) orz = 32! ; thus 


үкі + 2) +3 (224) -13-0 у-2 X 3 and 7 = 5 . Therefore the point (3, 2, 5) is closest (since no 


point on the plane is farthest from the point (1, 1, 1)). 


Let f(x, y, 2) = (x — 1 + (y + 1)? + (z — 1)? be the square of the distance from (1, —1, 1). Then 
wvf-2(- 1)ї + 2(y + Dj + 2(2 — Dkand vg = 2хі + 2уј + 2zk so that Y f = à J = x — 1 = Ах, у+1 = Ау 


and z — 1 = А = x= НУ, у = – ту, andz= т forrAF 1 = (d erem уеш 
1 


2. 
1-А =” 


X 


vay Ai 7 огх = Ay = %,2- A The largest value of f 


occurs where x « 0, y > 0, and z « 0 or at the point (- - Р Е ын 5.) on the sphere. 


Let f(x, y, Z) = x? + y? + 22 be the square of the distance from the origin. Then vv f = 2xi + 2yj + 2zk and 

V g = 2х1 — 2yj — 2zk so that Y f= A J g => 2xi 2yj + 2zk = AQxi — 2yj — 2zk) => 2x = 2xA, 2y = 2yA, 
апа 22 = —2zAÀ х= Оогл = 1. 

CASE 1: А = 1 > 2y = —2у > y = 0; 2z = —2z »=0=х?—1=0=— 8 =1=05 х= +Тапду===0. 
CASE2: х=0 = у? — 72 = 1, which has no solution. 

Therefore the points on the unit circle x? + у? = 1, are the points on the surface x? + y? — 22 = 1 closest to the origin. 


'The minimum distance is 1. 


Let f(x, y, Z) = x? + y? + 22 be the square of the distance to the origin. Then vv f = 2xi + 2yj + 2zk and 
gJ g= yi + xj— k sothat Vf=AVg = 2xi + 2yj + 2zk = A(yi + xj — k) 2х = Ay, 2y = Ax, and 2z = —A 
> x=% 2у a (%2) у-(0огА- +2. 


2 2 
CASE 1: y=0 > x=0 > –7+1=0 > z=l1. 

CASE 2: \=2 = x=yandz= —1 > x?—(—1)+1=0 = x? +2 = 0, so no solution. 

CASE 3: А=—2 > х= —yandz= 1 = (-у)у- 1+1=0 = у = 0, again. 

Therefore (0, 0, 1) is the point on the surface closest to the origin since this point gives the only extreme value 


and there is no maximum distance from the surface to the origin. 


Let f(x, у, 2) = x? + y? + 22 be the square of the distance to the origin. Then ху f = 2xi + 2yj + 2zk and 

үу g = -yi- xj + 27К so that ҳу f = Ах g => 2хі + 2yj + 27К = A(—-yi — xj + 27К) = 2х = —yA, 2y = —ХА, and 
27 =27А => А = 1] 0г7 = 0. 

CASE 1: A=1 => 2x—-yand2y—-x > у=0апайх=0 > 2 —4=0 > z= += да к= "7" =0. 


САЗЕ2: 1=0 = –ху—4=0 > у= –1, Then2x = A > А = = and 8 XA 8 х(5) 
x* = 16 х +2. Thus, x = 2 andy = —2, or x = —2 and y = 2. 
Therefore we get four points: (2, —2, 0), (—2, 2, 0), (0,0, 2) and (0,0, —2). But the points (0, 0, 2) and (0,0, —2) 


are closest to the origin since they are 2 units away and the others are 22 units away. 


Letf(x,y,z) = x? + y? + 22 be the square of the distance to the origin. Then ҳу f = 2xi + 2yj + 2zk and 
ҳу g = yzi + xzj + xyksothat 57 f= А J g => 2x = Ayz, 2y = Axz, and 2z = Axy => 2x? = Axyz and 2y? = Ayxz 
x = y? y= +x > z= +x > х(+х)(+х)=1 х= +1 the points аге (1, 1, 1), 1,—1,—1), 
(—1, —1, 1), and (—1, 1, —1). 
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v f=i-2j+5kand y g = 2х1 + 2уј + 2zk so that vf = А ҳу g > і – 2] + 5k = AQxi + 2yj + 22) => 1 = 2xA, 
—2 = 2yA, and 5 = 2zA x Xy -i —2x, and z = à, = 5x = x? + (—2х)? + (5х)? = 30 > x= +1. 
Thus, x = 1, у = —2, z = 5 or x = —1, у = 2,7 = —5. Therefore f(1, —2, 5) = 30 is the maximum value and 


f(—1,2, —5) = —30 1$ the minimum value. 


Vv f =i+ 2] + 3k and au м M оа vf-Awvg-2i-c2j-3k— ЕН 


2 = 2yA, and 3 = 22А x—-i,y-l-2xandz- à = Зх = x? + (2х)? + (3х)? = 25 х= + 95. 
_ 10 15 22 5 = 10 = 15 5 10 15 
Thus, x = Ju y Ju:*7 Ja or x Jia? y Jia? 7 д“ Therefore f ( Ju i) 
= 54 14 is the maximum value апа i > 10 D ) = —5\/ 14 1s the minimum value. 
ула” yi4’? 14 


f(x,y,z) = х? + у? + 22 and 2(х, у, 2) =x+y+z-9=0 = wf —2xi + 2уј + 2zk and Vg = i+ j+ К so that 
vf-AwWSg = 2хі + 2уј + 2zk = AG4+j+k) = 2х = А, 2у = А, and2z=AS>x=y=z>x+x+x-9=0 
=> х= 3, у = 3, and z = 3. 


f(x,y,z) = xyz апа э(х, у, 2) = x фу +z? — 16 = 0 => ху ғ = ухі + xzj + хук and ҳу g = і + j + 2zk so that 
ү Ё= Ху = уд + х7] + хук = Аі +] + 22К) => yz = A, xz = А, and xy = 22А => ул = ха > 7 = Оогу = х. 
But z > 0 so that y =x = x? = 2zA and xz = А. Then x? = 2z(xz) => x = 0 or x = 222. But x > 0 so that 


х = 272 у 272 272 + 272 + 72 = 16 z= +. Weusez = -% since z > 0. Then x = $ andy = $ 
which yields f (3,3 = 2,4) = e. 


У = xyz and g(x,y, z) = х? + у? +22 -1=0 = СУ = улі + xzj + хук апа хур = 2хі + 2yj + 2zk so that 
У d. yz = Ах, xz = Ay, and ху = Az = xyz = Ax? and xyz d у = +x z= tx 


> xX +x +x =l >x ёл since x > 0 = the dimensions of the box аге v5 Бу! л Бу a for maximum 


volume. (Note that there is no minimum volume since the box could be made arbitrarily thin.) 


У = xyz with x, у, z all positive and * + $ + 2 = 1; thus У = xyz and g(x, у, 2) = bcx + acy + abz — abc = 0 


=> VV=yzi+xzj+xykand ҳу g = bci + acj + abk so that Y V = А Vg yz = Abc, xz = Лас, and xy = Aab 
=> xyz = Аһсх, xyz = Aacy, and xyz = Aabz => А 5 0. Also, Abcx = Хасу = Aabz bx = ay, cy = bz, and 
cx=az > y= ?xandz= £x. Then 3 + У + 2=1 > 5 + } (2x) + 1 (Ex) 1 3х 1 > x= $ 


>y= (5) (5) = 5 and 7 = (5) (=) 1 У = xyz (5) (5) (5) — аре 1 is the maximum volume. (Note that 


there is no minimum volume since the box could be made arbitrarily thin.) 


У T = 16xi + 4zj + (4y — 16)k and ху g = 8хі + 2у] + 8zk so that Y T = А J g = 16xi + 4zj + (4y — 16)k 
= A(8xi + 2yj + 8zk) => 16x = 8x4, 47 = 2yA, and 4y — 16 = 8zA А=2огх = 0. 
CASE 1: Х=2 = 42 = 2у(2) => 2-у. Тћеп42 — 16 = 167 => 2 = — 3 => у = – 1. Then 


4? + (—4)°+4(—4)” = 16 = x= tí. 
CASE2: х-0- \=2 ду - 16 = Sz (2 jy —4y = 4g) => AQ? + y? + (у? — 4y) - 16 =0 


У 
= у2-2у-8-0->(Уу-4/у--2)-0 у=4огу = –2. Nowy = 4 = 472 = 4? — 4(4) 
=> z= (апау = –2 = 422 = (-2)? — 4(-2) = z= + V3. 


The temperatures are T (+ $,—$,— $) = 6423 ,T(0,4,0) = 600°, T (0, —2, УЗ) = (600 — 24/3) ‚ава 


Т (0. —2, – УЗ) = (600 + 2443) == 641.6?. Therefore ( == 3 ,— i ,— +) are the hottest points on the space probe. 
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30. ху T = 400yz7i + 400х227] + 800xyzk and ҳу g = 2xi + 2yj + 2zk so that ху Т = Ауе 


31. 


32. 


33. 


34. 


35. 


=> 400у221 + 400xZ?j + 800xyzk = A(2xi + 2yj + 2zk) => 400у22 = 2xA, 400xz? = 2yA, апа 800xyz = 22А. 


Solving this system yields the points (0, + 1,0), ( + 1,0,0), and ( 1,534, ут) . The corresponding 


temperatures are T (0, = 1,0) 20, T( + 1,0,0) = 0, and T ( i d 5 d: ут) = +50. Therefore 50 is the 
maximum temperature at (1, 3, + >) an а ( 5 ; 5 yE xi) ; —50 is the minimum temperature at 


2 
1 1 2 1 1 
(4-1 +?) and (71,1 =). 


= (у + 2) + xjand ҳу g = 21+ ј зо Ша ҳу О = ANZ g = (у + 2) xj = AQi +] => у+ 2 = 2A and 
х= А y+2 = 2х y =2x—2 = 2х + (2х – 2) = 30 = х = 8 апау = 14. Therefore U(8, 14) = $128 
is the maximum value of U under the constraint. 


У M = (6 + z)i — 2yj + xk and ху g = 2хі + 2yj + 2zk so that Y M = à J g = (6 + 2)і – 2yj + xk 
= AQxi + 2yj + 2zk) > 6 +2 = 2xA, —2у = 2yA, x = 22А А = —1оту = 0. 
CASE 1: А = —1 => 6 +2 = —2x and x = —2z б+7= —2(—27) => z = 2 and x = —4. Then 
(-4) +y? +22 —36=0 > у = +4. 
САВЕ 2: у = 0,6 +z = 2xA, and x = 27А А б+2#=2х (5) = 67 +22 = х? 
= (67 + 22) + 02 +22 = 36 => 7 = –бог7 = 3. Мо 2 = -6 = x = 0 > х= 22 =3 
x =27 = x= +373. 


Therefore we have the points ( + 3\/3,0, 3) ‚ (0,0, —6), and (-4, + 4,2). Then M (3 V3, 0, 3) = 274/3 + 60 


= 106.8, М (-зу3, 0, 3) = 60 — 274/3 ~ 13.2, M(0, 0, —6) = 60, and M(—4,4,2) = 12 = M(—4, —4, 2). Therefore, 
the weakest field is at (—4, --4,2). 


Letgi(x,y,z) 22x — у = 0 and о(х у, 2) = у +2 = 0 Jg = 21 — ј, ҳу вә =] + К, and ҳу f= 2хі + 2j — 2zk 
so that ху Ё = Ах gı + и ХУ go = 2xi + 2) -2zk = AQi — j) + ид +k) = 2xi + 2j —2zk = 2014+ (и — 2)j + wk 
= 2x = 2), 2 = u — à, and —2z = џи => х = А. Then2 = —2z—x => x = —2z — 2 so that 2x – у = 0 

> 2(-22-2)-у-д0 = -42-4-у-0. This equation coupled with у + z = 0 implies z = — 4 and y = 2. Then 


(3) +2(§) -(-§) =. 


Let gı(x, y, 7) =x + 2y + 37 — 6 = 0 and g(x, у, 2) =x+3y+9z-9=0 > Jg =i+2j+3k, 
У g2 =1+ 3] + 9k, апа Wf = 2х1 + 2уј + 27К so that J f = А ҳу "их g = 2хі + 2yj + 2zk 
= AG+ 2j + 3k) + па + 3) + 9k) => 2x = À + р, 2y = ЗА + Зуи, апа 27 = ЗА + 9u. Then 0 = x + 2y + 32 — 6 
= 1 (А + и) + СА + Зр) + (ЗА + Zu) -6 = ТА + Ин = 6;0 = х + 3у + 9 – 9 
=> F(A + џи) + (ЗА + 2 и) + (2rA+ и) —9 = 34A + 91щ = 18. Solving these two equations for А and р gives 


x= 2 so that (2 1 3 ,— +) is the point that gives the maximum value ғ(2 : 3 ,— 4) = 


A= 29 апд џи = – 8 x А-а S. rin 133 and z = ЗАХ Эн = 5. Тһе minimum value is 
Ї (S : "m : =) = = шт = 1 i . (Note that there is no maximum value of f subject to the constraints because 


at least one of the Меке х,у, ог 7 can ђе made arbitrary and assume а value as large as we please.) 


Let f(x, y, z) = x? + y? + Z? be the square of the distance from the origin. We want to minimize f(x, у, 2) subject to the 
constraints 21 (х, у, 2) = y + 2z — 12 = О апа go(x, у, 2) = x + у – 6 = 0. Thus Vf = 2хі + 2yj + 2zk, ҳу gı = j + 2k, 
and ҳу gz =i+jsothat Y f= А ҳу gı + и ХУ 22 => 2x = и, 2y = A + р, and 2z = 2А. Then 0 = у + 2z — 12 

= (à +8) + 24—12= 5АХ+ џи =12 => 5А р = 24; 0=х фу—б=5 + (1+6) 61 Х+и=6 

= А-+2и = 12. Solving these two equations for А апа и gives А = 4 and u = 4 X Б 2,у Ath 4, and 


7 = А = 4. The point (2,4, 4) on the line of intersection is closest to the origin. (There is no maximum distance from the 
origin since points on the line can be arbitrarily far away.) 
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36. The maximum value is f (2 : 3 „= 1) E i from Exercise 33 above. 


37. Letgi(x,y,Z = 2 – 1 20andgo(x,y,z = x? + у? +22 - 1020 = Yg =k, ҳу 22 = 2xi + 2yj + 2zk , and 


38. 


39. 


40. 


ху f = 2xyzi + x?zj + xóyksothat ху Е = А ху gı +u Y 22 => 2xyzi + x?zj + xXyk = A(K) + u(2xi + 2yj + 2zk) 
=> 2xyz = 2xp, x'z = 2yp, and x^y = 27243 => xyz = хи х = Оогу7 = и > р = уѕіпсех = 1. 
CASE 1: x = 0andz = 1 => у? – 9 = 0 (from 22) > y = + 3 yielding the points (0, + 3,1). 
САЅЕ 2: и-у x?z = 2у? x? = Фу: (since z = 1) => 2y? + у? +1 – 10 = 0 (Кот 22) > 3y? – 9 = 0 
2 
> у= + уз = x => (+ 3) => x= + y6 yielding the points (+ №6, t /3,1). 


Now #(0, + 3,1) = 1 and г ( </6, + v3, 1) = 6 ( + v3) +1=1+6,/3. Therefore the maximum of f is 


1+ 64/3 at (+ \/6, \/3, 1), and the minimum of fis 1 6/3 а (+ v6, - 3,1). 


(а) Let gi(x,y,z) =x фу + 7 – 40 = Оапа 25(х, у, 2) = х фу—2=0 = я =1і+ј+ К, Vg»—i-cj - К, and 
ҳу w = yzi + xzj + xyk so that V w = А ху gı + и J 22 = уд xzj + хук = Ai +j + À) + ші +j- К) 
= ур = А + ш, х2 = А + р, араху= А – р yz = xz z=Oory =x. 
CASE 1: z=0 => x+y = ддапх фу = 0 = по solution. 
CASE2: х=у = 2х +z – 40 = 0 апа 2х – 7 = 0 7. = 20 х = 10 апау = 10 = w = (10(10 20) 


= 2000 
ij k 
(D п=|1 1 1 | = —2i + 2j 15 parallel to the line of intersection = the line is x = —2t + 10, 
11 -1 
y = 2t + 10, z = 20. Since z = 20, we see that = xyz = (—2t + 10)(2t + 10)(20) = (—4t? + 100) (20) 
which has its maximum when t = 0 X = 10, y = 10, and 7 = 20. 


Letgi(z,y,Z = у — х = 0 and g(x, y, z) = x? + у? +z? — 4 = 0. Then sz f 2 yi + xj + 2zk, ҳу gı = —1 + j, and 

V g2 = 2х1 + 2уј + 2zk so that Y f = А J gı +u J 22 = yit xj + 27К = A(—i + j) + их + 2yj + 2zk) 

=> у= —A-2xp, x = А + 2yp, and 27 = 27и 7 = (огур = 1. 

CASE 1: z=0 => х? фу: —4=0 = 2x? -4— 0 (since x = у) > x= + V2 and y = + 1/2 yielding the points 

(+ V2, + V2,0). 

CASE2: w=1 > y=—-A+2xandx=A+4+2y = х+у= 2(х + у) = 2x = 2(2x) since x =y>x=0>y=0 
=> z? —4=0 = z= +2 yielding the points (0,0, +2). 

Now, f (0, 0, 2) = 4 and f ( V2, V2,0) -2. Therefore the maximum value of f is 4 at (0, 0, + 2) and the 


minimum value of f is 2 at ( V2, V2, 0) : 


Let f(x, y, Z) = x? + у? + 22 be the square of the distance from the origin. We want to minimize f(x, у, z) subject 
to the constraints g1(x, y, 2) = 2y + 47 — 5 = 0 and g»(x, y, 2) = 4x? + 4у? — z? = 0. Thus ҳу f = 2xi + 2yj + 27К, 
WV £i = 2j + 4k, апа ҳу go = 8х1 + 8yj — 2zk sothat J f = À J gı +u J 22 => 2хі + 2yj + 2zk 
= A(j + Ak) + u(8xi + 8yj — 2zk) = 2х = 8хи, 2y = 2А + 8уџ, апа 27 = 4А – 25р => x = 0огџи = 1, 
CASE 1: х=0 > 4(0)? + 4у? — 22 = 0 7 = +2y 2у + 42у)–5=0 = y= 5, 0r2y+4(—2y) - 5 = 0 
=> у= – 2 yielding the points (0, 1, 1) апа (0, ян 3, 5) : 
CASE2: p=} > у= А+у > Х=0 = 22-4(0)-22(1) = 2=0 = 2у+4(0) =5 = у = 5 and 
(0)? = 4x? + 4 (5)! => no solution. 
Then f (0, І, 1) = 5 апа t (0, - 3, 5) = 25 (+ + 5) = Ты = the point (0, T 1) is closest to the origin. 
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41. vf-i-cjand Y g = yi + xj so tht Vf=A Vg => 1+] = Ауі + хј) = 1=уХапд1=ХА = у=х 
у? = 16 у= +4 (4, 4) and (—4, —4) are candidates for the location of extreme values. But as x — оо, 


y — ooand f(x,y) — оо; ах — -оо,у — Oandf(x,y) — —oo. Therefore no maximum or minimum value 
exists subject to the constraint. 


4 
42. Let КА, В, С) = У) (Ax, + By, + С д) = C) + (В + С — 1 + (А+В+С- 0? + (А + С + 1). We want 
К-1 


to minimize f. Then f,(A, B, C) = 4A + 2B + 4C, Б(А,В,С) = 2A + 4B + 4C — 4, and 


fc(A, B, C) = 4A + 4B + 8C — 2. Set each partial derivative equal to 0 and solve the system to get А = — 1 ; 
B= 3 ала С = — 1 or the critical point of f is (- i : 3,— i) Р 


43. (a) Maximize Қа, b, с) = a?b?c? subject to а? + b? + c? = r?. Thus ҳу f = 2ab?c?i + 2a?bc?j + 2a?b?ck and 
ҳу g = 2ai + 25} + 2ck so that ху f = А ҳу g => 2ab?c? = 2aA, 2a?bc? = 2А, and 2a?b?c = 2сХ 
=> 2a?b?c? = 2a? A = 2А = 2c? A А = Оога? = 52 = с". 
CASE 1: Х=0 = a?b?c? = 0. 


2 


3 
СА$Е 2: а? = b? = c? = Ка,Ъ, с) = a?a?a? and За? = r? = f(a,b,c) = (5) 15 the maximum value. 
(b) The point (va. УУ, ve) is on the sphere if a + b + с = r?. Moreover, by part (a), abc = f (va. У, ve) 
2 3 2 
< (5) => (abc)!/3 < = = ыы , аз claimed. 


44. Letf(x1,X2,... , X.) = У) ах = ах + a2Xo +... + a,X, and g(X1, Xo... , Xn) = X? + x2 +... +х2 — 1. Then we 


1=1 


want Vf = ANZg = а = А(2х,), as = А(2х2),... ,а = А(2х,), A FO Xi = 5h me tae bed 


n n 1/2 n n n n 1/2 
> 4X2 = у а? 2A (5:4) = К, хо,... X) = ax = У а (5) = = >, а? = ( 3 is 
1 izi 


i=1 1-1 1-1 


the maximum value. 


45-50. Example CAS commands: 
Maple: 

Е:=(Х,у,7) -> x*y+y*z; 
gl := (x,y,z) -> х^2+у^2-2; 
92 := (х,у,2) -> х^2+7^2-2; 
h := unapply( f(x,y,z)-lambda[1]*g1(x,y,z)-lambda[2]*g2(x,y,z), (x,y,z,lambda[1],lambda[2]) ); # (а) 
hx := diff( h(x, y,z,lambda[1],lambda[2]), x ); #(b) 
hy := diff( h(x,y,z,lambda[1],lambda[2]), y ); 
hz := diff( h(x,y,z,lambda[1],lambda[2]), z ); 
М1 := diff( h(x,y,z,lambda[1],lambda[2]), lambda[1] ); 
112 := diff( h(x,y,z,lambda[1],lambda[2]), lambda[2] ); 
Sys := { hx=0, hy=0, hz=0, hl1=0, 11220 Б 


91 := solve( sys, {x,y,z,lambda[1],lambda[2]} ); ас 
42 := map(allvalues, (q1 }); 
for p in q2 do iu 


eval( [x,y,z,f(x,y,zZ)], р ); 
"zevalf(eval( [х,у,2, (х,у,2)], p )); 
епа ао; 
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Section 14.9 Taylor's Formula for Two Variables 


Mathematica: (assigned functions will vary) 
Clear[x, у, z, lambdal, lambda2] 
f[x_y_,z_]i=xyt+yz 
gl[x_y_z ]i=x?+y? —2 


р2[х “уу := х2 +z — 2 


h = f[x, у, z] — lambdal gl[x, у, z] — lambda2 g2[x, у, 2]; 

ћх= D[h, x]; ћу= D[h, y]; hz» D[h.z]; hL1=D[h, lambdal]; hL2= D[h, lambda2]; 
critical=Solve[{hx==0, һу--0, һ7--0, hL1==0, hL2==0, е (х,у,7|--0, g2[x,y,z]==0}, 
(х, у, 2, lambdal, lambda2] |//N 

{{x, у, 2}, НХ, у, z] V.critical 


14.9 TAYLOR'S FORMULA FOR TWO VARIABLES 


1. f(x,y) = хе f, =e, f, = xe’, fix = 0, hy = e", fy, = xe" 
=> f(x,y) = f(0, 0) + xf, (0, 0) + yf, (0,0) + i [xfxx(0, 0) + 2xyf,, (0, 0) + y?f,,(0, 0)] 
=0+х-1+у-0+ i (x? -0 + 2ху-1 + у? - 0) = x ху quadratic approximation; 


fux 0, Tay 0, Буу еу, fyyy = xe 
> f(x, y) = quadratic + 2 [x?f,,,(0, 0) + 3x?yf (0, 0) + 3xy?f,,,(0, 0) + y*£,,,(0, 0) 
= x + xy + $ (х - 0 + 3х?у -0 + 3xy? - 1 + y? - 0) = x + xy + 5 xy’, cubic approximation 


2. f(x, y) = ех cosy => Б = ех сову, fy = —e* sin y, fj, = ех cosy, Бу = —e* sin у, fy, = —e* cosy 
=> f(x, у) ~ 0,0) + xf, (0, 0) + yf,(0, 0) + 1 [x2 £x (0, 0) + 2хуђу(0, 0) + y бб, 0)] 
=1+х-1+у-0+ 2 |х -1+2х -О+ y?-(-D| = 1 x 1 (X? — y?), quadratic approximation; 

Бах = ех cos y, f = —e* sin y, Ky, = —e* cos y, fyyy = ех sin y 
= f(x, y) = quadratic + i [x3fxxx(0, 0) + 3x"yfxxy(0, 0) + 3xy^ 5... (0, 0) + ¥ (0; 0)] 
=1+x+ 1 (x? – у?) + 2 [х3 - 1+ 3х2у - 0 + 3xy?-(-1) + y? - 0] 


— I +x + 2 G8 — y?) + 1 (x? — 3ху?) , cubic approximation 


3. Қх,у) = ysinx > f, = y cos x, f, = sin x, f, = —y sin x, fy = cos x, fy, = 0 
= f(x, y) ~ f(0, 0) + xf, (0, 0) + y£(0, 0) + 1 [x?f,,(0, 0) + 2xyf;, (0, 0) + y?f,,(0, 0)] 
=0+х:0+у-0+ 5 (x? - 0+ 2xy - 1 + y? - 0) = xy, quadratic approximation; 
Бах = —y cos x, Ку = —sinx, fy, = 0, fy, = 0 
— f(x, y) ~ quadratic + 1 [x?f,,,(0, 0) + 3x2 yf, (0, 0) + 3xy? f, (0, 0) + y?,,,(0, 0) 
= ху + t (x? - 0 + Зх?у - 0 + 3xy? - 0 + y? - 0) = xy, cubic approximation 


4. f(x, y) = sin x cosy => f, = cos x cos y, fy = — sin x sin y, f = — sin x cos y, f, = — cos x sin у, 
fy = —sinxcosy = f(x, у) ғ КО, 0) + xf, (0, 0) + yf, (0, 0) + 3 [x^£,, (0, 0) + 2xyf,, (0, 0) + y?f,, (0, 0)] 
=0+x-1+y-0+ 4 (x° - 0+ 2ху - 0 + y? - 0) = x, quadratic approximation; 
Бах = —cosxcos y, ху = sin x sin y, Буу = —cosx cos y, fp, = sin x sin y 
= f(x, y) = quadratic + i [хЭ%, хх (0, 0) + 3x?yfxxy(0, 0) + 3xy?£,,,(0, 0) + y?f,,, (0, 0)] 
=x + [3 - (—1) + 3х?у - 0 + 3xy? - (—1) + y? - 0] = x — 1 (x? + 3xy?), cubic approximation 


х 


5. Їх,у-её“Шш(1--у) = f; =еШш(1-у), fy = ЕЭ? Я 
=> f(x,y) == КО, 0) + хЁ, (0,0) + уЁ,(0, 0) + 5 [x2 £,.(0, 0) + 2xyfxy(0, 0) + уђу, 0) 
=0+х-0+у-1+ 2 |х -0 + 2ху ·- 1 + y? - (-1)] = у + 5 xy — y?), quadratic approximation; 


f = е In(1 + y), Бу = Sy fy = У 


= 2 X 22 X EN 2e* 
Бод = e" In (1 + y) Бу = Tey > Буу = — qty Буу" пул 
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= f(x, y) ғ quadratic + 4 [x?£,,, (0, 0) + 3xyfixy(0, 0) + 3xy"fxyy(O, 0) + y?f,,, (0, 0)] 

= y + 5 (2ху — у?) + 5 [3-0 3х?у - 1 + 3xy? - (—1) + y? - 2] 

= y + 5 xy – y?) + 1 (8x?y — 3xy? + 2y°) , cubic approximation 

2 1 -4 -2 

б. Ку) -InQx cy c) > f = x3yxiify = зу» Вх = бутутту, by = бауға» 
ђу = Ета = f(x, y) ~ f(0, 0) + x£,(0, 0) + уї,(0, 0) + 5 [Х Ба (0,0) + 2xyfxy(0, 0) + у (0, 0)] 
=O+x-2+y-14+ 5 [2 - (-4) + 2ху - (-2) + y? -(- D] = 2х + y + 1 (-4x? — 4ху — y?) 
= (2х + у) – i (2х + у)?, quadratic approximation; 


fon 16 NE 8 Шы = 4 РЕ 2 
XXX — Ох туту, Xy — Охуч 07° XY Ох+у+ 07° Ууу Оху 1 

— f(x, y) = quadratic + 2 [х бх (0, 0) + 3x°yfxxy(0, 0) + 3xy7fxyy(0, 0) + у у(0, 0)| 
= (2х + y) – 1 (2х + y)? + ; (х - 16 + Зх?у - 8 + 3xy?- 4 + y? - 2) 

= (2х + у) – i Qx + у)? + i (8x? + 12х2у + 6xy? + y?) 

= (2х + у) – 5 (2х + у)? + i (2х + y», cubic approximation 


7. f(x,y) = sin (x? + у?) = f, = 2х cos (x? + у?) , fy = 2y cos (x? + y?) , f = 2 cos (х? + y?) — Ах? sin (x? + y?), 
Бу = —4xy sin (x? + y?) , fyy = 2 cos (x? + y?) — Ay? sin (x? + y?) 
= f(x, y) ~ £0, 0) + xf, (0,0) + yf (0, 0) + 5 [x?f,,(0, 0) 4-2хуБ, (0,0) + y?f,,(0, 0)] 
=0+x-O+y-0+4(x?-2+42xy-0+y?-2) = x? + у, quadratic approximation; 
= —12x sin (х? + y?) — 8x? cos (x? + у“), f, = —4y sin (x? + y?) — 8х7у cos (x? + y?), 
Буу = —4х sin (x? + y?) — 8xy? cos (x? + y?) , fyyy = — 12y sin (х? + y?) — 8y? cos (x? + y?) 
> f(x, y) = quadratic + 1 [x?f,,,(0, 0) + 3x?yf (0, 0) + 3xy?f,,,(0, 0) + y2fyyy(0, 0) 
=x? + y? + 1 (х? -0- 3x?y - 0 + 3ху? - 0 + y? - 0) = x? + y?, cubic approximation 


fox 


8. f(x,y) = cos (х? + y?) = Қ = —2x sin (x? + y?), f, = —2y sin (x? + у), 

ба = —2 sin (х? + y?) — 4x? cos (x? + y?), Бу = —4xy cos (x? + y?), fyy = —2 sin (x? + y?) — 4y? cos (x? + y?) 
= f(x, y) ~ £0, 0) + xf, (0, 0) + yf, (0,0) + 1 [хеб (0,0) + 2xyf;, (0, 0) + y?£,,(0, 0) 

=1+х-0+у-0+ 2 |х -0--2xy -0+ y? - 0] = 1, quadratic approximation; 

fax = —12x cos (х? + y?) + 8x? sin (x? + y?) , fy = —4y cos (x? + y?) + 8x?y sin (x? + y?), 

Буу = —4x cos (x? + y?) + 8xy? sin (x? + y?) , ууу = — 12y cos (x? + y?) + 8y? sin (x? + y?) 
=> f(x, y) © quadratic + 2 [x?f,,,(0, 0) + 3x?yfxxy(0, 0) + 3xy?fxyy(0, 0) + y*,,,(0, 0) 
= 1 + (х? - 0+ 3x2y - 0 + 3xy? - 0 + y? - 0) = 1, cubic approximation 


9. f(x,y) = == > f= Е EUN E а == fy 

=> f(x,y) = КО, 0) + xfx(0, 0) + yf,(0, 0) + 1 [х26,,(0,0) + 2xyf,, (0, 0) + y?fy,(0, 0)] 
=1+х-1+у-1+1 (2-2 + 2ху-2+у2-2) =1+ (x + y) + (x? + 2ху + y?) 

= 1+(х+у) + (х + ур, quadratic approximation; f, = туя = flay = fy = фуу 

= f(x, у) © quadratic + $ [x*fxxx(0, 0) + 3x”yfxxy(0, 0) + Зху?б,уу(0, 0) + y*fyyy(O, 0)] 
=1+(х+у) +(x +y)? +2 (х? - 6 + 3x?y - 6 + 3ху? - 6+ y? -6) 

=1+(х фу) + (x+y)? + (х? + Зх2у + 3xy? + y?) = 1 + (x фу) + (х + у)? + (x + у)?, cubic approximation 


f.. = 20 – у)? 
ХХ (1—x—-y-cxy?" 


m 1 — Dy = 1-х 
10. ix, y) = туа > f= (Т=ж—Уу ху = (1—-х—у-+ху)?? 


{= 1 е 2(1 — xy 
ху  (ü-x-y-cxy? ӘУ ^ (1-х-у-ху) 


=> f(x, у) = f(0,0) + xf, (0, 0) + yf,(0, 0) + 5 [х26,,(0,0) + 2xyfxy(0, 0) + y?f,,(0, 0) 
=1+х-1-+у-1+1 (х2 -2 + 2ху- 1 + y?-2) = 1+х + у + x? + xy + y?, quadratic approximation; 
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Е = 6d — у) Е = [41 –х – y+ xy) + 60 – у) - Х)ЈО -y 
Xx ^ ü-x-ycxy ХУ (1-х — y + xy 1 
f. = 40 –х- у +ху +60 – ди – ууа =) gp _ 61-30 

хуу (1—x — y +хуу » “УУУ (1— x — y + ху) 


= f(x, y) = quadratic + 2 | 56, (0, 0) + 3x°yfxxy(0, 0) + Зху? уу (0, 0) + y?f,,,(0, 0)] 
=1+х-+у+х2 + ху +y? + 1 (х8 -6+ 3х у -2-+ 3ху? -2 + у? - 6) 
= 1 +x +y +x? + ху + у? +x’ + х?у + ху? + уз, cubic approximation 


11. f(x,y) = cos x cosy => f, = — sin x сову, fj = — cos х sin y, Вх = — cos x cos y, іу = sin x sin y, 
fy = — cos x cosy => f(x, y) = К0, 0) + xf, (0,0) + yf, (0, 0) + 5 [х Би (0, 0) + 2xyfxy(0, 0) + уђу (0, 0)| 
=1+х:0+у-0 + 2 |х2-(-1) + 2ху-0 + у? - (- 0] =1- E — Y , quadratic approximation. Since all partial 
derivatives of f are products of sines and cosines, the absolute value of these derivatives is less than or equal 
tol = Е(х,у) < i [00.153 + 300.1) + 30.1)? + 0.1)?] < 0.00134. 


12. f(x, y) = ех siny => f, =e*siny, ђ = ех cosy, f, = ех sin у, Бу = ех cosy, fy, = —e* sin у 
= f(x, y) = f(0, 0) + x£,(0, 0) + yf, (0, 0) + 2 х, (0,0) + 2xyfxy(0, 0) + y?f,,(0, 0)] 
=0+х-0+у-1+2(х - 0+ 2ху - 1 + y? -0) = y + xy, quadratic approximation. Now, f; = е sin y, 
fa, = ех cos y, fy, = —e* sin y, and fyyy = —e* cos y. Since |x| < 0.1, |е* sin y| € le?! sin 0.1| == 0.11 and 
le* cos y| < |e®! cos 0.1| ~ 1.11. Therefore, 
E(x, y) < 1 [(0.11)(0.1)# + 3(1.11)(0.1)# + 3(0.11)(0.1) + (1.11).1)3] < 0.000814. 


14.10 PARTIAL DERIVATIVES WITH CONSTRAINED VARIABLES 


1, w=x? +y? +z апіх = х? + y*: 


: | зо э = (9 dw Ox | Әм ду | Ow Oz. ð д д a 

=== w — Ом Ох w Оу w Oz. Oz __ 22 x у 

(а) | у=у уу (==) =% ду + ду ду + Be opa = Оапа 55 = 2х 5, + 2у 5 
7. = 7 


= 28 +2у > 0=2% +2у > B - -1 = (ж) = (2х) (– 2) + Сухо) + (2200) = -2y +2у = 0 


х 


Х-Х 
X ue Ow) _ Ow Ox Ow Oy Ow д>. Ox — əz Әх ду 
(b) E E у = у(х, z) -» => [x)es д> + ду az + 22 97? 22 = Оапа 5, = 2х 5% + 2у 5 


2 = 7 
1222 > #=4 = (2). = (0200) + (Оу) (5) + G9 = 1+2 
у х = x(y, 2) 
2 (1) - y-y | 4 w= (5), = Ft Oy ата на =0 =2х@ + 2y 8 
Z=Z 
1= 2x3 > = => (5), = Ох) (5) + Q0 + 200) =14 2% 


2. w=x?+y—z+sintandx+y=t: 


Х-Х 


Х 
у=у Ow _ Ow Ox dw д ðw Oz Әм дї. Ox _ az _ 
(а) y B Z=Z sw (#) == ду ду ду + 28 ду + дї ду; бу = 0, 55 = 0, and 
: t=x+y 
$71 =” (à) = (2x)(0) + (0) + (—1)(0) + (cos 91) = 1 + cost = 1 + cos (x + y) 


po 
у=у дуу — Ow Ox Ow ду Ow dz dw дї. Oz — at _ 
— 7 = 7 — W = ду м 9х əy Т ду ЭУ ёл ду + à ду; ay = Оаа 5; =0 


„ло. 


-8-8-8--1- (2) = D+ MOD + 0-00) + (сов 00) = 1 — 2(t— y) = 1 + 2y — 2 
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Х-Х 
X 
у-у dw) дм Ox | dw д dw Oz | Ow Ot. Ox _ ду _ 
(© [ур > 25 — wc (бк) = таза oe 62 97 3: & = 0а | = 0 
t=x+y 
= (58). = Ох)(0) + (0(0) + (- ВА) + (cos 900) = —1 
y х-1-у 
УУ Ow _ Ow Ox | дм д Ow Oz | Ow Ot. ду _ де — 
(4) |z] > 2522 ew =e Жы о ог ot or ыгы. 
t 
t=t 


(хү Х--х 
y=t—x dw) _ dw dx | dw ду | Ow Oz | Ow Ot. Ox _ az _ 
(е) ғ = - “= (J)a = 4 a+ ду art az at a a = 0 and 3p = 0 
t 


Х=Е—-у 
(f) (ә -3 Уу ә = (98) = дм dx | Ow ду | Ow Oz 4 Ow ðt. ду _ O and % =O 
\ 7. = 7, Ot/yz дх дї ду дї dz дї ог Ot Әс” ot 
t = 
= (29): = (2х)(1) + (000) + (- 1(0) + (cos t)(1) = cost + 2x = cost + 2(t — y) 


3. U — f(P, V, T) and PV — nRT 


Р=Р 
Р 
в (T) [v-x]ovo 2, 8+ И о (0 
= в 
= + (2) (X) 
Р = ЕТ 
У | M \ QU QU ОР QU ӘУ OU OT OU nR QU QU 
(b) T | а? > U = (т), = Ф эт + av эт * ar alm (у) ay) Ест 
т=т 
- (®) + 


4. у = х? + у? + 22 andy sinz+zsinx = 0 


х-х 
1 ME м OX у д № Oz. д 
(a) (*) + | yay | ows (2) = бата 698858 O and 
2 = UX, У) 
(у cos 2) 52 + (sin х) 2 +zcosx=0 => 65 = ух. At Lm 5: = aT 
> (4,7 COD + 50) + Aloi = 272 


х = х(у, 7) 
(b) e > | ysy Jovwo(GD-AEREtS xe 0 = Ох) & + CVO + 090) 
7 = 7 


= (2x) 25 + 27. Now (sin z) 2* + y cos z + sin x + (z cos х) 25 = 0 and 2 = 


= y cos z + sin x + (z cos x) Z = 0 = Ox = усе sink At (0, 1,7), & = 170 =1 
= ($2), лл) = 200 (5) + 2л = 2л 
5. м = х2у? + уз — 23 and x? + у? +z? = 6 
x Е 
д 
(а) (1) - у=у >= (51) == авина 


2 = z(x,y) 
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= Qxy?) (0) + (2х?у + 2) (1) + (y – 327) 82 = 2х2у +z + (y — 327) 52. Now (2х) 55 + 2y + (22) 5: = 0 and 
ёк =0 = 2у + (28) Z =0 > Z= -t At(w,x yz) = (4,2,1,-1), --4-1- (8) 


= (D20) + (—1)] + [1 – 3-10] @) = 5 


(4,2,1,—1) 


ў х = x(y,Z) 
д 
ы (2) – | v= |= (5) = анана 
Z=Z 


= Qxy?) $ + (2х?у + 2) (1) + (y — 322) (0) = (2x?y) $ + 2х?у +z. Now (2х) & + 2y + (22) % = 0 and 
%-0- (2х) й +2у=0 > --1 At(w,x,y,2)=(4,2,1,-), 8 =-} > (8). 


ду 
= (20200) (- 5) + 0070) + C1) = 5 


(42,1—1) 


= — уу ди OV ы — 4,2 2 Ox _ ЭР ди ду ду — u) ди 
6. y=uv = l=v іст бей Tv апа 5, =0 = 0=2u 5) + 2У 5, = x = ( ч) 1 


— + OU и ди) _ (v?-wY ди ди _ v 2 ðu __ 1 = 
=v% 4+u(—2 3) = (251) & = = ои. Atay) = (V21), 2 = — --1 


= 0 Р 2 
дг x дг x 
дх rT (5); Very 
8. Ifx, y, and 7 are independent, then (58), = ow 2х + аз ду + ди 8; + би 2 
= (2x)(1) + (—2y)(0) + (40) + (1) (2) = 2х + 21. Thusx+2z+t=25 => 1+0+ 8: =0 > 2--1 


= (28) a= 2x — 1. On the other hand, if x, у, and t are independent, then (28) 


y,t 
= би д + ди ду 4 Su а PC = (210) + (—2у)(0) + 4 % + (1)(0) = 2х +4 %. Thus, x + 22 + t = 25 


> 1+22+0=0 = 2 = – (ж) „= 2x +4 (- 3) = 2х - 2. 


1 
2 


9. Ifxisa differentiable function of y and z, then f(x, у, 7) = 0 => 


дЕ ox | 2E ду | Bf дв — g Bt. of бу — 


Ox Ox у Ox Oz Ox Oy Ox — 
әх\ _ _ daffy Qim; іруі : : : ду) _ _ Әйда TE 
=> (8) = — уруу, Similarly, if y is а differentiable function of x апа z, Є ) байн and if zis a 
: : : az) _ Әйдх дх ду) (a 
differentiable function of x and y, (=), = — ду: Тћеп ( 2) ( 57 ) | ( Өх), 


2 ду ( 2002) OflOx \ — 
ЕЕ 01/02 9їїдх Oflóy ) 7 


д df à df. az _ df ðu 0 д д 
10. 2=2+ Ка) аи = ху > 5, =1+ а & = 1 У а: 230 5, = 0 + 5, = Х | sothatx 5, — У 57 


= у — = 


11. If x and y are independent, then g(x, y,z) = 0 = д A + * 2 + дв z = 0 and 5 =0 = x Е Z =0 
Oz — _ деду : 
= (&) = — буду, 88 claimed. 


12. Let x and у be independent. Then f(x, у, z, У) = 0, g(x, у, 7, w) = 0 and Ён -0 


Of Ox Of ду Of Oz Of Ow _ Of Of Oz Of Ow _ 

Ox ax + ду Әх Т де Әх ду Өх Өк Т б> Әх T Өз x = О and 
дв Ox | Og ду | Og Oz | Og Ow _ Og | Og Oz | дв Ow _ (у; 

дх Әх T y Әх + 92 ax + Ow Ox = EE ах T Bw дх = 0 imply 


=> 
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208 ot 
" Ox Әм 
Of Oz 4 Of Ow _ _ of _ Og ag at да | ôg дг üt Og _ Of Og 
9: Әх Ow Әх Әх = Oz = ох Ow | __ Ox ðw 1 Ox Ow — dx dw IW х ас claimed 
Og Oz Og Ow да дх n Ot of — “or dg дв Ot  — дї Og _ Of Og > 5 
Br Өх + БЭ — Өх у 9: Ow 9: Jw 92 Ow 52 Ow ду 02 
Og дв 
dz ду 


Of Әх Of ду Of Oz Of Ow 
дх ду Т Dy ду T = dv таи ду 


= + z 4 2t Ow = O and (similarly) 98 + 28 % + ЭЕ 98 = O imply 


Likewise, f(x, y, 2, w) = 0, g(x, у, z, w) = 0 and 5 -0- 


Ow Oz Oy Ow Oy 
or аг 
дї Oz | Of dw өг ls Fa 
ді ду + aw ду ~~ ду _ (aw) 1% -a iud 2058-8598 ОНР 
Og x | Og ды _ в dy), [a oF па в — OF og › СЭ. 
ӛт ду ETT ду = ду Pa 2 д» Aw Oz ду dz Ow Ow Oz 
9. Ow 
CHAPTER 14 PRACTICE EXERCISES 
1. Domain: АП points in the xy-plane A 
Range: z > 0 3 
2-9 
Level curves are ellipses with major axis along the y-axis шил 5 


апа minor axis along the x-axis. 


2. Domain: All points in the xy-plane 
Range: 0 < Zz < oo 


Level curves are the straight lines x фу = In z with 
slope —1, and 7 > 0. 


3. Domain: АП (x, y) such that x Æ 0 and y = 0 A 
Range: z #0 


Level curves are hyperbolas with the x- and y-axes 
as asymptotes. 


4. Domain: All (x, y) so that x? — y > 0 
Range: 7 > 0 


Level curves are the parabolas y = x? — c, c > 0. 
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10. 


11. 


12. 


13. 


14. 


Domain: АП points (x, у, 2) in space 
Range: All real numbers 


Level surfaces are paraboloids of revolution with 
the z-axis as axis. 


Domain: All points (x, y, Z) in space 
Range: Nonnegative real numbers 


Level surfaces are ellipsoids with center (0, 0, 0). 


Domain: All (x, у, z) such that (x, у, 2) 4 (0,0,0) 
Range: Positive real numbers 


Level surfaces are spheres with center (0, 0, 0) and 
radius r > 0. 


Domain: All points (x, y, Z) in space 
Range: (0, 1] 


Level surfaces are spheres with center (0, 0, 0) and 
radius r > 0. 


lim еу cos x = е" cos т = (2)(- 1) = -2 
х,у) = (m, ln 


2+y 2+0 2 


0,0) х--со8у _ 0+cos0 = 


lim = lim — = lim —1— = 
х,у) — (1,1) *-Y (хуу—(11) ®-9®%+» (х,у) (1,1) Х+У 
xz ty xz y 
lim xy-l. lim Qy- Dy +xy +1) _ lim 
(х,у) (11) S7! (х,у) = (1,1) i n (х,у) = (1,1) 


lim; In |x +y+z| = Ш |1 - (-D e| 21ne— 1 
„7 ђе 


Chapter 14 Practice Exercises 


>м 


Қоу»д-хзу-д--і 


(х2у?--ху--1) -12-1241-1-1-3 


lim т tan (x + у + 2) = tan! (1 + (-0+(-0) = tan! (-1) = – 2 
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15. Lety = Кх?, К = 1. Then lim = lim E. К which gives different limits for 
d 4 (х,у) = (0,0) бо > (0,0) 2 т" 8 
y#x 


different values of k = the limit does not exist. 


16. Let y = kx, К + 0. Then ( ms 0) gir а” ү (0,0) CET = I which gives different limits for 
х,у) > P X,KX) — ; 
xy 40 


different values of k = the limit does not exist. 


17. Let y = kx. Then pe 0) = E = a aks 25 Lak which gives different limits for different values 
х, у = E 


ofk = the limit does not exist so f(0, 0) cannot be defined in a way that makes f continuous at the origin. 


: | аб . i 1,x>0 2023 : 
18. Along (ће x-axis, у = 0 and lim У — lim 585 = , so the limit fails to exist 
(х,у) = (0,0) У х-0 kl —1,x«0 
— fis not continuous at (0, O). 
Og _ : Og _ : 
19. P = cos 9 + sin 0, ЭЁ = —r sin 0 + r cos 0 
C3) р 
20 of _ 1 2x 4E x2/ 00 x y _ x-y Of 01 2y 12 х У эгээ нэ! 
` Ox 2) x+y? 1+ (2) 7“ xxyy x+y? © х-у оду 2 \х+у? 1+(2) ХУ x+y? 7 х?+у? 
21 Of |. 1 Of |. 1 Of __ 1 
Зк RPR RPR № 


22. Һ.(х,у,2) = 27 cos (27x + y — 32), (х,у, 2) = cos (27x + y — 32), h,(x, у, 2) = -3 cos (27x + y — 32) 


23 OP _ ВТ OP _ nT OP _ nR OP _ nRT 
д V^OR V? OT V? OV у? 


24. E, T, w) = — 51, СА упт) = (55) (2) (57) 


= ү ту = дт тм” f, (r, £, T, w) = (sz) "E [5 F w 3?) шин xs - 


25. Og _1 Og _ х Org 0 


26. g(x,y) = ех + y cos х, g(x,y) = sink = g(x,y) = е — y sin х, р(х, у) = 0, 2 (У) = (х,у) = cos x 


2 of __ ФЕ 2-22 92400 Of _ Of _ 
1? dy =Х => де — 30x + (3 + 1) ду? = 0, дудх ^ дхду — 1 


27. Ж =1+у- 


28. 5(х,у)--3у, f(x,y) = 2y — 3x — sin y + 7е* = (х,у) = 0,1,(х,у) = 2 — cos у + Te’, f(x, у) = fx, yY) = — 


29. ди = y cos (ху + т), дж = х cos (xy + т), «= е, а = 


а + 
=> iw = [у cos (xy + п)је' + [x cos (ху + т)] (Gy) ; t=0 = x=landy=0 


=> Ф| =0-1+1-(-11 (5) 2-1 


30. oy = оў, бн = xe’ + sin 2, c = y cos z + sin z, & dm 1/2 ‚®=1+1,®=т 
MOL POR тат кана 1 x=2,y=0,andz=7 
= |, =1-1+02-1–002)+(0 + Ол =5 
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31. 


32. 


33. 


34. 


35. 


36. 


37. 


38. 


39. 


40. 


Chapter 14 Practice Exercises 


ди = 2 cos (2х – у), A = — cos (2x — у), 5 9x =1, 2x Z cos s, D = s, =г 
=> a = = [2 cos (2х — у)](1) + [— cos (2x — y)](s); r = m and s = 0 = х = randy = 0 
=> б ҒЫ = (2 cos 27) - (cos 27)(0) = 2; ow = = [2 cos (2х — y)](cos $) + [— cos (2x — у) (г) 
=> oru = = (2 сов 27)(соѕ 0) — (cos 27)(7) = 2 – п 
Bu = Ge à = (Tee ceu) Qe cosv);u=v=0 > х=2 > «lu (57 5) 0) = 3; 
Ow _ dw Ox _ x 1 gs Ow — (2 1 22: 
ду _ dx ду (а x? тт) ( 2е sin v) Ба Flua 25 (3 E 5) (0) = 
a -ycrz бу =х+2, Ф=у+х, 4 = – ап, = COS 1, g Е = —2 sin 2t 
=> 9t = —(y + z)(sin t) + (x + 2)(соѕ t) — 2(y + x\(sin 2t); t = 1 = x = cos 1, у = sin 1, and z = cos 2 
=> at == —(sin 1 + cos 2)(sin 1) + (cos 1 + cos 2)(cos 1) — 2(sin 1 + cos 1)(sin 2) 
Se = Gv & (5) = 5 8 (ужа шоа 5 56 5450 
F(x,y) = 1 —х- у? —sinxy = Е, = —1- у cos ху and F, = —2у — х cos ху > Фу - E — EET 
= 1950. = at (x, y) = (0, 1) we һауе шу = 51 =-1 
F(x, y) = 2ху Бечу —2 = Е, = 2у + e and F, = 2х Fe? = 4 =- = » цан 
=> at (x,y) = (0,In 2) we һауе 4 = 1248 = —-(In2 4 1) 
(012) 

v Ё = (— sin x cos y)i — (cos x чпу)ј = V flg (ы) ,7-ji- jj > |у = /(- 3 + ( 1)? = imm г 
и = ын = у? v2 j j = f increases most rapidly in the direction u = — = 2 j and decreases most 
rapidly in the direction —u = Ee хэр ; DaDo =| 7 | = v2 and (Daf), = iy 

_ у _ 3+4 _ 3 2 ше А ту (47 _ _ 7 
Ш та то $1+ 5j = (0.0, = у! ш=(–2)(5)+(–2)(5)=— 


vVf-2xe?^i—-2x'e?"j > Vila = 2i- 2j > |у = 


VZ 4(-2) = 2402; и = 


lo: 1: 
=з! yas 


Я 


= f increases most rapidly in the direction и = Us 1- Um j and decreases most rapidly in the direction 


1% 1-4. E A жи 5. _ v. dj 1. 1: 
u- pit 75}: Dube, = | v f| = 2у2 and De, = 2/2;u = у Gites = hith) 
> Dada = уеш = 0 (22) +(-2)(4) =0 
vf- SEM ERN (6-5) к => J fla, 1) = 21+ 3j + 6k; 
о = Я = NEXT: = 21+ 3 1+ Ék = fincreases most rapidly in the direction u = 21+ 5 j+ 8 k and 


2. 2. 
71-71 


(Daf), = 7 


decreases most rapidly іп the direction —и = 


maaitgit fk > (Dar = 


uj = 


$k; (Df, = | Y f| = 7, Dw, = —7; 


ү Ё = (2х + 3у)і + (Зх 4-2)j-c-(1—22k > 7 f|, ooo = 2j + Ки = УН = Л, j+ us k f increases most 
= Era) ur. Of Ял 
rapidly in the direction u — Us j+ v К and decreases most rapidly in the direction —и = Bi- -zZ k; 
| КЕЁ . : 
Dis =I vt] = Sud Dafa = - Убли = f= у = 351+ 51+ de 


> Феб = Vim = (0 (-5) +0) (25) +) (55) = + = v3 
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41. г = (cos 301 + (sin 30] + 3tk => v(t) = (—3 sin 301 + (3 cos 30] + 3k => у (5) = —3j + 3k 
и = – PL + Л К; Кх, у, 2) = xyz V f = yzi + xzj + хук; t = 5 yields the point оп the helix (—1,0, т) 


> уат > yf а= (т: (ів 5k) = % 


42. f(x, y,z) = xyz ү f = уд + xzj + ХУК ; at (1, 1, 1) we get Wf =i+j+k = the maximum value of 
Вилл) = |у = v3 


43. (a) Let Wf = ai + bj at (1,2). The direction toward (2, 2) is determined Бу v; = (2 — 11 + (2 – 2j =i=u 
so that Y f-u =2 = а = 2. The direction toward (1, 1) is determined by və = (1 — Di + (1 — 2) = –ј = и 


so that J f- u = —2 -b = –2 b = 2. Therefore Vf = 2i + 2j; 5 (1,2) = (1,2) = 2. 
(b) The direction toward (4, 6) is determined by уз = (4 — 1)i + (6 — 2)j = 31+ 4j = о = 3 i+ 2) 
14 

44. (a) True (b) False (c) True (d) True 
45. Е=2м+]+27К = ју: ад : 

V 1 реа = ј – 2, Уе аут] 82k 

У f| (0,0,0) — j, 

57 f| (0,1) = j + 2k Vilo,0,0)=4 

y 
ҮЛ, лу-13-2К 

46. Ху Ї--2у)--27К = 2 

У f| (220) — 4}, 

У f| (2,-2,0) — шар 

ді (202) — 4k, 


V ТЕ = —4k 


УП его)" 41 


Vio 2 =-4К 


47. v f-2x-j-5k = V fleo- = 41 — ј – 5k = Tangent Plane: 4(x — 2) —(y-1)—5(z- 1)= 0 
= 4x – у – 5z = 4; Normal Line: x = 2 + 4t, y ——1—tz-— 1 — 5t 


48. Wf=2xi+2yj+k > “ІІ а = 21 + 2) + К = Tangent Plane: 2(x — 1) + 2(у — 1) +(2—2) = 0 
= 2х + 2у +z — 6 = 0; Normal Line: x =1+2ъу=1+26 2 =2 +1 
49. Oz __ 2x Oz 


= д» _ 2y Oz _ 9. 5 
бк = ту = 27” = 0 and ду S = alaa 2; thus the tangent plane is 


2(у — )-(2-0)-д0ог2у-2-2-0 
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55. 


56. 


57. 
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д» 
9Y | (14) 


дг = —2х (x? + уг? => д | (13) and A = —2у (х2 +y)? = = — 4 ; thus the tangent 


1 
2 
рЇапе15-1(х-1-10-1-(-1)-0огх-у-22-3-0 


vf-(-cosx)- +] => у үс =i+j = the tangent 
line is (х = п) + (у — 1) = 0 = х фу = 7 + l; the 
normal line is у — 1 = (х - п) > y=x-7+1 


vf--x-cyj- МНа, = 1+ 2) = the tangent 
lineis (x — 1) + 2(y – 2) = 0 = у = 4 x + $; ће normal 
line is y — 2 = —2(x — 1) > y = —2x + 4 


Let f(x, у, 2) = x? + 2y + 2z — 4 and р(х, у, х) = y — 1. Then у f = 2xi + 2j + 2k| |) = 2i + 2j + 2k 
i j k 

апа у g=j > vfx Vg=|2 2 2 = —2i+2k => the lineis x = 1 — 2t, y = 1,2= 1 + 2t 
010 


i j К 
zg=j> Vix уг=]1 2 1|=-1+К > the line is x = 2 —t,y = 1,2= 4 +1 
010 
(т) о (3.3) = cosx cos y| ejus] = 3 fy (Fo F) = —5шхзшу Ga gig =- 3 
=> Цх,у)= 1+3 х-1)-1(у-1)-1441х-1 „Ба y) = — sin x cos y, fyy(x, y) = - sin x cos y, and 
f(x, у) = — cos x sin y. Thus an upper bound for E depends on the bound M used for |Б |, |fxy| , and |fy,| . 
: А л (ү2 : 
With M = X? we have |E(, у) < 2 (22) (х— {| e |y - |)” < X3 0.2}? < 0.0142; 


with M = 1, [Б(х,у)| < 10) (|х = Z| + |y - 4)” = 1002»? = 0.02. 


fd, 1) = 0, fd, 1) = y| (1,1) = 1, fd, 1) =x —- 6y| ал) = —5 = Ц(х,у) = (х – 1) – 5(у — 1) = x — 5y + 4; 
Бх(х,у) = 0, у(х, y) = —6, and Бу(х,у) = 1 = maximum of |fxx|, ||. ара | [56 > М = 6 
=> |Е(х,у)| € 5 (6) (|x – Ц + |у – 1)? = 5 (60.1 + 0.2)? = 0.27 


КТ, 0, 0) = 0, £1, 0,0) = y — 32] од) = 0, #,(1,0,0) = x + 22| 10% = 1, (1,0, 0) = 2y – 3x| гоо) = —3 
=> Цх, у, 2) = (х- 1) + (у – 0) — За — 0) = у 32; К1, 1,0) = 1, 6, 1,0) = 1, 601, 1,0) = L£(1,1,0——1 
=> Ц(х,у,2) =14+(Х— 1) + (у —1)— 12 - 0) =х+у- 2-1 


£(0,0,2) = 1,5 (0,0, =) = УЗ чих siny +2), ‚=®%& (0,0,4) = М cos x соз(у 2)| L2 
0,0,5 0,0,5 


f, (0,0, 2) = М2 cos x cos (y + 2)| =1 = L(x, у, 2) =1+ Цу 20) +1 (2 1) =1+у+27—1; 
(00,5) 


0 2 £065) eV 40,50) 592 кет. 
> Lay = 2-2 (к 5) + У (у – т) + У2(2—0) = У – У2х + У4у Bz 
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59. 


60. 


61. 


62. 


63. 


64. 


65. 


66. 


67. 


68. 


69. 


Chapter 14 Partial Derivatives 


Verh = dV = 2rrh dr + лг? dh = ЧУ | = 21(1.5)(5280) dr + т(1.5)2 dh = 15,8407 dr + 2.257 dh. 


You should be more careful with the diameter since it has a greater effect on dV. 


.5,5280) 


df = (2х — y) dx + (-x 4-2y) ду = df| азу = 3 dy = fis more sensitive to changes in y; in fact, near the point 


(1,2) a change in x does not change f. 


Ч = dV – à ЧЕ => = то dV — тор IR => Ч іы = —0.01 + (480 .0001) = 0.038, 
or increases bs 0.038 amps; % change in V = 2 (- д) = —4.17%; % change in R = (- 2.) (100) = —20%; 


І = = = = 0.24 = estimated % change in I = = x 100 = 04058 x 100 z 15.83% — more sensitive to voltage change. 


А = лаб => dA = ль да + radb => ЧА| из = 167 da + 10т db; да = +0.1 and db = + 0.1 


= ФА = #267(01) = +2.6т and А = л(10)(16) = 1607 => | x 100| = |26" x 100) = 1.625% 


(а) у = иу = ду = v ди + и dv; percentage change ши < 2% = |du| < 0.02, and percentage change in v < 3% 
= |dv| < 0.03; 2 = varius — d > E x 100 = |% x 100 + © x 100] < |“ x 100] + | x 100) 
< 2% + 3% = 5% 

(D z=u+v dz — du+dv dU. ope 08:22 d + d (since u > 0, v > 0) 


7 ut+v u+v u+v 


= |% x 100| < |® x 100 + х 100] = | x 100 


E 7 22-2 (-0425)0) 444 (-0725)0) 
C = падет» => айтылды and Ch = тутт 


= dC = Шалан dw + m dh; thus when w = 70 and h = 180 we һауе 


dC| (70,180) 2 —(0.00000225) dw — (0.00000149) dh = 1 kg error in weight has more effect 


f(x,y) = 2x –у +2 = O and (х,у) = –х + 2y+2=0 = x = —2and y = –2 => (-2, —2) is the critical point; 
f4(—2, —2) = 2, fyy(—2, —2) = 2, Бу(—2,—2) = -І = Б – г. = 3 > Оапа К, > 0 = local minimum value 
of f(—2, —2) = — 


(х,у) = 10x + 4y + 4 = 0 and у(х, у) = 4x – 4y -4=0 => x=Oandy = —1 = (0, —1) is the critical point; 
fxx(0, —1) = 10, fy,(0, —1) = —4, Бу(0,—1) = 4 = В, — —56 < 0 = saddle point with КО, —1) = 2 


fa 


f(x, у) = 6x? + Зу = 0 and f(x, у) = 3x + 6y? = 0 => у = —2x? and 3x + 6 (4х*) = 0 > х(1+ 8х3) 20 

=> x = Qand y = 0, or x = — 1 and y = — E — the critical points are (0, 0) and (-1, — 2). Бог (0,0): 
fxx(0, 0) = I2x| (0,0) = 0, 5,,(0, 0) = 12y| (00) = 0, £,(0,0) — 3 = Бу — i — —9 « 0 = saddle point with 
0,0) = 0. For(-1,—1): £a = —6, f, = —6, Бу —3 => буу — £2, 227 > 0 and f, < 0 = local maximum 


value of f (— 1,— 4) =} 


Б (х,у) = 3x? — Зу = 0 and f(x, у) = 3y? — 3x = 0 = y = х? andx! - x = 0 = x(x?—1)=0 = те списа 
points аге (0, K апа (1,1). For (0,0): £4(0,0) = 6х | (0,0) = 0, fyy(0, 0) = 6y| (00) = 0, £,(0,0) = — 

‚ = —9 <0 = saddle point with f(0, 0) = 15. For (1,1): а 1) = 6 601,1) = 6 f(1, 1)  — 
= 27 > Qand fx, > 0 = local minimum value of КТ, 1) = 14 


= fafy — 


£ 


=> fafy — f? 


ху 


f(x, y) = 3x? + бх = 0 and fy(x, y) — Зу? — бу = 0 = x(x + 2) = 0апду(у—2)=0 х = Оогх = —2 апа 

у = богу = 2 = Ше critical points are (0, 0), (0, 2), (—2, 0), and (—2,2). For (0,0): £4(0,0) = 6x + 6| (0,0) 

= 6, fyy(0, 0) = бу — 6] (00) = —6,1,,(0,0) — 0 = Б — B —36 « 0 — saddle point with f(0, 0) — 0. For 

(0,2): £4(0,2) = 6, fyy(0, 2) = 6, Бу(0,2) = 0 = Б, — i = 36 > Oand f, > 0 = local minimum value of 
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f(0,2) = —4. For (-2,0): £4(—2,0) = —6, fyy(—2, 0) = —6, fyy(—2,0) =0 = Буу — f2, = 36 > 0 and f, < 0 


Xy = 
= local maximum value of f(—2, 0) = 4. For (—2, 2): £4(—2,2) = —6, fyy(—2, 2) = 6,£,(72,2) = 0 
=> fafy — f2, = —36 < 0 = saddle point with f(—2, 2) = 0. 


xy 


f(x, у) = 4x? — 16x 20 = 4x(x?-4) =0 => х = 0, 2, —2; f(x,y) -6у-6-0 у = 1. Therefore the critical 
points аге (0, 1), (2, 1), and (—2, 1). For (0, 1): £4(0, 1) = 12x? — 16] (0,1) = —16, fyy(0, 1) = 6, fry(0, 1) = 0 
= Бађу — Ё = —96 <0 = saddle point with КО, 1) = —3. For (2,1): fxx(2, 1) = 32, fyy(2, 1) = 6, 
Б,0,1)-0 > ВБ, - Е. = 192 > 0andf,, > 0 = local minimum value of К2, 1) = —19. For (—2, 1): 
Ки (— 2,1) = 32, fyy(—2, 1) = 6, &,(-2,1) =0 = ff, — #2 = 192 > 0 and fxx > 0 = local minimum value of 


ху 
f(—2, 1) = —19. 


(i) On OA, f(x, у) = КО, у) = y? -3yfor0 Су <4 у 
= Ғ(0,у)-2у-3-0->у--32. Вш(0,-2) 


is not in the region. 
Endpoints: КО, 0) = 0 and КО, 4) = 28. 

(ii) Оп AB, f(x, y) = f(x, —x + 4) = x? — 10x + 28 
forü <х<4 = Ғ(х,-х--4)-2х-10-0 

=> х-5,у--1 But (5, — 1) is not in the region. 

Endpoints: f(4, 0) = 4 and КО, 4) = 28. 

(іі) Оп OB, f(x, у) = Кх, 0) = x? -3xfor0 <x <4 > Ғ(х,0)-2х-3 > x= 3 andy =0 = (3,0) isa 
critical point with f (3 ,0) == 2 | 
Endpoints: f(0, 0) = 0 and f(4, 0) = 4. 


(iv) For the interior of the triangular region, f(x, у) = 2х фу — 3 = 0andf,(x,y) =x+2y+3=0 = x=3 


and y — —3. But (3, —3) is not in the region. Therefore the absolute maximum is 28 at (0, 4) and the 


5.24 : 9 3 
absolute minimum is — 7 at (3 40) : 


(i) On OA, f(x, у) = 60, y) = —y? + 4y + 1 for у 
0<у<2 = Р(фу = -2у+4=0 = у = 2 апа 
x = 0. But (0, 2) is not in the interior of OA. 
Endpoints: f(0,0) — 1 and f(0,2) — 5. 

(ii) Оп AB, f(x, у) = Кх,2) = х? -2x +5 for0<x < 4 
> Ғ(х,2)-2х-2-0 x=landy=2 
= (1, 2) is an interior critical point of АВ with 
КТ, 2) = 4. Endpoints: f(4, 2) = 13 and f(0,2) = 5. 

(iii) On BC, f(x, у) = К4, у) = -y?+4y+9for0<y<2 = ҒҚ4,у)--2у--4-0 => у= 2 апіх = 4. But 
(4, 2) is not in the interior of BC. Endpoints: f(4,0) = 9 and f(4, 2) = 13. 

(iv) On ОС, f(x, у) = f(x,0) = x? — 2х +1 for0<x<4 > Ғ(х,0) =2х-2=0 x=landy=0 = (1,0) 
is an interior critical point of OC with КТ, 0) = 0. Endpoints: КО, 0) = 1 and f(4, 0) = 9. 

(v) For the interior of the rectangular region, f,(x, у) = 2х — 2 = 0 andf,(x, y) = —2y +4 = 0 = х = land 


y — 2. But (1,2) is not in the interior of the region. Therefore the absolute maximum is 13 at (4, 2) 
and the absolute minimum is O at (1, O). 
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73. 


74. 


75. 


0) 


i) 


(iii) 


(iv) 


(v) 


(i) 


(ii) 


(iii) 


(iv) 


(v) 


(i) 


(ii) 


(iii) 


(iv) 


Chapter 14 Partial Derivatives 


On AB, f(x, y) = К—2, у) = y? — у — 4 for у 
—2 <y <2 > f(-2,y)=2y-1 > у = 1 апі 
х=-2 = (-2, 1) is an interior critical point in АВ 


with #(–2, 1) = — п . Endpoints: f(—2, —2) = 2 and 
f(2,2) = —2. 
On BC, f(x, y) = f(x, 2) = —2 for —2 < x < 2 

= f'(x,2) = 0 = по списа! points in the interior of 
BC. Endpoints: f(—2,2) = —2 and f(2, 2) = —2. 
On CD, f(x, y) = f(2, y) = y? — 5y + 4 for 
—2<y<2 = Ғ(2,у)-2у-5-0 у 5 andx = 2. But (2, 5) 18 not in the region. 
Endpoints: f(2, —2) — 18 and f(2, 2) — —2. 
On AD, f(x, y) = f(x, —2) = 4х + 10 for —2 < x € 2 = f'(x, 2) = 4 = по списа! points іп the interior 
of AD. Endpoints: f(—2, —2) — 2 and f(2, —2) — 18. 
For the interior of the square, f(x, y) = -y + 2 = 0 апа f(x,y) = 2y -x — 3 = 0 = у=2апах = 1 


= (1,2) is an interior critical point of the square with f(1, 2) = —2. Therefore the absolute maximum 


is 18 at (2, —2) and the absolute minimum is — М at (-2, 1) : 


On ОА, f(x, y) = КО, у) = 2y у? forO < y < 2 y 
= Г(0,у)-2-2у-0 у = 1апах =0 = 

(0, 1) is an interior critical point of OA with 

КО, 1) = I. Endpoints: КО, 0) = 0 and f(0,2) = 0. 

On АВ, f(x, у) = f(x,2) = 2x — x forO x x <2 
> Ғ(х,2)-2-2х-0 x—landy-2 
— (1,2) is an interior critical point of AB with 

f(1, 2) = 1. Endpoints: f(0,2) = 0 and f(2,2) = 0. 

On BC, f(x, y) = f(2, y) = 2у у? Того Су < 2 
= Ғ(2,у)-2-2у-0 у =Тапах = 2 
= (2, 1) is ап interior critical point of BC with f(2, 1) = 1. Endpoints: К2, 0) = 0 and 62,2) = 0. 

On ОС, f(x, y) = Кх, 0) = 2x — х? for0 < x <2 > Рх 0) = 2 2х = 0 = х= 1апау = 0 = (1,0) 

is an interior critical point of OC with КТ, 0) = 1. Endpoints: КО, 0) = 0 and КО, 2) = 0. 

For the interior of the rectangular region, f,(x, у) = 2 — 2x = 0 and f(x,y) = 2 – 2y = 0 => х = 1 and 


y =1 = (1, 1) 1 an interior critical point of the square with КТ, 1) = 2. Therefore the absolute maximum 
is 2 at (1, 1) and the absolute minimum is 0 at the four corners (0, 0), (0, 2), (2, 2), and (2, 0). 


On AB, f(x, y) = f(x, x + 2) = —2х + 4 for y 
-2<х<2 = Ғ(х,х--2)--2-д0 = по списа 
points in the interior of AB. Endpoints: f(—2,0) — 8 
and f(2, 4) — 0. 
On BC, f(x, y) = f(2, y) = —y? + 4y юг0 Су < 4 

=> ЁР(2, у) = -2у+4=0 = y-2andx-2 

= (2,2) is an interior critical point of BC with 
f(2, 2) = 4. Endpoints: f(2, 0) = 0 and f(2, 4) = 0. 
On AC, f(x, y) 2 f(x,0) — x? — 2x for —2 <x <2 

= Ё(х,0)-2Х-2 > х= landy=0 = (1, 0) isan interior critical point of AC with КТ, 0) = —1. 
Endpoints: К—2,0) = 8 and f(2, 0) = 0. 
For the interior of the triangular region, f,(x, у) = 2x — 2 = 0 and f,(x,y) = —2у +4 = 0 => х = land 


y —2 = (1,2) is ап interior critical point of the region with f(1,2) = 3. Therefore the absolute maximum 
is 8 at (—2, 0) and the absolute minimum is — 1 at (1,0). 
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76. (i) On AB, f(x, y) = f(x, x) = 4x? — 2х1 + 16 for y 
-2<х<2 = f(xx)-8x—839202 x=0 
andy = 0, or x = 1 and y = 1, or x = —1 and y = —1 
= (0,0), (1, D), (—1, —1) are all interior points of АВ 
with f(0,0) = 16, f(1, 1) = 18, and f(—1, —1) = 18. 
Endpoints: f(—2, —2) = 0 and f(2, 2) = 0. 

(ii) On BC, f(x, у) = f(2, y) = 8y - y! for —2 <y <2 

= Р(2,у) = 8 – 4у = 0 = y = J/2andx = 2 
=> (2, ya) is an interior critical point of BC with 


f g ya) = 65/2. Endpoints: f(2, —2) = —32 and f(2,2) = 0. 


(iii) On AC, f(x, y) = f(x, —2) = —8х — x! for -2 < x < 2 > f'(x, -2) = -8— 4х3 20— x = W-2andy = -2 
> (у -2, -2) is ап interior critical point of АС with f (v —2, -2) = 64/2. Endpoints: 
f(—2, —2) = 0 and f(2, —2) = —32. 
(iv) For the interior of the triangular region, f,(x, y) = 4y — 4x? = 0 and f,(x, у) = 4x — 4у =0 = x = 0 апі 
у = 0, огх = 1 апау = 1 or x = —1 and y = —1. But neither of the points (0, 0) and (1, 1), or (—1, —1) are 
interior to the region. Therefore the absolute maximum is 18 at (1, 1) and (—1, — 1), and the absolute minimum is 
—32 at (2, —2). 


77. G) On AB, f(x, y) = f(—1, y) = y? — 3y? + 2 for 
—1<у< 15 #(-1,у) = 3у? -6y =0 > y=0 
and x = —l,ory = 2 and x = —1 = (-1,0)isan 
interior critical point of AB with f(—1, 0) = 2; (—1, 2) 
is outside the boundary. Endpoints: f(—1, —1) = —2 
and f(—1, 1) = 0. 

(ii) On BC, f(x, у) = f(x, 1) = x? + 3x? — 2 for 

—1<х<1 = РС, 1) = 3х2 + 6х=0 > x=0 
andy = 1, огх = —2 and y = 1 = (0,1015 ап 
interior critical point of BC with КО, 1) = —2; (—2, 1) is outside the boundary. Endpoints: f(—1, 1) = 0 and 
f(1,1) = 2. 

(ін) On CD, f(x, у) = К(1,у) = у? – 3y? +4 for -1 <y <1 = РА, у) = 3y? — бу =0 y = 0апіх = 1, ог 
у= 2апіх = 1 = (1,0) is ап interior critical point of CD with f(1, 0) = 4; (1,2) is outside the boundary. 
Endpoints: f(1, 1) = 2 and f(1, —1) = 0. 

(iv) OnAD,f(x,y) = f(x, -1) = x? 3х? — 4 for -1 <x < 1 > f'(x, 21) = 3x? + 6х =0 > x —O and y = –1, 
or x = —2 and y = —1 = (0,—1) is ап interior point of AD with КО, —1) = —4; (—2, —1) is outside the 
boundary. Endpoints: f(—1, —1) = —2 and f(1, —1) = 0. 

(v) For the interior of the square, f,(x, y) = 3х? + бх = 0 and f,(x, у) = 3y? — 6y = 0 x = Оогх = —2, and 


у= Оогу= 2 = (0,0) is an interior critical point of the square region with f(0, 0) = 0; the points (0, 2), 
(—2, 0), and (—2, 2) are outside the region. Therefore the absolute maximum is 4 at (1, 0) and the 
absolute minimum is —4 at (0, — 1). 
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78. (i) OnAB,f(x,y) = f(-1,y) = y? -3yfor-1 Су € I 
> f'(—1,y) = 3y? —3 = 0 > y = + 1апдх = –1 
yielding the corner points (—1, —1) and (—1, 1) with 
К—1,—1) = 2 and f(—1, 1) = —2. 
(ii) On BC, f(x, y) = f(x, 1) = x? + 3x + 2 for 
—1 <x < 1 > #(х,1) 23x? +3 = 0 = no 
solution. Endpoints: f(—1, 1) = —2 and f(1, 1) = 6. 
(іі) On CD, f(x,y) = f(1, y) = y? + 3y + 2 for 
-1 <y <1 = f(1,y)=3y?+3=0 = по 
solution. Endpoints: f(1, 1) = 6 and f(1, —1) = —2. 
(iv) On AD, f(x, y) = f(x, —1) = x? — Зх for —1 <x < 1 > Р(х,—1) = 3х2 -3 =0 > x= + landy = —1 
yielding the corner points (—1, —1) and (1, —1) with f(—1, —1) = 2 and КТ, —1) = —2 
(v) For the interior of the square, f,(x, y) = 3x? + Зу = 0 and f(x, у) = 3y? + 3х = 0 = y = —x? and 


х3-х-0 х=б0огх=—1 у = 0огу = —1 (0,0) is an interior critical point of the square 
region with f(0, 0) — 1; (—1, —1) is on the boundary. Therefore the absolute maximum is 6 at (1, 1) and 
the absolute minimum is —2 at (1, — 1) and (—1, 1). 


79. sz f = 3x?i + 2yj and ҳу g = 2х1 + 2yj so that Y f= à Vg => 3х2 + 2уј = AQxi + 2уј) = 3x? = 2xA and 
2y = 2ул А = Тоту = 0. 
CASE 1: Х-1 3x? = 2x х= Оогх 2 ;х= 0 у = ЖІ yielding the points (0, 1) and (0, —1); x = 2 


3 
> у= + сс yielding the points (3 , х) апа (3 ~ х) | 


3 
CASE2: у=0 = x?-1=0 = x= +1 yielding the points (1,0) and (—1, 0). 
Evaluations give f (0, + 1) = 1, f (3, $ У) 23 f(1,0) = 1, and f(—1,0) = —1. Therefore the absolute 


= 3)» 


maximum is | at (0, + 1) and (1,0), and the absolute minimum is —1 at (—1, 0). 


80. ху f = yi + xj and Y g = 2х1 + 2уј so that Y = А Jg => yit xj = А(2хі + 2yj) = y = 2Ах and 
ху Ау => x = 2A(2Ax) = АА => х=0бог4^? =1. 
CASE 1: х=0 > y = 0 but (0, 0) does not lie on the circle, so no solution. 
CASE2: 4А? = 1 А-%оА--і. Ех = ,у= х [8 +y =2x > x=y= ЗЕ a yielding the 


points (5, 5) and ( Ji 35) Fork=—},y=-x > 1= ау? 2x? X + р and 


у = —x yielding the points (- 55 ; 5) апа (= Я 5) : 


- 
- 


Evaluations give the absolute maximum value f ( а ) =f ( 18? 5) = І and the absolute minimum 


V2? ya 772 
value f ( 4.5) -4(-;, 5)- x 


81. (i) (х,у) = x -3y? -2yonx? + у? 21 = у= 2х1 + (бу + 2)ј and ҳу g = 2xi + 2уј so tht Vf=A Ve 
= 2xi+ (бу + Dj = AQxi + 2уј) = 2x = 2xA and 6y + 2 = 2ул Х=]огх = 0. 
САЅЕ 1: А=1 = бу+2 = 2у = у = — + and x = ав V? yielding the points (+ У ,-1) . 
САЗЕ 2: х-0 у? =1 у = +1 yielding the points (0, + 1). 
Evaluations give f ( == з _ У = i , КО, 1) = 5, and КО, —1) = 1. Therefore 1 and 5 аге the extreme 


values on the boundary of the disk. 
(ii) For the interior of the disk, f, (x, у) = 2х = 0 and f,(x, у) = бу +2 = 0 = x = 0 andy = — 1 
=> (0, E i) is an interior critical point with f (0, — i) E i . Therefore the absolute maximum of f on the 


disk is 5 at (0, 1) and the absolute minimum of f on the disk is — 1 at (0, — 5). 
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82. (1) f(x,y) = х? + у? —3x—xyonx*+y2=9 > yf=(2x-—3-— y)i+ Фу —x)jand хур = 2х1 + 2yj so that 


83. 


84. 


85. 


86. 


wvf-AwSg = (2х – 3 – у)і Qy — х)ј = AQxi + 2уј) > 2x — 3 — y = 2xA and 2y — x = 2ул 

> 2x1—23)-y = Запа -x + 2y(1 — № 20 = 1—5 = Хава 2x) (5) -у-3-» х? у? = Зу 
= х? = у? + Зу. Thus, 9 = х? c y? = y? + 3y c y? > 2у? +3у – 9 = 0 = (2у – 3)(у +3) = 0 

=> у--3,3. Богу = –3,х +y? 2 9 = х = 0 yielding ће point (0, 3). For y = 8 ,х +y? = 9 


= х2 +2 = 9 х= 1 x + 3Y5. Evaluations give КО, 3) = 9, f(- 53,3) =9+ 5 
2 9 


~ 20.691, and f (3,3) = 9 — 2173 = 2,691. 


(ii) For the interior of the disk, Ё, (х,у) = 2х — 3 – у = 0andf,(x,y) = 2y -x = 0 => x=2andy=1 
= (2, 1) is an interior critical point of the disk with f(2, 1) = —3. Therefore, the absolute maximum of f on 


the disk is 9 + ms at (- a 3) and the absolute minimum of f on the disk is —3 at (2, 1). 


vf=i-jt+kand ху g = 2хі + 2уј + 2zk so that Y f= Aà J g > i—j+k = A(2xi + 2yj + 2zk) = 1 = 2x), 
—] = 2уА, 1 = 25А x= -y =z = }. Thus х? + у? +22 = 1 3x? = 1 х= + 7 yielding the points 
(5 ,— ол 5 5) апа (- a А T ,— 5) . Evaluations give the absolute maximum value of 

“5 ; Е : >) = Л, = УЗ and the absolute minimum value of f( T : E ; >) = V3. 

Let f(x, y, z) = x? + y? + 22 be the square of the distance to the origin and g(x, y, z) = x? — zy — 4. Then 


ү f = 2xi + 2yj + 2zk апа ҳу g = 2хі — zj — УК so that Y f = А Y g = 2х —2Ax, 2y = —Az, and 
27 = — Ху х=0огА=1. 


CASE 1: x = 0 > zy = —4 => 7, – Запду= – 4 = 2 (– 3) = -Луава2 (– £) = -àz => $ = y! and 


7 


= у? se у= +z. Buty 2 x = z? = —4 leads to no solution, so y = —z > z? = 4 


= z= + 2 yielding the points (0, —2, 2) and (0, 2, —2). 
САЅЕ 2: A = 1 = 2z = -y and 2y = —z > 2y = – (- 5) >4ду-у->у-0->2-0 х-4-0- 
X = + 2 yielding the points (—2, 0,0) and (2, 0, 0). 
Evaluations give КО, —2, 2) = (0, 2, —2) = 8 and К—2,0,0) = f(2,0,0) = 4. Thus the points (—2, 0, 0) and 
(2,0,0) on the surface are closest to the origin. 


The cost is f(x, y, 2) = 2axy + 2bxz + 2cyz subject to the constraint xyz = V. Then Y ЕР= А ху 5 
= 2ay + 257 = Ayz, 2ах + 2cz = Axz, and 2bx + 2су = Axy => 2аху + 2bxz = Axyz, 2аху + 2cyz = Axyz, and 
2bxz + 2cyz = Axyz => 2аху + 2bxz = 2аху + 2сух => у = (5) х. Also 2axy + 2bxz = 2bxz + 2cyz => z= (2) x. 


Then x (2x) (2x) = V x3 су width = x = (55) Depth =y = (2) а)" = (Ex) ^. ana 


c c ab ac 
КЕТЕ 1/3 
Height = 7 = (=) (s) = (5) : 


The volume of the pyramid in the first octant formed by the plane is V(a, b, c) = i (1 ab) с = 2 abc. The point 


(2, 1,2) on the plane — 2 + Ё + i — ]. We want to minimize V subject to the constraint 2bc + ac + 2ab = abc. 


Thus, vy V = 21+ € j + Kk and Y = (c + 2b — Бој + (2c + 2а — ac)j + (2b + a — ab)k so that Y V =à Yg 
= ® = Ме + 2b — бо), © = AQc + 2а — ac), and * = A(2b +a — ab) => *© = Мас + 2ab — abc), 


abe = А(2Ьс + 2ab — abc), and abe = AQbc + ac — abc) => Хас = 2Abc and 2Хаб = 2Abc. Now А Æ 0 since 
a#0,b #40, апас Z 0 = ас = 2bc and ab = bc а = 2b = с. Substituting into the constraint equation gives 
24242 1 a=6 b = Запіс = 6. Therefore the desired plane is & + 5 + 2 = 1 orx + 2у + 2 = 6. 
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87. 


88. 


89. 


90. 


ү Ё= (у + 2-х] + xk, ХУ © = 2х1 + 2уј, апа Jh = zi + xk so tht Vf=AVgt+uvh 


=> (у + 21 + xj + ХК = AQxi + 2yj) + нал + ХК) = y +z = 2Ах + uz x = 2Ay, х = их x = Ооги 
CASE 1: x = 0 which is impossible since xz = 1. 
САЗЕ 2: w=1 = у+2= 2Ах +2 = у = 2Ах апах =2Лу > y=(QA)QAy) = y = бог 

4M = 1. Ку = 0, then x? 21 = x = + 150 with xz = 1 we obtain the points (1, 0, 1) 


and (-1,0,-1). 11422 = 1, then A = +3. For à = – 1,у = —x s0 x? +y? =1 > х? = 5 


=> х= + > with xz = 1 => Ж = == 42, and we obtain the points (4. - 4. v2) and 
(- +5. d. - v2). Fora l.y X E 5 x + J, withxz=1 > z= + 2, 
and we obtain the points (5 Р a : у2) and (- 75 ‚— a А – 2) . 
0-4 У) (ее) = 
3 


А У?) = 3 . Therefore the absolute maximum is 5 at 


Evaluations give f(1,0, 1) = 1, f(—1,0, — 


1 1 203 шоо. 
(5, 35, 2) = 5 ,апа ( 5: 
(+. h v2) and (-4.-4.-v2 ‚ and the absolute minimum is 7 at (-4,.4,.-v2) and 


S 


Let f(x, y, Z) = x? + y? + 22 be the square of the distance to the origin. Then ху f = 2хі + 2yj + 27К, 


1. 


Vg=itj+k,and y h = 4xi + 4yj — 2zk so tht Vf —ANZg--uN7Zh = 2х = Ad Ахи, 2у = А + 4уџ, 


апа 27 = A – 22р => А = 2х(1 – 2p) = 2y(1 — 2p) = 2z(1 +24) = х=уоги = 1. 

CASE |: x=y z? = 4х? => z= + 2х ѕо ћаіх +у+2= 1 = x+x+2x=lorx+x—-—2x=1 
(impossible) => x i y i andz — i yielding the point (4 : 1 ; 1) Я 

САЅЕ 2: u 2 1 = 3-0 0 = 27(1 +1) = z = 0 so that 2x? + 2у? = 0 > х = y = 0. But the origin 
(0, 0, 0) fails to satisfy the first constraint x + y + z = 1. 


Therefore, the point (4 ; 1 ; i 


) on the curve of intersection is closest to the origin. 


2 Ow _ Ow Ox + Ow ду Әм Oz 


Oy _ Ox ду ду ду ын Oz ду 
= (2xe") x + (zx?e”) (1) + (ухге") (0); z = x? - у? = 0 = 2х 5 -2у = = = У therefore, 
(à) = (2xe”) (1) + zx?e* = (2y + zx?) e” 


(a) у, z are independent with w = x?e* and z = x? – y? = 


(b 2 


хи 


7, х are independent with у = x 


у2 ==. 42 Ow _ Ow Ox Ow Oy Ow Oz 
e” and z = x У =P mr = gx oz © ду oz 8: ae 


= (2xe”) (0) + (zx°e”) бу + (ух2е*) (1); z = х? – у: > 1=0—2у бу — У = — 1: therefore, 


Oz — 2y 
ВЭ, = tater) (-2) вене) 
2 


Ow Ow Ox Ow Oy Ow Oz 
Oz + 


4 : m yz ИВ уй — 
(с) z, y are independent with w = хе“ and z = х — у = dy Or аг az 


Oz Өх 
= (2хе”) 2 + (zxe”) (0) + (yx2e”) (1); z = x? — y? = 1=2х = — 0 = 8х = L; therefore, 
Oz y y Oz Oz 2x 

(55), = (2xe”) (+) + yxe* = (1 + x’y) e” 


: : = = ðU _ QU OP | ðU OV , AU OT 
(a) T, P are independent with U = КР, V, T) and PV = nRT = aT = sp or + av or | ЭГ OT 


= (Æ) (0) + (20) (95) + (Æ) (1); PV = авт > РУ = nR = 8% = R ; therefore, 
($5, = (Sv) (F) + & 
P 


(b) V, T are independent with U = КР, V, T) and РУ = nRT = 2v = SU +99 У + 90 21 


= (Æ) (Æ) + (82) (1) + (35) (0; PV = пет = V Æ + P = (пк) (27) =0 = 25 = — Б; therefore, 


(57), = (F) (C 7) + у 
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91. Note that x = г cos 9 andy = r sin 0 > r= yx? + y? and 9 = tan! (У). Тћиз, 
Ow _ Ow Or Ow де _ (9 д = = д in@\) Ow. 
gu = Gu Oe + Ou = (бе) (a) + (21) (ёт) = (cos 6) & - (22) %; 


Ow _ Ow Or Ow 00 _ (Ow y ðw х = fs Ow соѕ0\ Ow 
ду | дг ду T 90 бу (ae) (===) + (52) (=>) = (sin 0) mti r ) 99 


92. z, = f, & +f, Z = af, + af,, and 2, = Ё, ді f X = bf, bf, 


Ou _ ди Ow dw ди dw Ow dw ди dw 1 Ow dw 1 ду _ dw 
93. ду — Бала Әх а дх du Ox ац апа ду du ду b du " а Ox du and b ду du 
1 Ow 1 Ow Ow Ow 
a Ox b ду 7 b Ox a ду 
94 Ow _ 2x ME 2(r+s) ЕГЕН 2(r + s) 22031 Ow _ 2y _ 2r-s) — т—$ 
5 дх ху +22 (г+5)2 +(г— 5) +45 2 (r? + 2rs+s?) туз’ ду  х+у +2 — 2r+s)? ^ +s)?’ 
Әм. 2 1 Ow Ow Ox | Ow ду Әм Oz __ r—s 1 - 2r+2s 
and 9: — х2--у2--22 (г + sy дї Ox дг ду Or T Oz Or т+$5 T CESSE + |н») Qs) = (г + sy 


и. Ow _ Ow Ox Ow Oy Ow Oz — r-s 1 222 
~ rs and 98 Әк ðs Sp ду Os ji Oz 08 r+s (г--5) * |н») (21) = TFs 


= д р ду _ 1. : = : 9 ду 
95. e" сову—х=0 = (е" сову) 5 — (e" sin v) 5 = 1;е"°зшу—у=0 = (е sin v) 5: + (e" cos v) 5х = 0. 
Solving this system yields EN =e "cos v and ж = —e "sin v. Similarly, e" cos v — x = 0 


= (е! cos v) ді — (e" sin v) 2: = О and e" sin v — y = 0 = (е" sin v) ^ + (e" cos v) a = 1. Solving this 


second system yields ^ =e" sin v and Бі = e^! cos v. Therefore (& i+ Е i) . Е i+ 2 i) 
= [(e" cos v) i + (e sin у) j] - [((—e~" sin v) + (е“" cos v) j] = 0 = the vectors are orthogonal => the angle 
between the vectors is the constant 5. 


Og _ Of Ox Of ду _ | ОБ ов 
96. 86 = 8x a6 + ду 86 = (—rsin 0) ax + (г сов 0) бу 


2 4 2 2 26 Је " 
=> 2 = (—rsin 0) (4 - + ПІ 2) (г cos 0) ot + (r cos 0) (xx - + a 2) (r sin 0) бу 
— (—r sin 0) (8 + 2) — (r cos 0) + (r cos 0) (8 + 2) — (r sin 0) 


= (—rsin 0 + r cos 9)(—г sin 0 + r cos 0) — (т cos 0 + r sin 0) = (—2)(—2) — (04+ 2) = 4—2 = 2 а 


(г,0) = (2, т) | 
97. (у + 2)? + (2 — х) = 16 > = —2(z — x) + 2(y + 20] + 2(у + 22 — ХК if the normal line is parallel to the 
yz-plane, then x is constant. => ot =0 = -2@-x)=0 > z=x > (+2? +(2 2)? = 16 y+z= +4. 


Тех = 1 7-1 у = —t + 4. Therefore the points аге (t, —t + 4, t), t a real number. 


98. Let f(x, у, 2) = xy + yz + zx — x — z? = 0. If the tangent plane is to be parallel to the xy-plane, then ҳу f is 
perpendicular to the xy-plane = wWf-i=Oand Vf-j=0. Now f= (у +2 — 11 + (х + 2)ј + (у + х – 2z)k 
sothat Vf-i=y+z—-1=0 >= y+z=1 = y-l-zand у!-ј=х+%=0 х = —7. Тћеп 


—7(1— z) + (1 — 22 + 2(—z) — (=z) –272 = 0 > 2 —272 = 0 ; = 1 02 =0. Моу2 =: > х= – 5 апау = + 
=> (71.1.1) is one desired point; 2 = 0 = х = 0andy = 1 = (0,1,0) is a second desired point. 
99. v 1— ЛО У] + 2) = ot = Ах = f(x,y,z) = $ Ах? + р(у, z) for some function в => Ay = a = 5 


= 0(у,7) = i Ay? + h(z) for some function h Л а a h'(z) h(z) i AZ? + C for some arbitrary 


constant C => g(y,z) = 1 Ау? + (1 №? + C) = Кху,2) = 4 Ax? + 1 Ay? + 1222 +С = 1(0,0,3) = 1 Ла: + C 
and КО, 0, —а) = i A(—ay + С = f(0,0,a) = КО, 0, —a) for any constant а, as claimed. 
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100. УЖА - limo AO + sun, 0+ sua, 0+ ян)- 0,0,0) 8» 0 
(0,0, s> 
. 5202 + 5202 + 5202 — 0 
= jim, Ye es 0 
s—0 | 
: 54/ 24 + uu : 
= lm ————— = lim, ји = 1; 
8-0 5— 0 
= х : у : 7 : . EN 
however, Vf та + Jm 321 + де ти“. К fails to exist at the origin (0, 0, 0) 


101. Letf(x,y,z) = ху+2—2 = Vf=yit+xj+k. At(1,1, 1), ме һауе ~ # =1+Ј + КЕ => the normal line is 
х=1+-ђу=1+ 2 = 1+6 зоа = —1 x = 0, у = 0, z = 0 and the normal line passes through the origin. 


102. (b) f(x,y,z) = x? – y? +22 —4 
= Vi = 2хі – 2уј + 22 = at 2, —3,3) 
the gradient is 57 f = 4i + 6j + 6k which is 
normal to the surface 
(с) Tangent plane: 4x + бу + 67 = 8 or 
2х + 3y + 32 = 4 
Normal line: x = 2 + 4t, y = —3 + 6t, z = 3 + 6t 


CHAPTER 14 ADDITIONAL AND ADVANCED EXERCISES 


1. By definition, 5 (0,0) = tim, EO 50.0 so we need to calculate the first partial derivatives in the 
numerator. For (x, У) т (0, 0) we calculate Ё, (х, y) by applying e differentiation rules to the каш for 
: (х2 + у?) Ох) – (х2 – у?) (2х) | ху- аху? 
f(x,y): f(x,y) = E + (ху) (х2 уау = 2-0 + у > 50,0- -1--8 
For (x, у) = (0,0) we apply the definition: £,(0,0) = іт fh, 0) — 100) — im, 0—0 = 0. Then by definition 


£,(0,0) = lim, ==" = —1. Pu 0) = lim, 10 0) 00) so for (x, y) # (0,0) we have 


X —X xy? 1 x — КО, 
(x, у) = КЕТ Е пари = fy(h,0) = 5 = h; for (x, у) = (0,0) we obtain f,(0, 0) = im, Код) -K0.0) 


= jim BO = 0. Then by definition f,,(0, 0) = jim, n = 1. Note that fxy(0, 0) = fyx(0, 0) in this case. 


2. дн =1+е*созу => w= x + e cos y + g(y); $* = —e* sin y феб) = 2y e siny => gy) = 2y 
= g(y) = y? + С; w = Ш 2 when x = ш 2 апду = 0 = 12 = 12 +e”? сов0+0:+С => 0=2+С 
=> C = —2. Thus, w = x + e* cos y + g(y) = x + e* cos y + у? — 2. 


3. Substitution of u + u(x) and v = v(x) in g(u, v) gives g(u(x), v(x)) which is a function of the independent 
variable x. Then, g(u,v) = | fO dt > # === = (2 frat) 2 + (2 Јода) = 


= (-& INC d) E (& 2 [о ау = —f(u(x)) E + У) & = КУ) & — Кб) 01 


4. Applying the chain rules, f, = g or > f= Е ) (Ey + gt 2 Similarly, ё; = (88) (2) + а u and 


2 [аи Ог ағ д?г Or __ x Or — y +z . дг _ у 
Ё. = (5) (8) "а 022 * Могеоуег, Óx ух +у? +22 Ox? (жауа ау "ду — yx eye? 
2 2 ди 
=> a= = +, апа 2 ёт = 2 Ot — ту Next, f. + f + fiz = 0 


(уюу +2) vx ry + 98 7 (уљу +) 
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df 2 df у“ + 22 аз у? ағ 2 +22 
=> (4) (zz) + (£) (72-23 + (8) (==) + (£) (У 
d?f 2 df 2 +y? 2 df 2 df _ df, 2df . 
+ (80) (zz) + (8) (25) = => + (oM) т = 0 => at =0 


=> $(t)-(-2)f,wheef'- 9 4 21 = ш = —2 шг+ ШС > Р = Cr?,or 


r 


o 


at Cr? f(r) = – c +b = # + b for some constants a and b (setting а = —C) 


5. (a) Letu = tx, v = ty, and у = Ки, v) = f(u(t, x), v(t, y)) = f(tx, ty) = РКХ, y), where t, x, and у аге 
independent variables. Then nt” 'f(x, y) = As = их A + ек A =x іш +y E . Now, 
= (22) (0 + (8) O =12 => 2 = (1) (20). Likewise, 


ди — дм да gw 2 = (2%) (0) + (33) (9 = 9% = (1) (à) . Therefore, 


nt^ (х, у) = x = +y = = (5) (28) + (X) (88). When t = 1, u = x, v = y, and w = f(x, у) 


= == = — апа = = = => иКх, у) = х - +y z ‚ as claimed. 

(b) From part (a), nt^ !f(x, y) = x би Ty де . Differentiating with respect to t again we obtain 
n(n — и, y) = x GE @ +X Grae BEY dade Be TY 464 + Oxy Аду Y бу. 
Also from part (a), 83 = 2 (85) = £08) =t Fy Mae Se Эс = 12 Sy, Sy = 2 (=) 
= (5) = hae NU AP» = Ge and дуз, = ру (Fe) = 5 (16%) =! SE E Us» 
=O Fae > (8) BE = FE (8) бб = 5, and (2) 3 = Хе 


> n(n — 1 (х,у) = (=) (83) + (29) (аж) + (=) (83) fort 0. Whent = 1, = f(x, у) and 


we have n(n — 1)f(x, y) = x? (45) + 2ху (25) + у? (85) as claimed. 


6. (a) lim 32€ = lim “2! = 1, where t = бг 


г= 0 6—0 t 
f sinóhy _] : 

b) £(0,0) = lim 10559400). Jig СВО fig sméh-6 jim 6о0:68-6 
(b) 30,9) h—0 n в-0 4 һ-0 ob һ-0 128 

= jim, =36 sin oh =0 (applying l'Hópital's rule twice) 

8 сіп бг sin бг 

Y E= lim НЙ ұз Р 67-40 
(с) (7,0) = lim, h ыш, 7 B. T 


7. (а) r=xi+yjt+zk = г= |r| = yx? + y? + Z and и ee Tras 
(b г = (уха + у? +22)" 
= ҳу (и) = их (х2 + y? + 22) + пу (2 + у? + 2) 77 + nz (x2 + y? + 22) k = oer 
(с) Letn = 2 in part (b). Then 1 ҳу (7) 2r > y (г?) =г = El > (x? + y? + 22) is the function. 
(d) dr = dxi + ау] + Ж = r -dr = x dx + y dy + z dz, and dr = г, dx + г, dy + г, dz = * dx + * dy + 2 dz 
=> rdr = x dx + y dy + z dz = r - dr 
(e) A=ai+bj+ck = А-г= ах + Бу + с7 > (А -r)=ai+bj+ ck = А 


8. f(g(D,h()) 2c = 0 gt a т + а 5 = (4 1-- z i) . (5 i+ gy i) , where ах i+ Yj is the tangent vector 


=> у fis orthogonal to the tangent vector 


9. f(x,y,z) = xz? — yz + cos xy - 1 = ~! (22 — y sin ху) 1 + (—2 — x sin xy)j + Qxz –ујк => y f(0,0,1) =i-j 
= the tangent plane is x — y = 0; r = (ln fi + (t In 0j + tk > г = (2) 1+ + 1 +К;х=у=0,2=1 
> [= 1 r(1) 2i-cj-k. Since (i+j+ kK)-ü—j —r(1)- ~ = 0, г is parallel to the plane, and 
r(1) = 0i 4- 0j + К = ris contained in the plane. 
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10. Let f(x, у, 2) = x? + y? + 23 — xyz => y f = (3x? — yz) i + (3y? — xz) j + (3z? — ху) К => y f,-1, 1) = i + 3j + 3k 
=> the tangent plane is х + Зу + 32 = 0; г = (5 –2)1+ (4-3) 1+ Cost- 20k 


> г=(3)1 (5) (sin (t — 2))k;x = 0, у = – 1,2 = 1 t=2 => r(2) —3i- j. Since 


r(2)- у f = 0 = ris parallel to the plane, and (2) = — + К = г is contained in the plane. 


11. 22 —3x! — 9y =O and 22 = 3y? -9x =0 = y = 1x? and3 (1 х2)? - 9х 20 = 1x!-9x—0 


ы И. 0 x = Оогх = 3. Nowx=0 > у=0ог(0,0)апдх=3 = у = Зог (3,3). Next 


2 2 2 . 
9% - бх, 2 = = бу, апа = = –9. Еог (0,0), 0% 24 ( 2%) = —81 = по extremum (а saddle point), 


2 
апа for (3, 3), = а - (#5) = 243 > 0 and ai = 18 > 0 = a local minimum. 
12. f(x, y) = 6xye Cx) = É «(х, y) = 6y(1 — 2x)e- +3) = 0 and f(x, y) = 6x(1 — Зује 253) = 0 = x = 0 and 
у = 0, огх = 1 and y = +. The value КО, 0) = 0 is on the boundary, and f ( 5, 1) = = . On the positive y-axis, 
КО, y) = 0, and on the NR x-axis, f(x, ig 0. Asx — ooory — oo we see that f(x, y) — 0. Thus the absolute 
maximum of f in the closed first quadrant is = at the point (1 А 1). 


13. Let f(x, у, 2) = х 2-1 n (12 5-1 > vf- % і +2 2) 52 Zk = an equation of the plane tangent at the point 
Ро(хо, уо, Yo) is (2% et By + (2); Кине ог (9) х+ (3) у+ (&)z- 1. 
The intercepts of the plane аге (=, 0 9). (0,% 0) апа (0.0 У . The volume of the tetrahedron formed by the 


plane and the coordinate planes is V — (1) (1) | 3 Є 3 (=) => we need to maximize V(x, y, 2) = ET (xyz) 1 


subject to the constraint f(x, y, z) — Ey 5 + 5 = 1. Thus, | шк? | (=) = 2х А, | cet] (45) - 2) А, 


апа | e] ( 1 ) = X A. Multiply the first equation by a?yz, the second by b?xz, and the third by c?xy. Then equate 


xyz? 
the first and second а?у? = bx? > у 5 X, X > 0; equate the first and third => a?z? = c?x? z= x, x > 0; 
substitute into f(x, у, z) = 0 = x a y a 7 v V BB abc. 
14. 2(х — u) = —А, 2(y — у) = A, -2(x — u) = џи, and -2(y – у) = –2ру => х-и=у-ух-и= 5, and 
m 


y-v=pv> x—u m» > M 5 оги 0. 


CASE 1: »=0 > х= ду = v, and Л = 0; фепу=х+1 > у=и+ 1 апу? =u => у = у? +1 


> v —у+1=0 = ү-37 e: = по real solution. 
CASE 2 у = Рапди=у S>u=4;x-jf= 5- yandy =х-+ 1 х-1 -x-i > 2x -i х -і 
—y-i. Then f (— tope el «pelea => the minimum distance is 2 \/2. 


(Notice that f has no maximum value.) 


15. Let (xo, yo) be any point in R. We must show за и ) f(x, y) = f(xo, yo) or, equivalently that 
X, У) = (Хо, Yo 


(h 21) 0) [f(xo +h, yo + К) — хо, yo)| = 0. Consider f(xo + В, yo + К) — хо, yo) 


= [f(xo +h, yo + К) — f(xo, yo + К)] + [f(xo, yo + К) — f(xo, yo)]. Let F(x) = f(x, yo + К) and apply the Mean Value 
Theorem: there exists 6 with хо < € < xo + h such that F'(£)h = F(xp + h) — F(xo) = hf,(£, yo + К) 

= (хо +h, yo + К) — хо, yo + К). Similarly, КЕ (Хо, 7) = хо, yo + K) — хо, yo) for some rj with 

yo < n < yo + К. Then |f(xo + h, yo + К) — хо, yo)] € [h£(£, yo + K)| + [КЕ (Хо, |. If M, М are positive real 
numbers such that |f,| < M and |f,| < N for all (x, y) in the xy-plane, then |f(xo + В, yo + К) — Кхо, yo)| 


<M |h| +N |k|. As (h,k) — 0, | хо + h, yo + K) - Со, yo] ^ 0 = (h 2-0 0) | хо + В, yo + К) — Кхо, yo)| 


= 0 = fis continuous at (хо, yo). 
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17. 2 


18. 


19. 


20. 


21. 


22. 


Chapter 14 Additional and Advanced Exercises 879 


At extreme values, ҳу f and у = a are orthogonal because a = gf- аг = 0 by the First Derivative Theorem for 


Local Extreme Values. 

5 =0 = f(x,y) = h(y) is a function of y only. Also, 5 - a = 0 = g(x,y) = k(x) is a function of x only. 

Moreover, a= дв = Һ(у) = k'(x) for all x and y. This can happen only if h'(y) = К (х) = c is a constant. 

Integration gives h(y) = cy + су and k(x) = сх + со, where c, and сә are constants. Therefore f(x, y) = су + cy 

and g(x, y) = сх + c». Then f(1,2) = g1,2) 25 => 5 = 2c +с = с + с, and КО, 0) 24 > с =4 c 3 
=> со = 2. Thus, f(x, y) — Ту + 4 апа g(x,y) = Ix. 2. 


Let g(x, y) = О,Кх, у) = f(x, уда + f(x, y)b. Then D,g(x, y) = g,(x, уда + g(x, y)b 
= f(x, у)а? + f(x, y)ab + f(x, y)ba + f(x, y)b? = f, (x, уда? + 2£,(x, y)ab + fy(x, y)b?. 


Since the particle is heat-seeking, at each point (x, y) it moves in the direction of maximal temperature 
increase, that is іп the direction of ху T(x, у) = (e > sin x) i+ (2e > cos x)j. Since ҳу T(x, y) is parallel to 


2e? cos x 


the particle's velocity vector, it is tangent to the path у = f(x) of the particle = f'(x) = SẸ% = 2 cot x. 


2 
Integration gives f(x) = 2 In |sin x| + C and f (7) 2 0 > 0=2/1n |sin 2| -C = C= -21n X = ш (>) 


= Іп 2. Therefore, the path of the particle is the graph of y = 2 In |sin x| + In 2. 


The line of travel is x = t, y = t, 2 = 30 — St, and the bullet hits the surface 7. = 2x? + Зу? when 

30 — 5t = 20 4-30 > Ё +1-6= 0 = (t--3(t-2) 20 = t=2(sincet > 0). Thus the bullet hits the 
surface at the point (2, 2, 20). Now, the vector 4х1 + буј — К is normal to the surface at any (x, у, 7), so that 

п = 81 + 12j — Е is normal to the surface at (2,2, 20). If = і + — 5k, then the velocity of the particle 


: : : 2v- 225 400; | 600; _ 50 

after the псосће is w = v — 2 proj, У = У — ( Э) П = у – (22 )n- (i+ j – 5k) (4% i+ 509) — 205 к) 
191; 391 995 

200177 395 J — 209 К. 


(а) kis а vector normal to 2 = 10 — x? — y? at the point (0, 0, 10). So directions tangential to S at (0,0, 10) will 
be unit vectors и = ai + bj. Also, ҳу T(x, у, 2) = Qxy + 4)i + (x? + 2ух + 14) j + (y? + 1) К 
=> ҳу Т(0,0, 10) = 4i + 14j + К. We seek the unit vector и = ai + bj such that D,T(0, 0, 10) 
= (44+ 14j + К) - (ai + bj) = (4i + 14j) - (ai + bj) is a maximum. The maximum will occur when ai + bj 
has the same direction as 4i + 14], oru = Js Qi + 7j). 
(b) A vector normal to S at (1, 1,8) isn = 2i + 2j + К. Now, v7 T(1,1,8) = 6i + 31j + 2k and we seek the unit 
vector u such that D,T(1, 1, 8) = ху T - u has its largest value. Now write Y T = v + м, where v is parallel 
to ҳу T and м is orthogonal to vy T. Then О.Т = QT -u=(v+w)-u=v-u+w-u=w-u. Thus 


D,T(1, 1,8) is a maximum when и has the same direction as w. Now, м = 57Т- (xm) n 


= (6i + 31j + 2k) — (4424?) Qi - 2j + К) = (6— 32) i + (31— 52) 1+ (2- 7) к 
=- 81+ 97) Зк = u= (98i — 127} + 58k). 


у _ 1 
№] ,/29,097 


Suppose the дэээ (boundary) of the mineral deposit is the graph of z = f(x, y) е the z-axis points up into the air). 


Then — ai 1- 5 Fj + k is an outer normal to the mineral deposit at y) and ai ЖЕ К Е j points in the direction of steepest 
ascent of the mineral deposit. This is in the direction of the vector 2 x i+ бу гі at (0, 0) (the location of the Ist borehole) 


that the geologists should drill their fourth borehole. To approximate this vector we use the fact that (0, 0, — 1000), 
(0, 100, —950), and (100, 0, —1025) lie on the graph of z — f(x, y). The plane containing these three points is a good 


i j k 
approximation to the tangent plane to z = f(x, у) at the point (0,0,0). А normal to this planeis| O 100 50 
100 0 -25 
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= —2500i + 5000j — 10,000k, or —i + 2j — 4k. So at (0,0) the vector 9 i+ Fj is approximately —i + 2j. Thus the 
geologists should drill their fourth borehole in the direction of Js (—i + 2j) from the first borehole. 


23. w = e" sin ax wi = ге" sin тх and м, = ле" cos TX => wy, = – пе sin TX; Мух = 2 Уус, where c? is the 
positive constant determined by the material of the rod => —7?e" sin mx = + (re" sin тх) 
. ада. . 
= (т + с2л?2)е зтлх = 0 => г--с/л? > у =е т іп тх 
24. w = ей sin kx = w = ге" sin kx and wx = Ке" cos Кх = wy, = —k?e" sin kx; wy, = i Wt 


=> Ке" sin kx = 2 (re sin kx) > (r+ c?k?) е" sin kx = 0 = г= —с?К? => w=e зіп Кх. 


Now, w(L,t) 20 — еек sin kL 20 = KL = пл for n an integer к= wae Y UU. gin (37 х) . 


1 1 Ero A 2 
Ast — оо, w >> Osince |ѕіп (¥ x)| < 1ande-*"* VF — 0. 
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CHAPTER 15 MULTIPLE INTEGRALS 


15.1 DOUBLE AND ITERATED INTEGRALS OVER RECTANGLES 


1. Л | хувуах- КУ ax = | 16xax = [8x7]? = 24 

2. ff (к—ујдувк= | xy - ју], = Јох ах = [0]: =4 

3-1 Гутов = Ј [5 tya] ду = f (су +2) dy = [y? +2у]', =1 
ЕЕЕ api 

5. | [еа у) ау f ГЕКЕ вах = [ер = 16 

6. Ј, Ј оду – 2ху) ayax = |, [9 — ху] ах = Јах – 2x2) ах = СЕЕ 

1. f fe s ахау = | рај + хур ду = Га + yldy = [уза + уј – y +1а + у = 212 - 1 
в. ff G+) ) dxdy = f [ix +x МУ] Say = | (4+4у ау- [ду + i2] = 2 

9. | fe dydx =f pep ах = | — e*t) dx = [36 — 181) = 3(5— e) 


10. Ї | хуе dy dx = ЇГ їхуе ах = | зхехах = | хех — Зе*], == 
11. | Г ysinxdxdy = f |-усовх ! dy - | ydy = [ly], = $ 


2m рт 2n 29 
12. Г „(пх + сову) хау = [| [—cos x + x cos у}, ду= f (2 + п сову) ду = [2y + r siny” = 27 


13. ff (бу — 2х)4А = ЈУ f (буг - 2х) aydx = f Dy? – 2хур «= | (16 — 4х) ах = [16х – 2х2]! = 14 
R 
14. Jl УХАА = | f Ж dydx = f, [E] ак Гы = [ne]! = # 


1 п 1 
15. ЛГ хусвувл = | |], xycosy dydx = | [x y sin + x cos y]; dx = f (-2x)dx = [x], =0 


0 т 0 
16. "RI ysin(x 4- y) dà — Г.Л ysin(x + y) dydx = ІШЕ cos(x + y) + sin(x + y); dx 
Е 


0 
= | (sin(x + 1) — лсоз(х + т) — sinx)dx = [—cos(x + 1) — m sin(x +7) + cosx]? = 4 


т 
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17. SJ e*-YdA = SE fe dydx 2 f| enm dies [cen + е*) dx = [- ein +e al = 1 


2 pl : 2 211 2 E 
18. ANM dydx = f pev] ax = ff (Ge – 2) х = [dex — 1х]* = 1(е2 – 3) 


Ч ET 2 1 
19. NEL f f ауа = f, 201, dx = f #4 dx = Вик? + 1[ -2102 


1 1 
20. | Еа f Г Я тү dxdy = ] аа” (хуу) dy = | tan-!ydy = [ |ytan !y — iln|e + y? |]; = 1 – Ип2 


2 2 
21. ГГ 1 дуах = | 1002-101)4дх-002) |, bax = (п2) 


22. Г] усоз ху xay = ЈУ [sin xy] dy = | sin ny dy = [- 1 cos ny]; = 1(-1 1)-2 


1 1 1 1 
23. у= ff ува = Ј Ј се у) дуах = f [y+ iy] dx = | (2x24 2)dx = [8 + 25] = 
2 p2 2 5 2 5 
24. У-/ a=], (16 — x? - y) dydx = f [16y – х2у - 1] ax = f (8 — 2х2) dx = [2x - 2х2], 
— 160 
3 
25. V — J J sy) dA = ffe 2-х-у )dydx = | By -xy - iy] 4х- f G х) dx = [2х— 12] =1 
АГ 212 4 
26. У = J J "ува = ЇЇ dydx = f [$] dx = Ј 1dx = ki =4 
т/2 рт/4 . п/2 ” п/2 р т/2 
21; У = Ју) ал = f, Ї 2sinxcosydydx = | [2 sin x sin у] “ах =] (Ух) ах = |- V2eosx]' 


= \? 
28. у= f [(у)дА = f, f @-— у) ух = fr [y ју] ax= Л (= [x] p= 


15.2 DOUBLE INTEGRALS OVER GENERAL REGIONS 


X 
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10. 


11. 


12. 


13. 


а) fo [дух 
а) f. : (Га dx 
а) ЈУ f ayax 
(а) | f dx 


(а) у; Ta dx 
ЕМЕС 


мар-------- 


М 


Section 15.2 Double Integrals Over General Regions 


(b) T [> акау 
(b) [ака 


(b) 1: “Ган 


у/3 


e p2 
(b) f „ах dy 


ма 
х 
5 


о 
м 


Copyright © 2010 Pearson Education Inc. Publishing as Addison-Wesley. 


883 


www. гетепд. 15 


884 Chapter 15 Multiple Integrals 


71/4 pl 
14. (а) fj дуа : s 
1 рав ly у=1 
w) f f, “ахау | 
І 
І 
І 
І 
І 
т х 
4 
In3 el 
15. (а) f, ауа у 
1 In3 у=1 
1 
(b) Јах І 
І 
І 
| x 
у=е 
І 
х 
1n3 
1 1 е 1 
16. (a) f, ауа fo | ауа " . 
у-іпх 
1 реу =1 
(5 f, f, ахау Қы 
І 
І 
І 
| 
х 
1 е 


17. (а) ГГ сув 
1 py 3 ((3—у)/2 
0) f, Гаау- f, f, dx dy 


18. (а) f^, f ayax 
(b) de dxdy + ЈУ f ахау 


19. Г f, e siny) dy ax = J” [7x cos y] ах А = 
= Гох -x cos x) ах = [$ — (cos x +x sin x)| 
0 
т 
= 5+2 0 яв >x 
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20. ЈУ [уву =f |, ax= fd sin? x ах 


=} Га – сов2к) ах = 1 [х – 112" = 3 


у 


y=sinx 


ЖАЛА 
САХАХАА 
САХХАЖХАХЖА 


18 шу In " In8 

21. f f ех» dx dy = 1. [et] 0 dy = J (ye! — e?) dy 
= [(у – De’ – е] = 8018 — 1) – 8 +e 
= 8108 — 16 +e 


2 py Xa 3 212 
22. ІТ ах у= (-y)ay= |: ie 
1 2 1 2 
23. 17 Зузеху ахау = f Bye] dy 
1 
= Ї (зуге” - зу?) dy = Б - y! Qm 2 


^. ff земаа Г sers] а 
=3е-0 Л уха = [ре DG) х 0] 276-0 


25. ГГ” хаувх- куа ах = (n2) f. xdx = 3In2 


2 3 


= f (8-9 р мт 


27. CES va) dvdu = | [$ -vya vu]. ја = ІНЕ = Vu u)] du 
2 
4% 


1 
3/24 2 5/2] —1. 1.1—_24.2— 1 (2-1 
+ su 472 сы Зер Ча екісін сове D 
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2 pint 2 2 

28. | f e miasac- fete ndr Јас моа [5 nt-Ẹ-tint+t], 
1 
=(212—1—212+2)—(–1+1)=1 


29. T4. ‘зар - 2 | jp 7 dv =2 f" 2v dv ^ 
200], == x: die 


v-p v=-p 


(2, -2) 


30. ps "8tdtds = | ae]; ав 


1 
s3 
= [ап –јфв=а |5- 5] =} 


31. |. Je 3 cos t dudt = Dé ,[G cos 0867 


32. | Га ауа f puc " 


3/2 5 
= f (8-2) du = Bu - ју = 3 


33. | EE dx dy 


34. f. у "ay dx 
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35. S. Гаувх 


36. [ахау 


37. Л] axay 


38. Ју ах 


39. ГГ” в dx dy 


40. f f yayax 
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41. ГГ” dy dx 


> ~ 


42. Г.Г вкахау 


1 ре 
43. ху dxd 
J, Jo y y I y-lnx 
1 [ 
І 
І 
І 
1 
1 
І 
х 
1 е 
1/2 рат ју 
44. Т. | ху? ахау y угийн 
уза 
Џ 
І 
І 
І 
І 
І 
х 


45. Г Г. (x + y)dy dx 


2/3 руз 
46. 4 J худу ах 
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47. || fr ауах = |" [A ахау = [вуду => у 


m (т,т) 


48. f oy sin xy dy dx — Ї foy sin xy dx dy 


2 2 
= | [-2y cos ху]; ду = |) (-2у cos y? + 2y) ду 
= |+ sin y? + y?]à = 4 — sin 4 


49. НЕЗ ахау = |" [хе ауах = [ке] dx 


1 1 
= х2 — la xX — e-2 
- (xe х) ах = [he JE 


50. [з= ду dx = TuS = ах ау 


Н x?e? у4-у Ё e? езу 9 ё-1 
= is] 9= 96-18 - t 


2VIn3 руз А Маз (2x , у 
51. J Г. = dxdy = f, 1, e" dy dx 2443 (413,243) 
ШЕ 2 2 п а 
=f 2хе“ dx = je" =e —122 
0 
> х 
0 In 3 


52. io е“ dydx = I e” dx dy 


! 3 311 
= f 3ye dy = [e]; =e — 1 


1/16 р1/2 A 1/2 рх 
53. 1, ЇЇ cos (16тх?) dx dy = Ї f cos (16тх2) dy dx 
| sin (16тх5)1 1/2 00625 (0.5, 0.0625) 

= Ї хі cos (167x°) dx = | a | = gh 
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54. Шаян они = ЈУ ЈУ ака 


2 n 
= f. d ду = ipte ji =! 


—1 
y! —2x2y] dx + | [ју 


= ж 


(3? + x!) dx - 4 f(x? x" 


(y — 2x?) dy dx ifi n (y — 2x?) dy dx 
— 2x NIC dx 
х + 1)? — 2х2(х + 1) — 4 (=x — 1)? + 2x*(-x — 1)]dx 


Г. 
5 
5 
+ f [fd 2 -zxa — x) - Их 
ЈЕ 


1)? + 2x?(x — 1)] dx 


- ) 
= –4 х! х? ? 4 xt x? 1 =4 (D (19 4 (1 1 
copre 08 9 рс 2 | “ГЖ зе 1 (2-2) 


56. 1) ху ЧА = ide dy dx 4- ШЕК dy dx 


2/3 - 
- [5 xy Рах + NE ху?] ах 


2/3 
=f ( 2x3 -ix) )dx + | x(2—x 


=f” 3x3 ах + f. — x?) dx 


= 


1 x3] dx 


= [ix] + -3 


57. у= | |” (б? + у?) dydx = f, [y+ 


= (3-12-15) - (0-0-8) =3 


x15, = (8) (8) + (1-3) 


40 


& – 80) — ( 


(3) Ga) = a+ 


ДУ дуах = f bey? «= f. (2x? — xt — x3) dx = [2x3 — 1 


27 
81 


х5 — 


320 384 240) == 


60 + 60 60 


(st — st) 


189 _ 63 
60 — 20 


-4-1-0-1-4-4-1- 


( 


59. у= | о) dydx = | pay 
= (хз — 7x? — 8x + 16) dx = [- 335 — 1х5 — 4x? + 16x] | = (-1-1+12) – (8 — 


| x= рме - (8 


во v= [f o aac Г 
= [i347 +6 мат (5) 2x $ 


60 


у? 


2 


| 


ры а= (к(4—х) +44 


— x?) — 3x? — 12x] dx 


2 p3 2 3 2 
в. у=] f (4 – у?) ахау = | [ах – y?x]3 ду = | (12— 3y?) ду = [12y — у!) = 24-8 = 16 
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2 psx? 2 TES 2 2 2 7 
62. v-[ f а-<-уФзж«-|(а-әу-4| ак f, pa- a= (8-42 5) ах 


= _ 453 4 1512 _ 32 | 32 __ 480-320-96 _ 128 
= [8х 3E Pur = 16 3 Рю = 30 15 


63. М = 1121 (12 — 3y?) )dydx = Јоу – ye "ах = Јура – 12x – (2 – ак = [24x – e + 2] = 20 
64. у= |" |. (3 — 3x) dy dx + f [а зх) аук = 6 f^, (1 х2) ах +6 ахах =4+2=6 


65. Va ff owt ауа = уу axo ИЕ (1-4 =2 fri 2) dx = 2 [x + In x]? 
= 2(1 +12) 


66. У ЕСД 1 + у?) )dydx-4 ЈУ Des] aa "(see x + вес: ex dx 


2 [7 In [sec x + tan x| + sec x tan x] о s = [в (2 + уз) +2v3] 


67. 


68. 


x y! =16 


69. ЈУ Ју ауа fc [m]. «-Г-(уж-- іш [į] =- ва (1-1)-1 


1/(1-х2) 7 


b 
i 


D рии b E 
70. J S +D dydx = | уу] x= f. Je =4 Ш lim. [sin 


—4 lim [sin!b – 0] = 27 
b—1- 


-М/(1-х2)/2 


b 
M и WW 7 FED -dxdy =2 [7 (ят) (Ыш tan! b — tan! 0) dy = 27 lim | ea ЧУ 


=2n (lim tan“! b — tan-!0) = (2л) (=) = 7? 
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72. Ї | хөгөө dxdy — 12: іт [- хе“ — e~]? ду = fre „п (—be™ — e + 1) dy 


b — oo 


==> ду = jim. (-е > +1) = 1 
73. | ffe y) dA = 4 £(- 5,0) + 00,0) + 520,0) = (73) +3 (0+1) = 7$ 
R 


74. 


N 


ГЈ, у) дА ~ 1 (602, и) +1, 4) +1 (1,8) + (3,5) = 1 (29+ 31 + 33 + 35) = 18 = 8 
R 


75. Тһе ray 0 = = meets the circle x? + y? = 4 at the point (v3 , 1) => the ray is represented by the line y = 25 . Thus, 


V3 рух? үз 3/2 v3 
ГЈ, у) аА =f Јо мх dydx = Ју |4-х)- 3 у4 – | ax B | = у 
R ST 0 


өз ја 1 ® Fay]? ЕГЕ 3 E 
76. 1 | (х2—х) (y- 1/3 dy dx 1 | = | " dx |. (= —х + zx) dx 6 2 xm 1) 
2 m b 1 1 2 5 b P 
=6 lim Ї (4, -3) dx = 6 lim. [In (x — 1) — In x]} —6,lim [In (b — 1) 2 In b — In 1 + In 2] 


: 1 
= 6 lim (1-1) +In2| = 612 


1 2-х 1 2-х 
77. у= [| (2 + у?) dydx = f ку + 5] dx 


1 1 
= 2 Té (2-х) 2х3 Tx! (2—х)* 
-Ї| p | & Е 12 12 ЈИ 
2 
3 


5 5) (0 0 5) = $ 


78. (аі ях — tan x јах= | f ч ту Чу dx = |К ж тту dx ду bu at: dx dy 
= / a ay + [29 "ee eer 1 [2 tan-! y + 2 (1+ )2)] 7 
= (5+) In 5 £c 2tan! 2r — + 1 (1+4 
—21an 12s — 2tan 1 2 — + In (1 + 47? 


п?) -21an !2+ # 105 
)+ 7 
79. То maximize the integral, we want the domain to include all points where the integrand is positive and to 
exclude all points where the integrand is negative. These criteria are met by the points (x, y) such that 
4 — x? — 2y? > 0 or x? + 2y? < 4, which is the ellipse x? + 2y? = 4 together with its interior. 
80. To minimize the integral, we want the domain to include all points where the integrand is negative and to 
exclude all points where the integrand is positive. These criteria are met by the points (x, y) such that 


x? + y? —9 < 0 or x? + y? < 9, which is the closed disk of radius 3 centered at the origin. 


81. No, itis not possible. By Fubini's theorem, the two orders of integration must give the same result. 
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82. One way would be to partition R into two triangles with the 3 
line у = 1. The integral of f over R could then be written 
as a sum of integrals that could be evaluated by integrating 5 


first with respect to х and then with respect to y: 


|, J f(x,y) dA 


х=2-у/2 


= | m т n Ї P ux f(x, y) dx dy. 


Partitioning R with the line x — 1 would let us write the 
integral of f over R as a sum of iterated integrals with 
order dy dx. 


b b 2 2 ђ b 2 2 b 2 b 2 b 2 b 2 
83. fe ТУ ахау = f. e e* dxdy — f. [e 8) ду = (= 8) (Ле? ay) 
b . 2 b. 2 b. 2 
= ( f 8) = (2 Ї ет 8) =4 ( Ї e^ ax) ; taking limits asb — со gives the stated result. 


1 3 
84. ЈА I = em dy dx = /, ІҢ у= gu dx dy = J. ТЕПЕ [$], ay = 3 J, gar 
joe Дт 0- gm + 5, lim, d gm = ore lo- 1], + im, lv- D], 


1 
3 
№ іш (b= 10 – pv] |„їт, = D - оу] = (0+1)— (0– v2) -1-4/2 


85-88. Example CAS commands: 
Maple: 
f := (x,y) -> 1/х/у; 
91 := Int( Int( f(x,y), y=1..x ), x=1..3 ); 
еуа (41); 
value( 41); 
evalf( value(q1) ); 


89-94. Example CAS commands: 


Maple: 
f := (х,у) -> exp(x^2); 
са := 0,1; 
gl := y ->2*y; 
g2 := y -> 4; 
95 := Int( Int( f(x,y), x2gl(y)..g2(y) ), y=c..d ); 
value( q5 ); 


plot3d( 0, x=g1(y)..g2(y), y=c..d, color=pink, style=patchnogrid, axes=boxed, orientation=[-90,0], 
scaling=constrained, title="#89 (Section 15.2)" ); 

r5 := ШК ШК f(x,y), y=0..x/2 ), x=0..2 ) + ШК Int( f(x,y), у=0..1 ), x=2..4 ); 

value( r5); 

value( q5-r5 ); 


85-94. Example CAS commands: 
Mathematica: (functions and bounds will vary) 
You can integrate using the built-in integral signs or with the command Integrate. In the Integrate command, the 
integration begins with the variable on the right. (In this case, y going from 1 to x). 
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Clear[x, у, f] 
Ах „у = 1/(xy) 
Integrate[f[x, y], (x, 1,3}, (у, 1, x}] 
To reverse the order of integration, it is best to first plot the region over which the integration extends. This can be done 
with ImplicitPlot and all bounds involving both x and y can be plotted. A graphics package must be loaded. Remember to 
use the double equal sign for the equations of the bounding curves. 
Clear[x, у, f] 
<<Graphics ImplicitPlot 
ImplicitPlot[{x==2y, х==4, у==0, y==1},{x, 0, 4.1}, (y, 0, 1.1]]; 
Ңх ,у :=Ехр[х?] 
Integrate[f[x, y], (х, 0, 2), (у, 0, x/2}] + Integrate[f[x, y], (x. 2, 4}, (y, 0, 1}] 
То get a numerical value for the result, use the numerical integrator, NIntegrate. Verify that this equals the original. 
Integrate[f[x, y], (x, 0, 2), (у, 0, x/2}] + NIntegrate[f[x, у], (x. 2, 4), (y, 0, 111 
NIntegrate[f[x, y], (y, 0, 1], (x, 2y, 43] 
Another way to show a region is with the FilledPlot command. This assumes that functions are given as y = f(x). 
Clear[x, у, f] 
««Graphics FilledPlot 
FilledPlot[ (x2, 9], (x, 0,3}, AxesLabels — (х, УН: 
Их, y_]:= x Cos[y?] 
Integrate[f[x, y], (у, 0,9), (x, 0, Sqrt[y]}] 


85. ГІ і dy dx ~ 0.603 86. Ї fe (+y?) dy dx ~ 0.558 


1 pl 1 рут - - 
87. |, | тап”! ху dy dx ~ 0.233 8. [f°  зутх Уауах ~ 3.142 


89. Evaluate the integrals: The following graph was generated using 
Eu Mathematica. 
Ї [А С ах ду 


ее dydx + | Је“ dy dx у 


1 


= —} + 4 (et — 2\/л erfi(2) + 24/7 erfi(4)) 
1.1494 x 106 ч 


0 


0.6 
0.4 


0.2 
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90. Evaluate the integrals: 


ЇЇ» cos(y?)dy dx = ГІ cos(y?)dx ду 


= ЦЕ) ду 0.157472 


9]. Evaluate the integrals: 


ГІ” wy — ху')ахау = f foy — xy?)dy dx 


67,520 __ 
= 67520 ~ 97.4315 


92. Evaluate the integrals: 


ffe dx dy = [frre dy dx 


ғә 20.5648 


The following graph was generated using 
Mathematica. 


The following graph was generated using 
Mathematica. 


У 
2 


х 
The following graph was generated using 
Mathematica. 
Y 
2 
1.5 
0.5 
x 
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93. Evaluate the integrals: 
2 x2 1 
1 T PET dy dx 


= f S Bawa + ff [хуу вау 


—1 + In(22) = 0.909543 


94. Evaluate the integrals: 


Г xay = ЈУ f тез 
~ 0.866649 


15.3 AREA BY DOUBLE INTEGRATION 


Ї Ї "dydx- Ј (2 – х)ах = px- 5] =2, 
ог f | `ахау= f (2 –ујду=2 


2. Г Ј вувк = Га->«- Их – x?]? = 4, 


4 ру/2 4 
ог f. E ахду = | 1 dy-4 


The following graph was generated using 
Mathematica. 


< 


FP NW ло -J c о 


0.5 1 1.5 2 2.5 


ю 


The following graph was generated using 
Mathematica. 


Y 
2.5 


2 


1.5 


1 


0.5 
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4. ГГ axay- fe буу) dy — ly? - 


= MEM ES 
=4-3 ыг 


v. 
І 
ы 


2 үе" In2 " y 
s fJ [adax-][, еж=Е"2 =2-1=1 WI 


> х 


е (21пх е 
6. ГГ dydx = | nx dx = ках х]; 
=(е—е)—(0—1)=1 


1 p2y-y? 1 
7. Л.Л. dxay = f, Qy -2y) dy = [y? – Фу], 

— 1 

73 


* ыы dx dy = Г, (y? — 1 — 2y? + 2) ду 


=] (Оу) dy = ly]; =4 


2 plny гэр" 
10. fi f, тахду = fy Ри ду 
2 212 
= f, (Iny — 1 + y) dy = [yny -2y + ¥ | 
-2ш2-! 
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11. Пав ГІП лауа 
= /, ах + ЈУ ак 


- ада + f. (6 - 3)ax 


12. Г.Г.заньь аа 
= Ї өх» ЈУ ах 
=f. (/х + х)ак + ЈУ (/х-х--2)4 


= [E $e], + ров - раз 0 


6 (2у 6 j 316 y 
= У = 2 y 
13. /, Sos Ox =] (2у– 5) dy = |у = | 


= 36 – 2 = 12 6 


(12,6) 


> х 


1 
12 
NOT ТО SCALE 


14 ЇГ dydx = ЈУ (ах — х2) ах = [232 — 18]? у 
men _ 9 
==-—9=8% 


15. f J ayax 


п/4 
= J, (cos x — sin x) dx = [sin x + cos x 


-(32-32)-0410-42-1 


ЈЕ 


т, 
0 


v. 
1-ы---4 
> 


2 +2 2 : 
16. f J, dxdy = f(y +2-y?) dy = [5 92 - 
шон но лон 
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17. 


18. 


19. 


20. 


21. 


22. 


23. 
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Jf avs f ] „дук | 


: : [PME 
= f.a-»ax + f 1-3) ax A C 
0 2 x 
-Де +[-%],=- (аж) +2-0=} шысы 
e 


ГГ ayax + Ј f ayax 
= Га-хуа + ЈУ хуз ах 


2 
Ja еее. 


(а) average = 1 || f sinx + у) dydx = 4 f"[—cos(x y]; dx = 4 | [— cos(x + л) + соз x] dx 
= 4 [-sin(x + 7) + sin x]; = 4 [(— sin 27 + пл) — (—sin т + sin 0)] = 0 


(b) average = ry JJ веры] [- cos (x + y]; dx = 2 | [- cos (x + 4) + cos x] dx 


= 5 [7 sin (x + т) + sin х)? = = [(– sin x + sin т) — (— sin - + sin 0) | = = 
average value over the square = ЇЇ» ау dx = n ЕЗ | dx = E dx — 1 = 0.25; 


1 У1-х2 1-х2 
average value over the quarter circle = (7 f Ї ху dy dx = 4 Ї ЕЗ 4 ах 


п 


1 1 
== x — х?) dx = ех) lla 0.159. The average value over the square is larger. 
0 2 4 0 2т 5 4 5 
2 2 2 2 2 
average height = 1 Ї Ї (x? + у?) dydx = 1 f [ху + d ! dx= i Ї (2x? + 8) dx= 4 Б + s] == 


212 212 1 1 212 15 212 
average = т т: T. f, y dy dx = тэ ё e | ах 
2 


= dec 51007: 


| i 10,0006 02 dy dx = 10,000 (1 — e7 2) f ied = 10,000 (1 — e?) J. г“ с ЈЕ Тэ | 


10000 JE 21n (1 — 2)]5, + 10,000 (1 — e?) [2 n (1+ 5)] 6 
= 10,000 (1 — e?) [2 In (1 + 3)] + 10,000 ( 1-е?) [2 In (1 + 3)] = 40,000 (1— e?) In (2) = 43,329 


1 5205 1 | 1 
S i "100(y +1) ахау = f. [100(у + Dx] 7" ау = f, 100 + 1) (2y – 2y?) ду = 200 | (у – у?) dy 


= 200 [5 – ар ‚ = (200) (4) = 50 
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25 


26 


15 


l. 


— 
AR 


— 
сл 


- 
с 


. Let (xi, y;) be the location of the weather station in county i fori = 1,... ,254. Тһе average temperature 


254 
У) TG y) ДА 


in Texas at time to is approximately =————— , where T(xi, yi) is the temperature at time їр at the 


weather station in county i, A;A is the area of county i, and A is the area of Texas. 


b pix) b b 
. Let y = f(x) be a nonnegative, continuous function on [a, b], then A = f f dA = f | дудх = f [У] dx = f f(x) dx 
R a a a 


.4 DOUBLE INTEGRALS IN POLAR FORM 
х фу = 9 51=9 57 <0 < 27,0 <г<9 
х? +y = 2 = г= 1, х? фу = 42 =>г=4= -71<0<1,1<г<4 


у=х=0= 1,у = х = 0 лу 1 = т = сѕс0 Z <<, 0<r< csch 


x= 1 >r = зесб, у Узх 0-%5->0<0<%,0<г<вес0 


х2 + у? 12 r=1,x 2/3 r = 2\/3 sec 0, у = 2 => г —2csc0; 24/ 3 sec 0 = 2с5с0 = 0 = 1 


6 
>0<9< 6,1 <г< 2 у3вес6; 6 <0<2%,1<г<24/3свс0 


х2 + у: 22 =>" 7=2,х = 1 => г = $ес0; 2 = зес0 => 0 


о 

= 

D 
әзіз 
wJ 


<0<%,5ес0<г<2 


х2 + у? = 2х => г = 20050 –759<%,0 г< 20080 


х? + у? 2y = г= 2510 = 0<09<л, 0 <г< 2319 


| ЈУ ауак= Г тасав = Гө-: 
: T qp (x? + у?) аду = | | г? дгдд = i ЇГ 40-1 
Lp (x? + y?) ахфу-| [т ardo = 4 | ад = 27 


ГГ ауа ЈУ fe verge = € f” ад = na? 


6 т/2 6 свс0 2/2 
|, xaxay = f Л г? cos 0 drdó = 72 ЈЕ cot 6 csc? 0 10 = —36 [cot? 6] 7; = 36 


п/4 /4 = 


: ЇЇ» dy dx = [fe sin 0 dr dð = 8 СТ sec? 0:80 = 4 


| r ayax = f^ Ун arag = f (ес? 0 — lese!) ад = [3tand + 1сог0] ^ = 2 — уз 


1 п/б J csc т/6 ын 


. = дучк= |" ЇГ” сагаю = Ј" (оссо — 2) a0 = | 2 со(0 1722-5 


Copyright O 2010 Pearson Education Inc. Publishing as Addison-Wesley. 


www. гетепд. 15 


Section 15.4 Double Integrals in Polar Form 901 


17. Г. x? IR аук = [^ [2 TH аад-2| | (1– 


=(1—In2)r 


18. LP чтүү дуд = 4 ЈУ AI cim ааб=4] | 


ш2 2/2 y? — т/2 біһ2 . т/2 » 
19. J, /, gut uw ахау = f Ї ге агае = f (2112 —1)40 = 2 (212 — 1) 


1) drag =2 |" (1-1һ2)40 


=з] ад =2 fag = т 


20. 21 а(х? ++ dxdy 24 ЈУ | m? +1) rarae = 2 f (һ4-1)40- т(һ4-1) 


1 рух т/2 pr/2 2/2 Г 3 у2 
21. 11 (х + Зу) dydx= J") f, (гсов0 + 2rsin6) rardo = ЈУ, | сове + 27 * sin] ад 
т/2 т/2 
- (38 сове + 42 sing) 40 = [AF sino – 2 cos] "s иы 
т/4 т 


т/4 


2o cid] fe. атар = ао = = ЈУ“ (4 costo — 1 вес?) do 


=|; 0+ 15112 0 — 1 tan 0)“ = % 
1 1—х? 
23. f 1 Xy dy dx or у 
1 руту 1 а а 
Т, f x y dx dy 
1 гузу 
24. Їл х ах ду ог y = хогх= Ву 


fe а хауа ЈОЈ А x dy dx 


25. ГІ» (x? + y?) dy dx or 


ДЛ» (x? + y?) dx dy 
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3 p4 3 
26. pu (x? + у?)` dy dx or 


ГГ (х? + у2)* dx dy 


27. ГГ in гагад —2 f (2 — sin20) ад = 2(т — 1) 

28. А-2 |" |“ хага = f (2 сов0 + cos? 0) ao = $22 

29. A-2[ [аав = 144 СЕ 40 = 127 

30. А = [^fi гагао = 8 f 0 ад = 52 

31. А=[ Ј "таае=! f G 2sin 0 — 322) 40 = 37 +1 
32. А=4 | pe гагад =2 [7 (3 — 2 cos 0 + 9520) ад = 37 — 4 


33. average = E f fva -r° drd? = == 


n 
а? 40 = = 
0 


п/2 ра /2 : 
34. average = 4, f [| г? drdó = = a? 90 = 28 
па 0 0 Зта 3 


35. average = +, ки vx? + y? dy dx = 1 г? 490 = = а = 2 


2т 1 | 
36. average = 1 JJ [1 — x)? + у?] dy dx = 1 f Ї (а — r cos 0) + г? sin? 6] гагаб 


=1 [У | (88-28 cos +1) аав =} [7G 2609) дд = 1 [30 2 
I (m t) наган = ЈУ [У 2Inrdrdó = 2 f knr- rt” d9=2f Ve((1 — 1) + 1] 40 = 21 (2 – Ve) 
зв. ЈУ fr (a2) aao = f fr 


1/2 1--cos 0 т/2 . 
39. v=2 f i cos 0 агай = 2 f (3 cos? 0 + 3 cos? 0 + cos* 0) 40 
[558 + sin 20 + 3 sin — sin? 9 + #048] 47 = 4 Эл 


= Га г 540 = i 40 — 2л 


40. ум | ва = – 4 f^ 


„ (0-2 cos 20)3/? — 23/2] ад 


_ т/4 А : т/4 _ 
= жуз — 22 f (1 — cos? 0) sin 0 10 = irum X E cos 2 - „=. 61 
л 0 
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41. 


42. 


43. 


44. 


45. 


46. 


Section 15.4 Double Integrals in Polar Form 903 


(a) P= Гн fre - (2 +y?) dxdy= [ f (= P) гагав = ЈУ" : 


1/2 ET 1/2 2 ут 
--if „lim (e - 1) ae- 1 f, 4-1 = 1= У" 


2 бо 


b 2 
lim 1 ге" а 40 


(b) lim, E а= 2 Јова = (=) (27) = 1, from part (a) 


n i, ae (1 + х2 + у? dx dy = нэ је азат drdó = m 24 lim. Ї аза dr = 4,lim. [— nel; 


=a lim (l-7) —3 

Over the disk x? +y? < 3: Шея ‚АА = а = [У [-1ma-2]Z^ ae 

=f -іші ТЭЭ ад = x 104 

Over the disk x? + y? < 1: Л ae z аА = Г и ‚гай = ЈУ |, lim in z dr 49 

"Чи іш [-21n(1—32)] 40 2 27. іш [— 7 In (1 — a?)] = 27 оо, so the integral does not exist over 
0 а] а 1 

x? у? < 1 


8 рө) 8 кд) 8 8 
: : НЭРС = = p =l 2 = 112 
The area in polar coordinates is given by А = f. Ї r dr dð = f. H | 10 = 5 Ї #2(0) 40 = f. xr 40, 
where r — f(0) 


27 pa 27 pa 
average = + f ІН (а cos Ө — В)? + 1? sin? 6] гдгад = +, Ї Ї (r? — 2г?һ cos 0 + rh?) dr dd 


1 A at 2a°h с080 | л a? 2ah cos 0 та 1 | а?0 2аһ sin 0 520 F 
= = Ј, (5 3 a ад = 1 LG 3 + 5) а0= 1 [5 mE uM 


= i (а? + 2h’) 


37/4 ү280 37:/4 ~ : 
A= I. гагар = 5 f^. (4 sin? 0 — csc? 0) 49 


п/4 


t=2sin Ө 


= 1 [20 — sin 20 + cot 6] 2 => 


47-50. Example CAS commands: 


Maple: 
f := (x,y) -> y/(x^2*y^2); 

a,b := 0,1; 

fl := x -> X; 

f2 :=x -> 1; 

plot3d( f(x,y), y=f1(x)..f2(x), x=a..b, axes=boxed, style=patchnogrid, shading=zhue, orientation=[0,180], title="#47(a) 

(Section 15.4)" ); # (a) 
ql := eval( x=a, [x=r*cos(theta),y=r*sin(theta)] ); # (b) 


42 := eval( x=b, [x=r*cos(theta),y=r*sin(theta)] ); 

43 := eval( y=f1(x), [x2r*cos(theta),y2r*sin(theta)] ); 
44 := eval( y=f2(x), [x=r*cos(theta),y=r*sin(theta)] ); 
thetal := solve( q3, theta ); 
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theta2 := solve( 41, theta ); 

11:50: 

I2 := solve( q4, г); 

plot3d(0,r=r1..r2, theta-thetal..theta2, axes=boxed, style=patchnogrid, shading=zhue, orientation=[-90,0], 
title="#47(c) (Section 15.4)" ); 


ЇР := simplify(eval( f(x,y), [x=r*cos(theta),y=r*sin(theta)] )); # (d) 
95 := Int( Int( fP*r, г=г1..72 ), theta-thetal..theta2 ); 
value( q5 ); 


Mathematica: (functions and bounds will vary) 
For 47 and 48, begin by drawing the region of integration with the FilledPlot command. 
Clear[x, у, т, t] 
««Graphics FilledPlot 
FilledPlot[{x, 1}, (x, 0, 1}, AspectRatio — 1, AxesLabel — {x,y}]; 
The picture demonstrates that r goes from 0 to the line y=1 or r = 1/ Sin[t], while t goes from 7/4 to 772. 
Ё-у/(х52--у?) 
topolar={x — т Cos[t], у — г Sin[t]); 
fp- f/.topolar //Simplify 
Integrate[r fp, (t, 7/4, 1/2], (т, 0, 1/Sin[t]}] 
For 49 and 50, drawing the region of integration with the ImplicitPlot command. 
Clear[x, y] 
<<Graphics ImplicitPlot 
ImplicitPlot[ (х==у, х==2 — y, у==0, y==1}, (х, 0, 2.1}, {у, 0, 1.1}]; 
The picture shows that as t goes from 0 to 774, г goes from 0 to the line x=2 — y. Solve will find the bound for г. 
bdr=Solve[r Cos[t] 222 — г Sin[t], r]//Simplify 
f:=Sqrt[x + y] 
topolar={x — т Cos[t], y — r Sin[t]}; 
fp- f/.topolar //Simplify 
Integrate[r fp, 11, 0, 7/4}, (т, 0, bdr[[1, 1, 2]]]] 


15.5 TRIPLE INTEGRALS IN RECTANGULAR COORDINATES 


Ec F(x, у, Z мии ЛГ. dydzdx = | а-х-даак 
Десета id Гы ар 


2. f Ј Ј dzdyax = f, | заувх= | бах=б, f f | azaxay, | | f ахауа», | | f, axazay. 
ГГ Газа, | f° | ауатах 


= ffe — 3x — Зу) dy dx 
= ЈУ за – 9 -2а -х- 3 - 41 — x)?] dx 
=3 fa — x} ах = |- (1 -xy]l =i; 


SSS ааа, ~ R 
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L^ фейк, [ГЛ ахаа, pup duiyds 


4. Гр р азауак = Г f, Уа эз ауах = | 4 — xt dx = 3 [|х\/4— x + 4 sint JE 1 = 3r, 
LED ázdxdy, f | ауша, | | Јаве f || axayas, | ЈУ dx dz dy 


5. (Ж = f D. dzdydx—4 Ї 1 Ї Em Ї ал dz ду dx 
-АГГУ - 2 G2 + уз) дуах 
=$ Ea — х? — у?) dy dx 
= в Ј(а— га = в 7 [2 - 5] i 40 
-32 | ад = 32 (5) = 16r, 
ЈЕ | od, RM 
Fi А ку + ], | pod dx dz dy, 
ЇЇ „Га тон dxdydz + f) EE pud dxdydz, |“ JA dydzdx + ff . dv dade: 


1 ENS даха + [f Үн dydxdz 


6. The projection of D onto the xy-plane has the boundary 
x? y? = 2у = х? + (у – 1)? = 1, which is a circle. 
Therefore the two integrals are: 


Г. f 2. и f dz dx dy and 1% f ics ЕСІ 


7. 111 (x? +y? +22) dzdydx = | | (x? y! +4) dydx = | (2+ 2) dx =1 


8. JS Soe einer = МИН: 8 — 2x? — 4y?) dxdy = IMEE 2x? — Axy?] | ду 


M (24у — 18y? — 12?) ау = [12? — 12 y4] № = 24 – 30 = —6 


o ГГЈ aaya ff 1-1 уш- ГГ 2 ауа = f [E] = ffe 


о. ГІЛІ” azayax = f | G-3x-ayex- f [а – 3x? – 1 (3 – 39] ax = 5 Ј а – х)? ax 
=- На -х =} 
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11. 


12. 


= 
~ 


— 
сл 


22. 


Chapter 15 Multiple Integrals 


hh ЈЕ у sin z dx dy dz = ІШЕ sin z dy dz = 3 Ју "за z dz = 4. 


ff Јск+у+ áydxdz = | f =| [xy + iy? 4 zy], dxdz- | It (2x + 2 + 22) dx dz 


1 
= / 2 + 2x + 2zx] 0Ч® = | (822 dz = [32 + zi], = 6 


| Га = Јр V9 x ay ax = f, -x)ax- [x- S]? = 1в 


т га Fons ууахау- [14 у, ду = Ја – уг) Оу) ду 


= [- 1 a-a" = = 


| ПІРІ” әеуж- ГІ t3 ауах- f. [2 — х)? zz iQ-xy] dx — 2 fe- 2 


-[-$e-»]--iei-i 


ГГ "ES "xdzdydx = f f x : (1-х -y)dydx- | х (1-220-10-39) ах = f 1x( 7 x0) dx 
= [пао - му] = а 


S S Ју costa e v +) du dv dw — ЈОЈ пп (и + v + т) — зїп (+ v)] dv dw 


= ING cos (w + 27) + cos (w + п)) + (cos (w + л) — cos w)] dw 
= [— sin (w + 2л) + sin (w + л) — sin w + sin (w + п) 0 -0 


ЖЫЛЫН ве SIn r É dt dr ds = 1 (ses юэ! (т dras = f. ЈУ е mrards = / зе ' [rin r — У ds 
- cue seids = 2 es е5] = ас 


9. TTF РУ ИИ T Vx lim (ез Е е) dtdv = ш e? деду = ЇГ (Lene Е 1) " 


b — —oo 


S he sev _ 1 dv = [ese | ПР эл 
^ Jo 2 2 ын 2 210 2 8 


PSL ну врааа = ЈУ [7829 agar = ЈУ es [- (4 – Ви ЈЕ dr = 8™8 — 8112 
‚@ ГГ” чуй (b) 122 ЇГ ауахаг (c) ILI. dx dy dz 


(d) f 122 dx dz dy (e) lá | f ахау 


(а) 11 pe dy dz dx (b) RII dy dx dz (c) f TI dx dy dz 
(а) ЈГ ЈГ dx dz ду (e) ГЛ dz dx dy 


did ГТ вк = LS, у? dy dx = 2 f dx =? 
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4. у= f, f, f ayaax- f, f, 2-22) ах | [252—2]! “dx = f'(1—x2) dx = [x-¥] = 


0 
25 v= f f ашув-Ї Ц @-yayax = fe pv- (#;*)| а 
3 4- 


‹ 4 
= [3 4-х +4 4-х], = 3 (499 — 4016) = z 
1 p0 -у 1 0 1 
= — — 2 cu 
26 v -2 |, Јл Л dzdydx = -2 f, Л, yavax- f, - x?) ax = 3 


27. v= fff azayax = ff” (3 эх - зу) ауах = | [60 -x – 3-40 х)у°] ах 
= [за – у ах = [а – 2911 =1 


28. v= f fof” ааувх-( | eos (22) ayax = f (cos =) (1 — x) dx 
2 


= | со (=) x- f. x сов (Z ет – 4 | и совиди = 2 – 4 E [cos u + u sin и] 7" 


п? 


29. V — s f f, ш m тауа -а ff "Vi-xdydx-8 | ( 1—х?) dx = 16 


30 V— pru adyn- Г “Са 4-х2-у) )dydx = f [a 5 - 14 02) dx 


-if «-xya- |, (8-42 + 5) ах = 2 


4 ва pH 4 ол a ЛЕ 
ә. У- РЈ“ [f aaa-[[ ^ 4—уаау= | LSE (4 – y ay 


= [20/16 у ay — 1 fe y 16 у? ду = [y /16 у? + 16 sin 214 + [rae - yy 


= 16 (5) — ; (16)У2 = 8л — 32 


х2 3-х 2 М4—х2 
32. у= f f > = 1 dzdydx = [f 7.6 - 94yàx-2 | 8-х) rod de 
=з [`2 4 — x? dx -2 [хуа dx =3 [уа x8 +4 sin |, + Цар 


= 12 sin™! 1 — 12 sin™! (—1) = 12 (4) — 12 (— 4) = 12r 


эз. ГГ 3. _фефах= fr f, G- Зу) dy dx 


=f pt) 6-1-6 ээн 
=f [6 бір ax ы di 


= [6х – 3x? +4 ZEE = (12–12+4+0)– 2 =2 
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34. va f | | axdydz= | | 8-22 dyaz = | (8 — 228 - 2 dz = f (64 — 242 + 22) az 
= [642 - 122 + 2 z3] = 320 


2 pV4-x2 x 2 p 4-xl, 
35. У-2| |” “pe dzdydx=2 ff "ce 2)dydx = f 6 2/4 - x dx 
= [оу ax il 4 — x? ах = [хуа – +4 sin ] + ТЕ 


-4()-4(-0-48 | 


36. У = 2 T ка рр бању) )dxdy - 2f. [= 


37. average = 1 | f |, 2+9) azayax - 1 f | (2x? +18) dydx = 1 | (4х2 + 36) dx = 2 
38. average = 1 | | Гозу-дшеуж-і | f ox 2y -2dyàx =} f 0х—1)4х=0 
39. average = | | | G9 - y? z) dzdydx = f f G2 +y? +4) dydx = | G2 +2) ах =1 
40. average = 1 f Ј | xyzdzdydx = 1 f xydydx = 1 f хах=1 

41. NEM. Зөн) 9 ауда = / | f ES =) aydxdz f f == dxdz = | ($ 


= [(sin ms o7 2514 


42. ЈУ f, f mae ayaxaz = ЈУ f, ЈУ 12x axayaz = ЈУ f, буге“ ауа = f, [зе] " 


1 
-3| (е — 2) dz = 3је - 11 = Зе—6 


43. |, ' | | Т, 77 лег sin (ny?) питу) dx dy dz = f | | н атэш) dyaz = f | Г У ата (ry?) зілу?) dz dy 


= Ј злу sin (лу?) ду = [—2 cos (лу?)] = -2(- D + 2(1) = 4 


44. ІНЕ Ї sinz dydzdx | | “авын агах- | [У (312 122) x dxdz = f (3822) 14-2) dz 


= [— 1 cos 22] = [-1 + 1 sin? z] 0 = 9874 


1 p4-a-x? р4-х2-у 1 p4-a-x? 
45. 11 1 42 ау dx = 4 > f f ман шя, 
1 1 
> Ј [4 а х2) 1(4-а abet Га -а-х2) ? dx = = = f (4-a? — 2x24 — a) + x4] dx 
EX 
=5 > 4 а)?х — 3 х3(4 9-5|, = > (4-а) —2(4—а)+1 == = 154-а)-104-а)-5-0 
= 3(4 – а)? – 2(4 — а) 1=0 = [34 –а) + [4 –а) – 1] =0 => 4—а=—ог4—-а=1=>а= В ога=3 


) 7712 dz 
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2 Р 
46. The volume of the ellipsoid х + Уз + 2, = 115 taber so that Ол = 8 п > с = 3. 


47. То minimize the integral, we want the domain to include all points where the integrand is negative and to exclude all 
points where it is positive. These criteria are met by the points (x, у, 2) such that 4x? + 4y? + z? — 4 < Oor 
4х? + Ay? + Z2 < 4, which is a solid ellipsoid centered at the origin. 


48. To maximize the integral, we want the domain to include all points where the integrand is positive and to exclude all 
points where it is negative. These criteria are met by the points (x, у, 2) such that 1 — x? — y? — z? > бог 
x? + y? +z? < 1, which is a solid sphere of radius 1 centered at the origin. 


49-52. Example CAS commands: 

Maple: 
Е := (x,y,z) -> x^2*y^2*z; 
ql := Int( Int( Int( F(x,y,z), y=-sqrt(1-x^2)..sqrt(1-x^2) ), x=-1..1 ), z=0..1 ); 
value( q1 ); 

Mathematica: (functions and bounds will vary) 
Clear[f, x, y, 7]; 
Беж y? z 
Integrate[f, {x,—1,1}, {y,—Sqrt[1 — х2], Sqrt[1 — x?]), {z, 0, 1}] 
N[%] 
topolar={x — т Cos[t], у — r Sin[t]}; 
fp- f/.topolar //Simplify 
Integrate[r fp, (t, 0, 27}, (1,0, 1},{z, 0, 1}] 
N[%] 


15.6 MOMENTS AND CENTERS OF MASS 


1 


M= ГГ “заудх-3| (2 2-х2-х) Miem T 3x dydx = 3 |, ЇХу|27 dx 
ge мыр кем, = f S зудувке 2 к f (4— 5х2 +24) ax =! 


=— 5 = _ 38 
= x = 44 and = 35 


2. M6 f | дувк=в f зах-э6л,-6 f | удувк=вј В! ах = 276; 


3 3 3 3 
=ô f, | xt dyax — 6f, удах-6 | 3x? dx = 276 


з. M= fi „%ау= Ј(4-у- $) dy= M = Jf, Јо хакау= 1 у] ду 
=} (16-вужуг- х) dy- 28M, = f [ Јучкау = | (зу - y - 8) ду = 2 


[c 


3 Зеж 3 3 3-х 3 3 
4. м- f ff dydx- f, G-9dx-23:M = f T xdydx = f xy]? dx = f, (83x - x2) dx = 2 
x = 1 and y = 1, by symmetry 


= х=у= 2, , by a 
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= 1 Га — сов2х)ах =: > X 


2 пу 2 ps 4-х2 2 
7. к= eles у? dy dx = Г. Б _dx = 3 Га - xy? dx = 4m; I, = 47, by symmetry; 
I; = l +l = 8л 


2л (sin? x)/x? 27. Сл 
8. „= f x! dydx = | (six —0) dx = } | — cos 2х) dx = 5 


9. M-f. Ј ayax= |“ e ах = , m _ Јечк=1- lim e = 1; М, =f Ј хауах = f^. хе“ 4х 
= p Jim (зе ах- p im | [хех — e]? = –1 – p im (be? — e) = —1; M, = Г. ЈУ yayax 


э м lim. Ге *dx- 3 х= –1апду = 1 


со е b 2 А 
10. М, = J, Л xdydx-,lim хе” dx=- lim [35 - 1]; — 1 


2 py-y 212 у-у? 274 5 A 312 
п.м-// Gy ахау = ] [5 xy] dy = f, (5 –2у" +25?) dy = [5 Ed =}; 


2 һугуг 2p у-у? 2/,6 
еј Л, vty day = f, [SF xn] dy = Ј, (5 —2у° +2у') ау = 6; 


Үз рулду Ма pa VEE, груз 
12. M= f]. sxdxdy=5 f^. | ду == | „(12 — 4у? – 16y*) dy = 23/3 


1 p2-x 1 oe 1 : 
13. M= f, | (6х+3у+ 3 дуах = f [oxy + 3y? +3y] "ах = | (12 — 12x?) ах = 8; 
1 2-х 1 1 2-х 
M, = f. f. xtx-e3y 3) дуах = | (12x — 12х3) ах = 3; M, = f, Ј “yx + 3y + 3) dydx 
= f« 14 — бх — бх? – 2х3) dx = У = х = andy = 7 


1 2у-у? 1 
14. М = LE порах = fi Oy- 2) dy 2 11M, = f f, yy + Daxdy = и dy = 5: 
m= fife” " жу +) абу = f'Gy -2y9áy = 4 = х= & апау = Ё; 1, =S "убу + D de dy 
1 
=> (у-у) ау = 1 
1 6 1 1 6 1 
15. а и MM нг или 


1 6 1 
м, = |, 2777 => X= Ч аау= М1, = ГГ x? (x + у + 1) dx dy 
= 216 ЈУ (1 + 3) ду = 432 


КЕРЕКУ х= 2;М, = Л.Л. уо +0 ауа = Г(1-5-5)вд 


1 1 1 
-%:М,- / ху + уа Ј (3: — 5 –х) ах 0 = х=0аду= 3:17 |, ey + Ddydx 


1 
= ж, — 16 
=f (5 2 x) dx = 16 
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19. 


20. 


21. 


гау 


22. 


23. 


24. 


Section 15.6 Moments and Centers of Mass 911 


= ГГ Су+ђауак= f. (2: +") ах = ЕМ, = ЇГ yay +1) dydx = f (= -%)ж-8; 
PY ху + Ddydx = (2843) a =0 = x=Oandy=8;1,= f^ f xay aya 


1 
= | (м) x= 3 


20 20 20 1 20 2 1 
= Гв) ауа f (2+ 5) = вом, = | у(1+ ж) ayax- f, [(+5) (5)| 4-0 
Јона) е / (хэц) ак ct э xo равугољеј Јуде 


20 
=2] (1+ 5) ах =20 


1 


1 1 
M - ff, f. (у +1) ахау = f Qy? + 2y) dy = $; M, =f fF yG +1) dxdy 22 f ( +y?) dy = 2; 


0 
1 
MeL xy + 1) dxdy = f Ody =0 = x-0andy = (1, -ЇГ узу + D dxdy = f, (2y! + 2y*) ду 


$iL- ЇГ, xy + Ddxdy = 1f Oy + 253) = 5 > L=h+h=8 


м= f f, (3х2 + 1) ахау = ЈУ Qy? + 2у) à у-%М, = [у (3x2 + 1) ахду = f (оу! + 2уг) dy = 18 
m= ГЛ x (3x? + 1) dxdy 2 0 > x = 0апа = 2:1, =f E? (3x? + 1) ахду = f. Qy + 2y) dy = $; 


y 
„= ГГ (3x? +1) dxdy =2 f ( (23у + 1у3) у= 1 >„=„+1,= 


„= ЈУЈ [уг +2) мшез ГД (o +) бух = ЈУ (4 + 8) ах = eem 


= M (b? + с?) where М = abc; I, = М (а? + c?) and I, = М (а? + b?) , by symmetry 


(4-2y)/3 
The plane z = = 1 is the top of the wedge = 1, = f. J Sa d 


Пя ayax = f ах = 2081, = | Јо (8 +z) dzdydx 


-f E Е ay | ха- Mya E +] ayax = f? (12x? + 32) dx = 280; 


ШЕ. f, Te + у?) ) dzdydx = | Г (x? + у?) (8 - 8) dydx = 12 2+2) dx = 360 


м=ај f, Ј azayax - 4 f, f (4—4y?) dydx 16 | 2dx— 2; M, —4 fe f, | zazayax 


=>" Г fc 16 — 16y*) dydx = 128 f dx = 38 > z= 2, and x = y = 0, by symmetry; 

ь=4 f, f fu а f ae 420 )| ayax 4 f; 1916 gy = 1904, 
1, —4 ff f, f iot +2) azayax — 4 f, |, [(ах + $) – (акту + 42) | ауак — 4 ЈУ o 58) ах 
= 8m. - РЈ (x? + y?) dzdydx = 16 | | G2 — xy? + у? — у) dydx 


2x 256 
-16 f (2: + 5) а= 2 


@) М= Г, ЈЕ A ‚ dzdydx = ff, 1 “сэн обуке Јо – (Vac) dx = 47m; 
My, =f 12. хагдуах = | 1. xQ — x) dydx = f хох) (уа x?) dx = —2m; 
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=f, D 2 1 ydzdydx = | D: | y(2 — x) dy dx 


a d ir дх=0 = x--landy-0 


(b) M, = ГЛ ves. tdrdydk- ] м = за в Q7 x? dydx = 1 Ја x? (Va v?) ax 


(у=) (-V4-#)/2 


= _ 5 
-5т = Z=} 


25. (а) M-a4 јој Јо azayas=4 ЈУ Ј Ј казао а Г" Јас) ага0-4 [74 ад = 8r; 
My = f S Ј згагаав– f7 | 506-4) ага) = 22 f” ад = Өш = Z= $, апах = y = 0, by symmetry 
(b МЕЖ > an= [fo ЈУ ЈГ гаагад = ЇГ (ев) аав = f$ ад = St > (2-8 = с=>2/2, 


since c > 0 


26. M-&M,- Л f гаак=ј Г] Р dydx =0;M, = ff | x azayax 
=> f f xayax = 4 f. xax M, = f fe f vazayax -2 f, | yayax=16 fax =32 
х-0У-42-о,- f f f i +22) dzdyax =f [7 (22 2) ayax =? | 1004х = 40; 
PEL x? +z’) dzdydx = f f. ( 2x? + 2) мн лэ қ 
L- f. ин (x? + у?) )dzdydx =2 | f (x? + у?) )dydx =2 f ( 2x? + 58) dx = 400 


| 2 ра peN Р 
27. The plane у + 22 = 2 is the юр of ће wedge = I, = ШИЕ [(у — 6)? + 22] dz dy dx 
2 p4 : 4 E 
= f S [SE + ©з” + 1] ayaxitlett 2-7 y > 1-4 (5 +5 + 16t+ $) а = 1386; 
М = $ (3)(6)(4) = 36 


ы 


2 p4 р(-у/2 . 
28. The plane y + 22 = 2 is the top of the wedge > | = | ДЫ], | [(х — 4)? + y?] dz dy dx 
2 4 2 
=} | fio - 8x + 16+ у?) (4 — y dydx = f (9x? — 72x + 162) dx = 696; M = 1 (3)(6)(4) = 36 


29. (а) M=f f | 2xdzdydx = | | ax — 2x? — оху) dydx = f(x? — 4x? + 4x) dx = 4 
(b) My= f S | 2x2 dzdyax = [хо -x-y ауах = | р ax = &;М„ = $ by 


symmetry; M=ff / 2x? dzdydx = | | 220 -x- y dydx = | (2х— х2) dx = 15 
= Х-2,ап4у-2-2 
30. (а М = ІП, “| xy dzdydx = к f xy x2) dydx = 5 f (at — x’) dx = 3 
(b) M,, TT errata АГ, х2у(4 e paari fanan 
= к=гмеј S | куадах=кј “х оог 
По ® э че М = TT en Mt ) dy dx 


= $ f (16x? — 8х4 + хе) dx = 5% => Z=% 


31. (a) м-ГЇЇ (к+у+а+ D dzdydx = | | (x+y +3) dydx = | (к+2)4к = 5 
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32. 


33. 


34. 


35. 


36. 


37. 


38. 


Section 15.6 Moments and Centers of Mass 


(b My = S f f oy 424 паук = 1 fe у+ 3) ydx - 1 f(x B) ак 
M 


у = №, = M, = $, by symmetry > Х= у=7 = 
1 1 1 1 1 
җе) (mera nese E 


1 
= f (x8 42x24 4x4 3) ax п I, 2 I, = I, = 01, by symmetry 


дө ~ 


The plane у + 27 = 2 is the top of the wedge. 
(2-y)/2 
(a) M= TM ЈЕ (x Ddzdydx =f | х+1)( (2-1) dydx = 


м, = f f, f. x +1 dadydx = | fix 0(2- 3) дуах = 6; 
Me = Г yos Dazayax- [^ | yx 02-3) дуах =0; 
My = f| S fer zx Dazayax- 1 заг x=!,andy=7=0 
o L-f S S w+ D2 +2) dadyax = ГГ a+) у 
b= ДА?” өзе +2) азауах = f Горе 44-244 (1– 25] дуах = 15; 
(2 


ГГ «+ + 1) (х + у?) )dzdydx = | | «+ — 3) (x? + у?) dydx = 42 


745-545 (I= D аа cas 


M= fe f f" oy sayaxaz— f | (25/2) ка = | 2(2- 5/2 0-2) dz 


-2 f (622 + 2 52° — 2) dz = 2 [10 28/2 + 122 — 2253 — 125] = 2(2 — 3) -3 


16-2 (x2+y?) : : 
М = ү мэн Vx? + у? dzdydx = |“ 2 x? + у? [16 — 4 (x + y)] dy dx 


=4 | f п(а—г)угагао=4 |" [= - 2]. де = 4 [| S ад = 501 


Ми =0 = ІШІ хє, у, 2) dx dy dz = 0 => М, = 0 
R 
©) I, = f f f Iv hi dm f f f |x —mi-- yj dm = f f f (x? —2xh + В? + y?) dm 
D D р 
= ГГ] (х2 y?) dm -2h f f f x dm +R? f f f dm =1, — 0 + ет = Ка + 210 


(a) X= 


L = ka + mh? = 2 ma? + ma? = 7 ma? 


2 
à) куд = (8,2,8) Кине. 45 => La = 1, PEE 


__ абс (a? +b?) абс (a? +b?) | abe (a? + b?) Jem, а2--12 
= 3 4 = 5; Rem. = 12 


a? 2 abc (a? + b? abc (a : abc (4а? 2 
(b) I, = Са E 4 88-20) = bela +Ь) | БОР D Еи е0 


12 
__ abe (а? + 762). u ho а? + 7b? 
E 3 = Ум = 3 


(4~2y)/3 3 ра 3 214 3 
2 2 = 2 Е 22 = 5 
М = f. f ЁМ dzdydx = f f $a-ydyéx- f 3 jy- $] dx = 12 f ax = 72 
2 2 
х = у = 2 = 0 from Exercise 22 => 1, = Tem +72 (VO +O) =, > 1-1, +72 (4/16 + ¥) 


72 (150) = 1488 
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15.7 TRIPLE INTEGRALS IN CYLINDRICAL AND SPHERICAL COORDINATES 


Je f eraa Ј fro y? в агав = ЈУ | 42 py? ЕС 
=f" (22-2) д ЫМ CD] 


2. Fit. аатагав = [У ЈУ [ras 2 – 5] drag = ЈУ [- 48-2)” 5|. ae 


_ (ыт) 
Lean) 


x Ј 7 ахаа ЇГ Gre 24) гад = Ј [31 246] ад 3 ЈУ (48. + it) ад 


3| 8 17 іт 
= = + = 
2 | 1272 2074 Ü 5 


4. ГІР И pa zdzrdrdü = | ioa 4 — г?) – (4—1?) гага =4 ЈУ f ( 4r — г) дгад 
=4 реё- | =4 (24 - &) a= г 


s ДДД Т зала =з f; f, e m в] ав =з f [- e - ^ - s] a 
=з |" ( V2- $) 46 = т (6/2 - 8) 


= Pr i (г? sin 29422) асгагад = | NN. (т? sin 20+.) ага = [^ (8 + 4) ад = 


7. FEE вагагад = f^ | =: даде = f 20-3 


в. ГАЈ асаадаг | | 2а + соз 0)? ада» = ] 6 dd = 12л 


a 


T 


9, ГІ | (т? cos? 0 + 2? угадага; = [У [У [5 + ХЭЛ 


1 


ут 1 " 
= М [E +л рај да = f (5 + ла“) да = 45 =; 


10. ЇГ ман дээрээ "ame dzde = 2x f, [г(4 — 2) — 22 + 24] di 


2 


эв ince bep been] 


T 
r dr dz = Ї f (nr? + 21122) dr dz 
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11. 


12. 


21. 


22. 


23. 


24. 


Section 15.7 Triple Integrals in Cylindrical and Spherical Coordinates 


(a) ЈУ“ FI ахад 


(b) ГГ” | гагагад ei r drdz dó 


(c) ГГ” | гадагаг 


(а) ГГ f агтагад 
(b) ГТГ гагагад „ЈУ f. I гагагав 
(c) ЇГ f авага: 


п/2 


T Г f(r, 0, 2) dz r дгад 


-т/2 


ps pr г? 42агад = | n r cos Ө агад = i i cos 040 = 2 


NN Uf Um 0,7) dz г dr dô 


1/2 


1--сов 0 4 
Г] $6.2 dar drag 


-т/2 


ы ыш sin 0 к, 0, 7) dz r dr d 


п/2 


3 cos 0 5—r cos 0 
16. Ј jf, кв, д dzrdrað 


-т/2 


18. f К | ПУ и f(r, 0,2) dz r dr d 


—п/2 J cos 0 


т/2 


csc 0 2—rsin 0 
20. | Ј Jf, 7 0,2) агага 


т/4 


БЕД"? sin d dpdodd = ЈУ зи фара = f (|- 32] + 3 [sim oae) 40 
=> | ЈУ sio aao = [7 [#— 924)" a0 = frao = 2 


гл рл/4 p2 . гл рт/4 . 2n А т/4 2n 
|}, J, (о сов ф) р? sin ф драфав = | Ї 4 cos фп ġ dọ d0 = f. [2 sin? 411" ад = f. dé = 27 


2n 


27 pr р(1-сов ф)/2 . 27 рт . Е 
ІІІ р? sin ġ драфав = X f^ Га — совфу sing dodo = & | — cos o)!]; 40 


Qn 2л 
-41 (2—0) 46 = 15 | аб = 1 (сл) = 7 


ГОГ 50° sin® ф арав ад = 5 | Г sigap = |, (|- “аг 1743 Ј ап д ad) ao 


32/2 = 32/2 js 
=; f [- cos 9740 = 5 f ад = = 


Copyright © 2010 Pearson Education Inc. Publishing as Addison-Wesley. 


915 


www. гетепд. 15 


916 Chapter 15 Multiple Integrals 


25. ПИН ЈЕ зо sin фдраф do = f” [7 (8 — sec? 4) ядаад = |” [- 8 cos ф — 1 sec? $"? ад 
= Ј 4-3- (-8-] do = § Ј ato 5л 


26. ff [7 p sind cos фара do = 1 [7 f tang sec? фафад = 1 | [2t 6] ад = 1 Јав = z 


т. ЈУ] f sin no аа = f° fp? [- вери] fif е авар = [rot ар [E] = 2% 


т/3 р2с5сф p2x . . оГ"? | 227 „ (79 
28. Г. Ї f р? sin ф dô dp dọ = 2x 2. р о? за фарад = % |”, [оз sin 9], аф = Ht [cc фаф = 2% 


csc ф 


29. LER 12p sin? ф dọ d dp = f, fe (120 ES Е +80 NETT dó др 


= fo ЈУ (— = -8eleos 615^) аеар = |, f; (8р – 1%) авар = s |, (8p – 18) ар = т [4p -€]. 
(ух 


у2 


т/2 


п/2 
3 3 
30. » I С sin? фарабаф- 1. T йн (32 — csc? ф) sin? ф 4040 = [И 1. xi (32 sin? ф — сөс? ф) 404Ф 
2 sin” ф cos 7/2 п [^ т/2 
=m f, G2 sint – esc? 4) аф = т |- парење |" в f sin фаф + тіреді 


= (28) - біл [cos 02/2 - (v3) = УЗ m4 (55) (+) = эму _ _ пауз 


31. (а) х? фу: 21 = р? ѕіп?ф = 1, апарѕіпф = 1 > р = csc ф; thus 
27 pr/6 све ф 
Г Fe зпдарафав + ЈУ“ | “ЇГ p? sin o dodo 40 


(b) du 1. ММ ааа o dé dad s: Г Г Ї sin авара 


32. (а) f, 4 Ї о Ї ы : 
(b) Lf fee біп ф 49 dp dd 
E 4 d ШЕШІПТІ 


2-1, or l= рсоѕ ф 
РА 


33. V= 1 ИН, sin ф драфав = 1 51517 (8 — cos? ф) sin ó 49:40 


2r 1/2 
=: |" [-8 cos ф + 2201) де = 1 |" (8—1) ад = (31) (ст) = 3 


27 pr/2 р1--соѕ ф 27 pr/2 
у-/ Г ЇГ P sin фдрафав = 1 f Ї (3 cos ф + 3 cos? ф + cos? ф) sin ф 49:40 
2т Qn 
= [| (- 3 сов 2 ф — cos? ф — 1 cos! фу aa = 1 f (3-14 1) ш-н 40 = ( 11) Сл) = Ил 


2x үрт pl-cosó 27 рт 2т га T 
2 2: es = 1 Suas "A (1 — сов Фф) 
35. у= f f, f, — вадардфа-1 f." f a- coso? sing dodo = 1 f БЕ 
=A J, 49 от = 5 
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ge E үү" cos ф p нрфарафа 1 | T (1 — cos 6) sind dodo = 1 f^ [=t] 7 


9 0 
27. 
= 1 == 


"m s зэм p? sing apagado =$ [| соз? ф sin 94049 = } | в 


38. ОНИ [== 


39. (а) af ГР sino драфад (b) sf КА | darded 


сс) af [^7 [77 azayax 


40. (a) | ас 1 ца І 2777 o |, ын Ї n Ї йыш фарабай 
© SOSE P зподрафае = 9 |“ |“ sino apao = —9 1 -1) d= up 


41. (a) 2. (b) yel per dz r dr d0 


/з—х? fs 
(с) V= | маг dz dy dx 


ov Tie ^ - dao = fr [- 66 2] 


2s pl Vv 1-1? 
42. 8) 1-1, 1, 12 dz r dr dó 
27 pr/2 pl Р р р р ) 
(b І, = Ї f f (p? sin? ф) (p? sin ¢) 404040, since r? = х? + y? = р? sin? ф cos? 0 + р? sin? ф sin? 0 = p? sin? ф 
2s pr/2 . 2т sin? deos d т/2 n2 2n x 
(c) L- f. a l sing dodo = 1 f ([- е]; eR sinodo) a= J, |- cos 01272 40 


аз. У=4 | ЈГ C derarag—4 |“ | r-a -arao =a | (1-1-1)40-4 [ao = 


44. v=4f fe f arada f É (r- 2 ДЕ ага0-4 |" | PUIQP | TENET 


п/2 
-4 f" -141)a =2 "ао 2 2(2) -л 


45. V= ЈОЈ], четагад Е 1217 —p sin 0 4г40 = ШЕ; cos? 9) (sin 9) 40 = [3 cos“ 2 2 Pi 37/2 


п -3со80 pr п —3 cos 0 п 
= = 2 I 3 
46. У-21| f, | Фааа0-2| |, © Pardo = 2 J” 27 cos ав 
= –18 (БЕН € SNL) = - I2 [sin 6] = 12 
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47 VE I cav Ш (Јута деде = qe |- : (1 – в)" sin 0 35 


0 


т/2 А 3/2 т/2 cos? 0 sin | т/2 
--if [(1 = sin? 6) -1| = - à f, соё0-1)40--1 [gane] На 2 |" ‘cos 0.8) + БЕ 


п/2 _ -443 
+= => 


= — 5 [sin 0 ТЕ 


48. yes een azrardo = [O [o зу arao = ЈУ [- a - y" Mu 


1/2 0) Эн п/2 : sin? @ cos т/2 228 
= [ Е (1 — cos? 0)?’ +1] 49 = f, (1 — sin? 6) 8 = [o + 820201. c sin 0 40 
2 
3 


|? = 


— п 
== 


[соѕ 0 ELE 


6 


4. у= ЈУ f. ЈУ pe sing dpdgao = ЈУ [7 $ ап фафад = € | [-cosó] P do = € f (1 + 1) do = 2 
50. у= ЈУ Је sin фарафад = $ f^ f^^ sing dodo = $ "ав = s 


51. У- ГР, p? sin ф dp dọ dà 
= [fe sin ф — tan ф sec? ф) do dd 
-ӛ МЕ. cos ф — 5 tan? $] | 40 
=! f- -1(3)-8|40-1 | 340-30)-35 
3 Jo 2 413 5 д 


п/2 рт/4 [2 зесф т/2 рт/4 
52. v=4 | SO Га дарадад =4 | |” (ввес?9 — sec? ó) sin ф 4040 


sec ф 


ТГ” зб зп фафаб= 2 Ј7 | tang sec? ódéd0 = Ж] [L tan? 4] 7/4 ад = fr ад = т 
5з. у=а [ S | агтаао=а f” f e ага = |" ад = 
54 v=4 | || атаад=ај“ | гаго=2 |" аот 
55. ув ЈУ [^f й&тааө=в ЈУ f ага) (2 = 
56. У alr ү "агтагад —8 |" T “гү2-18 агад-8 |" |- 1(2 Не-а Рад = за 


57. у= [А Г _ өте = [У | (аг—г sino) ао =8 | (1 — 992) ад = 167 


2n 2 4—r cos Ó—r sin Ө 2n 2 2 2r 
58. у= |f f dzrdrdó = |, | [4r — r? (cos 0 + sin 0)] drdd = $ f^ (3 — cos Ө — sin 0) 40 = 167 


59. The paraboloids intersect when 4х? + 4y? = 5 — x? - y? = x? + у? = Landz = 4 


> v=4 | ГІР dazraao=4 є" | (г 58) ага = 20 f fg- 4] а0=5 fae = = 
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7/2 
60. The paraboloid intersects the xy-plane when 9 — x? — y? 20 > x? +y? 29 У =4 1 f [| dz г dr d0 
п/2 p3 п/2 п/2 т/2 
=4] f (ог—13) arae =4 f [2 -4]. ад —4 (^ (s 0) ад = 64 |" ад = 327 
27 
в. у=8 f ““авгагад-8 |" [а 


ayi/2 dr dé = 8 IE i a-e] i 40 
--8 [" (33? — 8) go) 


62. 


0 7 


l orz = —2 


The sphere and paraboloid intersect when x? + у? + z? = 2 and z = x? фу: > 2+2-2=0 
= (7 + 2)(2 — 1) 7. 


1 since z > 0. Thus, x? + у? = 1 and the volume is 
т/2 
given by the triple integral У = 4 1, | (ни 
т/2 3/2 4 
-4| e-a” 


“агата =4 ЈГ ЈУ e- num. 2] агад 
19-4 ЈУ (2 - 2) ye) 


average = + PA г? dzdrdó = + ГГ 2r? деде = | 90 = = 


63. 


64. 


average = тг n = г? dzdrdó = = ЈУ fioe — r? drd 
= 2. Lh sin! r 


ітУ1-і?(1 ae де = 12. [^ (5 +0) 40 = & |7- =) От) 
65. average = =) ЇГ Ј о зпдарафав = 2. ff япдадад- è fag = 
66. average = LT p? cos ф sind dododo = 2 f |" cos ф sin ф4ф40- = МЕНИ ад 
= а Јав = (ть) Ст = 4 
67. M=4 [7 ] Јагтагав=4 [T [аав = =: м, = [7 | | хагтагад 
=), Sarde =} Ја = т= Ме = (2) (2) = аах=у 
68. 


= 0, Бу symmetry 


м= f f f'azrarag =f” f° Pardo = f a9 = 
ee ui 2 


_ 4т 


т-м,- f f. | халаад 
т/2 п/2 п/2 р 2 pr ; i ° т/2 
-1 f r cos 0 drdó = 4 f cos 0 40 = 4; Me = f Ју атага =f f г? sin 0 dr dé 
-4 ГГ зада -ам,- | 


2 p2 
2 3 
0 0 
=S Ј zdzr drab = 1 [Г i drd -2 ("as | 
у= Ме = 3 ава = Му – 3 


M 4 


х= Ме 


"M 


М== Му = ||. "Јар sing драфад = [^ ГЛ è сохд sin o драфав = 4 ЈУ Гг. cos ф sin ф аф dé 
=a f [sis E 


310 


ИСЕТ СЕА 00 = т = z= Му 


7, 


70. 


(1) (=) = 2, andx=y 


= 0, by symmetry 


M= f^ "Гр зпфарафав = = f” |” ап дафад 
27 рт/4 ра 
М = 


JE 
3 Jo 
x [| f Ї» sin сов o драфав = =. f” | sin cos фафа = ET ад = 


3 ; 
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> везе = (8) [zs] - © (E) = В as rt ne 


71. М = 


9-8 
e £z 
= 
< 
ос. 
ы 
= 
cu 
= 
с. 
D 
| 
-- 
-- 
? 
2 
E 
~ 
с. 
R 
e 
D 
с 
ы 
— 
са 
D 
| 
5 
2 
-- 
y 
-- 
eS, 
N 
с. 
ы 
- 
с. 
= 
са 
So 


Зэр т т = Мх 2 
=] fi? аав = 2 , 99 x Z= м тай = y = 0, by symmetry 


45; M= [7 fe [aor ara = f ир 2rV/1A -r drdd = fo “(Ейа-ау а 
74 [int = (8 = FMa = ГД Је баев = 2 Г амт Poetica 


т/3 т/3 
-2| ЙГ sn !r—ir/1-r'(l 22|, cos 040 =] cos 0 d0 = 1 [sin 6] ^ = (5) (2-2) = 


-т/3 


M = > -andy = 2 = 0, by symmetry 


73. We orient the cone with its vertex at the origin and axis along the z-axis => ф = 7. We use the the x-axis 


= ыз 


2n 1 
which is through the vertex and parallel to the base of the cone = I, = Ї Ї 1 (г? sin? 0 + 22) dz r dr dO 


= ЈУ (е sin? 0 — rt si 04-5 - 5) arae = f (58 + 5) ae = [2 8120 6) т.т, 


74. РТ, P фаб = [7 f 26 = aae =2 [7 (-5-3) e-e] 40-2 ЈУ 44540 


75. =" “Ју бау) асгана = ЈУ ЈУ Ј Јаша = ЈУ fr (п – м) агав = f afg- | 40 


76. (а) м= f^ f | гагтгаао– [7f tS авав h Јав тм, = fr fe | 2 ағаға 
= fl | паав= d | ад= 5 = = 1 пах = у = 0, by symmetry; 1, = ГГ z? агагад 
=: ГГ ara = i J, do = 7 
(b M= FEE 2 ахагад = |” f аав = 1 "ав = 2; M, = f^ f. f z? ағаға 
-21 1 бад |" де == = т= 5,а nd X = y = 0, by symmetry; І, = f. "fe fL e azarao 


[pe ardo =} [ад = 2 
77. @ M= ЈУ fef засхаад-3| | ((-г)агй#=1 f ав= 5: M, = || 2 ағаға 


=! ЈУ | см) аав =} f da0 = = z= 4, аах = у = 0, by symmetry; L = | | zo azarao 
=3 Јн) aro = ж} аө = 

фу M= ee ее JI 23 да г дгад = 1 ЈУГ ¢ (r 15) drdd 
= 5 Ј 4#= = #=},апах = у = 0, Бу зуттену; № = [| f. завагагад = 1 f” | (8 — г) arao 


Copyright © 2010 Pearson Education Inc. Publishing as Addison-Wesley. 


.semeng.ir 


Section 15.7 Triple Integrals in Cylindrical and Spherical Coordinates 921 


78. (a) M= L Г.Т зїп ф арафае = * T [за gag = 2° f" ад = =; n= J, ЈА рб sin? ф dp dé dd 
= = f^ f (1 — cos? 9) зш дада0 = € ЈУ |- cos ф + S59] 40-45 f7 ае = 
ом ДЕ p! іп? фарафав = = f^ f" 2820 agao л“ f ap = zz; 
=f f f| P змфарафад = = |" [sint авав 
etu 4 rure] t 43 6-4 C 


m м= ЈУ ЈУ агата = ЈУ ЈУ tii паган - t f, [- 16 - iy^ ao 
=! аав = mes M [| [20 z dz г дгдд = E ЇГ Ј (ёт — 3) агад 


2/4 2,2 
= = | СЕЗГЕ PER — z= (=) (у) = В, and x = y = 0, by symmetry 


80. Let the base radius of the cone be a and the height h, and place the cone's axis of symmetry along the z-axis 


27 h2 
with the vertex at the origin. Then М = 257 ^" and M,, — (à Ї [a z dz r dr dô = Lf" 1 (hèr-i = п) dr dé 


Г. i г т h? (т а a ал = ху au b 
= ЕЈ ЕЕ ае- ЕЈ ($— 4) ao = XE Гоа) = Mee o zo = (EE) (535) = Fh, and 


X = y = 0, by symmetry = the centroid is one fourth of the way from the base to the vertex 


81. The density distribution function is linear so it has the form 6(р) = Кр + C, where p is the distance from the 
center of the planet. Now, (КЕ) = 0 = КЕ + С = 0, and 6(p) = kp — КК. It remains to determine the constant 


k M- f^ f [ко кк) о? sind драфад = |" |“ [c£ -KR 6] sing asad 
= ЈУ fi (5: – 8) па фафа = | - ER*[-cos тай = f, -58840--58-к--3 


= б(р) = – M p+ MR. At the center of the planet р = 0 = 6(0) = (в = M, 


82. The mass of the plant's atmosphere to an altitude h above the surface of the planet is the triple integral 
27 рл ph В р2т рт 
Md) = | Sfi uoc Юр? sin 6 dodo dd = f ff” ue ^79 p? sin д do dO dp 
бр -с(р-К) „2 w МЕ cR д-ср „2 cR j -ср „2 
=f [uoe P cos $] 7 d&dp — 2 f f. Loe e *?p* dü dp = 4r poe [Ге p* dp 


=4 cr [_ ресе £e зе) b 
= 4T Hoe c 2 3 R (by parts) 


c e 
= cR ће“! 2he-*^ 26-90 В?е-сЁ 2Re-*R 2e-cR 
= 4T me ( 5 E Ре Та в]. 


The mass of the planet's atmosphere is therefore М = қ lim M(h) = 4тл/ш (% +3 R + 3) : 
— ОО 


83. (а) A plane perpendicular to the x-axis has the form x = a in rectangular coordinates => г cos 0 = a > r = -5 


cos 0 
=> г = asec 0, in cylindrical coordinates. 
(b) A plane perpendicular to the y-axis has the form y = b in rectangular coordinates => т sind = b = г = у 


= г = bcsc 9, in cylindrical coordinates. 


84. ax + by = c = a(r cos 0) + b(r sin 0) = с => r(a cos 0 + b sin 0) = c > r = is vus 
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Chapter 15 Multiple Integrals 


85. The equation г = f(z) implies that the point (т, 0, z) inda 5 


(f(z), 0 + т, 2) lies on the surface whenever (f(z), 0, 2) does 
— the surface is symmetric with respect to the z-axis. 


(f(z), 0, z) will lie on the surface for all 0. In particular 


86. The equation p = ($) implies that the point (р, ¢, 0) = ($), Ф, 0) lies on the surface for all 0. In particular, if 


(КФ 


), Ф, 0) lies on the surface, then (ЕФ), Ф, 0 + т) lies on the surface, so the surface is symmetric wiith respect to the 


7-ах18. 


15.8 SUBSTITUTIONS IN MULTIPLE INTEGRALS 


1. 


(а) 


(b 


хи 


(а) 


(5) 


х — у = папа 2х Бу = у = Зх = и+уапу=х—и = x = į (и + v) and = į (-2u + v); 


оу) — 
Ov) |. 


рм VIR 
өзін WI 


95) 


The line segment у = x Кот (0,0) to (1, 1)isx — y = 0 
= и = 0; the line segment у = —2x from (0, 0) to 

(1, —2) is 2х фу = 0 => у = 0; the Іше segment = 1 
from (1, 1) to (1, —2) is (x – у) + (2х + у) = 3 

= u + V = 3. The transformed region is sketched at the 


right. 


x+2y = цапах — у = у => Зу=и- уапах = у +у = у = 1 (и — У) апах = ! (u + 2v) 


Оку) _ 
д(иу) — 


Wie w= 


The triangular region in the xy-plane has vertices (0, 0), 


(2,0), and (2 : 2) . The line segment у = x from (0, 0) 


to (2 ; 2) 5х - у= 0 = у = 0; the line segment 
у = 0 Ном (0,0) to (2,0) = u = v; the line segment 


x + 2y = 2 from (2,2) to (2,0) = u=2. The 


transformed region is sketched at the right. 


Зх + 2у = uand x + 4у = v = —5х = —2и + v and y = 1 (и — 3x) = x = 1 Qu — У) and y = $ Gv — и); 


Оку) _ 
O(uv) — 


1 
5 
4 3 
10 
The x-axis y = 0 => и = 3v; the y-axis х = 0 
=> у = 2u; the line x + y = 1 
=> iQu-v)-i5G8v-u-1 
=> 2(20 — у) + (Bv – u) = 10 => За-у = 10. The 
transformed region is sketched at the right. 
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5. 


Section 15.8 Substitutions in Multiple Integrals 


(а) 2x – Зу = uand -x фу = v = -x=u+3vandy=v+x = x = —u — 3v and y = —u – 2v; 


Ӧ(х,у) _ sd =) ж, mL ы- 22 
ды = | JE 3--1 


(b The line x = -3 => —u — 3v = —3 or u + 3v 3; 
x=0 > u+3v=0;y=x у=фу=х+1 
= у = 1. The transformed region is the parallelogram 
sketched at the right. 


LES (sd) Зиг | cM 1691-0) -C 
-ifcexi-95-i1f45-10- 


ШІСІ dv Lit ff шй 

G 
We find the boundaries of G from the boundaries of R, 
shown in the accompanying figure: 


169 — ху – y’) dxdy = J [| & – yQx + у) dxdy | 
X 


xy-equations for Corresponding uv-equations Simplified 
the boundary of R for the boundary of G uv-equations 
y = —2x +4 1(-20+у) = – 2(0+у) +4 у-4 
у = —2х +7 1(-20+у) = — 2(0+7)+7 у=7 
у-х-2 i (—2u+v) = 1(0+у) – 2 1-2 
у=х+1 т (- +) = 1(0+у) +1 и=-1 


2 7 2 2 2 
=> pf fuvdudv= ЕЈ Јоза = $ а |5] du= М] udu (4) [$] = (1)4-1)-2 


LE (3x? + 14ху + 8y?) dx dy 

R 

= f f Gx + 2у)(х + 4y) dx dy 
R 


= f fw | 


du dv — a JJ uv du dv; 


We find the boundaries of G from the boundaries of R, 
shown in the accompanying figure: 


xy-equations for Corresponding uv-equations Simplified 
the boundary of R for the boundary of G uv-equations 
у--ік-і b (3у ш = – 6 (00-у) +1 u=2 
у--іх-3 І (Зу = ш) = – $ (20-у) +3 u= 
у= ах то (ЗУ — ч) = — z (20 – У) у=0 
у=—1х+1 0 (37 0 = – 3 000-У) +1 v=4 
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10. 


11. 


12. 


Chapter 15 Multiple Integrals 


10 pi endi AN uv dvdu = $ па [5] du = $f" udu = ($) [2] -0008-2-9 


J 2 – у) хау = ЏИ] -2y | 902 


= Sf -2v dudv = | | _ —2v dudv = |" —2vG – 3v + 3v) dv = fe —6v dv = [-3v}]} = —3 


du dy = f f —2v du dv; the region G is sketched in Exercise 4 
G 


—uv? 
u 


= Уфу = 20; 


шиг - y 2. ду) — 
x = з and y = uv = а and ху = u^; Buy) J(u, v) = 


u 


у=х uv = 5 у = l, and y = 4х у= 2; ху = 1 u = 1, and ху = 9 = и = 3; thus 


FJ (y vs) dx dy = CERTOS dvdu = ЈУ ЈУ (а + 2€) dvdu = иу + 2u? In v]? du 
R 


3 
=] (и + 202 In 2) du = [u? + $v? In 2]; = 8 + 2 (26)(In 2) = 8 + 2 (n2) 


278 — u, and 


Ox, 
(а) 205) = Ји, у) = 


е region С is sketched at the right 


(D х=1 = u=1,andx=2 u=2;y=1 > 1-1 v 1 andy 2 uv = 2 У 2; thus, 


ГГ: = ЈУ ЈУ 08 (=) udvdu= ЈУ fr мудиви = Га [5] aus [и 2 _ 


=} f и(љ)а = 2 [nu]? -312: ЇГ у дудк= ЈУ ЕЖ = a 3 [х] = 312 


асо8 0 -аг sin 0 
bsinÓ — Бгсоз0 


| = abr cos? 6 + abr sin? 0 = abr; 


— — 1 ду) 
x = ar cos 9 and у = ar sin 0 909) Ја,0) 


ly FH (x? + у?) dA = Г NET (a? cos? 0 + b? sin? 0) |J(r, ду агад = |” Ї abr? (а? cos? 0 + b? sin? 0) dr d0 


2r 2т 
__ађ 4” 2 2 Q2 _ ab |a?0 | 29120 | 50 _ b?sin20 ___абђл (а? +b’) 
== [esto зг) ө = [dt + шы = i 


1—и? 


953) — Ku, v) = | p = ав; = Џе«=јЈјљат=Ј, ГР, ађдуда 


1 1 
= Jab f. 1—u? du = 2ab E 1—02 + 5 sin ђ = = ар [їп 1 1 — sin ! (—1)] = ab [5 — 


NIA 
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13. 


14. 


15. 


Section 15.8 Substitutions in Multiple Integrals 


The region of integration R in the xy-plane is 
sketched in the figure at the right. The 
boundaries of the image G are obtained as 
follows, with G sketched at the right: 


xy-equations for Corresponding uv-equations Simplified 
the boundary of R for the boundary of G uv-equations 
х=у т (и + 2%) = i(u- v) у = 0 
х= 2 – 2у 1(0 + 2у) = 2 2 (0 – у) у= 2 
у= 0 0 — 5 (0 — v) v—u 


2/3 p2-2y 2 ри 
: Ox, = _ў 
Also, from Exercise 2, san Ҳи, у) = — i Ї i (x + 2y) e*-9 dx dy = Ї Ї џе 


-1| dvdu 


: у] : —u —u и? —u 2 - - 
== f u[-e]du- 1 | и 7e )du=}[u(ute цэ | = В (24-62)- 24e? - 1] 
1 (3e? + 1) = 0.4687 


х=и+љђапу=у = 2х y = Си+у)—у = 2u and 


1 
a(x, 15 
зар = J(u, у) = 1 | = l; next, u = X — š 

= x — 5 апау = y, so the boundaries of the region of 


Tm R in the xy-plane are transformed to the 
boundaries of G: 


xy-equations for Corresponding uv-equations Simplified 
the boundary of R for the boundary of G uv-equations 
Xe Ш = u=0 
K=5+2 0+5=5 +2 и=2 
у=0 0 у=0 
у=2 у=2 у=2 


2 p(y/2)+2 2 р2 2 2 „12 2 
>f [> y3(2x — y) e2x-»* ахау = f f, v3(2u) e^ dudv = f v3 Бы dv =} Ї v? (e!$ — 1) dv 


у/2 0 


Ял 2. ду) _ E У =. 24. 
х = 2andy=uv = Ў = у and ху = u^; $555 = J(u, у) = a [5v uty dcs 
uv =; v = l, and y = 4х v=2;x 1 u = 1, and xy = 4 = u= 2; thus 


d (x? + y?) И (x? + y нас РГ + uv?) (2) dudv= Г] (25 + 2изу) dudv 
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x > —2v 
16. x = 02 — у? and y = 2uv; n = = Ла, у) = эп = 4u? + 4v? = 4(u? +„У?); 
у-2/1-х = y?-4(1- x) = (20у)? 2 — у2)) а = +1;у=0 > 20у = 0 = и = Оогу = 0; 
= 0 = и? — у? = 0 > u = v or u = -у; This gives us four triangular regions, but only the one in ће quadrant where 


both u, v аге positive maps into the region К in the xy-plane. 


ДГ; Vire акау = ЈУ Ју чё 052 + Qu)? aq? e) avd == ЈУ [г +7 dedu 


295 — пи2 [54 пога 612 _ 56 
-4| [uty + 202у + ID ди = 12 из ди = 12 [206], = 56 


cosy  —usinv 


17. (а) х 2ucosvandy = u sin v = guy) EX. = u cos? у + u sin? v = u 
(u,v) siny ucosv 
| до, siny — ucosv : 
(b x =u sin v and y = u cos v = оу) = | = —usin?v — u cos? v = —u 
(u,v) cosy —usSinv 
cosy —usinv 0 
18. (а) x =ucosv,y —usinv,z = у => 292 —| чпу  ucosv 0|=ucos?v+usin?v=u 


O(uv,w)  - 


200 
(b х-2-І|,у-3у-4,2-1(ч-4) => 9000 = : | 0 = (2)(3) (5) = 3 
2 


sin o cos рсоѕ ф сов0 —psing sin 0 
19. | sinġ sin рсов фвіп0 рпф сов 0 
cos Ф —p sin Фф 0 
Ш рсо8фсо80 —рзпфапоб 
== (2050) р сов Фвіп0 рвіп ф сов 0 
= (p? cos ф) (sin Ф cos ф cos? 0 + sin Ф cos ф sin? 0) + (р? sin $) (sin? ф cos? 0 + sin? ф sin? 0) 
= p? sin ф cos? ф + р? sin? ф = (p? sin 9) (cos? ф + sin? $) = р? sin ó 


sin  cosÜ -р іп д sin 0 


+ (p sin $) біп ф віп0 p sin $ сов 0 


b g(b) 
20. Let u = g(x) I(x) = # = g'(x) J Ка) du = үн f(g(x))g'(x) dx in accordance with Theorem 7 in 


Section 5.6. Note that g'(x) represents the Jacobian of the transformation и = g(x) or x = g (и). 


21. cia. 1) dxdydz= ff Басы | 


1+(y/2) 
„4 дуда = ЈУ ЈУ [у +1)– 344] дуй 


нээ (у +1)? 2 7. 2 3 9 47 1 n ` 4z 2 272 ? 2 
=f 22-00 az= f| (2+) az= [22+ 22) -і2 
а 00 
22. Ји, у у) = |0 b 0 = abc; the transformation takes the ellipsoid region 5; RA. 5 + 2 2 < ] in xyz-space 
0.0 c 


into the spherical region u? + v? + w? < 1 in uvw-space (which has volume V — 1 п) 
=> V= Л] шилээ) йине trae 
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23. J(u, v, w) = = abc; for В and С as in Exercise 22, ІШ [xyz| dx dy dz 
R 


> ог 
с о 
QOO 


7/2 pr/2 pl 
= ІШ a?b?c?uvw dw dv du = 82?b?c? Ї Ї Т, (p sin ф сов 0)(р sin ф sin 0)(p cos $) (р? sin 0) арафаб 
а 
2122 п/2 рт/2 2 п/2 2 2 
= «we | Ї sin 0 cos 0 віп? ф cos фафай = 484 | sin 0 cos 0 40 = = 


У 
har 


24. u — x, v — xy, and w — 3z x—uy У andz= iw => J(u,v,w) = E 
0 


PLP (ey cà ау 71) [из (3) + Зи (2) (5) | [J(u, у, w)| du dy dw = i SÍ 


Oʻ © 


2 


3 p2 3 2 3 А 
1f f w+ vwin2) dv dw =} [а + wm2) 2) dw = 2 ја +win2)dw = 3 [w+ ¥ 12] 
= 2 (3+2 12) =2+3In2=2+1n8 


3 
0 


2 


25. The first moment about the xy-coordinate plane for (һе semi-ellipsoid, => + Y + а = 1 using ће 


transformation in Exercise 23 is, М,, = ІШ 7 42 ау ах = ІШ cw |J(u, v, w)| du dy dw 
D G 


= abc? f f f у dudvdw = (abc?) - (M, of the hemisphere x? + у? +22 = 1, z > 0) = ша. 
а 


: : “а. 2абст = —_ [abêr 3 _ 3 
the mass of the semi-ellipsoid is “52% = 7 = ( 4 ) (==) = с 


[ (у + уч) du dv dw 


927 


26. А solid of revolution is symmetric about the axis of revolution, therefore, the height of the solid is solely a function of r. 


That is, у = f(x) = f(r). Using cylindrical coordinates with x = r cos 0, у = y and z = r sin 0, we have 


у= [тауга =f fe Ју тауда = ЈУ fe try аваг ЈУ ЈУ тїт) адаг = Гоо ar 
а a a : | 


b 
Ї 2nrf(r)dr. In the last integral, г is a dummy or stand-in variable and as such it can be replaced by any variable пате. 


b 
Choosing x instead of r we have V — f 2тх х)4х, which is the same result obtained using the shell method. 


CHAPTER 15 PRACTICE EXERCISES 


10 гају 10 
Jf, f, уе ахау = | [er] ay 


10 
= f е- Dày-9e-9 


10 | (1/10, 10) 
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3/2 vo 40 3/2 v9—4e 
з. | КЕСТЕ Ї s] 220 


3/9 
ejt 2t 9-48 = |-310 - 4e)" | 
--%ф(02-о%) = 2 = 3 


4. METTI ІК Б pi dy 


=!) у(@—-4/у+у—у) dy 


1 5/2 
= (9-2 бу = ју – | =: 


5. T 12 dydx = | (=x – 2x) dx 
-[$-»] ,=-@-4 =} 
f Гизи цн” xdy = ЇГ (544 yE) d 


4 
= i 3/2 LI 2 3 
[£-2y- 34- ^] =4-8+ 1.67 
4 
3 


" Vxdxdy = f. [2 кУ/2| У ау 


3/2 Б 1 
— y?) dy = У" Fy], 


a 
| sec» 
T WIN VIN -»«“-. 
© 
zm 
~ 
~ 
= 
dx 


= (2 2) = + 

7 5 35 
Ї · Vx dydx = f x'P(x — х2) ах = f (xi? 52) q 
= е рер = 4-9 4 


221 93/2 27 9 
нан a 


8. ГГ сха«= f Ба Мей ах 
- Гоха —¥)) dx = f(x — 2x3) dx 
= [ђе – 5] = 16-8 =8 
f ү "axdxdy- ЈУ [x2] ^^ ау 


= f (4-y)dy = [5 - 2]; -16- 5-8 


-3 3 5 
52 +4/2=9 


у= (х- 2)? 
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9. 


- 
- 


17. 


18. 


19. 


20. 


21. 


22. 


Chapter 15 Practice Exercises 


„4 cos (x?) ахау = Л aeos) dyax = J 2x cos (x?) ах = [sin] = sin 4 
0 
Ke dxdy= f ЈУ“ e* ' dydx = | 2хе” dx = [еј —e-1 
пије ят dy dx = | ит ахду = 3 2 dy = в 


ЇГ! on sin (ax? bx т sin (1x? : : 1 
: Ї I a) dx dy = Ї Ї 2a sin х) dy dx = Ї 27x sin (1x?) dx --|-сов8(тх2)| = —(—1)—(—1)=2 


‚А= Т; | “дук = [ (x2 2х) = 14. A- ff dxdy = | (Js - 24 y) dy- 3 


эн 


average value = f. || худуак = f [$] = fe =} 
average value = E xy dydx — 4 MESE 
TE mic dydx= f. | nz „ Фгад = f^ [- n] 40 1 f a0 = s 


| цаг (x? + y? +1) dxdy= ЈУ “Т r In (г г + pda = f^ f. ЗҮТГЭЛЭЭ 
2 (2.1n 2 — 1) 90 = [In (4) — Пл 


1-х? 1 
dx=2 | х-х9)4х-4 


cos Vcos 20 


— (x? у) 20 = rf – г соз 20 = 0 = г? = cos 20 so the integral is T. T 


7 У/сов20 л/4 т/4 
= ЈУ aam] =: ЈУ (1– тел) 9 = ЕЈ" (1– жін) 9 


т/4 
1 sec? 0 1 an 0 7/4 т-2 
-37,(1-5 ) do = i[p- 198 | = 4 
т/3 (вес0 т/3 вес 0 
1 = r = 1 
8) 1! (1--х2 + y?? ахау = f, J, (1-2) агад = f, |- гг], 40 
7/3 7/3 u = tan 0 v3 

1 1 — 1 зес“ 0 1 ди 

| [} - sakes] 40-11, 55, 46; Ри” -0| Su 


т/2 роо т/2 b 
1 = Т 22 5 1 
(b) ЈА] qm ахау = [^ f aie? darab = f „im |- гт], 40 


т/2 


90 = 1 


———— drd 


TES 


40-і 


= lim 1- 54 


0 boo 


1 
sss] 
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23; Jd сов(х фу +z) dxdydz = f^ [7 [sin (z + y + 7) — sin (z + y)] dy dz 


= [р eos (z + 22) + cos (z + т) — cos z + cos (z + т) dz = 0 


ма, [У |” өөздшауак- | чини aya = fe dx = 1 
25. ГГ” оху аауах = ЈУ ЈУ (3 – 3) уж-/(%-%) ах = $ 
26. ГГ у ауша = f f 1 алах = | Inx dx = {хх x} =1 


27. У vp S dzdxdy -2 |” Г. -2x dxdy = 2 |" cos Зуду => [5+ en] uw. 


28. V vas fff азфак=а | [7 (а 4—x2) dydx =4 | (4 x^ a 


= [х(@— х2)" + 6бх\у/4— х2 +24 sin! ji = 24 sin! 1 = 127 
0 


29. average — 1 LLL 30х2\/х? + у dzdy dx = 1 f. [ve + удуах = i ГТ 15х\/х? + y dx dy 
3 1 3 
-if [o у) | „Чу = 1 f, 50 + yt? – Sy?) ду = 3 pa + у) — 2557], = 1 [o9 — 209 – 2] 
= 21-3 


30. average = 2, f SS р? sin ф dp dọ d9 = af ЈЕ sin фафад = = а “== 


31. (а) | Јн „шш "3 dz dx dy 


(b) ГГ 3p? sin ф dp dọ d0 


(c) 1519 ГЕ зайаад-3 ЈУ T ka- 212 _ 2] ао — 3 ЈУ | " n TM 
о. в 46-2т(8-4/2) 


/ 


2 1 
32. (а) >. Г. 21(r cos O)(r sin 0? dzrdrdo = |” S Г. 2113 cos 0 sin? 0 dz r dr d 


T, 


т/4 psec ¢ 
3. (а) fof” 1 * 02 sin ф драфав 


ЈУ Је sin ф драфад = + | i d “бес (вес ¢ tan ф) 4940 = 1 7 [2 tan? 9] "^ ад = 1 Si 99 = 5 


T 
(b) | ШЫР; 21r? сов 0 sin? 0 dzrdrdó = 84 |” ИК sin? Ө cos 0 ага = 12/7” sin? 0 cos 0 40 = 4 
|. 
| 


(5) 


т/2 pl рг . 
34. (a) 177 57 ” (6+4у) dz dydx (b) Ї Sf (6 + 4r sin 0) dz r dr dO 
/2 рт/2 pesco 
(c) Г [M 1 " (6 + 4p sin ф sin 0) (p? sin 0) драфад 
л/2 . z/2 pl : : 1/2 | 
(а) Ї ЇЇ (6 + 4r sin 0) 4егагад = f |, (62 + 45 sin 0) arao = f [213 + r^ sin Ө] 40 
п/2 
= f7 2 +sin 6) 40 = [20 – сов? = 7 +1 
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35. | — Г” да zyx dz dy dx PA еј UT yx dzdydx 


36. (a) Bounded on the top and bottom by the sphere x? + y? + Z2 = 4, on the right by the right circular 
cylinder (x — 1)? 4- y? — 1, on the left by the plane y — 0 


(b) [LTD d 1,02 r dr dd 


зї. МЕЈ ЈУ f азтагде = ЈУ ЈО ол) argo = f [- 36 - 0)? а] аө 
= f devo аа в] аө = (4 (-2- 32/8) 40 = $(av2-5) Ја = a) 
ву v= ЈУ Ј мара = ГГ (зу2 sino — sec g sin g) ад 
= & ЈУ ЈУ (22 sin ó – tan o sec? o) 4940 = $ ІШЕ 2 совф — 1 tan? 4) С 
ЕЛ (-2- 1 +2/2) ae = [, (=) pee) 


27 рт/3 [2 р . 27 pr/3 p2 . 
зв. L— f. SO f, (osinó? (sino) радад = ff” f o sin? ó арафад 
гл рт/3 2 341 7/3 
! Т (sin ф — cos? ф sin $) афай = 22 | |-совф + 852] 40 = 8 


27 т b 
39. With the centers of the spheres at the эз І, = f f 1 б(р sin à)? (p? sin ф) dp do d0 
ею | NN sin? ¢ 4040 = кра) | ІК (sin ф - cos? ф sin $) do d0 


6 (bř — a5 сов 46 (b? — a5 876 (b? — a5 
= Ga m |- cos + o 15 m d dé = 15 ! 


40.L=f f f, (sin dy? (о? зіп Ф) арафав = f ЈУ руп? 6 dp ag ao 
= 1 Га — сов фу“ sin? ф афав = НИЙ! — cos ФУІ + cos ф) sin à 4940: 


u—l-cosó т p2 трт 312 on 
(лт | + 1 we - да = 1 ЈУ [5 СЕСЕ 


= ај ги a9 2 ао = 5 


а.м-/ „дучк= f/(2- 2) dx 22-4 M,- f f хауак= fx (2-2) dx = 1; 


2 2 2 
м-/Луә«-/0-5ӘУж-і-хк-У- а 


4 р2у-у! 4 4 р2у-у 3 414 
42. м= fof dxdy = | бу-у)ду- Ем = ЈУ f ydxay = f, уз) у= [S – 5] =: 


4 p2y-y 4 2 5 4 
= = (2у-у?) 2 = 128 ў М, 12 = М, 
м, =f, S xdxdy = ] | > — 25°] dy = [5 3 5 хр ау = 2 


43. I =f fe (х2 + y? )G)dydx =3 | (4x + & = Чё) dx = 104 


44. (а) I; = Ғе piiks NUS +2) ах = 9 
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a b a 3 b a b а 
к= f^ f, у? ауа faxo зе = fo fx xay o ] ay зе > hk+, 
__ 4ab? даз __ 4ab (b? + а?) 
ma + 3.7. 3 


4. M=6 f ‘кб вакезбљ=вј |“ aya fix dx= (М) (3) = 26 


1 х 1 1 x 1 
46. м= f, Ј e Daydx= | (xx dx 1: M. = f, foy e Dayax - 1 f G8 x +x? -x9 ах = 1%; 
1 х 1 1 x 
M, = f. [xa 1) буб = | (х®—х°) ах = 2 > x-iady-B;n-[ |, у2(х + 1) dy dx 


1 1 х 1 
-1 f (x4 - x! +x? — xê) dx 47 В, m пљеј | хх Ddydx = | (59-39) dx = + 


41. M= f, бе фу + dydx = f (22-34) аам, = у(к уг +4) ауах = f 04-0; 
1 
1 


м, = ff, x+y +3) dydx f (2953) dx =0 


48. Place ће AABC with its vertices at A(0, 0), B(b, 0) and С(а, В). The line through the points A and C is 


(a — b)y/h-- b 


h 
y- h x; the line through the points C and B is y = ЯГ (x — b). Thus, М = Ї 12 dx dy 
h h p(a—b)y/h+b h . : 4 
= 2 h.y _ 2 Ш 2 _ hh 
=v Га 8) ау ® „= Г] убахду=љ f, (9 - $) dy = 9 


49. M= [7 fi гаад = 3 f ав = 3M, = Ј" fi cosa arao =9 |” согбад = 9/3 > х= 38 


T ? 


and y — 0 by symmetry 


т/2 p3 п/2 п/2 p3 п/2 
50. M= f f гагав =a f 09 = 27; М, = f. [| r? cos 0 drdó = ® f сов040- = = х= P апа 


3n? 


у = 13 by symmetry 


п/2 |1--сов0 b 
51. (а М-2| f rao (b) ; 
л/2 г = 1 + сов 
= Ї (2 cos 0 + 19528) qg = 817; LM 
п/2 1--сов 0 
М, = 2 (г cos 0) r dr dd 
E 2 3 cos! 0 4 
= БЕС 0 + cos? 9 + ee) 40 
2132-15т = — 157+ 32 
= == > х= ag ‚ and 


y = 0 by symmetry 


52. (а) M= f^ "аав = [^ 5 ад = а; м, = [^ ЈУ eost) гагав = |" #9984 ag = Эва 
> х = ата, and y = 0 by symmetry; lim. х= lim 


(b x= 2% andy=0 i 


2asina __ 
За 77 0 


c.m. (0.13,0) when а = 1 
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53. x =u+yandy=v > x=u+vandy=v 


=> Ли, у) = : В = 1; the boundary of the 
image G is obtained from the boundary of R as 
follows: 
u=0 
xy-equations for Corresponding uv-equations Simplified 
the boundary of R for the boundary of G uv-equations 
y=x v=u+v 0 
y = 0 у = 0 0 
=> Ї Ї e “f(x —y, y) dy dx = Ї Ї e-* (Y) Ки, v) du dv 
54. If s = ах + ду and t = ух + бу where (a6 — 87)? = ac — 52, then x = и. ‚у= =. | 
6 —8 2) 
нэг 1 8 
апа J(s,t) = GAP „ а | = a EET = f. f. e- (+0) 


mcd I er = —1 “= т TL ET 
= 4x /, Ї те" агаб бее 40 ne ce = ас— ђе = п“. 


CHAPTER 15 ADDITIONAL AND ADVANCED EXERCISES 


1. (a) v= f f x dydx (b V= f. C "ЈЕ dz ду dx 
e ve f nam f Ge — xt — 8) ax = 285 – 5] = 


2. Place the врһеге 5 center at the origin with the surface of the water at 7 = —3. Then 


9 = 25 – х? – y? > x? + y? = 16 is the projection of the volume of water onto the xy-plane 


э vo /, f, f ж=%%6= ЈУ ЈУ (ту 25-8 3) агав = f^ [-105- 9^ "а 


= [19 — 24 + 1 9552] ae = (7 26 ад = 5 


2—г(соз 0 + sin 0) 


2r 1 27 1 
3. Using cylindrical coordinates, У = Ї Ї Ї dz г dr dð = Ї 1 (2r — г? cos 0 — г? sin 0) 4га0 


= [7 (1-4 cos 0 — 1 sin 6) 40 = [6 — 1 sin 0 + 1 cos 6] 2" = 2л 


4. year “azra =4 | fe (s /2-18-0) ага = 4 ЈУ 1 20 py с m 
-4 (C3 - 138) ao (ы jy puso 
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5. The surfaces intersect when 3 — x? — y? = 2x2 + 2y? = x? + y? = 1. Thus the volume is 


уа f атака fe f f derado a fi (ar — 30) arao =з] дё = 7 


6 v=8f fc | P зпфарафав = 5 [^ [7 sintodóde 


т/2 Е 17/2 т/2 т, " Е т 
= ЈУ | x Јн 6 46 do = 16 [926] "до = дт [ag = 25? 


7. (a) The radius of the hole is 1, and the 
radius of the sphere is 2. 


(b) уза | pp саван" E avo = 2/5 [аө = 4/37 
8. ТН көгі g-p dirdrab = |" f" vo - dro = | |- 1(9- UR 


= Г Е (9 — 9 sin 6) + 1 (9° де = о f || – (1 – sin? | ae = 9 (1 — cos? 6) 40 


= Ла — cos 6 + sin? 0 cos 0) 40 = 9 [9 — sin 0 + zz 
ety +l 
2 


9. The surfaces intersect when x? + y? = => х? + у? = 1. Thus the volume in cylindrical coordinates is 


Vas fr fo аваа 4 f, Ј (5–5) ва =a ЈУ [5 - 4] де = 1 [7 ад = 


10. У = [UT асаад = ДГ? sin 0 cos 0 drd0 = Je 4. sin 0 cos 0 49 


if. 15 [6] 7/2 15 
= = sin 0 cos 9 40 = = |1 == 
0. 4 | 2 8 


4 0 
n, f^ eet ах = f Ј ст ауах = Г.Г e ахау = / (tim, fre 7" dx) dy 


= 17 -el ay= f lim (1- =) = Гау = [In y]? = In (5) 


а t= oo Е oo 


Y 


12. (a) The region of integration is sketched at the right 


ofl Le мех) 


ue 


u=r 1 8 ра? 
Бе C ШЕШТІ) 
8 
=1 f [u In u — uJ" dó 
= 1 ЈУ [s ma-a- 1ш lim j tnt де = = f оша 1) 0 = 28 (та – 1) 
2 ар : 


(b) [P f бух (х2 жей dd f 


a 


" JS In (x? + y?) dy dx 
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13. f Гете f(t) dtdu — f fen f(t) du dt = Го Е them) f(t) dt; also 


SS f ero ко atauav = [7 f^ f ene- ко duavat = | [ (v – bem ко дуа 


= f [5 (v — t)enx-0 f(t)] : dt — pe em(x—t) f(t) dt 


а. Јо) (J, гк-ужу ay) ах = Ј, “| куку) dy dx 
= [ | f х-УУООО) ахау = 1 | Ку) ( Г "УЖ 8) ду: 


ГГ sdy) коку) ахау = ЈУ eex—yytoorty) ay ax + ЈУ [ s —ofooft) dy ах 
= /, | гк-ужооку) ахау + ЈУ f шу-хж ну) ду dx 
= Ј [| гк-ужсокујахау + ЈУ Ј g-ia) dx dy 


к ВНИИ ene НЕБЕ. 


simply interchange x and y 
variable names 


1 1 
=> Ї f g(x—y)f(x)f(y) dx dy, and the statement now follows. 


15. а) = ff" овуз) dydx = Г “уе ак Ј'(5 + 20) ак = [+], 


„к (а) = 4a—ja%=0 at = 1 а 4/1 Since (а) = 1 + 5a‘ > 0, the 


Ys 


value of a does provide a minimum for the polar moment of inertia I, (а). 


16. „= ff (x? + y?) (3) dydx =з | (av? E + 5) dx = 104 


17. M= f ЈУ „гаае = Ј (E – E secto) дө ! 


= a?0 — b? tan 0 = a? cos! (5) =p (=) 
= а? сов“ 1 (8) — ba? 0-1... 13 асад 
=1 | (а +b! sect 0) 40 


= 4, [а + b* (1 + tan? 0) (sec? 0)] 40 


b=rcos 6 


А 


0 
— A [34 4 Ы tan? 0 
—4 [а 0 — b^ tan 0 — == 2 
аї0 b! tan 0 bt tan? 6 
2 2 


= tat cos"! (P) — 4 b? y a? — b? — t b? (a? — pn? 
2 2- (у2/2) 
NI x dx ду 


(y?/2) 2 , 
шил» | Ја (2/0) ‘dxdy = f (1- 4) a — (2/4) 

2/2) 2 2 | 

=e Ни ИС = Ја -y)dy = ff (16 — Ву? +у) ду = 5 |16 eel, 

= 8 (32— $43) = (5) (38) = $ = х= м = (8) G) = $ andy = 0 by symmetry 


19. ЈУ Је max (БЭ) dydx = ЈУ NE ы УУ aydx + ЈУ f^ eim dx dy 


~ 
1 
рин, 
ч 
| 
о 
ш 
| w 
~ 
| 
92100 
5 
| 
— 


Copyright O 2010 Pearson Education Inc. Publishing as Addison-Wesley. 


www. гетепд. 15 


936 


20. 


21. 


22. 


23. 


24. 


23: 


Chapter 15 Multiple Integrals 


a b a b 
2 ђ px? E ИК 1 p2x? 1 a2? _ 1 b2a2 1 a?b? 
= f 87 ах + Ј (фу) је У dy = ье] + en]. = doe +5 (e 1) 


У [^ фр, У f aray] * OF(x OF(xo, НЬ | 
Је Јо GSP ахау = ], [Egon] ay |, (бы) — а) ах = [Fou y) — FG У) 
= F(x1, y1) — F(Xo, y1) — F1, yo) + F(xo; yo) 

(а) (i) | Fubini's Theorem 
(i) Treating G(y) as a constant 


(ii) Algebraic rearrangement 
(v) The definite integral is a constant number 


(b) ffe cos y dy dx — (“и ax) (ЈУ cos yay) = (e^? — е?) (sin 5 = sin 0) -(1)1)-1 
о ГГ &axdy = (Газ) (f xax) - EK] = (-141)(1-1)-0 


(а) Wf=xit+yj = D,f = uix + wy; the area of the region of integration is 1 


= average = 2f, f, eorum dydx = 2 n [uix(1 —х) + ; ux = ХҮ| ах 
-2[u (5 x) (502) a 281, =2 ($ uic t uj) = i(u + uj) 


average = zs, J f бих изу) dA = ш | [xa c а mE 17 иг (м) +m ($) = шх + њу 


теа 


(b 


хи 


(а) 1 23 Ге Gy) dx dy = | de е) гга = Ї Ы ыт, Ї "тезі а) 90 
=-1/[ ш. e” -a= f. 10 = 5 = I=“ 


2 


(b) Г (5) = | су“ а= | (у) Ve У Qy) dy=2 ЈУ ar dy =2 (7) = Vf, where y = УЛ 
Q= f^ [ка -sinó drag = КЁ f” (1 – sin 0) ад = КЁ [0 + cos 0] 27 Lo 


2 оо dz dy ах 


= р NS -х2-у?) )dydx = f. “ЇГ г)гага0- f^ [e - s] ao = ев. 


Since the top of the bowl has area 107, then we calibrate the bowl by comparing it to a right circular cylinder 


Fora pen h in the bowl the volume of water is V — f 


. . . . 2 TP 
whose cross sectional area is 107 from z = 0 to z = 10. If such a cylinder contains пт cubic inches of water 


to a depth w then we have 107% = кл w= E . So for 1 inch of rain, w = 1 and h = 1/20; for 3 inches of 
rain, w = 3 and h = y 60. 
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26. (a) An equation for the satellite dish in standard position 
isz = 1x? + 1 у?. Since the axis is tilted 30°, a unit 
vector v = Oi + aj + bk normal to the plane of the 


water level satisfies b = у - К = cos (2) = ys 


= 22-24 — _ 1.) уз 
= a=-yl-b=-5 => у=—ј+ УК 
--io-0«X G-g- 

= 1 1 
> = уе (1-9) 


is an equation of the plane of the water adm Therefore 


the volume of water is V — |, [ ju vet "dz dy dx, where R is the interior of the ellipse 


ERED 


2) 1 


Уа 
“| ,, 1 924хау 
Legh уз 


1х2-41 


(Зун-3-9)) 


(Зу-1-3--У 


(b) х=0 = z= iy? and - уу=1 Чу 1 i tangent line has slope 1 or a 45? slant 
= at 45? and thereafter, the dish will not hold water. 


—5/2 


27. The cylinder is given by x? + y? = 1 fromz = 11000 = LEE 7 (г? +z?) ау 
р 


= ГАЈ пт dzr гай = lim, 2. 


Qn Qn 
a im, n ІП ( -4 ) тут] тад = ви, Ј ІҢ [E ан [кес а С ) шаг — дгад 


= im, f, [1 2) ^ 18177] ав = tim, ЈУ [30 а) 7^ – 10712) – 12) H 1] ae 
= im, 2r [20 297 - 1 (33) -$() +1] => [1 - (1) У 


28. Let's see? 


1 
The length of the "unit" line segmentis: L = 2 f dx = 2. 


М1 х2 


The area of the unit circle is: А = 4 Ї Г ду dx = т. 


үл-х-у 


vi-xi x 
The volume of the unit sphere is: V — 8 n Ї Ї 
Therefore, the hypervolume of the unit 4-sphere should be: 


Мћурег = iff f HE d dw dz dy dx. 


Mathematica is able to handle this integral, but we'll use the brute force approach. 


V1-x2 _x2_y2 Е UNE) М2 /Т--х2--уй 
Мури = 16 ЈУ ЇГ "27  awaayax-ief f f =v =e dz dy dx 
1 љута току . = Е Jey = cos 0 
=16f f S “И ДО И 
=f Га x y. v1 cos?ð sin 0 40 dy x = 16 f. |" (1 — х2 — y?) | —sin?0 40 dy dx 
-16| [0 - y) dy dx = ат fr (Vi x -x1-x — 1(1 xy?) ах 
-4| v х2 | (1 — x?) ает teft ce e [ar o] = ви ЈУ sin^0 40 


= – ви f^. (1928) 240 = —2х [ (1 — 2 cos 20 + сов220)40 = —2т | (3 — 2 cos 20 + 2%) а0 = = 


dz dy dx = 47. 
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NOTES: 
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CHAPTER 16 INTEGRATION ІМ VECTOR FIELDS 


16.1 LINE INTEGRALS 


1. r=tit+(1-t)j = x=tandy=1-t у=1—х= (с) 


2. r=i+j+tk = x=1,y=1,andz=t = (e) 


3. г = (2 соѕ 1+ (2 ѕіп 0)ј = x = 2 созгапау = 2 511 > х? + у? =4 = (g) 


4. r—ti x =t, y = 0, and z = 0 = (a) 


5. r=ti+tj+tk = х=ьу = t, andz = t > (d) 


6. г= 1} + (2- 20)К => y=tandz=2-2t = z 22—2y = (b) 


. 2 
7. r-(É- Dj *2tk > у= Ё —landz=2t > у= 4-1 (f 


8. r= (2 сов t)i + (2 эт ОК = x 22costandz 22sint => х? +z? = 4 => (h) 


9. r(t) - üc(1-0j,0xtx 1 > © =i-j | = \/2j;x=tandy=1-t => x+y=t+(1-p=1 


> |, буу) = ff(t,1 —t,0) [| at = Го v2) а = [у] = v 


10. rt 2t +(–ој+К,0<1<1 а =1—) M /2;x =ty=1—-tandz=1 = х-у-2-2 


=ї{-(1—-0+1—-2=2 2 > [ув = | ai-2v2a- /2 e- 2 = —\/2 


11, r = 2i + + 2 – 20k, 0 «t€ 1 “=2+}-2к = || = /4-1-4— 3ixy - y +7 


= с ++ (2 -29 = у, дв = | (26 – (+ 2) за = 3 [20 – 12 + 2] = 3(8—1+2) = 8 


12. r(t) = (4 cos £i + (4 sin t)j + ИК, –2л < t С 2r = а = (—4 sin t)i + (4 cos t)j + 3k 
> || = /16sin?t-- 16 со $9 = 5; Yx? + у? = v16cos 16 па: = 4 => | Қа, y2ds- f; (45) dt 
= [20] 25 = 807 


13. r(0 = а -2j + 3k) + t-i- 3j- 2k) = а 01+ (2 30] + (3 –20к,0 «t€ 1 > 4--і-3і- 
> |«| = 14944 = А х+у+а = 1 –09+02–30+(8–2)=6–6 = | Қа,у,2 ds 


= f 6-6 Visa = була [i - 5]. = (ev14) (2) = зула 


14. г) = Пајк 1513 > #=1+]+К = || = 3: nos = арда = Уз 
— | (22 2 1] _ 2 
> Ј fo,y,2ds= | (38) уза = [- 4] = lim (-144)-1 
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15. С: т@=@+),0<{<1 > “=1+24 > |Ж nei ai dd лш 
sinet» 0 => Ј оу ds= f 2 ава = [10 4e] = 1 (5)3/? — А -1(5/5-1) 
Cy: 10) =і+ј +" косе <1 > “=k dr WM ау у 
>]. їх, уул) ds = | (2-0) (at = [t- 16], =2— 1 = 5; therefore | f(x, у, 2) ds 
- f. fx уу) 4+ Јо Ку а) 8 = $ 5-3 


16. Ci: гр) = tk, Ox tx 1 > €=k 5 || =1;х+ /у-2-0-/0-2--? 
1 1 
=f. бх, у, 2) ds = f (-2) 0) dt = p 


C: r0) +к0<1<1 > =} йг + МУ – + МЕ 1 = Vt-1 
> ffydd = | (упија = [2 13/2 — ee 


Су r() =ti +j+k,0<t<1 > “=i €| = ix+/y-2=t+Vl-1=t 


dt 


1 211 
> Јуде Ј са = [5] = = f tay,2ds= ғө- | fds+ (08--1-(-1) + 


1 
6 


: 8 4 4 3 4 . EYF 1 
17. r(t) =ti+tj+tk,0<a<t<b > < = ЕЈ РК > |8 = V3; 3344 = инь = 1 


= | tox,y,2 ds = f) V3 at = [Узы |" = 4/3 № (2), зтсе 0 <а<6 


18. r(t) = (acos 1) ј + (азт0К, 0 €t € 2r = 4 = (-asint)j + (асоѕ )К = |4 Е | = Ма? sin? t + a? cos?t = [а]; 


z ; з << : : 
VEE = унии = | ees 0<1<л = уда = f- |а? sintat+ |7 lal" sin t dt 


al sin t, m X t < 27 


= [а2 cos t]; — [a? cos =" = [а2(—1) — а2] — [42 — а2(—1)] = —4а2 


4 4 4 
19. (а) 5()-4--10,05:54-4-1-1 = [8| = > fixa Је У | 14: = [Be] -4v5 


(5) r(t) 2t ?j,0<t<2 = ж —i 2j = ЕЗ = \/1+ 42 > |хв= fit 1+ 4t2dt 
2 
= за + 4e)? i == гы 


20. (а) r(t)=ti+4,0<t<1 > ®=i+4j = |] = 4/17 |. х+2у4 = | үут+2(Ж) ута 
= ут йй =з [Ла = (24/17 6/3 „= ут 
УТ), 0 
(b Ci: к() 2d, 0 xt 1 > ¥ =i > || = 1; С: х арк > =) «| =] 


1 х--2у a= f. Vx t 2y 4+ |. x + 2y 8-1 x20 ја + ЈУ 1 4- 2(t) 
=f ac ЈУ МТ + 2tat = [2 2/3], + | па. = 2+ (£ on 


2 2 2 
21. r(t) = 4d - 39, -1« («25 $ — 4i - 3j > || 25. f уе ds= (-3)е97-54 


2 2 
— _15 [f |е1б2а — |516] ^. 15,64 | 15,16 _ 15(.16 _ 64 
= sf te ^ dt = | 576 ]. = –ре + реб = 12 (е16 — еб) 
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22. 


23. 


24. 


25. 


26. 


27. 


28. 


29. 


30. 


31. 


Section 16.1 Line Integrals 941 


r(t) = (cost)i + (sin)j, 0 < t < 27 = © = (—sint)i + (cost) = |“ "| = уз соя =1 = Ј ( (х-у--3) ds 
= Ј (cost — sint-- 3) 14 = [sint + cost + 302" = бт 
r(t) = &i- 8j, 1 <t<2> # = 28 + 30] = |£| = y (202 + (30)? =t 4+92 = | 5 
2 242 2 2 
=Л St доба = f суд 90 dt = | (4c ogy^| = mue зун 
шэг ни и 
Tg = dt dt сх 
|! ya n PNE ы ТЕР -[à pe — 125 - 13/13 
s wo ОМ +168 а = fi c/o + 160 at = | (9 + 162) Мин ын 


Ci: r() = +2j,0<t<1> € —14 295 |£| = 7/1442; С: гй = (1-09 + (1-050 €t 1 

«= +–ј= || = уг= Ј (х-+ ууф= f. (уе / (ғу 
=f (t+ ve) a NE V2at = | mi capace ЈУ (1- ce v1-0 v/2dt 
= [1a 46) RE + val- i 4-09 =? тт s 


Си: r(t) =ti,0<t<1> =1= || = 1; С: г() = 0,0 <0<15 # =) |] = 1; 


Сз: к(0 = (10-0i +j,0<t<1> “== | ponam и ш, -j> |¥| = 1; 


1 2 1 
=> аи = |, хруст + с, х у: хруст + с; X2 + у): wey ds + с круг 1 ds 
1 1 
= Ja 017 + 0 а ha – 92 a +f, шеи 


чи к (а) bn Gs] t tn bn) 


r(x) = хї+ у} = + ],0<х<2 >  -143)- || = Vicit = f(x 5) = (ај = = fte 


= Го» 1 +x? dx = Ё (1 xx , = 2 (53/2 — 1) = 82 


г = (191 40-0)? ,0<t<1 (8 2-11-(1-4: ИИА 
Een TA " = 2 2 1 2 1 511 
> J fds 7. (1-(-%а- (а-ә 0410 0°) а= | Siehe tm 97, 


=0 ( 3 5) = 


r(t) = (2 сов t)i (2 5101,0 <1<5 = аг = (—2 sin t)i + (2 cos 0j => ar) = 2; f(x, у) = f(2 cos t, 2 sin t) 


А п/2 : л/2 
= 2 с081 + 2 зт Е = f.tas- f (2 cos t + 2 sin t)(2) dt = [4 sint — 4 cos |у = 4 —(—4)— 8 


r(t) = (2 sin t)i + 2cost)j,0O<t<7 = = (2 cos t)i (—2 sin 0] = a) = 2; f(x, y) = Қ sin t, 2 cos t) 
п/а i 
=4sin?t—2cost > f fds— f” (4sim? t- 2 cos t ) (2) dt = [át — 2sin2t — Asin]; = x - 2(14 2) 


у= х2,0<х<2 = (0) = +0),0<1<2= 4 =1+2ј = |4) VL 48 > А = | f(x, у) ds 


= [ (+ у) = f (t+ Ve) гава f 2 ава = раа) = тупе: ES 
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32. 2х + Зу = 6, 0 <x < 6 > r(t) = + (2- 20j, 0t 6> € =i- 2j | _ vB A 
= f (4+3х+2ујф = ЈУ (4+3t+2(2 20) Ве. (8 + 3t)dt = VB [а + Se 


1 
33. rt) = (É—1)j -2tk, 0<1<1 > € =>] 2k | | = је +1;М = Ј 66,9) = f, 500 (2 2+1) dt 


=f Gy (2V +1) dt = (еу = 23/2 — 1 = 2\/2—1 


34. r(t) = (2 — 1)j +, -1 «t € 1 = 4 = 2) + 2 


d] =2V? +1;M= f &(x,y,z) ds 
= f'asy 8-1 +2) о P1) dt 
" Ге 1) dt = [30 ($ +) Р = 60 (= + 1) = 80; га (2-1) + ак 


М,, = | y(x, у, 2) ds = ГГ (t? — 1) [30 (t? + 1)] dt x 


= [ зои-па= 30 (5 - 9| _ = 60 (5 -1) 


—48 у My = 55 -i шан == Ї хб(х, у, 2) ds = | 0645=0 X = 0; Z = 0 by symmetry (since 6 15 
independent of z) = (X,Y,Z) = (0, – 3,0) 


35. r(0 = М2 + 24 + (4- В) К, 0 <1<1 = «= Уа + y2j -2tk = |&| = у2 +2 +40 =2V1 +8; 
(а) м-|,66-100(2 1-0) 203 ил с» 
©) M= /,ё%= f, (1) (2 1+8) а = [+ m (t+ г+8) | = [vV2+m(1+v2)] -( (0 4- In 1) 
= V2 «in (14 V2) 


36. r(t) = 1+ 29 -287k,0«t« 2 > “= + ОК = || = /1+4+1= 5t 
--— s (уз) dt = | 365 +0 dt = [26+]? = 3 (72 — 52) = 3 24) = 36; 
My, = [хеб = fu opa = | (5t +3) dt = [S8 +] 308 = 38; 

M, = [уба = f 2436 + pdt =2 | (15-38) dt = 76 My = | оба = | 20136 + 0] dt 


- f (ов + 26/2) dt = [48/2 + $ 07215 = 40)7 + 4 (23 = 162 + 2 /2 = 1/2 => x — Me 


38 __ 19 2. My _ 76 _ 19 2 My _ 144/2 _ 4 
36 пун M = 36 = 98847 = ab = ^ae -$v2 
37. Letx = a cos t and y = a sin t, О < t € 2л. Then ® = —a sin t, 4) = a cos t, 4 dt 2-0 


= | + (3) + (2) ааа =] (х2 + у?)&4 = | (2 sin? t + a? cos? t) аб dt 
dt dt dt ИБ c 0 


= ТЕГІ dt = 2лбаз. 


38. x(t) 2 tj--2- 20k, 0 «t€ 1 > £ 2j жк = |“ = узм= | ё4 = f 6/5 dt = 5/5; 
кеј (у +22)6ds= f i£ + (2 – 202165 а= f (52 — 84.4) 5/5 at = 6/5 [58-42491 = 565; 
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39. 


40. 


41. 


42. 


Section 16.1 Line Integrals 943 


„= f (22) ва = f [02+ 2 - 2065 а f (46 — 84 4) 6/5 4 = 65 [48-42 +41 = 45/5; 
L= е оу) ва = | (+e) 5/5 @ = 5/5 | = 155 


r(t) = (cos t)i + (sin j +tk,0 <1< 27 = Ч = (— sin t)i + (cos 0] + К = ЕЗ r| = ysin? t + со 1 1 = V2; 
(а) „= ог+ујбфе f" (cos? t + sin? t) 6/2 dt = 216 /2 
b) = f (2 +y?) dds = Г 6/2 dt = 4n6 /2 


r(t) = (t cos t)i + (t sin 0j + + 272 өлк, 0<(<1-> € —(cost—tsint)i-F (sint + tcost)j + 2 k 
1 
> || = ут = + погосес ме f óds= f a а = [16707,2192 15 = 3; 
1 1 
Му = |26 ds= f (287) (4-1) 4 = 22 f (5/2 + 8/2) dt = 22 6784-2881, 
2V2 4*2 4 2 2/2 (24 162 = Mx 16/2 \ (2 322.7 — 2 
= 52 (+ 8) =) = 48 э те пр (52) (8) = Fb = Ј 69 +уз) ds 


1 1 1 
= f (Cost +e sit) t+ Da f lo +e) а = [5 + 5] -141-4 


ó(x,y,z) = 2 — z and r(t) = (cos 0ј + (sint)k, 0 <t Сл = M = 2r - 2 as found in Example 3 of the text; 
also | | = 1; k= f (у? 4 2)6ds = ЈУ (cost sit) Q – віп) а = | 2-8 04:-2л-2 


г) =@+ 202 8/2) + Ek, 0«t«2 2 4-і 200] к = |] = V1 +242 = V + 02 =1 + thor 
2 2 
0xtx2;M- f ё%= | (&)0+9dt= / а=2;М„ шил ш 
2 
My = f.yéds = f 23 8? а = [ава] = 2:M,- јаве fs « БЕ X Му 1, 


M 


у = Me = 16 іт Ма = p= | (+12) 6% = f (#0 +14) a= [2 eg РРА 


512 
I = OP +2) 6% = ] (2 gt) = [+] = +: = вт = | (+y) 6 8 


43-46. Example CAS commands: 


Maple: 
f := (x,y,z) -> sqrt(1+30*x%2+10*y); 
gi=t->t; 
h := t -> 22; 
k := t -> 3*t^2; 
a,b := 0,2; 
ds := ( D(g)^2 + D(h)^2 + 20972 )^(1/2): # (a) 
'ds' = ds(t)*'dt'; 
F := f(g,h,k): # (b) 
(0) = ЕС), 
Int( f, s=C..NULL ) = ШК simplify(F(t)*ds(t)), tza..b); # (с) 
7 = value(rhs(%)); 
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Mathematica: (functions and domains may vary) 
Clear[x, у, 2, г, t, f] 
f[x_,y_,z_]:= Sqrt[1 + 30x? + 10y] 


{a,b}= {0, 2}; 
x[t_]:=t 
Уй = 2 

z[t ]:2 32 


r[t_]:= {x[t], y(t], 210) 

v[t_]:= D[r[t], t] 
mag[vector_]:=Sqrt[vector.vector] 
Integrate[f[x[t],y[t],z[t]] mag[v[t]], (t. a, b}] 
N[%] 


16.2 VECTOR FIELDS, WORK, CIRCULATION, AND FLUX 


-3/2 3/2 


1. fouy,z) = (х2 + y? +22) > Æ = —1(х2 y? + 22) "P x) = —х (x? + y? + z2) 7^: similarly, 
| —3/2 —3/2 —xi—yj—z 
ЭЕ = у(х? + у“ +22) / and 2 = —z (x? + y? + 2?) > vite a 


2. fx у, 2) = ш уха + у? +22 = Е (х2 y? + 22) => =} (аи) Ох = dex 


y Of _ 2 — xit+tyj+zk 
x + у? +22 апа д2 77 x+y +z = vf= ху? +2? 


similarly, Ж = 
0g _ 2x Og _ 2у 


3. g(x, y, 2) =e’ = In (x? + У?) = Ox — x+y ? ду х? + у 


=> ve=(=5)i (25) j+ ek 


7. 


ОЕ: _. 
z апа 5, =e 


4. (X, у, 2) = xy +yz + xz => Ф = y+ z, 3 = х + z, and 2 y+x ү = (у-+ 21 + (х= + 7)] + (х + у)К 


5. |F| inversely proportional to the square of the distance from (x, y) to the origin = ~ (M(x, y)? + (N(x, y)? 
PS: 


y k > 0; Е points toward the origin = Е is in the direction of n = 


х yj 
Và + уз ух + у? 
= Е = ап, for some constant а > 0. Then М(х,у) = ——- and N(x, y) = —— 


= VME, y)? + N(x, y)? =a = a my F (ә Im і- са Dm j, for any constant К > 0 


6. Given x? + y? = а? + b?, let x = у a? + b? cost and y = — y a? + b? sint. Then 
r= (v а? + b? cos ) 1- (v a? + b? sin ) j traces the circle іп a clockwise direction as t goes from 0 to 27 


> v= (-v a? + b? sin ) 1- (У а? + b? cos ) j is tangent to the circle іп а clockwise direction. Thus, let 
F=v > F= yi -— xj and Е(0,0) = 0. 


7. Substitute the parametric representations for r(t) = x(t)i + y(t)j + z(t)k representing each path into the vector 
: 4 
field F , and calculate f. F- ẸṢ. 


— 48 о dr Ще: dr _ | 29 
(а) F= 3ti + 2j +4tk and E =i+j+k > F-"=% > |94-3 


1 
(b) F = 301+ 29 + 4tkand € =i+ 20 + 46К => Е- 4 = 70 +167 => / (тё + 167) dt = [16 +26]; 


ы. 7 x3 
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10. 


11. 


12. 


Section 16.2 Vector Fields, Work, Circulation, and Flux 


(с) = + ў andro — i j + tk; Е; = 3ti+ 24 and 3: =i +j > F- in = 5t = Га = 5; 


F, = 3i + 2j + 4tk and $2 =k > Е. № = 4t => Гаа=2 = 3 +2 =? 


Substitute the parametric representation for r(t) = x(t)i + y(t)j + 2 ОК representing each path into the vector 
- а 
field Е, and calculate f. 2-2 


: a abe ! Е aa 
@ Е= (217) ава 9 =it+jt+koF-#= бе fgh dt= (ај =F 
(b) Е = (= 
(с) d ME P 


2 


1 
)jand = 1 ај 48k >F- E= 2t f о = [1 (2 1); = 112 


)jand 4f? =i+j> Е - = 1 ; F, = а j and ® =k 


1 
. in 1 — Я 


Substitute the parametric representation for r(t) = x(t)i + y(t)j + z(t)k representing each path into the vector 
field F, and calculate | Е- M . 

(a) Е= УЧ-29 + Капа =і+ј+к > F-£ 2/1721 > f (2/1-204-| 
(b Е = і – 20] + tk and т = 1 + 20 +48к > F- 4 =4 – 32 = INC. – 3?) = [26-8], = 


1 
(c) бе а MAREM ae эрэ > F,-%=-2 > f -аш--і; 


= Vü-2j*kand =k > F- i$ =1 > |8-1--1-1-0 


Substitute the parametric representation for r(t) = x(t)i + y(t)j + 2 ОК representing each path into the vector 
Я а 
field Е, and calculate Ї F- S- 


1 
(а) ЕЕ РЕ] + Капа £ =i+j+k > Е. =3 > | зеш=1 


1 
(b) F = (1 — 6] + Ck and € = i + 20) + 4k > Е-“=В+20+468 > f (+207 +48) at 
1 
2010 5 4,9} _ 17 
-Ї 64448|,-1 
1 
(c) rı = + Ч апа го = 1+] + tk; F; = fiand  =і+ј > h- 9 =e > јеф=:; 


F, =i+tj+tkand Œ% =k > F,- f ш 1 f са = 1-141-34 


Substitute the parametric representation for r(t) = x(t)i + y(t)j + z(t)k representing each path into the vector 
field F, and calculate f. Е- аг . 
(а) Е = (32 — 301+ 3] + Капа 4 =i+j+k => Е- ® = 32 +1 > Гое-уа- [8 + =2 
(b) Е = (32 — 3t) i + 3] + Капа Ẹ =i + 20 + 48k > F- f = 60 + 43 + 30? – 31 

=> f (68 ад + зе -3t) d= [6-+ +e- 32]. = 2 


(с) rı = ti + tj and r =i +j + tk; Е, = (32 — 3t) i тахиаг > F- її = 30 — 3t 


1 
= [Ge з) dt= [6-38] 1 = 23; = ЗУ + Кава @ =к > в. =1 > fatal 
= -1+1= 1 


Substitute the parametric representation for r(t) = x(t)i + y(t)j + z(t)k representing each path into the vector 
- а 
field Е, and calculate f. E. 


1 
(а) F= 2i +2] + 2% and € =i+j+k > F-“=6 = [вй = [30] =3 
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(b) F= (2 + t)i + (t* 1t) j + (+ 2) Капа € = i 2] +40К > F- € = 60 + 50 + 38 
1 
> f (66 + 5 +30) 4 = [6 c 6 815 =3 
1 
(c) rı = ti+ tjandro =і+ј + tk; F; = ti + tj + 2 and ™ =i+j > Е. => f 2-1; 


1 
Ез = (1+101+ (+ 1] + Капа )& =k > F-X =2 > | 2d=2> 1+2=3 


3 3 


3 
13, x=ty=2+10<t<3sdx=dt> | (ху) = f (t— (0+1) а= f (0-1) а= [-12 -]2 8 


2 2 2 
14. x-tLy- Е, 1«tx2- у= лй f 4у-1 $oga- | 2a = p =2 


15. Ciix=ty=0,0<t<3 > dy =0;C:x=3,y=40<t<3sdy=dts | (x? +9?) dy 


= Поезууа- Ју) в f (e 0-04 f +e) a= Ј'(9+ eat = [r+ 19] 2 = 36 

16. С: х= у= 3 0 <t < 1 = dx = аб С: x = 1 — t, = 3, 0 < t < 1 = dx = —dt; С: х = 0,у-3-00<(<3 
dx =0 f /хтуж-/ ухтучк+ | /хтуж- | x + y dx 
= f exa | /а-9+3(-0&+ f; /oxG-9-0- f 2ytdt- уа-та 


1 


= [$9], B – 079] „= ++ (23-1) 23-4 


17. r(t) 2 <—ј -Ük,0 €t <1— dx = dt, dy = 0, dz = 2tdt 
(a) Јуда = f a-1-8)ac- ре 10]! = 8 
(b) Позу-Ә- f, (-1-0)-0-0 
(©) Јоу ада | a-1-8)za- f (26-26-28)4:- = [28 -e-l =—2 


18. r(t) = (cost)i + (sint)j — (соз К, 0 € t Сл = dx = —sintdt, dy = cos tdt, dz = sin t dt 
(a) f. xz ах = EN (cos t) (—cost)(—sint)dt = үң cos? tsin tdt = ЕС 9” = 2 


п 


Ж ы мин” Е ЕЕ сай Юү РЭН 
(9) / хаду = f (cost) (—cos t)(cos t)dt = — f. cos tdt = – f. (1 — sin* t) cos t dt = БСГ —sint] =0 


(с) f. xyzdz= ЈЕ (cos t) (sint) (—cost)(sin t)dt = - cos? tsin? tat = 213 sin? 2tdt = EN n 


19. r- ti- Cj +, 0 <Е< Land = xyi + yj - yzk = Е = Pi Cj — ВКапа 4 = i + 20) + k 


1 
F.£ =26 = wok= | 284-і 


20. г = (cos t)i + (sin 0] + 5 К, 0 € t € 27, and F = 2yi + 3х] + (x + УК 
= Е = (2 sin t)i + (3 cos 0j + (cos t + sin ОК and € = (— sin t)i + (cos j+ К > F- € 


27 
= 3 cos? t — 28102 t+ 1 cos t+ Е sint — work -1, (3 cos? t — 2 sin? t + 1 cost + 2 sint) dt 


_ [3 3 ~ E sin2t | lua. 1 2m __ 
= [3t 4 3 sin 21 t+ “= Frsint 1 cost], = п 
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21. г = (sin t)i + (cos t)j -tk, 0 < t < 27, and F = zi + xj + yk = Е = ti + (sin t)j + (cos ОК and 
Ч = (cos t)i — (sin 0ј +k => Е-“ = (с08 Е — $12 1 + cost => work = | (tcost — sin? ( + cos t) dt 


21 _ 
о = T 


= [cos t -- tsint — 1 + 52 + sin t] 


22. г = (sin її + (cos j + £k, 0 € t € 27, and = 6zi + y?j + 12хк = Е = ti + (cos? t)j + (12 sin ОК and 


Ч = (cos t)i — (sin t)j + 2 k => Е.Ф = t cos t — sin t cos? t + 2 sint 


2n , 7 2 27 
> work = f (t cos t — sint cos? t + 2 sin t) dt = [cos t+ tsin t+ 1 cos*t— 2 cost] = 0 


22g г= +0], 1 «t 2, and Е = ху! + (х - y)j > F= £i 4 (t-- 2) ј and 
2 

% =1+24 > F-E = 0 + (22 +28) = 38 +20 = | хуах+(к+у)ду= f F-&a- f (38420) at 

= ве], = (2+ -@-: 


23. x = tandy = х 


_ 45 | 18 _ 69 
)= 2+1=8 


24. Along (0,0) to (1,0): г= ti, 0 xt 1, andF = (x – уі + (x - y) => F=tit+tjand# =i > Е- =t; 
Along (1,0) to (0, 1): r= (1 — 01+ tj, 0 €t € 1, and = (х — yi + (х +у)ј = Е = (1 — 20i + j and 
Е] > Е. = 26 


Along (0, 1) to (0,0): г = (1 — 09), 0 < (< 1, апа Е = (x – у)і + (х + yj = Е = (t— Di + (1 — 0j and 
1 1 1 1 
шј Е. 1-15 | (х—у)4х+(к+у)ду= f ta+ Ја -04- а-а 


25. г=хі+уј = уі +уј,2 > у > –1, and F = x?i - yj = yti у} = & = 2уі -јапаЕ - Ẹ = 2у? — у 


-1 


zd "mu 
> Је-тв=ј, Е- фу-Д Qy-pa-[üy-iy];2G-2-(&-2-i-$--3 


26. г = (cos t)i + (sint)j, 0 < t < 5, and F = yi хј => Е = (sin 01 — (cos t)j and M = (— sin t)i + (cos t)j 


1/2 
d о 2 T 
>F- =—sin?t—co®t=-1 > | Е-аг= f, (-14--2 


27. r2 (i + а + 2j) =( + 0i+ (1 + 20j,0 € t € 1, and F = xyi + (у —:3)j = F = (1 +3:+22)1 + tj and 
1 
& =1+2] > Е. —1+5+28 = work = f Е-®@= | (1+5+28) а = [++], 22 


28. г = (2 cos t)i + (2 sin 0], 0 < t < 2r, and F = у f= 2(x + у)і + 2(x + y)j 
= Е = 4(cos t + sin t)i + 4(cos t + sin t)j and ¥ = (—2 sin t)i + (2 cos д) > F- € 


= –8 (sin t cos t + sin? t) + 8 (cos? Е + cos t sin t) = 8 (cos? t — sin? t) = 8 cos 21 => work = f. vf-dr 


Qn 
= fF- Edt= f 8 cos 2t dt = [4 sin 202" = 0 


29. (a) r= (cos t)i + (sint), 0 € t € 27, Е! = xi + yj, and Fy = –у + xj = аг = (—sin t)i + (cos dj, 


F; = (cos t)i + (sin tj, and Ёз = (— sin t)i + (cos ді = F; - 2 = 0 and F; - € = sin? t + сов [= 1 


Qn 2т 
= Circ; = f 0 dt = 0 and Circ» Ї dt = 27; n = (cos t)i + (sint) = F; - п = cos? t + sin? t = 1 and 


F)-n=0 = Flux = | dt = 2r and Flux; = | 0dt=0 
(b) г = (cost + (4 sin 91,0 <t С 2r = de = (— sin t)i + (4 cos 0j, Е! = (cos t)i (4 sin t)j, and 
27: 
Е,-(-48014-(со80) => F;- 1 = 15 sin t cos t and F;- t = 4 = Cire: = f 15 sint cos t dt 
Әл 2n 
= [S sin? i] = 0 and Cire, = |, 4 dt = 87; п = (A cost) i+ (A sint) j => Fi-n 
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30. 


31. Е 


32. 


33. 


34. 


35. 


Chapter 16 Integration in Vector Fields 


2r Qn 
= 75 соб + — sin? t and F; - п = — 15, sintcost = Flux, = f. (F,-m)|vjat= f. (4) Viva 
= 87 and Flux; = Г (F5 - n) |v| dt = f. C m sin t cos ) v 17 dt = [- 5 sin Zu =0 


г = (а сов t)i + (a sin 0, 0 € t < 27, Е; = 2х1 — 3yj, and Е = 2х1 + (x — у) = їг = = (—a sin t)i + (a cos 01, 
Е, = (2а сов t)i — (За sin ді, and Fə = (2а cos t)i + (a cos t — a sin j = n|v| = (a cos t)i + (a sin t)j, 
Е; - n [v| = 22? co? t — За? sin? t, and Б - n |v| = 2a? cos” t + à? sint cos t — a? sin? t 


2r : Е ^ с ЕН 2 D сі 2 
=> Flux; = Г (2а? cos? t — За? sin? t) dt = 2a? [1 + 2] i За? [5 — #92) Rd = —ла2, and 


Flux; = 1 o cos? t — a? sint cos t — a? sin? t) dt = 2a” [+ + 322] | + 5 > [sin? 4] 2" — а? [+ — 9920] 27 = qa? 


= (a cos t)i + (a sin Ој, | an. = (—a sin t)i + (acost)) => Е, - an. = 0 = Сис! 20; Mj = acost, 


№ = asin t, dx = —asintdt, dy = a cos t dt > "-—— dx = f (a? cos + a? sin? t) dt 


= f'a dt = a?r; 


Ез =й, ® =i > Fy- =t > Circ = | tdt = 0; M: = t № = 0, dx = dt, dy = 0 = Flux; 


= |} М dy — № dx = Г 40 dt = 0; therefore, Сис = Circ, + Circ; = 0 and Flux = Flux, + Flux; = ат 


Е; = (a? cos? t)i + (a? sin?t) j, “ = (—asin t)i + (acost)j => Fi - “1 = —а3 sin t cos? t + а? cos t sin? t 


= Circ, = f (~a? sin t cos? t 4- a? cos t sin? t) dt = — Ж; М; = а? cos? t, № = а? sin? t, dy — a cos t dt, 


dx — —asintdt — Flux; = f. Mi dy - Ni ах = | (a? cos! t +a? sin? t) dt = 3а); 


Ез = 01,1 =i > FS. = > Cire, = "2 = 2; M, ЕВ, N, = 0, dy = 0, dx = dt 


= Flux, = Ї Мо ду — № dx = 0; therefore, Сис = Circ; + Circ; = 0 and Flux = Flux; + Flux; = 1 a? 


Е, = (— a sin t)i + (a cos 0j, 1 = (— a sin t)i + (а сов уј = Е! - їп = a? sin? t + а? сова t = а? 


= Cire, = Га dt = а?л; M, = —asint, № = a cos t, dx = —a sin t dt, dy = a cos t dt 


= Flux; = f. Mi dy - Ni dx = (а? sin t cos t + a? sin t cos t) dt 0; F> j, © i F,-2=0 


Сис» = 0; Mz = 0, № = dx = dt, dy = 0 = Flux; = Јо Ms dy - Мах = J^ —t dt = 0; therefore, 
Сис = Circ; + Сисо = ат and Flux = Flux, + Flux; = 0 


F; = (~a? sil t)i + (а? cos? t) j, “ = (~a sin t)i + (а cos tj => Е, - 11 = а? sin? t + a? cos’ t 


> Circ, = ЈУ (а sin? t + à? cos? t) dt = + a? ; M; = —a? sin? t, № = a? cos? t, dy = а cos t dt, dx = —a sin t dt 


> Flux; = f. Mi dy - № ах = | (- а? cos t sin? t + a? sin t cos? t) dt = 2 a; F, = 2], $ =i > F- а =0 


Circ; = 0; Mz = 0, № =, dy = 0, dx = dt = Flux; = f Ma dy - Nn dx = f“ — dt = — 2 аз, therefore, 
Сис = Circ, + Circ; = 3 a? and Flux = Flux; + Flux; = 0 


(а) г = (cos t)i + (sin )j, 0 < t т, and = (x + у)і — (x? + y?)j а = (—sin t)i + (cos t)j and 
= (cost + sin t)i — (cos? t + sit) j > F- т = – sin t cos t — sin? t — cost => Ї Е-Т ds 


2 2 
= А 22 А : dr _ | 2 А : 
(D к= (1-21, 0 € t € 1 andF = (x - y) — (x? - y?)j = 2--2алЕ-0-20-0-20) 


e (— sin t cos t — sin?t — cos t) dt = [-isint— t+ 992 — sint]? гж 


1 1 
F.£-4-2- f F-Tds= f| (4t—2)dt = pe -2]; =0 
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(© т = (120i, 0 €t € Land = (x + у - (х2 + y?)j => ®© = —i - уаваЕ = (1 201 — (1 2t 4- 22)j 
= Е. 11 = QU- 1) + (1 2t 20) =22 = Flow, = E а = Гора = 2:p = —ü + (t — Dj, 
0<1< 1, апаЕ = (х + у)і – (х? +у2)ј = ® = –1 + јади = —1— (Ó +t- 2 + 1)j 
--4-(28-2:61)| > Е-98-1-(28-2141)--21-20 = Flow; = f F- a — | (22—28) а 


= [2-26], =} > Flow = Flow; + Flow, =2+1=1 


36. From (1,0) to (0, 1): ri =(1 —Hi+tj,0 €t 1, ава Е = (x + yi (x? фу:)ј = dı = 1+}, 
1 
F =i-(1—2t+2t?)j,andn, || 2i j > F-n |у| = 2-28 = Flux, = f, (2t — 202) dt 
1 
=[P- 10] =3; 
From (0, 1) to (—1,0): т = =й + (1 — j,0 < t < 1, and F = (x +у)і - (х? +у?)} = Ч = 1}, 
Е = (1—20i — (1 — 2t + 20) j, апат || = 7i +j > F -n || = Qt — D + (—1 + 2t — 20) = —2 + 4t 20 
1 
= Flux = f, (—2+ 4t— 212) dt = [-2 + 20 – 281, 2 2; 
From (—1, 0) to (1,0): та = (—1 + 201, 0 < t < 1, and = (x + yi – (х? + у)2)ј] = їз = 21, 
Е = (—1 + 291 — (1 — 4t + 42) j, and n; |уҙ| = —2j = F - n; |v3| = 2 (1 — 4t + 4t’) 


1 
= Flux =2 f (1—4t+4t2) dt =2[t— 22 + 4] = 2 => Flux = Flux, + Flux; + Flux; = 1-$4$- 1 


37. (а) y 22x 0 <x £22 r() =ti4 2,0<t<25 € =1+ ај Е. = ((2971+2(9 (293) - (i+ 2j) 


2 
= 42 +802 = 128 > Вон = |Е- а = | 122 at = [ac]; = 32 


b) у=х2,0<х<2 r(t) =ti +0ј,0<1<2 > € =1+ ај Е. = (© i+ 2(0(8)j) -G+ 29) 
-0-48-508 > Flow= f F-£a- f 50 at = [6]; = 32 
(с) answers will vary, one possible path ву = 5х3, 0 < x < 2 > r(t) = ti + 10),0<1<2 = M =1+ 32] 


=F-# = (18)? 1+2(9 (56 Ji) -d-e3ej = Ho + = 16 Sie es [10]? 


= 32 
38. (а) Си: г(0 =(1-Hi+j,0<t<25 = = Е. £ = ((D)i - ((1—1) + 2(1))) : (-i) = –1; 

Cy: r(t) = -i+ (1-j,0<t<25 €= -js F- = ((1- gi ((-1) 20 —9)) -(-j) = 2—1; 

C3: r(t) -(1-11-1,051:42-4 2i Е. = ((- Di (t7 1) +2(-1))j) @) = " 

Ca: r(t) 2i (t- 11,0 <1525 € = 5 Е. = (t Di ((1) +2(t- 0)j) () = 2-1; 


— а n di di а а 
= Ноу = Е.а в.а | r.a вота rta 


2 2 2 2 2 2 2 
= f, cna f, ox- nace f, (-1) dt + f, (at— 1) dt [2 + [2 - do +[-42 + [2 — d 
--62-2-2-2-0 
(b) x? +y? = 4 > r(t) = (2cost)i+ (2sint)j, 0 < t < 2л => © = (—2sin t)i + (2cost)j 
= Е. € = ((2sin t)i + (2cost + 2(2sint))j) - ((—2sint)i + (cos t)j) = —4sin?t + 4cos?t + 8sintcost 


= 4cos 2t + 4sin2t => Flow = f. F- s dt = | (4cos 2t + 4sin 2t) dt = [2sin 2t — 205242” = 0 
(c) answers will vary, one possible path is: 

Cir(t) 2t, 0t 1 €=isF- 9 = ((0)1+ (t+ 2(0)j) - (i) = 0; 

Сь:к() = (1- gig, 0t 15 = –1+Ј ДЕ - 4 = (ti+ (1 – 0) -20j) (1+) = 1; 

Сз: (#8) = (1 0,0: <1–> = -ј = Е. = ((1— 11 +(0+21 —1))j) - (=) === 1; 
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1 1 1 
= Ноу = Е.а Е-ба4| F-sas | Fac fr()ace 1)4-Г (4—1) 


=0+ 91+ [2-4 214 (-1) 20 


39. F— аа ету оп х фу = 4 4 
at (2,0), F = j; at (0,2), Е = —i ; at (2,0), 
F = —j; at (0, ul a тт. 
at (V2,- v2). Е= У3%14; at (- V2, 2). : 
jet pd a dest 2 31-1) 


40. Е = хі + yj on x? + у? = 1; at (1,0), Е = 
at(—1,0), F = —i;at (0, 1), F = j; at (0, —1), 


Е--ра(! Уз), F- 11+ “j; ; 


2? 2 


a (74,9) r--ie Я 
1 3 і уз 
a (1,33), F=hi- Êj; 
x 
at ( 


41. (а) С = Р(х, y)i + Q, y)j is to have a magnitude ya? + b? and to be tangent to x? + y? = а? + b? ina 
counterclockwise direction. Thus х? + y? = а? +b? > 2x+2yy’=0 > у = – у is the slope of the tangent 
line at any point on the circle => у' = — р at (а, Б). Let v = —bi+aj = |v| = Ма? + b?, with vina 
counterclockwise direction and tangent to the circle. Then let P(x, y) = —y and Q(x, y) = x 

=> б = —yi- xj = for (a, b) on x? + y? = а? + b? we have G = —bi + aj and |G| = Ма? + 52. 


® G= (Very) P= (vate). 


42. (a) From Exercise 41, part a, —yi + xj is a vector tangent to the circle and pointing in a counterclockwise 


direction = yi — xj is a vector tangent to the circle pointing in a clockwise direction = G = ям. = 5 


is a unit vector tangent to the circle and pointing in a clockwise direction. 


(b G=-F 


43. Тће slope of the line through (x, y) and the origin is x = у = хі + у] is a vector parallel to that line and 


pointing away from the origin Е---ы Ч ; is the unit vector pointing toward the origin. 


ух + 


44. (a) From Exercise 43, — uL is a unit vector through (x, y) pointing toward the origin and we want 


|F| to have magnitude \/х? + y? = F- fe +y?( экол) = xi — yj. 


(b) We want |Е| = хау where C Z 0 is а constant => Е = TE = ( uL) б Е + 4). 
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45. 


46. 


Section 16.2 Vector Fields, Work, Circulation, and Flux 


Yes. The work and area have the same numerical value because work — f. F-dr= 1 yi - dr 


= = || [КО - [i+ $ à J £ j] dt [On the path, y equals f(t)] 

= T f(t) dt = Area under the curve [because f(t) > 0] 

г = xi + yj = xi + Кх)] > т = = і Р(х); Е = NET (xi + yj) has constant magnitude k and points away 
T ‚Чг — kx КУРС) Кх Б КОХ) (х) _ а 2 2 А 

from the origin > F- 5 Лети t Seay V3 OOP k & V X^ + [Ц(х)]*, by the chain rule 


> | F-Tds= f F- ш а= fx x? НОР dx = к [V + ОО, 
= k (v/b? + [f(b)]? — а? + [f(a)]”) , as claimed. 


Е = —41 + 80) + 2k and 4 =1+24 > F- 4 = 128 = Flow Г 128 dt = [36]; = 48 


47. 
1 
48. Е = 122} + 9k and € = 3j +4к = Е. = 72€ > Flow f 722 dt = [248] = 24 
49. Е = (cost — sin t)i + (cos ОК and ar = (— sin t)i + (cos ОК = F- г = —sintcost+ 1 
20- сайн [i сов“ 2t (7 = (1+л) – (1+0) = 
50. Е = (—2 sin 01 — (2 cos t)j + 2k апа 4 = (2 sin t)i + (2 cos 0] +2К = Е.Ф = —4 sin? t — 4 cos? (+ 4 = 0 
= Flow = 0 
51. Сі: г = (cos t)i + (sin Ој + К, 0 ctc + = Е = (2 cos 01 + 24 + (2 sin ОК and ЧЕ = (— sin t)i + (cos t)j + К 


52. 


53. 


54. 


= Е. 4 = –2 cos t sin t + 2t cos t + 2 sin t = — sin 21 + 2t cos t + 2 sint 

= Flow, = ЈУ (— sin 2t + 2t cos t+ 2 sin t) dt = Б cos 2t + 2t sin t + 2 cos t — 2 cos t] 5 T as es ый: 

Со: г=ј+2(1-0к,0<1<1 > F—z(1—0j--2kand € = -Zk > Е. = -r 

= Flow, = ЈУ — dt = [-л = —m; 

Сз: r- tc (1-0j,0€t€ 1 > F=2ti+ 201 – Капа € =i-j > Е. =2t 

> Flows = f 2га = [8] 1 — 1 => Circulation = (–1+7)—7+1=0 

Е. Ех ру рр = 2 a+ 9 + Of &, where f(x,y,z) = 1 (x? + у? cx?) > F- = 4(Қг(4))) 


b 
by the chain rule — Circulation — Ї Е. dt = [ 4(Қт(0))) dt = f(r(b)) — f(r(a)). Since C is an entire ellipse, 


r(b) = r(a), thus the Circulation = 0. 


Let x = t be the parameter => y = х? = t? and z = x =t > r= + Cj - tk,0 € t € 1 from (0,0,0) to (1, 1, 1) 


95] 


1 
= € =1+ 24 + Капа = xyi + yj — yzk = ři + 0j – ВК > Е. = 0 +28— 8 =28 = Flow f 28 а 


dt 


1 
2 


(а) F= қу (ху?2) > Е- = 3 94 цас Y + 8: € — Ф@ where f(x, у, 2) = ЭГ" 4. Ета 
2 | (r(t))) dt = f(r(b)) — f(r(a)) = 0 since С is ап entire ellipse. 
0-0) 4 
O) Јов f ^ 2 (куга) dt = куза] 50 = 001 – дара) = -2-1- -3 


1,1,1) 
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55-60. Example CAS commands: 
Maple: 
with( LinearAlgebra );#55 
F := r -> «r[1]*r[2]^6 | 35: 1 111 :12155-2) >; 
r:-t-» < 2*cos(t) | sin(t) >; 


a,b := 0,2*Pi; 

dr := map(diff,r(t),t); # (a) 
F(r(t)); # (b) 
91 := simplify( F(r(t)) . dr ) assuming t::real; # (с) 
42 := Int( q1, t=a..b ); 

уаше( 42); 


Mathematica: (functions and bounds will vary): 
Exercises 55 and 56 use vectors in 2 dimensions 
Clear[x, у, t, f, r, v] 
fix y_]:= (ху, Зх (ху? + 2)} 
(а, b}={0, 27}; 
x[t_]:= 2 Сов[ 
y[t_]:= Sin[t] 
r[t_]:={x[t], У} 
v[t_]:= r'[t] 
integrand= f[x[t], y[t]] . v[t] //Simplify 
Integrate[integrand, (t, a, b}] 
N[%] 


If the integration takes too long or cannot be done, use NIntegrate to integrate numerically. This is suggested for exercises 


57 - 60 that use vectors in 3 dimensions. Be certain to leave spaces between variables to be multiplied. 
Clear[x, у, 7, t, f, г, v] 
f[x_, y_, z_]:= {у фу z Cos[x у z], x? + x z Cos[x у z], z + x y Cos[x у z]} 
(а, b}={0, 27}; 
x[t_]:= 2 Cos[t] 
y[t_]:= 3 Sin[t] 


z[t_]:= 1 
r[t_]:={x[t], УГ, 219) 
v[t_]:= r'[t] 


integrand= f[x[t], y[t],z[t]] . УЧ //Simplify 
NiIntegrate[integrand, (t, a, b}] 


16.3 PATH INDEPENDENCE, POTENTIAL FUNCTIONS, AND CONSERVATIVE FIELDS 


OP _ „ — ON ом _,_ др ON _ , _ ом i 
1. ITX У =, — Conservative 
ОР ON OM OP ON OM 


2. ду ~XCOSZ= g> gz -УС082- бу, бу = 502 = %у — Conservative 


3. БЕ —1=1 ix Not Conservative 4. оч 14-1 p Not Conservative 
5. oN =041= ы = Мог Сопзегуануе 

OP (01. ON OM үү. OP ON _ жей _ OM Н 
6. a = ©= у, № =0= аа дх = 6 зїп у = Әу = Conservative 
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10. 


11. 


12. 


13. 


14. 


15. 


16. 


Section 16.3 Path Independence, Potential Functions, and Conservative Fields 


Я =2х => fx, у, 2) =x? в(у,2) => ЁЁ = 08 = Зу = 20,2) = he) = Кху,2) = х + +В) 


ar h'(z) = 4z h(z = 222 +C = Қх,у,2) = х? + ar + 272 +C 


Я = y+z > x,y,z) = (y+ zx +g) => Я =х+ = ха => # => = иу) = zy +ћ0) 


= К, у,2) = (у + 2)х + zy +ћ0) > & =х+у+  =х%у > Һ()-0- h@=C = (хуу) 
= (у ах - zy +С 


of = ey => Кх,у,2) = xe"? + (у, 2) => 0 = xot + 3 xeyt2z i 0 = f(x,y, 2) 
= xe? + (у) => 6 = 2xe**?* + h'(z) = 2хеу22 => h'(z 20 = Ш) = С = Кху,2) = xe? + С 


2L —ysinz => f(x,y,z) = xy sin z + g(y,Z) > & —xsinz4- $2 —xsinz = 5-0 = g(y,z) = h(z) 
9 


=> f(x,y,z) = ху sin z + К(2) = a = ху cos Z + h'(z) = ху cos z h'(z) = 0 h(z) = С f(x, у, 2) 


= xy sinz + C 


д. a > fayz) = 1 0 (у? + 2) (қу => 2-2 = х + вес (ху) => 8(х,у) 


= (хах — x) + tan (x + у) + Қу) > х,у,2) = 1 In (y? +22) + (x ln x — x) + tan (x + y) + Му) 


= Basta + sec? (х + у) + у) = sec? (х + у) + бр => Му) =0 => hy) = С = f(x,y,z) 


= 51 (у? + 22) + хшх-х + tan (x Фу) + С 


of 2 


Of _ хо -1 2 Og _ 
-- Ly => f(x, y; 2) = (ап (ху) + gy, 2) = ду — DEus t ES = питу + у = у22 


дх 


3 = geese = RD = sin™ (yz) + (2) => Их, у, 2) = tan™ (xy) + зіп”! (yz) + h(z) 
у ноу — У 1 р 1 
= f(x,y,z) = tan^! (ху) + sin“! (yz) + In |z| + C 


Let F(x,y, z) = 2хі + 2yj+2zk = бе = 0 = 8,04 =0= 98,98 =0= 95 = Md +N dy +P dzis 


дв 


953 


exact; 21 = 2х > f(x,y,z) = x! + g(y,z) > 8 = $ = 2у > ил) = y! + hz) = Кху,2) = x! + у? = h(z) 


uo: 
(2,5,- 


(0,0,0) 


6) 
ді h'(z) = 22 hz) =z? +C > f(x,y,z) = х? +y? +z +С = 2x dx + 2y dy + 2z dz 


= f(2,3, —6) — £(0, 0, 0) = 22 + 32 + (—6)? = 49 


Let F(x, у, 2) = yzi + xzj + хук = б =х= NM у ӘР дм 2 p M dx + N dy + P dz is 
exact; gt = у> => f(x, у, 7) = xyz + g(y,Z) = x = xZ + 2 XZ 5 0 8(у,2) = (2) => f(x,y,z) 
= xyz + h(z) = 4 = ху + h'(z) = ху ћ(2) = 0 h(z) = С f(x, у, 7) = xyz + € 


(3,5,0) 
> J yz dx + xz dy + xy dz = f(3, 5,0) — К1, 1,2) = 0 — 2 = –2 


1,1,2) 


Let F(x, у, 2) = 2хуі + (x? — z?) j - 2yzk = = duces ec s cO 


of 


2 д. 


= Мах +N ду + P dz is exact; # = 2ху = f(x,y,z) = х2у--е(у,27) > ЭЕ = х2 + 8 = х2 2 = RS UWL 


> Ox 
of 


2 


С 


=> в(у,2) = —yZ +h(z) => f(x,y,z) = х?у - yz c hz) => 5; = —2у2 + h'(z) = -2у2 => Һ(2)- 0 => h@) 
16 


= Кх, у, 2) = х?у — yz? + С => 


(0,0,0) 


Let F(x, y, 2) = 2хі — у?) – (122) К > 22 =0= 1, дм =0= 8,5 =0= 5 


of де 


(1,2,3) : : 2 
2ху dx + (х? — 22) dy — 2yz dz = Қ1,2,3)- Қ0,0,0) = 2 — 2(3)? = — 


= Мах +N dy + P dz is exact; ot =2x > f(x,y,z) = X? + g(y, z) ду = 5% -у? g(y, z) = — E + h(z) 
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= f(x,y,z) = х? — r +h(z) = ar = Һ(2) = — i => h(z) = —4 tantz +C = f(x, у, х) 
(3,3,1) 
2—У _4tan4z4+C> о 2X dX — У dy — réa dz = 13,3, 1) – £(0,0, 0) 


х2 — 
-(9-2-4-1)-10-0-0)--т 
НИ ЭМ — (0 = 2 ON = cos y cos x = М 


ОР ӘР ON 
Ox? Ox 


17. Let F(x, у, 7) = (sin y cos x)i + (cos y sin x)j +k = z705 UR OF 
st = cos y sin x + 2 


=> M dx + N ду + P dz is exact; 2 = sin y cosx = f(x,y,z) = sin y sin x + g(y,z) > ду = 


= сову sin X = 5 =0 = g(yZ) —h(z) = f(x,y,z) = sin y sin x + h(z) a Ю(2) = 1 h(z) =z+C 


(0,1,1) 
=> f(x,y,z) = sin y sin x + z + (С = хэй sin y cos x dx + cos y sin x dy + dz = КО, 1, 1) — f(1,0,0) 


=(0+1)-(0+0)=1 


18. Let F(x,y, 2) = (2 cos y)i + (1 — 2x зїп у) j+ (2) k = à =0= 5,5 =0= 4%, 99 = —25ту= % 
8 = —2х siny + 5 


=> M dx + N ду + P dz is exact; 2 = 2 cos y = f(x,y,z) = 2x cos y + g(y,z) = 
=у- 2х віп у = =: = g(y,z) = ln |y| + h(z) = f(x,y,z) = 2x cos y + In |у| + h(z) = Sogl 


= >) = р |z| +C = f(x, y, 2) = 2x cos y + In |y| + In |z| + C 


(1,/2,2) : * 
2 2 cos y dx + (1 — 2x sin y) dy + 1 dz = f (1, 2,2) — 0,2,1) 
= (2-0+In § + In2) – (0-cos2--In2—-1n 1) = 1n 7 
19. Let F(x, уул) = 321+ (4) + 02 пук > 2 = 2 = 21, 2м -o- 8, – 0 = 2M 
ЕЕ  gy,2-2z шу) 


=> М dx + № dy + P dz is exact; 31 = 3х2 => f(x,y,z) = x? + g(y, z) бу = 52 = 5 
a — 22 lny + (2) = 22 шу = h'(z) = 0 h(z) = С f(x, y, 7) 


=> f(x, y, z) = х? + 22 In y - h(z) > 5, 


(1,23) 
= х + 2 пу+С = n 3x? dx + = ду +2zIny dz = f(1,2,3) — 1,1,1) 


-(1-9112--0О-(1--0--ОС) 291n2 


20. Let F(x, у,2) = (2x ш y – yzi + (8 — xz) j – (хук = a = x = 2N, Moya? ON = 2 А 
=> M dx + N ду + P dz is exact; 2 = 2x In y — yz => f(x,y,z) = х? In y — xyz + 2(у,2) > a = = xz + 95 
= — ха => $$ = 0 => gly,z) = ћ0) = f(x,y,z) = х? In y — xyz + h(z) = а = —xy + h'(z) —ху = (2) = 0 
(2,1,1) 
> Қ2)- С > f(x,y,z) = х? ln y — xyz + C => - (2x In y — yz) dx + (= - xz) dy — xy dz 
-10,1,1)-41,2,1)-(411-2-0)-022-2-0)--12 
21. ТегЕбх,у,2) = ү ы ү се 81, ыы тыы е. 
= M dx + N ду + P dz is exact; 51 = 1 = f(x,y,z) = + + 2(у,2) = A = 2+9 = 1 + 
а= 5 (0) = – 5 > (0) = 0 > һб) = С 


Z +h) => Кх,у, 2) = у + ; +h) > = 
(1-3) ду – У dz = £(2,2,2) - £,1,) = (2+2 +0) - (14-14 C) 


> $=) = gly,z) 


(2,2,2) 
= ХҮ 1 
= f&,y,z) ао 27 у 4х + 7 
= 0 
— 2хі + 2уј + 272 Р ЖЕНЕ); 2 2 др х др у Әр 2 
22. Let Fx, уул) = SAHA (and let p =x +y +2 I By = a? У 
OP __ 4у2 _ ом OM __ 4xz | OP ON _ Аху _ ом A " 
za r aa o Өк нийг Зай => Мах +N dy + P dz is exact; 
Of _ 2 = 2 2 2 of _ 2 Og _ 2: 
& = рути = Ку) = ln(x фу +2) gyz) => бу = тура + = Faye 
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= 5-0 = g(yz -h(z => f(x,y,z) = In (x? + у? +72) Ы) => É = h'(z) 


ху +2? 
h'(z) = 0 h(z = С = Кх,у, 2) = а (x? +y? +22) +С 


— 2z 
T х2 +у? +22 


(222) х ах 2. dz 
> а келын = f(2,2,2) — £(—1,—1,-1) = In 12 — In3 = In4 


23. r2 6 +] +) t + 2] 2k) = (12- 0i - (1--20j +] 20k, 0 <1<1 > dx= dt, dy = 2 dt, dz = —2 dt 
(2,3,-1 


) 1 | 1 
ли ydx +xdy+4dz= | Qe Dat 1240 +42) а= | (&- 5) dt = pe — 5], = -3 


(0,3,4) 2 
24. r=t(3j+4k),0<t<1 => dx = 0, dy = 3 dt, dz = 4 dt > x! dx + yz dy ($) dz 


(0,0,0) 
| 2 1 
= J, (12) (389 + (22) (44) = | 542 dt = [182], = 18 
P .Q _ 9N OM _ 5, . др ON _(_ 0M | . . 
25. 5; = 0— 9, 5, = 22 = 5х, -0- GB > Mdx+Ndy +P dzis exact => Е is conservative 
— path independence 


26 OP — yz — ОМ OM _ XZ — OP ON _ xy — 0M 
` ду (уљу +”) 927 д (уљу +) 0х’ Әк (Vety +z) 9v 
=> M dx + N dy + P dz is exact => Е is conservative => path independence 


ОР (д OM __ OP ON _ 2х _ ом 
27. y 505 за бе = y ^ ду 


х x? Е х? -x 
ЖЕ = Қыу- +80) = = 6 (у) = = Ву) = у > 50 Е-УЧС 


= F is conservative => there exists ап f so that F = Vf; 


2 2 _ 
> у-5-1-с-Е- у (#1) 
28 » = COS Z = ON ом =0= ӨР, A = = = 23 = F is conservative => there exists an f so that F = Vf; 
f f x Og ёо үрд да 02. 
2 = епу = f(x,y,z) = ех Iln y + 0(у, 2) => = = roe = E +sinz => 5, —sinz => g(y, Z) 


= y sin z + h(z) = f(x,y,z)=e*Iny+ysinz+h(z) = 9 = y cos 2 + h'(z) = y cos z = Һ/(2)- 0 


= Қ2)- С = fx, у, 2) = е Іпу--увіп2--С-» F= y (ех Һу +y sinz) 


OP _ п _ ON OM үү. OP ON _ 1 _ ом 
Som Uia ОИ 
Of Of 


Е = х2 фу = Қх,у,2) = $x? +ху + в(у,2) => d =х+ 2 = Ух = Ф = у? = gyz) = Fy? +h) 


= f(x,y,z) = ix! + ху + Fy? +ћ0) аг = (2) = ze h(z) = зе — е + С > f(x,y,z) 
= ix + ху + iy? + 72: — e +C => Е = у (1х? + ху + іу? + 16: — е) 


B B z cx 
(а) work = f, Е-®Ж а= f, F-ar- [159 + xy + Ly? а e] Goo = 
-1 


Е is conservative = there exists ап f so Һа Е = Vf; 


(1+0+0+е-е) —-(4+0+0-1) 


B 

(b) work = f. F - dr = [į x? + ху + jy? + ze” — e] 1 =1 
В 

(c) work = f. F - dr = [į x? + ху cy? + ze” — e] E e 


B 
Note: Since F is conservative, f. Е. dr is independent of the path from (1, 0, 0) to (1,0, 1). 
30. » = xe" + хуле»? + cos y = өх ; P = уе»? = ОР , ах = ze” = us = Fisconservative => there exists an f so 
that F = Vf; gt = e => f(x,y,z) = хе» + g(y,z) => a = хлеу“ + i = хлеу“ + 7 сову > 5 = 7 сову 
=> о(у,7) = 2 5ту + 102) = f(x,y,z) = хе“ + z sin y + h(z) = ar = хус! + sin y + h'(z) = xye”” + sin y 
> (х) = 0 (х) = С Қх, у, 2) = хе“ + хзпу +С = Е = 7 (xe* + 7 чп y) 
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31. 


32. 


33. 


34. 


35: 


36. 


37. 


В 
(а) wok = f. Е. dr = [xe”” + z sin y] “= (1+0) — (1+0) = 


В 
(b) wok = | F-dr- [xe + z sin y] nodes 


€) work = f? Pode per cin]? -0 


Note: Since F is conservative, f. F - dr is independent of the path from (1, 0, 1) to (1, 5, 0) : 
(а) F= y (xy?) = Е = 3х?у21 + 2х3у} ; let C4 be the path Кот (—1, 1) to (0,0) => x = (— 1 and 
y=-t+1,0<t<1 = F-3(t- 1(-t- 1)21 +24 - 1?(-t4- Dj = ЗЕ— 1) 2(t — 134 
1 
andr = (t- Di (t+ Dj > dr аі ај > | F-dr = Ј Be- D +26– D] dt 


1 
= f 5(t — 1)* dt = [(t — 15] 5 = 1; let С, be the path from (0, 0) to (1,1) = х = tand y =t, 


1 
0<1<1 = Е= 31 + 2] ава к = ti > dr; = ди +ау > f. F-dr = f (38420) at 
1 
юм 4 2-3 = ша 
= f st dt=1 = J F-dar= foF-dr + F-dr =2 


вв беса 


(b) Since f(x, у) = xy? is a potential function for F, сал 


ӘР _ aN OM _ ӨР ON || 5. an М . : : 22 : 
ду = 0 = Эл, а = 0 = Ox = 2x sin y = ду = F is conservative = there exists ап f so that F = Vf; 


дЕ = 2x cos y = f(x,y,z) = х? сову  g(y,zZ) > ac sin y + 28 = —х? siny > 5-0 => g(y,z) = h(z) 


=> f(x, у, 2) = x? сову + h(z) a h'(z) = 0 h(z) = С f(x,y,z) = xcosy +С = Е = y (x? cos y) 
(а) | 2х cos y dx — x? sin y dy = [x? созу] у =O-1=-1 
(b) | 2x cos у dx — x? sin y dy = [x? cos y] ) і-1-(-)-2 


(0,1 
(1 
(1,0 
(-1,т 
(с) | 2х cos у dx — x? sin у dy = [x? cos у] ©, =1-1=0 
(1,0 
(1,0) = 


(d) | 2x cos у dx — x? sin у dy = [x? cos y] (1 )=1—1=0 
(a) If the differential form is exact, then ЭР ov = 5 = 2ау =cyforally = 2а = с, өм x 2cx — 2cx for 
all x, and оч = p» => by = 2ay forall y = b = 2a and c = 2a 


(b F= vf = the differential form with a = 1 in part (a) is exact => b = 2 and c = 2 


(ул) (x,y,z) " 
F= yf 5 (х, уу)- T F-dr= Је v f- dr = f(x,y,z) — 0,0,0) => 9% = 2 — 0, 22 = Æ — 0, and 


дв = = a үу g= Vi=F, as claimed 


The path will not matter; the work along any path will be the same because the field is conservative. 
The field is not conservative, for otherwise the work would be the same along C; and C». 


Let the coordinates of points А and B be (хд, ya, ZA) and (хв, ув, Zp), respectively. The force Е = ai + bj + ck is 
conservative because all the partial derivatives of M, N, and P are zero. Therefore, the potential function is 
f(x, y, 2) = ax + by + ez + C, and the work done by the force in moving a particle along any path from A to B is 
КВ) — КА) = f (xa, ув, ZB) — КХА, Ул, ZA) = (ахв + byg + czg + C) — (ахд + Бул + cza + C) 

— 
= а(хв — ха) + Б(ув — уд) + с(7в — Za) = Е: ВА 
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38. (а) Let -GmM = С > F=C Imi атары ата 3 
Нээсэн әш 
some f; ot = ae => fx, y,z) = – Шот tgy2- o = ae Л де 
Е сату сауа т 5 ded x S 2 = бату аут th = СЕТЕДІ 
> х) = Сі = Қх,у,7)-- КЕТЕР +С. [её Ст =0 = х, у, 2) = aaa is a potential 


function for F. 
(b) If is the distance of (x, у, 2) from the origin, then s = \/x? + y? + 72. The work done by the gravitational field 


Р, 
Fis work = | F-dr- | 


Р, 


GmM — GmM _ GmM — їй А | 
VETE =| " ҒА m GmM (2 1) ‚ аз claimed. 


16.4 GREEN'S THEOREM IN THE PLANE 


1. М = -y = —a sin t, N = x = a cos t, dx = —a sin t dt, dy = a cos t dt ом 0, 9М 1, & = 1, and 
ON п. 
go 


2m 2n 
Equation (3): $. Mdy Мах = | [a sin (a cos t) — (а cos t)(—a sin t)] dt = | 0 dt = 0; 
ЈА] (48 + 98) ахау = 119 dx ду = 0, Flux 

2n 27 
Equation (4): 4 M dx 4- Мау = Ї [(—a sin t)(—a sin t) — (a cos t)(a cos t)] dt — f a? dt = 2ла?; 


Ї/ (2х – ём) акау = f | ауак= Га a — x? dx = 4 [3 a? — x? + © sin! 1 
R a -с -а 


-а 


= 2a? (7 + т) = 2а2т, Circulation 


2. М = у= asint, М = 0, dx = —a sin t dt, ду = a cos t dt = 0, o 1, 2% 0, and SY = 0; 


Equation (3): $. М dy — N dx = Ја sin t cos t dt = a? [1 sin? (| i = 0; ІП 0 dx dy = 0, Flux 
R 


2т D т 
Equation (4): 4. M dx 4- N dy = Ї (—a? sin? t) dt = —a? [1 21 = —ла?; ШЕ = a) dx dy 
R 


= Jf —1 dx dy = 177 —гагаб = | = = 40 = -та?, Circulation 
R 


3. М = 2x = 2асоѕ t, М = —3y = —3asint, dx = —asint dt, dy = a cos t dt ом — 2 0M 0, 9% 0, and 


Ox > ду 
ӘМ _ 4. 
ay = –% 


2n 


Equation (3): $. М dy — N dx = Ј [Qa cos (a cos t) + Ga sin 0(-а sin 0] dt 


= f o» cos? t — 3a? sin? t) dt = 232 [+ + sin 21] Е За? E sin 2] ч = 2na? — Зла? = —та?; 
2т а 27 8 
ом | дому — m Ш “ЭРЭН 8 
СА? =ff-1axay= J, f –тагад = f — = 90 = —па?, Flux 
Equation (4): 4 М dx + N dy = ЇГ | ба cos t)(—a sin t) + (—3a sin t)(a сов 0] dt 


= f, (22 sin t cos t — За? sin t cos t) dt = —52? [4 sin? t] | = 0; 11 0 dx dy = 0, Circulation 
R 


4. = —x’y = —а3 cos? t, N = xy? = a? cos t sin? t, dx = —a sin t dt, dy = a cos t dt 
ом _ ом _ _„2 ӘМ — 2 aN _ эу. 
= 5 = 2ху, 5, = X, бу = У, and ӯу = 2xy; 


27 


2n 


Equation (3): 4 М dy – Мах = Г (-а! cos? Е sin t а“ cos tsin?t) = Е сов 1 8034 — 0; 
0 
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NIC: a ах) ахау = f | (—2xy + 2xy) dx dy = 0, Flux 
R R 
Equation (4): $. М dx + Мау = fo cos? t sin? t + af cos? t sin? t) dt = Ті (2a* cos? t sin? t) dt 
ш 4 2 4 Г“. а! Ги sin 2u 47 та! 
= ада 5 Два е р set = зе (ш.м) акау = f | (у +) акау 
R R 


2л ра Qn 4 А | 2 
- f f r? - r drd = f « 40 = та ‚ Circulation 
0 0 0 


1 1 
ом ом ON ON : 
5 М-х-у,М-у-х Эх 1, ду 1, Ax = „у=! Fux f [24% = ] f 2ахау =>: 


Circ = f f 1-1- C 01axay =0 
R 


6. МЕХ? +4у, N ox y! => 9M = 2х, M = 4, 28 =1, 28 =2у > Вих = | f ох + 2у) хау 
R 
1 1 1 1 
= f, f (x +2y) ахау = f, p + 2ху] уду = | (1 29 dy = [у фу] = 2; Сис = | f  — 4) ахау 
R 


= f, f, 3 àxay = -3 


7. Mo y! - x N o xd +y? => M = —2х, M = ду, I = 2x, 81 = 2y > Flux = | | (-2х + 2y) ахду 
R 


= f Го + 2y) dy dx = f 2 +x?) dx = [- 1x3] = –9; Сис = [1] (Ох — 2у) ахау 


= ЈУ Гох – зуу ауа = | х°ах=9 


8. М=х+у, М = - (2 +92) => M = 1, 9M = 1, 8 = 2x, N = oy > Fux = | | ü- 2 dxdy 
R 


= f Га -20ayàx = f(x х2) dx = 1: Cire = f f (-2х - пахау = ЈУ f 72x – 1) дуах 


R 


9. М-ху-у,М-х-у ом у, % x + 2y, 2N Lx -1 Ешх f f (у +(–1)) ayax 
R 
1 х 1 
= Гу) ауа f (Ix- у bt +22) dx = =; Сис = | f (1 — (x +2y)) dy dx 
R 


= ЈУ а хоу) ayax = ЈУ(ух- за хэ эд зэ dx - J 


10. M=x+3y,N=2x—-y = 9M = 1, 9M 23, 21 22, М = 1 > Flux= f | (1+(-1)) dydx =0 
R 


. М pV- М2 j 
Cie = f f (2-3) vex = f paf rs С1) в = —% .5V2 - xi dx = - n /2 


11. М = х?у2, N 1хіу 9М 3x y. M = 2x°y, oN = 2х?у, ры = ix* => Flux = JJ (3х2у? + Ix?) dy dx 


= ГГ (ве + ix*) dydx = Го — 1х6 + 3х7 — x8) ах = S ; Сие = INI (2хЗу — 2x? y) dy dx = 0 
R 
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23035 рї ОМ _ 1 дм _ -2ху ӨМ aN 1 
12. M= тёз, М = (апу > M = rb M = та, -0, 91 = > Fux NECI тір) dx dy 
баүг-у -2х 
= Г. (ит, гал dxdy = | SEF dx = 4n /2 — 4n; cie = f f (07 (s x =)) ду ах 
1 
= [ f са =) dydx = f (0)4х-0 
13. М = х + æ sin y, N = x + e* cosy = ӘМ = 1+ e siny, 9м = e cos у, ÔN = 1 + ех cos y, 5 = —е* sin y 
Усов 20 = m т/4 1. 
> Fux = f f axay = f, f г dr dô = (Л (5 сов 20) 99 = [i sin 20] ' ої 
еи 1 + ех сову – е“ cos y) axay = J faray = ГД "ей arao = |" 4(1 cos 26) 40 = 1 
14. М = tan"! тэл =ш (x? + У") => 5 - xy Ы 5 == у ? A ын sis d o = zl 
— 2 Г? rsin 0 ШЕ с 
- Pix = S (я + =) ахау = f f (829) rarae = |/яп040- 2; 
т 2 т 
х = гсов 9 нг 2 
Сис = f f (23 Ty =>) dx dy [ (1599) гагав = |Гсов040-0 
15. М = xy, N = у? = May, M =х ON = 0, ON = у > Flux Лот = ГТ, 3y dy dx 
Е , дх ? ду > дх ? ду 0 Ух 
1 
= f (s - ја Eel О -xdydx = f f^ эзе УИ 
16. М = -sin y, N = x сову ом 0 N cos у, А = cos у, 95 = —xsiny 
: т/2 рт/2 | т/2 ЕЕЕ =) 
=> Flux = J f Cx siny dxdy = J, Т (=x sin y) dxdy = f. (-% sin y) ду=— 5; 
. т/2 рт/2 m 
Cire = f f leos y – C со y)] dxdy = f, f 2cosydxdy = |” 7 cos y dy = [п sin y]; Pog 
E x — ех 5 ом _ 1 дм _1 
17. Ui ai + ап! у = ак = ЗУ Dy» ЭТУ 
2x pa(l+cosé) 
= Flux = J f (3y - ; туу + i) ахау = f f3yaxay= J, Г (3r sin 0) r dr dO 
-Г Мо а fa asp" = —4а3 — (-433) = 0 
0 
= x Е. OM _ ех ON _ е M е ёс = 
18. М=у+ешу,М= ® = (Moi, g, Ме = сие = Ј] | - (14 $)] ахау = f f CD ахау 
1 p3-x 1 . 1 
ZI -dydx- - | (8-33 - (“+ јак = | 6x -2) ax – 8 
19. М = 2ху?, М = 4x?y? M бху?, 5 = gxy? work ф ху? dx + 4x?y? dy = J ху" – бху?) dx dy 
1 рх! 1 
= [| 2ху? dydx = | 2х94х-2 
20. М = 4x — 2y, N 22x - 4y = о ce N =2 = work = $. (Ax — 2y) dx + Ох – 4y) dy 


= =" J [2-(-2)] ахау = 4 2; J dx dy = 4(Area of the circle) = 4(7 - 4) = 167 
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21. 


22. 


23. 


24. 


25: 


26. 


27. 


28. 


29. 


30. 


M=y’,N=x? E 2y, 9% = 2x ф y? dx + х dy = | [Ох - 2y) dy dx 
R 


1 1-х 1 
= f Г QCx-2p9áyáx- | (—3x? + 4x — 1) dx = [- +252 х] = -142- 1-0 


М =3y,N=2x = M=3,N=2 > f3y dx + 2x dy = ff 2-3) акау = Јо f (буа 


= – J" sinx dx = –2 


М = 6y+x,N=y+2x = M=6,N=2 $. бу +x) dx + (у + 20 dy = f fC- ауа 


= —4(Агеа of the circle) = —167 


M 22x +у?, N = 2ху +3y = M=2y, N= 2y = ф (2х + y!) dx + Qxy + Зу) dy = f f Qy — 2y) dxdy =0 
R 


M=x=acost,N=y=asint > dx —asint dt, dy = acostdt > Area = 1 ф x dy — y dx 


=} : (a? cos? t + a? sin? t) d — | a? dt = ла? 


M=x=acost,N=y=bDsint dx —a sin tdt, ду = bcostdt — Area = } ф x dy — y dx 


> 
3 


2n 
, (ab cos” t+ ab sin? t) dt = 5 f ab dt = тар 


2 


М =x = cost, N = y = sint dx = —3 cos? t sin t dt, dy = 3 sin? t cos t dt > Area = 1% x dy — y dx 


2 


2n 27 2n Ал 
22 2 2 2.2 — 1 12 2 23 142 23 12 
о (3 sin’ t cos" t) (cos"t + sin” t) dt = Ї (3 sin” t cos да-21 sin х&= = |, sin? u du 
Ат 3 
8 


=h- li = фт 


С: М=х=ьМ =y = 0 > dx = dt, ду = 0; C2: М =x = (27 — t) – sin(2a — t) = 2r — t + sint, N = y 
= 1 — cos(2r — t) = 1 — cost => dx = (cost — 1) dt, dy = sint dt 


= Area = 1ф x dy -ydx — 14. хау—уах +1 xdy—ydx 
Ст 27 27 
= if (0)dt + af [(2лт — t + sint)(sint) — (1 — cost) (cost — 1)] dt = = (2 сов + tsint — 2 — 2r sint) dt 


--і [3sint — tcost — 2t — 2r cost]? = Зл 


(а) М= к), = ву) = М = 0,2 =0 = $ Қ) dx +20) dy = f f (3 - ём) ахау = [f 0 dx dy = 0 


b) M=ky,N=bx > M =k, =ћ $ ky ax tix dy = SS ( 38) ху 


= f f (h — 10 ахау = (h — Ю(Агеа of the region) 
R 


М = ху?, М=х?у+2х > M = Oxy, 58 = 2ху +2 = ф ху? dx + (x°y + 2х) dy = f f (38 — 8) dx dy 
R 


= ІП (2xy + 2 — 2ху) dx dy = 2 Ї/ dx ду = 2 times the area of the square 
R R 
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31. 


32. 


33. 


34. 


35. 


36. 


37. 


38. 


39. 


Section 16.4 Green's Theorem іп the Plane 


The integral is 0 for any simple closed plane curve C. The reasoning: By the tangential form of Green's 


Theorem, with M = 4x?y and N = х“, фазу dx + xf ду = Ї/ [2 - 2. (4х3у)| ахау 
R 

= |] (4x? — 4x?) ахау =0. 

R ——— 


0 


The integral is 0 for any simple closed curve C. The reasoning: By the normal form of Green's theorem, with 
М = x? and М = —y?, $. —у? ду + x? ах = T % (-у3)- 2. 2) dx dy = 0. 
К = —— 
0 0 
Let M=xandN=0 > 2M = 1апа =0 = фмау-м&= ff (5 +) ахау > хау 


=] (1 + 0) dxdy = Area of = | [ахау = $. x dy: similarly, М = y and N = 0 = 5 = 1 and 


oN —0 = фма+ма= (+) dydx > $. y dx = f f ©- рух > — $ ydx 


= J ахау = Area of R 
R 


b 
1 f(x) dx = Area of R = -$ y dx, from Exercise 33 


Ш M. JJ x б(х,у) dA E xdA JJ xdA Е 
Let 6(х, у) = 1 = х= м “2 = Так e = Ах = JJ xdA= JJ (x + 0) dx dy 
R 


= ф $ dy, Ax = [f xda = f f (0+ x) dxdy = — $ ху dx, and Ax = | | хад = f f (2х + ix) dx dy 
R R с R R 


= iX dy — ixydx = 1ф x? dy = - $. xy dx = 1 $. x? dy — xy dx = Ах 


60у) = 1, езі, = / | x y dA = | хал =] (x? +0) dydx = 1 ф x^ dy, 
| Келме JJ ( 0 + x? ) ayax Я ува ГГ xè dA = ISG 3241 ix ) dy dx 


= $. эт" Үгэн = vmm 


961 


af дї OM _ ӘЖ ON _ _ OT af 2 at Ӧ _ f — 
M ду? М Эх ду a? oe — ба = ах х dy = = J, f (- 5g 81) dx dy = 0 for such curves С 


с ду 


М-іжху-іу,М-х = M = Ту, Nols Curl = 9 — 84 =1- (ix +?) > 0 in the interior of the 


дх 


ellipse 1 х + у? = 1 > work = ЇЕ -dr = ЇЇ 1- 1 x? — у 2) dx dy will be maximized on the region 
R 


В = ((x, y) |curl F} > 0 or over the region enclosed by 1 = 1 х? +y? 


(а) wvf- (258 IE (= )i > М = ES ‚М = эх ; since M, N are discontinuous at (0, 0), we 


compute f. 57 f - n ds directly since Green's Theorem does not apply. Let x = a cos t, у = a sin t > dx = —a sint dt, 


ду =acostdt,M = 2 cos t, N = 2 sint,0 < t € 2л, so |, xz f-nds— | Mdy- Мах 


= =f K 2 cos t) (a cos t) — (2 sin t) (—a sin t) }dt = 14 2(cos? t + sin? t)dt = 47. Note that this holds for any 
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40. 


41. 


42. 


а > 0,so f. V f- nds = 4r for any circle C centered at (0, 0) traversed counterclockwise and f. J f-nds = 


if C is traversed clockwise. 


(b) If K does not enclose the point (0, 0) we „ км Green's Theorem: Ї у f-nds = T M dy — N dx 


s 


= [JR ж) акау = [fJ (S usd e y -2) Фау чыке 0. If K does enclose the point 


(x? + у?) (х2 + 
(0, 0) we proceed as follows: 
Choose a small enough so that the circle C centered at (0, 0) of radius a lies entirely within K. Green's Theorem 


applies to the region R that lies between K and C. Thus, as before, 0 — f 1 (9 + a) dx dy 
R 


= f ^ М dy – N dx + f. M dy — N dx where K is traversed counterclockwise and C is traversed clockwise. 


Hence by part (a) 0 = | | M dy — Мах - Ап => Ат = | May —Nadx = Ј ҳу f-n ds. We have shown: 


| f.nds— 40 1-0,0) lies inside К 
ii © |4т if(0,0)lies outside К 


Assume a particle has a closed trajectory in R and let Сі be the path = Сі encloses a simply connected region 


Кі = CG; is a simple closed curve. Then the flux over R; is $. F - nds = 0, since the velocity vectors Е are 
tangent to Cj. Виг0 = $. F-nds— $. мау мах = f f (М + 23) ахау = М, +N, = 0, which is a 
2! 1 Ri 


contradiction. Therefore, Сі cannot be a closed trajectory. 


20) 5 2(y) d 
[o> & ахау = N90.) – Neo. = ЈУ ЈУ“ (Bax) ду = Ј“ NeW), у) — Ney). y) dy 


= fex». ду – f! Nei). dy = f меб у) ay + ЈУ Nei. dy = f Nay - f. Nay 


= $. dy > фмау- J [8 акау 


The curl of a conservative two-dimensional field is zero. The reasoning: A two-dimensional field F = Mi + Nj 
can be considered to be the restriction to the xy-plane of a three-dimensional field whose k component is zero, 


and whose i and j components are independent of z. For such a age to ou conservative, we must have 


оч = = ом у ОУ the component test in Section 16.3 = curl F = дм = SU = 0). 


дх 


43-46. Example CAS commands: 


Maple: 
with( plots );#43 
= (х,у) -> 2*x-y; 
= (x,y) -> x43*y; 
С := x42 + 4*у^2 = 4; 
implicitplot( C, x=-2..2, y=-2..2, scaling=constrained, title="#43(a) (Section 16.4)" ); 


curlF_k := D[1](N) - D[2](M): # (b) 
‘curlF_k' = curlF_k(x,y); 
top,bot := solve( C, у ); # (с) 


left,right := -2, 2; 
91 := Int( Int( curlF. k(x,y), y=bot..top ), x-left..right ); 
value( ql ); 

Mathematica: (functions and bounds will vary) 


The ImplicitPlot command will be useful for 43 and 44, but is not needed for 43 and 44. In 44, the equation of the line 


from (0, 4) to (2, 0) must be determined first. 
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Clear[x, y, f] 

<<Graphics ImplicitPlot 

f[x_, y_]:= (2x — у, x + 3y} 

curve- x? + Дуг 2-4 

ImplicitPlot[curve, (x, —3, З (у, —2, 2), AspectRatio — Automatic, AxesLabel — (x, у} |; 
ybounds= Solve[curve, y] 

(УІ, y2}=y/.ybounds; 

integrand:=D[f[x,y][[2]], x] — О х,у, y]//Simplify 

Integrate[integrand, {x, —2, 2}, {y, yl, y2}] 

N[%] 


Bounds for y are determined differently in 45 and 46. In 46, note equation of the line from (0, 4) to (2, 0). 
Clear[x, y, f] 
Їїх. y_]:= (x Exply], 4х? Logly]} 
ybound = 4 — 2x 
Plot[{0, ybound}, {x, 0,2. 1}, AspectRatio — Automatic, AxesLabel — {x, y}]; 
integrand:=D[f[x, y][[2]], x] — ОЁХ, УШ, y]//Simplify 
Integrate[integrand, (x, 0, 2), (у, 0, ybound}] 
N[%] 


16.5 SURFACES AND AREA 


1. In cylindrical coordinates, let x = г cos 0, у = r sin 0, z = (V х? + y) =r’. Then га, 0) = (т cos 0 + (т sin 0)j + °k, 
0 <г< 2,0 <9< 2м. 


2. In cylindrical coordinates, let x = r cos 6, y = r sin 0,7 = 9 — x? — y? = 9 — г. Then 
г(г, 0) = (r соз Ө)ї + (т sin Oj + (9 – г) К;220 > 9—7>0 > 2<9 = –3 <г<3,0<0 < 2r. But 
—3 < r < 0 gives the same points as 0 < r 3, solet 0 < r < 3. 


221. | Е mM ENT 2” 7 Е 2 
3. In cylindrical coordinates, let x = r cos 9, у = r sin 6,7 = NX = 7 = 5. Then га, 0) = (г cos 0)i + (г sin 0)j + ( 


гүк. 
5) 
For0<z<3,0< 1 <3 = 0 <r < 6; to get only the first octant, let < 0 < t 


4. In cylindrical coordinates, let x = г cos 6, у = r sin 0,7 —24/x? + y? => z —2r. Then 
r(r, 0) = (r сов 0)i + (т sin 0)ј + 2rk. For2 < z < 4,2 < 2r <4 = 1 <г< 2, апі1еі0 < 0 < 2r. 


5. In cylindrical coordinates, let x = r cos 0, у = r sin 0; since x? + y? = г => 72 = 9 — (x? y?) = 9 – г 
= 7 = /У9—12,7 > 0. Then ка, 0) = (r cos 0)i + (т sin 0)j + у 9 — ?k. Гего < 0 < 27. For the domain 
ofr: z= fx? + у? and? + у? + 2-9 = х? + у? + (x Бу) =9 => 2(x +y’) =9 => 22 =9 


25:38. 3. 
di а ОЕ о: 


6. In cylindrical coordinates, r(r, 0) = (r cos 0)і + (г sin 0)j + vV 4 — 12 К (see Exercise 5 above with x? + y? + 22 = 4, 
instead of x? + y? + z? = 9). For the first octant, let 0 < 0 < 7. For the domain of r: z = yx? + y? and 
HYE S=4 > +y (VEFA =4 > 2y?) 4 2r? = 4 r= V2. Thus, let /2 <r <2 


(to get the portion of the sphere between the cone and the xy-plane). 
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7. In spherical coordinates, x = p sin Ф cos 0, у = p sin ф sin Ө, p = \/х? + у? + 22 == р= уз 
= z = УЗ cos ф Гог the sphere; z = 2 = 4/3 cos ф сов Ф i ф- 4:7 Уз УЗ = \/3 совф 
cos ф -1 ф т, Then r(¢ġ, 0) = (УЗ sin ф cos 0) i+ (V3 sin ó sin Ө) j + (УЗ cos д) к, 


$ <<% and0 <6 < 2r. 


8. In spherical coordinates, x = р sin ф cos 0, y = p sin ф sin 0, p = \/x2 + y? + 22 р? = 8 о = у8 = 24/2 
=> х= 22 sin Ф cos 9, y = 22 sin ф sin 0, and 7 = 22 cos ф. Thus let 
r($,0) = (2 2 sin ф cos Ө) i+ (2/2 sin à sin 0) j + (2 2со0)К:2- —2 = –2 = 2 2 совф 


> cos ф я ф-35;7 25/2 > 2/2 2 2 сов ф => с05ф=1 = ф = 0. Тив0<0< 27 and 


0 € 0 € 2m. 


9. Since z = 4 — y?, we can let г be a function of x and y => r(x, y) = xi + yj + (4 — у?) К. Then z = 0 
> 0-4-у? > y= +2. Thus, let —2 < y < 2and0 < x <2. 


10. Since у = x”, we can let г be a function of x and z => r(x,z) = хі + x?j + zk. Then y = 2 
2 
» Х 2 x + 4/2. Thus, let —\/2 € x < \/2and0 < z <3. 


11. When x = 0, let у? + z? = 9 be the circular section in the yz-plane. Use polar coordinates in the yz-plane 
= у = 3с050 and z = 3 sin 0. Thus let x = u and 0 = v => r(u,v) = ui + (3 cos v)j + (3 sin v)k where 
0<<3,апа0<у<2л. 


12. When у = 0, let x? + z? = 4 be the circular section in the xz-plane. Use polar coordinates in the xz-plane 
= х = 2 соз 0 апа z = 2 sin 0. Thus let y = u and 0 = v => r(u,v) = (2cos v)i + uj + (3 sin v)k where 
—2 < u € 2, and 0 € v < m (since we want the portion above the xy-plane). 


13. (a х фу +2 = 1 = 2 = 1 – х – у. Incylindrical coordinates, let x = т cos 9 and y = r sin 0 
= 7 = l — r cos 9 — r sin 0 => r(r,0) = (т cos 0)i + (rsin O)j + (1 — r cos 0 —rsin O)k, 0 < 0 < 27 and 
0 <г< 3. 
In a fashion similar to cylindrical coordinates, but working in the yz-plane instead of the xy-plane, let 
у = и сову, Z = u sin v where и = му +z and v is the angle formed by (х, у, 7), (х, 0, 0), and (x, у, 0) 
with (x,0,0) as vertex. 5шсех-у-7-1ї-Х-1-у-7- x= 1 – исозу—ичпу, thenrisa 
function of и and у = r(u,v) = (1 — u cos v — u sin УМ + (и cos v)j + (u sin УК, 0 < u € Запад € v < 2m. 


(b 


ши 


14. (а) Ina fashion similar to cylindrical coordinates, but working in the xz-plane instead of the xy-plane, let 

x = u cos У, Z = u sin v where и = y x? + z? and v is the angle formed by (x, y, z), (у, 0, 0), and (x, y, 0) 
with vertex (y,0,0). Since x —-y+2z=2 = y = x + 2z — 2, then r(u, v) 

= (u cos v)i + (u cos v + 2u sin v — 2)j + (u sin )k,0 < u < УЗ апа 0 < у < 2л. 

In a fashion similar to cylindrical coordinates, but working in the yz-plane instead of the xy-plane, let 

у = и сову, Z = и sin v where u = му +z and v is the angle formed Бу (x, у, 7), (х, 0, 0), and (x, у, 0) 
with vertex (x,0,0). Since x — y 4-22 = 2 = x = y — 2z + 2, then r(u, v) 

= (и cos v — 2и sin v + 2)i + (u cos v)j + (u sin У)К, 0 < u < У2 and 0 < у < 2л. 


(b 


wm 


2 


2 — Ах +z? = 0 = w?cos?v — 4w cos v + w? sin? v 


15. Letx = w cos у and z = w sin у. Then (x 2): +z? 24 => x 
= 0 = w?—4wcosv = 0 => у = О огу — 4 сову = 0 w = 0orw = 4 сову. Моу у = 0 => x = 0 апау = 0, 


which is а line not a cylinder. Therefore, let w = 4 cos v = x = (4 сов v)(cos v) = 4 cos? v and z — 4 cos v sin v. 
Finally, let y = и. Then r(u, v) = (4 cos? у)і+ uj + (4 cos v sin v)k, — > <v< D апа0 <u < 3. 
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16. Тегу = w cos у and z = w sin v. Then у? + (z — 5} = 25 = y? +z? – 102 = 0 
=> w? cos? у + w? sin? v — 10w sin v = 0 => w? — 10w sin v = 0 = w(w — 10 sin v) = 0 = му = 0ог 
w= 10 ѕіп у. Noww = 0 => у = Qand 7 = 0, which is a line not a cylinder. Therefore, let w = 10 sin v 


= у = 10 sin v cos v and z = 10 біп? У. Finally, let x = и. Then r(u, v) = ui + (10 sin v cos v)j + (10 sin? v)k, 
0<<10апа0<у<л. 


17. Letx = r cos 0 and y = r sin 0. Then r(r, 0) = (т cos 0)і + (т sin 0)] + (=) k, 0 <r < 1 and 0 € 0 < 2x 


=> r, = (cos 0)і + (sin 0)j — (519) К and rg = (—г sin 0)i + (г cos 0)j — (52058) k 


i j k 
= rnxrg—| cosé біп 0 - #10 
—rsinÜ rcosé - Зэ? 


= (saree + О i+ (су + JE (r cos? 0 + r sin? дк= гі-ік 


2r pl 27 1 2n 
= кхм у= ми > А= ДЛ У агав = Ј, |У “| аө= |}, a= 


2 4 2 


18. Letx = r cos 9 andy =r sin 0 = z = —x = —r cos 0,0 Ст < 2and 0 < 0 < 2л. Then 
r(r, 0) = (т cos 0)i + (r sin 0)j — (т cos ОЖ = r, = (cos 0)i + (sin 0)] — (cos ОК and 
rg = (—r sin 0)i + (т cos 0)j + (т sin ОК 
i j k 
=> хм = | с080 sinf —cos@ 
—rsinÜ гсо80 гзшд 


= (г sin? 0 + т cos? 0) i + (т sin Ө cos Ө — r sin 0 cos 0)j + (г cos? 0 + r sin? 0) k = ri + rk 


= ке Х гај = ут + 12 = гу2 => Ac ЈУ Ју гугаав = |, [52] ae = |72У246- ату 


19. Тех = r cos 9 andy =r sin 0 = 7 = 24/х? + у? = 2r, 1 < r < 3 and 0 < 0 < 2л. Then 
r(r, 0) = (г cos 0)i + (т sin 0)j + ІК = r, = (cos 0)і + (sin 0)j + 2k and rg = (—r sin 0)і + (т cos 0)j 
i j k 
= г х ге = | сов0 біп0 2 | = (—2rcos 0)i — (2r sin 0)j + (г cos? 0 + r sin? 0) К 
—rsinÜ гсоѕ0 0 


= (—2r cos 0)i — (2r sin 0)j + rk = | x rg| = VAr cos? 0 + 4r? sin? 0 + r? = М 512 = г\/5 


5 а = ЈУ [бага = ЈУ [55] ав = fa /5ад = вту5 


20. Letx = r cos 0 and y = гчп0 > z= МОУ =г,3<г<4апа0 < 0 € гл. Then 


r(r, 0) = (r cos 0)i + (r sin 0)j + (5) k = r, = (cos 0)i + (sin 0)j + (1) К and rg = (—r sin 0)i + (r cos 0)j 
i j k 
1 1 

3 


=> rxre-—| с080 810 = (—4rcos 0) i — (4 r sin 0)ј + (r cos? 0 + r sin? 0) К 


—rsinÜ rcos0 0 


= (– ircos0)i — (1г т 0) j к > Ir. x тој = у Ir cos? 8 + br? sind t = = 00 
2r p4 2n 4 27 
2 гуло u 2/0 = 7/10 _ 7/10 
> A-[ | ага = f eX 40-1, 248 dg = 7/10 


6 


21. Letx = r cos 0 andy =r sin 0 > г = х? + у? = 1,1 <2<4ава0 < 0 < 2л. Then 
r(z, 0) = (cos 01 + (sin 0)j + zk = г, = К and rọ = (— sin 0)і + (cos 0)) 
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i ] k 
=> rọ хг, = -—sinÜ сов0 0 | = (cos 0) + (sin 9) j = [го x r,| = y cos? 0 + sin? 0 = 1 
0 0 1 


> А = | [1 аав = | 340 = бл 


22. Letx = u cos v and 2 = u sin v => u? = x? +2? = 10, —1 <y < 1,0 Су < 2r. Then 
r(y, v) = (u cos v)i + yj + (u sin v)k = (v 10 cos v)i+yj+ (уто sinv) k 
i 


j k 
= r = (УПО sin v) i+ (V10 cos v) k and ry = j > Ту Хх гу = | —\/105шу 0 v10 cosv 


0 1 0 


= [210 ау = 4r V10 


2 (-У10сову)і- (\/10 sin v) k ^ lr, x ғ. = V10 > A= Миа = f; оц И ду 


23. 2 = 2 — x! - y! andz = / x? +y > z=2-7 > 72 +2—2=0 > z=-2orz=1. Sincez = yx? + y? > 0, 
we get z = | where the cone intersects the paraboloid. When x = 0 and y = 0,7 = 2 = the vertex of the 
paraboloid is (0, 0, 2). Therefore, z ranges from 1 to 2 on the "cap" = r ranges from 1 (when x? + y? = 1) to 0 
(when x = 0 and y = 0 at the vertex). Let x = r cos 0, y = r sin 0, and z = 2 — г. Then 
r(r,0) = (т соз 01 + (т sin 0)ј + (2 — 2)kK,0 Ст <1,0<0 С2л = г, = (cos 0)i + (sin 0)} — 2rk and 
1 1 k 

rọ = (—г sin 0)і + (rcos0)j > r, хг = | сов0 sinô  —2r 

-івіп0 тсов0 0 


= (21? cos 0) i + (2r? sin 0) j -- rk = |r, x ro| = V/4r! cos? Ө + 4r! sin 0 + 12 = гу 412 + 1 


- А = ЈУ Јула атан = | [5 (a +) as = ЈУ (5 51) a9 = z (55-1) 


Let x = r cos 0, у = r sin 0 and z = x? + y? = г?. Then га, 0) = (т cos 0)і + (т sin 0)) + ГК, 1 <1 < 2, 
0x0 < 2m = г, = (cos 0)i + (sin 0)j + 2rk and rg = (—r sin 0)і + (r cos 0)j 
i i ж 
=> rnxrg—| cos? 8 00 2 —(-2r?cos0)i — (2? sin 0) j +rk => |r; x ro| 
—rsinÜ rcos0 0 


2r p2 2n 2 
= V/4r! cos? 0 + Ar! sin? 0 +r? = r/4 +1 = А= | J гуа + 1агад = f а (40 + i? dé 
1 


= Ју (24) ae = s (vi - 575) 


24. 


25. Letx = p sin ф cos 0, у = p sin ф sin 0, and z = p сов ф = о = ух? + у? + zi = \/2 on the sphere. Next, 


x? + у? + 22 = 2 апа 7 = yx? +y? = 22 +22 = 2 z s z= l sincez > 0 => ф- 1. For the lower 
portion of the sphere cut by the cone, we get ф = т. Then 


r(¢,0) = (V2 sin ¢ cos 0) i+ (V2 sin ¢ sino) j+ (2 соз ф) к, сф<т0<0< 2т 
=> = (2 cos ф cos 0) 1 + (V2 cos ó sin Ө) j – (V2 sin $) k and ry = (— V2 sin é sin Ө) i+ (\/2 зїп 6 cos Ө) j 


i 1 k 
I М2 cos ф sin 0 — 2 sin ф 
uU sin ф sin 0 М2 sin ф cos 0 0 
= (2 sin? à cos 0) i + (2 sin? ¢ sin 0) j + (2 sin Ф cos ФК 
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=> [г x rel = \/4 sint ф cos? 0 + 4 sint ф sin? 0 + 4 sin? ф cos? ф = 1/4 sin? ф = 2 [sin 9| = 2 sin ó 


> A= Л Ј 2зпфафав = | (24 v2) ад = (42/2) т 


26. Тех = p sin ф cos0, у = p іп ф sin 9, and z = рсоѕф = p = \/х? + у? + z? = 2 оп the sphere. Next, 
7 = -І => -1=2cos¢ => cosó -i Ф a.z V3 УЗ 2 cos ф cos ф = УЗ ф- 6. Then 
г(Ф,0) = (2 sin Ф сов 91 + (2 sin ф sin 604 + (2 cos ФЖ,:<0<%,0<0<2л 
=> го = (2 сов ф сов 0)i + (2 cos ф sin 0)j — (2 sin ФЖ and 
rg = (—2 sin ф sin 0)i + (2 sin Ф cos 0) j 
i j k 
=> г Х га = 2605 ф сов0 2сов Ф віп0 —2sinó 
—2singsin@ 2 sin $ cos 0 0 
= (4 sin? à cos 0) i + (4 sin? ф sin 0) j + (4 sin Ф cos ФК 
=> [г x геј = \/16 sin! ф cos? 0 + 16 sint ф sin? 0 + 16 sin? ф cos? ф = \/16 sin? ф = 4 [sin ф| = 4 sing 


M A ЈУ ЈУ аздар = | (22/5) 40 = (4+4\/3) т 


27. The parametrization r(r, 9) = (г cos 0)i + (г sin 0)j + rk A 


2- Ух2 +y 
at Po = (V2, 2,2) > @=®,г=2, | 
г, = (cos 0)i + (sin Oj +k = У?1+ V2 j + Капа i. 
гө = (т sin 0) + (r cos 0j = — 2i + 2j (86) — C шин: 
і j k 
- r, xry =|/22 420 1 5 ы 


-ү2 ү2 0 


= Y a= У2) + 2К = the tangent plane is 
122 (-vi- V2) + 2k) [(x- v2) i+ (у= V2) i+ œ- 2] = x + V2y – 22 =0, ох +y — /2z = 0. 


The parametrization г(г, 0) => x = r cos 6, у —rsinÜ and z =r => х? +y? = г? = z^) => the surface is z = \/x? + y?. 


28. The parametrization г(ф, 0) < 
= (4 sin Ф сов 0)i + (4 sin ф sin 0)j + (4 cos ФЖ 


at Ро = (V2. 2,23) = p—4andz = 2/3 
= 4 с05ф = ф = Z; also x = y2 and y = /2 


= 0 = +. Then rg 
= (4 cos ф cos 07 + (4 cos ф sin 0)j — (4 sin ФК 
= /6i+ убј — 2k and 
rg = (—4 sin ф sin 0)i + (4 sin ф cos 0)j 
i j k 
= — Jai + јар => гр х ге = | V6 6 —2 
-/2 y2 0 
= 2\/24 + 24/2j + 4\/3k = the tangent plane is 


(22i + 22] + 4/3k) [(х- v3) i+ (y- E (2-23) 3 =0 = ух + уду + 24/32 = 16, 


огх + у-+ vV/6z = 84/2, The parametrization = х = 4 sin ф cos 0, y 4 sin фз 0, z = 4 сов ó 
=> the surface is x? + y? + z? = 16,2 > 0. 


Copyright © 2010 Pearson Education Inc. Publishing as Addison-Wesley. 


www.semeng.ir 


968 Chapter 16 Integration in Vector Fields 


29. Тһе parametrization r(0, 2) = (3 sin 20)i + (6 sin? 0) j + zk 
at Pp = (38,3 0) = 0 = + andz = 0. Then 
го = (6 cos 201 + (12 sin 0 cos 0)j 
= —3i+ 3/3} апа г, = К at Ро 


1 1 k 
=> гехт, = |-3 3/3 0|-23J/53i- 3j 
00001 


=> the tangent plane is 
(3V3i+3i) - [(x - 53) 1+ (у - 3)i- e - | =0 
= Уэх + у 9. The parametrization = х = 3 sin 20 


andy = 65120 => x? + y? = 9 sin? 20 + (6 sin? 0)? 
= 9 (4 sin? 0 cos? 0) + 36 sin! 0 = 6 (6 sin? 0) = бу = х? фу: —бу+9=9 = х? + (у – 3)? = 


30. The parametrization r(x, у) = xi + yj — x?k at 
Po = (1,2, —1) > г, —i—2xk = i — 2k and к, = ја Po 


ij k 
=> rxry—|1 0 —2|=2i+k = the tangent plane 
01 0 


is Qi + К) - [x — 1)1 + (y - 2j + 2 + Dk] = 0 
= 2х +z = 1. Тһе parametrization = x = x, y = y and 


7 = —x? = the surface is z = —x? 


31. (а) An arbitrary point on the circle С is (x,z) = (В + r cos u, r sin u) = (x,y,z) is on the torus with 
х = (К + r cos пи) cos v, у = (В + r cos u) sin у, and z = r sin u, O < u < 27, 0 € v < гл 
(b) ry = (—rsin u cos v)i — (r sin u sin v)j + (r cos u)k and r, = (—(R + r cos u) sin v)i + ((R + r cos u) cos v)j 


i j k 
=> а Ху = —r Sin u cos v —r Sin u sin v rcosu 
—(R+rcosu)sinv (R +гсоѕ и) соѕ v 0 


=> |r, x r|? = (R + r cos и)? (г? cos? v соз? и + 12 sin? v сов? u + r? білгі) > |ru x r,| = КВ + r cos u) 


2r р2т 27 
> А= Ї f (rR + r° cos u) du dv = Ї 2ттЁ ду = 47278 


= —(R + г cos u)(r cos v cos u)i — (R + г cos u)(rsin v cos u)j + (—r sin u)(R + г cos u)k 


32. (a) The point (x, y, Z) is on the surface for fixed x — f(u) when y — g(u) sin (5 - v) and z — g(u) cos (5 — v) 
=> x = Қи), y = g(u) cos v, and 7 = g(u) sin v = r(u, у) = f(u)i + (g(u) cos v)j + (g(u) sin УК, 0 € v € 27, 


a<u<b 
(b) Letu = y and x = и? = Ки) = u? and g(u) =u = г(а, у) = 021 + (и сов v)j + (usin )k,0 Су < 27,0 < u 


2 . 2 И 
33. (а) Let w? + 5 = 1 where w = cos ф and 2 = sin ф = х + 5 = со ф = = = cos ф cos 0 and 7 = cos ф sin 0 
= x = acos 0 сов Ф,у = b sin 0 сов ф, and z = с sin ф 


=> г(0,Ф) = (а сов 0 cos фу + (b sin 0 cos 0)) + (c sin ФК 
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(b) rg = (—a sin 0 cos ¢)i+ (b cos 0 cos Ф)) and rg = (-а cos 9 sin Фу — (b sin 0 sin ф)ј + (c cos ФК 
i j k 
= ге X rọ = | –а sin 0 совф  bcosÓ0 cos ф 0 
—acos@sing —bsin@sing ccosó 
= (bc cos 0 cos? ф) i+ (ac sin 0 cos? $) j + (ab sin ф cos ФК 


= [ra x гај = b?c? cos? 0 cos! ф + ac? sin? 0 сов! ф + a?b? sin? ф cos? ф, and the result follows. 


A> ГГ [ro x гој dd 40 = ГІ | а252 sin? ф cos? ф + b?c? cos? 0 cos! ф + a?c? sin? 0 cost 01” аф dé 


34. (a) r(0,u) = (cosh и cos 0)і + (cosh и sin 0)j + (sinh u)k 
(b) r(0,u) = (а cosh и cos 0)i + (b cosh и sin 0)j + (c sinh u)k 


35. r(0,u) = (5 cosh и cos 0)i + (5 cosh и sin 0)j + (5 sinh u)k = го = (—5 cosh u sin 0)i + (5 cosh u cos 0)j and 
ry = (5 sinh u cos 0)i + (5 sinh u sin 0)j + (5 cosh u)k 
i j k 
= мхи = | —5 cosh u sin 0 5 cosh u cos 0 0 
5 віпһ и с0$0 S5sinhusin@ 5coshu 
= (25 cosh? и cos 0) i + (25 cosh? и sin 0) j — (25 cosh и sinh u)k. At the point (хо, yo, 0), where хс + ур = 25 
we have 5 sinh u = 0 = и = 0 and хо = 25 cos 0, yo = 25 sin Ө = the tangent plane is 
S(xoi + yoj) - [(x — xo)i + (y — yo)j + zk] = 0 => хох — ха + yoy — ya = 0 => хох + yoy = 25 


2 г 2 2 А 
36. Let 5 — w° = 1 where 2 = cosh u and w = sinh u м2 = 5 + = х = w cos 0 and + = w sin 0 


= x = a sinh u cos 0, y = b sinh u sin 0, and z = с cosh u 
= r(0,u) = (a sinh u cos 0)i + (b sinh u sin 0)j + (c cosh ок, 0 < 0 < 27, –оо < u < oo 


37. p=k, vf 22xi-2yj- К > | Vfl = / (2х)? + Оу)? + (—1)? = Ax? + Ay? + Тапа | Y f- p| = 1; 


= 2—2. = f [Ml ад = ГГ ет 
тел > x +y? = 2; thus S= | геги ЧА = Л] 4x? + 4y? + I dx dy 


R 


27 V2 т 
= | [vae cos? 0 + Аг? sin? 0 + Ггагад = f 1 Уз? + Тгагад = || [5 (ae 1| У ад 
R 


27 
= f, $a6- Вл 
^ Jo 6 7703 


38. р=К, vf 22xi-2yj- К = | ху = 4/4х2 - Ay? + Тапа | У 1-рј = 1;2 < х? фу: <6 


= з= Гал = ff VETA такау = | 4 +1тйаб= ЈУ Гаете акаи 


R 


si : 3/2] У >" 49 49 
= f [k+ 1) | „%=/, 9 49 = Зл 


39. р=К, у! =1+2Ј + 2k = | ҳу | = Запа | J f- p| 22; x = y? and = 2 — y? intersect at (1, 1) and (1, — 1) 


= 8-4, EU ал = Ла Г Зв = [13-5 ду =4 


40. p=k, Vf=2xi-2k = | Vel = \/4х? +4 = 2\/х? + Тапа | у f-p| 225 S=ff 175, дА 
R 


а УЗ рх уз уз 
= ff H dxdy = f Ј V2 уж f х ха + 1 ах = |} 0^] = 1 (4) -1=1 
R 
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41. р= К, vf-2xi-2j-2k = |у 1] = V (2x)? + (—2)? + (—2)? = М 4х2 + 8 = 2 // x? + 2 and | Y f- p| = 2 


=> s=ff МУ JA = (| пио ахау = ЈУ ЈУ x2 + 2дуйх = эх ЕО = (2 


ЕЁ [vp] 
= 64/6 — 24/2 


42. р= К, v = 2хі + 2уј + 2zk > | Y f| = „/4Х2 + 4у? + 472 = 


X ру? => x? фу? = 1; thus, $ = Мй ад = | | 22 ад = 2 f | 1aA 
ЇР 


УТИ V8 [Ci V8) atas (2 V 
vil dA x Ме? + Т dx dy 


R 


= Г Ме +їгаїа#= | YS ад = пуст 


p=k, vf=2xi+2zj = ee E olo 7 
1/2 
1 


1/2 11/2 
| ший ЧА = JJ z ze J, Jg dydx = 15% ip 


1/2 
1 = 


= (біп” х] i = Е = ( ; — 3 


V8 = 24/2 and | J f- p| = 2z; x? + y? + z? = 2 and 


43. 


44. 


р| = 1;1<у2 +272 < 4 


45. p=i, Vf=i+ 2yjt+2zk > | f| = 4/12 + Оу)? + (22)? = y1 + 4y? + 422 and | Y f- 


> s= Г ММ аА = ff (144? +42 ауф = | ГҮт 48 cost ад sin? 0 гага 
R R 


IVEP| 


= Гута таков = ЈУ [5 (1 a ав = [У 5 (17/17 - sv) 40 = z (1717 - 55) 


46. p=j, vf 22xi + j -2zk = | v f| = y 4x? + 422 + 1 апа | ҳу f- p| = 1; у = O and x? фу +22 = 2 => х? + 22 = 2; 
27 3 


У ад = f f а 16хаг- | [аттаса = [13 a9 = Вл 
R 


thus, S — J, 17227 


p=k, vt-Qx- Dis VBj—k (04 -1(х-2) + (VB) «cy = дааа = 2) 


= 2х + 8,001 <х < 2 ава | у!-р=1 = S= f f 175 ад = f f(2x+ 2x) ахау 
R R 


1 
= f fex 2x) ахау = f k -2mx?ay = f G42m2 ay 23212 


48. р=К, Wf=3/xi+3/yj-3k = | Vfl = /9x +9у +9 = Зух фу + Land | у f- p| = 3 
Wil ад = ff /x yk 1dxáy = / f xy Тахду = f [26 y + 1792] 1 dy 
R 


f Eo +23? - 3 (у + D?] ду = [$ (у + 25? — & (у + D9] = & [G9? – Q9? — Q9? +1] 


47. 


= &(9/3- 8/241) 
£,(x, y) = 2х, (х,у) = 2y > ,/12 +f? +1 = /Ax? + Ay? +1 > Area = | f \/4x? + Ay? + 1 ахау 
R 
27 V3 
= /, f] узе + 1тагад = z (15/13 –1) 


49. 
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50. £,(y,z) = —2y, Ё(у,2) = —22 = ү +2 +1= \/Ау? + 422 + 1 => Area = f [ / Ay? + 422 + 1 dydz 
R 
27 1 
= f; J, узе 1 rdrað = z (5/5 - 1) 


51. fy) = za БУ) = лата = IEEE = у ба aia +1 = V2 => Area ГУ акау 
ху 


= М2(Атеа between the ellipse and the circle) = 42(6т - т) = 5т\/2 


52. Over Ry: z -2- 2x -2y > (х,у) = – 2, (х,у) = -2 = /8-441-11-441-1 


=> Агеа = 3) 1 dA = 1 (Area of the shadow triangle in the xy-plane) = (1) (3) = i : 


ху 
Over Rz: у = 1— 5 1х— 12 > 5(х,2)- – 1 ,5%2)=—1: > fcf =, /4#+1+1=2 


=> Атеа = | fz 5 dA — 1 (Area of the shadow triangle in the xz-plane) = (5) (3) = 5 


Over Еу: х-3-3у-і2 = Б(у,2) = –3, Б(у,2) 2-3 > f +f +1=,4/9+3+1=2 


=> Атеа = f f 2 dA = 1 (Area of the shadow triangle іп the yz-plane) = (3) (1) = 2 . 


yz 


53. y = 22? > fuz) = 0, £Guz) = 772 => „+ +1= 2 + 1;у= 1 K = 2037? 2-4 


> Ara = | | /®+14хаг= | /г+ 18 =? (5У5-1) 


54. у=4-2 > fuz) = 0, 0,2 =-1 > + +1=\/2 = Area= || Мад = ЈУ ЈУ ^ Vaaxaz 
Rxz 
= V2 | (4-2) да = 52 


55. r(x.y) 2 xi + yj + f(x у) К = ге (у) = i + (х,у) k, ry(x, y) = j + f(x, y)k 
ij k 
>r, хг, =|1 0 (х,у) | = -f (x,y)i— fy(x,y)j +k 
0 1 f(x,y) 
2 2 2 202 2 2 
=> | x ty] уву) Cy y)! + 12 = Бу foy) +1 


= до = y (xy) + f(x,y)? + 1dA 


56. S is obtained by rotating у = f(x), а € x < b about the x-axis where f(x) > 0 
(a) Let (x, у, 2) be a point on S. Consider the cross section when x = х*, the cross section is a circle with radius г = f(x*). 
The set of parametric equations for this circle are given by y(0) = rcos0 = f(x*) cos0 and z(0) = rsin 
= f(x*) sin Ө where 0 < 0 < 27. Since x can take on any value between а and b we have x(x, 0) = x, у(х, 0) 
= f(x) cos 0, z(x, 9) = f(x) sin 0 where a € x € b and 0 < 0 < Сл. Thus r(x, 0) = хі + f(x) cos 0 j + f(x) sin 0 k 
(b) г, (х, 0) = i + f'(x) cos : + f'(x) sin ð k and го(х, 0) = —f(x) sin0j + f(x) cos 0 К 
1 k 
= г хте = (1 f(x Lond f'(x) sin! = f(x) -f'(x)i — f(x) cos 8 j — f(x) зт0 k 
0 —Кх)зт0 (х) соѕ0 


= | x тој = V f(x) - f'(x)? + (-f(x) cos 0)? + (-f(x) sin 0)? = f(x) / 1 + (f'())? 
А- f f. ко) 1+ (roy «дах = ЈУ (10) 1+ (Poy) a ах = эл f6) + (ах 


Copyright © 2010 Pearson Education Inc. Publishing as Addison-Wesley. 


www. гзетепд. 15 


972 Chapter 16 Integration in Vector Fields 


16.6 SURFACE INTEGRALS 


i j k 
1. Let the parametrization be r(x, 2) = xi + х2) + zk > r, =i+2xjandr, =k > r, хг, = |1 2x 0 
0 0 1 
ШЕ 3/2] 2 
—2xitj = |r, x r,| = 4х? + +1 = Јаву, = Ј х 4х2 + Гахаг = f, | (42 +1) 242 


17-1 
= fa (117 –1) а; = mm 


2. Let the parametrization be r(x, y) = хі + у] + /4 — УК, —2 <у<2 = к, =iandr, = ј – ——k 
k 


=> mxr = 


1 J 
. 2 
: | Я К Ir. x тј = / ту +1= 2 


> [Jane e |, y4 = (2, 


=) dydx = 24 


3. Let the parametrization ђе г(ф, 0) = (sin ф cos 0)i + (sin Фф sin 0)j + (cos ФЖ (spherical coordinates with р = 1 
on the sphere), 0 < ф X 7,0 <0 X 2m = rg = (cos ф cos 0)i + (сов ф sin 0)j — (sin ФЖ and 


i j k 
rg = (— sin ф sin 0)i + (sin ф cos 0)j => rg х rọ = | сов ф cosÜ сов фвіп0 — sin ġ 
—sin ġ sin sin Ф сов 0 0 


= (sin? ф cos 0) i + (sin? ¢ sin 0) j + (sin ф cos ФК = [го x ro| = зи ф cos? 0 + sin! ф sin? 0 + sin? ф cos? ф 
= sin ф; x = sin ф cos 0 => G(x,y,z) = cos? 0 sin? ф = J 86, у,2) до = NC 0 sin? 0) (sin Ф) do dé 


и = cos ф an: pel 2 2 
=f ГІ (cos? 0) (1 — cos? д) (sin 9) аф 40; РЕ SA - Ї f (cos? 0) (и — 1) du d8 
Е ш Т 4 4 8ш20127 _ 4r 
= |, 2 89 = + f” соз? 0 40 = $ [5 + 8920]. = 1 
4. Let the parametrization be г(ф, 0) = (a sin ф cos 0)i + (a sin ф sin 0)j + (a сов Ф)К (spherical coordinates with р = а, 
а > 0, on the sphere), 0 € ф < 5 (since z > 0), 0 < 0 < 2m = гь = (а соз ф cos 0)i + (a cos ¢ sin 0)j — (a sin ФЖ and 


i j k 
rg = (—asin ф sin 0)і + (a sin ф сов 0)j => rg х rọ = | acoso cosÜ acosósinÓ —asing 
—asingsin@ asin ф cos 0 0 


= (a? sin? ф cos 0) i + (a? sin? ф sin 0) j + (а? sin ф cos ФК 


=> [го x ra| = Vat sint ф cos? 0 + а sint ф sin? Ө + a! sin? ф cos? ф = a? sin ф; z = a cos ф 


zs V. 2) = a cos? => Ј во, у,2) о = ЈУ ач (a? cos? ф) (а? sin $) dọ dd = гт а“ 


5. Let the parametrization be r(x, y) = хі + у] + (4 —х – ук = r,—i-kandr, = ј – К 


ij К 
5 nxro|l 0 -1)=i¢j+k > хэ = V3 = Лесу» во = f, f; @-x-y) V3 уа 
0: 1. <a 


= f Уз |y x - E]. dx = f vG- x) ак = Уз [5х – =] -343 
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6. Let the parametrization be га, 0) = (r cos 0)i + (r sin 9)j + rk, 0 < r € 1 (sinceO € z € 1) and0 € 0 € гл 
i j k 
=> r, = (cos 0)i + (sin 0)j + К and rg = (—rsin 0)i + (т cos 0)] => r, х го =| соѕ 0 sinô 1 
—rsinÜ гсоѕ0 0 


= (=r cos 01 — (г sin 0)) + rk => |r, x rel = МС cos 6)? + (=r sin 0 + 12 = гу2; z = rand x = r cos 0 
2т 1 Qn 1 
=> F(x,y,z)—r-rcos0 = [J Fo. y. do = f Ї (г – r cos 6) (5/2) drab = \/2 | Га – cos 0) 1? агад 
5 
_ глу2 


=з 
7. Let the parametrization ђе r(r, 0) = (т cos 0)i + (т sin 0)j + (1 —2)k,0 <r < 1 (since 0 € z € 1) and0 < 6 < 27 
i j k 
= r, = (cos 0)і + (sin 0)j — ІК and rg = (—rsin 0)i + (т cos 0) = г х го = | сов0 880  —2r 
—rsinÜ гсоѕ0 0 


= (21? cos 0) i + (21? sin 0) j +rk = |r, x ге] = yee cos 0)? + (212 sin Ө) + r? = ry/1 + 4; z = 1 — г? and 
х = гс050 => H(x,y,z) = (ғ? cos? 0) y1 + 4172 = ІП H(x, y, z) до 
S 


- d us (r? cos? 9) (ул + ag) 2 + 41?) drdó = ој г? (1 + 417) cos? 0 490 = 17 


8. Let the parametrization ђе г(ф, 0) = (2 sin ф cos 0)i + (2 sin $ sin 0)j + (2 сов ФК (spherical coordinates with 
р = 2 оп ће sphere), 0 < $ < 1; х? + у? +22 = 4andz = yx? +y? => 22 +22 = 4 z =2 z = \/2 (since 


z> 0) = 2cosó = y2 cos ф = 2 ф= 1,0 <0 < 2n; г = (2 соз ф cos 0)i + (2 сов ф sin 0)j — (2 sin ф)К 
1 ] k 
апа го = (—2 sin ф sin 0)і + (2 sing cos0)j = ть х ке = | 2 соѕ ф сов0 2 сов ф віп0 —2sinó 
—2 sin фзт 0 2sin ф сов 0 0 


= (4 sin? à cos 0) i + (4 sin? ф sin 0) j + (4 sin Ф сов ФК 
=> |у x rel = 4/16 sint ф cos? 0 + 16 sint ф sin? 0 + 16 sin? ф cos? ф = 4 sin ф; y = 2 sin ó sin 0 and 


27 pr/4 
7. = 2 сов ф => Н(х,у,27) = 4 сов ф sin ф sind = (4) H(x, у, 2) do = Ї f (4 cos ф sin ф sin 0)(4 sin 9) do dé 
S 


2m pr/4 | 
=f Ї 16 sin? ф сов ф sin 0 4940--0 


9. The bottom face S of the cube is in the xy-plane = z —0 = С(х, у, 0) = x + y and Хх,у,7)-7:-0-0р-К 
and vf=k > [471] = Land| yz f- p| 2 1 = до = dxdy > f [6 до = f | (х + у) ахау 
S R 


= LE (x + y) dx dy = Г. (5 + ay) dy — a?. Because of symmetry, we also get a? over the face of the cube 


in the xz-plane and a? over the face of the cube in the yz-plane. Next, on the top of the cube, G(x, y, z) 
= О(х,у,а) = x + y + a and f(x,y,z) =z =a > р= Капа у!=К = | Үү = Гама | У {-р| = 1 = do = dx dy 


ГЈаао = [[«+у+ахау= f, Jj G-- y 3) ахду = Ј | (х + ујахау + ЈУ fr аахау = 28. 


Because of symmetry, the integral is also 2a? over each of the other two faces. Therefore, 


f [к-к у +2) do = 3 (a + 223) = даз. 


сиђе 


10. On the face S in the xz-plane, we have y = 0 = f(x,y,z) = у = 0 апа G(x, y,z) = С(х,0,2)-2 => р=јап у | = ј 
1 2 1 
= [У = Land | yz f-p| = 1 5 do = dxdz => f [бао = | f (у+ 2do = f | zdxaz— f 2242 = 1. 
5 5 


On the face in the xy-plane, we һауе 2 = 0 = f(x,y,z) = 7 = 0 апа G(x, у, 2) = С(х,у,0) = у => p=kandvf=k 
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1 2 
> |] = Там | У 1-рј=1 > до = ахду > ff бдо = f Јудо = f, f, учхау =1. 
5 5 
On the triangular face іп the plane x = 2 we have f(x, у, 2) = x = 2 and G(x, у, 2) = Д0,у,2 =y +z => р-іала 
1 1-у 
yf=i > |у = Тапа | У 1-рј = 1 = de = ёду > f[Gde- ff (24 = f, | ° +z) аду 
5 5 


1 
= J, 2(1–у)ду=а. 
On the triangular face in the yz-plane, we һауе x = 0 = f(x,y,z) = x = 0 and G(x, у, 2) = О(0, у,2) =y +z 
=> p=iand yf=i > |у | = Тана | Їр = 1 = do=dzdy = [ойс = | | (y 24dc 
5 5 


1 1-у 
= |], (у + 2) dzdy = 1. 
Finally, on the sloped face, we have у +z = 1 => f(x,y,z) = y +z = l and С(х, у, 2) = у +2 = 1 р = Капа 


vf=jtk = |у = V2and|szf-p| 21 = до = у2ахду = [ [сас = f f (y 2dc 
5 5 


= f, |, ахау = 22. Therefore, | | GG, y, nde =1+1+1+1+2\/2=8+2\/2 


wedge 


11. On the faces in the coordinate planes, G(x, y,z) = 0 = the integral over these faces is 0. 
On the face x = a, we have f(x, y, 2) = x = а and G(x, y,z) = G(a,y,z) = ayz = р-іапа vf-—i- |wf|-1 


c b 2 
апа |хуЁ-р|=1 до = dy dz | [Gao = f fayzdo = f; f, ayzayaz = 54, 
S S 
On the face y = b, we have f(x, y,z) = y = band G(x, у, z) = G(x,b,z) = bxz > p=jand у!=ј] > |ућ 1-1 
“ЇГ ае? 
and |у f-p| 2 1 = de — dxdz > (| Gde = f f exzdo = f Јъхааха = 6. 
S S 
On the face z = c, we have f(x, y, z) = z = c and G(x, у, х) = С(х,у,с) = сху > р = Капі Vf=k > |ywíf|-1 
b pa 212 
апа | 71-р|--1 до = dy dx [ [Gao = f f суво= | | сху dx ау = 526, Therefore, 
S S 


ЛУ GG уул) do = жшк, 


12. On the face x = a, we have f(x, y, z) = x = а and G(x, у, z) = G(a,y,z) = ayz > p=iand у! =1 > |ућ=1 
b c 
апа | ҳу Ё-р|-1 ас = dzdy f [ вас = | f ayz do — f. f ayz dzdy — 0. Because of the symmetry 
S S ES 


of G on all the other faces, all the integrals are 0, and | f G(x, у, 2) de = 0. 
S 


13. f(x,y,z) = 2х +2y+z=2 = f= 21+ 2) + Капа G(x, у, 2) = х +y + (2 — 2х – 2у) =2-х-у > p=k, 
| ҳу | = Запа |у Ё-р| 21 = do =3dydx;z=0 > 2х42у-2->у-1-х- [айс = | [@-х-у) do 
$ 5 


-3| | @-х-у)дуах=3 f [2 да х) – 54 хујах=з f (3-21 $) x22 


14. f(x,y,z) = y? +42 = 16 => sz [= 2yj - 4k > | Vfl = / Ay? + 16 = 2 /y? + 4andp—k = |vf-p| =4 
_ fy? +4 “м Vy v4 Ши ТЕЛЕ 
= do = = dx dy = [f в =]. (хуу +4) (= акау = |" f’ 2249 dx dy 
4 4 4 
= Јо 6498-1164), = 3G +16) =% 
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15. f(x, у, 2) =x+y?—-z=0> vf-ic2yj-k | ху 1] = 4/49 + 2 = V24/2y! +landp=k=|vf-p|=1 


5 do = VVH Уз ахау > ff Gdo = ff (x+y? — х) VZV +1 dxdy = V2 f. у? 23 x акау 
S 
1 
= V2 f, у? /2y? + Idy = Ye? 


16. Кх, у, 2) =x? фу—2=0 = yf=2xi+j-k>|yf|= 4x2 +2 = \/2\/2х2 + 1 апір = К = | !-рј=1 
Мухі 221717 2 = f 2 
> до = VH ахау > f [Gdo = f Јхугу2к +тахау = V2 f  ху2х +1 dxdy 
S 
1 
= зУ6-У2 [ ду = а 


17. f(x, у, z ты vf=2%+j+k>| vf] = Убапар=к = [хуГ-р| = 1 = до = Уб dydx 


= Јо = ДЈ ху(2-2х-у уув ауф = vef f ( (2x y – 2х2у — x y?) dy dx 
- vef! 2x — 2x? + 2x — 2x4) dx = Уб 


18. f(x,y,z) 2x -y 212 у! =4=+] > | ҳу | = у2 апар = ј = | у! -рј=1 


=> да = azax > | дао = ЈУ | (к—(1–х)–2) /24#4х = V2, | x-z- 1) шак 
5 
= aft (2x – 3) )dx = —У? 


19. Let the parametrization be r(x, y) = xi + yj + (4— y°)k,0 <x < 1,—-2<y<2;z=0 = 0=4- y? 


i j k 

> y= +2; 1, = іапагу =j—2yk => r,xr, —]1 0 0 |=2yj+k = F-ndo 
0 1 -2у 

= m [гу x ry| dy dx = xy — 32) dy dx = [2ху — 3(4 — 


y?) dydx = мак 


1 
= f, f (оху зу: — 12) dydx = f. xy? + у? — 12y], dx = f, —32 dx = –32 


20. Let the parametrization be r(x, y) = хі + хој + zk, -1 <х <1,0<2<2 = к = ++ 2хјапдг, = К 


ij k 
>r xr, =|] 2x 0 = 2xi-j > F-nde =F. ро lr, x r,| dz dx = —x? dz dx 
0 0 1 


= JS F-ndc = f | — azàx = - à 


21. Let the parametrization be к(ф, 0) = (a sin ф cos 0)i + (a sin ф sin 0)j + (a cos ФЖ (spherical coordinates with 
р =а, а > 0, оп the sphere), 0 < ф < 3 (for the first octant) , 0 < 0 < 5 (for the first octant) 


=> rọ = (а сов ф cos 6)i + (a cos ф sin 0)j — (a sin ФК and rg = (~a sin ф sin 0)i + (a sin ф cos 0) 


i j k 
=> rj,Xrg-—acosQcosÜ acosósinÜ —азпф 
—asingsin@ a sin Ф сов 0 0 
= (a? sin? ф cos 0) i + (а? sin? ¢ sin 0) j + (а? sind cos Ф)К > Е-пдо =F- PEI lrg x ro| аб do 


р т/2 гт/2 
= a? cos? ф sin ф dô dọ since Е = zk = (а cos ФК = ЈЈЕ-пао = f f a? сов? ф sin ф афад = 1 
5 
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22. Let the parametrization be г(ф, 0) = (a sin ф cos 01 + (a sin ф sin 0)j + (a cos ФЖ (spherical coordinates with 
p = a, а > 0, оп ће sphere), 0 < ф < п,0 < 0 < 2r 
=> го = (а сов ф cos 0)i + (a cos ф sin 0)j — (a sin )k and rg = (—a sin ф sin 0)i + (а sin Ф cos 0) 


1 ј k 
=> го х ге = | а сов ф сов0д acosósinÜü —азпф 
—a sin Ф sin 0. азшфсоз 0 0 
= (a? sin? ф cos 0) i + (а? sin? ф sin 0) j + (a? sin ф cos ф) К = F-ndo=F- QT |е x ro| 40 do 


= (a? sin? ф cos? ф + a? sin? ф sin? 0 + а? sin Ф cos? ф) 40 dó = a? sin ф 4040 since Е = хі + yj + zk 
27. т 
= (а sin ¢ cos 07 + (a sin ф sin 0)j + (а сов ФК = | Үнийн = Ї Ї a? sin ф 4040 = 4ra’ 


23. Let the parametrization be r(x, у) = хі + yj + Са — x – у)К, 0 < х<а, 0 <y <a = г, =1- Капагу = ј – К 


ij k 
> rxr-|l 0 = =i+j+k => F-ndo =F- 25 [r. x г, dy dx 
0 1 -1 


= [2xy + 2y(2a — x — у) + 2x(2a — x — y)] dy dx since Е = 2xyi + 2yzj + 2xzk 
= 2xyi + 2y(2a — x - yj + 2x(2a - x - yk > f [F-ndo 
S 


= fi f, xy +2уба – x — у) + 2х(2а — x – yl dydx = f; f, (дау — 2y? + дах — 2x? — 2xy) dy dx 
=f (5 аз + За2х — 2ax?) dx = ($4+2-2)at= Bat 


24. Let the parametrization be г(0, 2) = (сов 0)i + (sin 0)ј +zk,0 < z < a, 0 < 0 < 2r (where r = „/х2 + y? = 1 on 


i j k 
the cylinder) = гу = (— sin 0)i + (cos 0)j and r, =k = rọ x г, = | – 510 0 cos0 0|- (сов 0)і + (sin 0)j 
0 0 1 


> Е-пдо= F- <= Ir, x r,| 4780 = (cos? 0 + sin? 0) dzd = dz dð, since Е = (cos 0)i + (sin 0)ј + zk 


ШЕТІ 


== f [F-nac = f" | 1 аха0 = 2za 
5 


25. Let the parametrization be га, 0) = (г cos 0)i + (r sin 0)ј + К, 0 <r € 1 (5шсе0 € z € 1) andO0 € 0 € 27 


i j k 
=> r, = (cos 01 + (sin 0)j + К and rg = (—г sin 0)і + (rcos 0) > rọ xr, = | -гзш0 rcos0 0 
cos 0 sinô 1 


= (r cos 0)і + (rsin0)j — rk > F -n do = F- EX 


"uar [re X ту] 99 dr = (г? sin 0 cos? 0 + r°) dO dr since 


Е = (r? sin 0 cos 0) i — rk > [к-п = ], f, (1° sin 0 cos? ++?) гад = | (1 sin 0 cos 0 + 1) 40 


= [- h co0 = f] = 


26. Let the parametrization be га, 0) = (r cos 0)i + (r sin 0)j + 2rk, 0 < r € 1 (since 0 < z € 2) and 0 < 0 < 27 


i j k 
= r, = (сов 0)і + (sin 0)j + 2k and го = (—г sin 0)і + (r cos 0)} = 19 x r, = |-гвіп0 гсов0 0 
cos 0 віп0 2 


= (2r cos 01 + (2r sin 0} — rk > F -n do — F - 10 


: Iro xr] 


= (213 sin? 0 cos 0 + 4r? cos 0 sin 0 + г) 40 dr since 
Ст 1 
Е = (г? sin? 0)i + (2г cos 0) j — k > [ЈЕ пао = f J (215 sin? 0 cos 0 + 413 cos 0 sin 9 + r) агад 
5 


ro x r,| dô dr 


= f, (4 sin? 6 cos 0 + cos 8 sin 8 + 1) dó — [2 sin? + 1 si 0-10] = m 
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27. Let the parametrization be га, 0) = (т cos 0)i + (r sin O)j + rk, 1 < r < 2 (since 1 < z < 2) and0 < 0 < 27 


i j k 
=> r, = (cos 0)і + (sin 0)j + k and rg = (—rsin 0)і + (г cos 0) = rọ xr,— | -тчп 0. rcos0 0 
cos 0 sinô 1 


= (r cos 0)i + (т sin 0)j — rk > F -n do = F - © (ry x r,| 404г = (—r? cos? 0 — г? sin? 0 — г?) ад dr 


` [го xr] 


= (—r? — 13) dô dr since F = (—r cos 0)i — (r sin 0)j + ?k = [Је-пао= f f, (2 - 9) дгад = — 257 
5 


28. Let ће parametrization ђе r(r, 0) = (r cos 01 + (г sin 0)ј + ГК, O < r € I (since 0 € z € 1) and0 <6 <2л 


i j k 
= r, = (cos 0)i + (sin 6)j + 2rk and rg = (—r sin 0)і + (r cos 0)} = rọ x r, = | -гзш0 гсов0 0 
cos 0 880 2r 

= (2r cos 9) i + (21? sin 0)ј - rk = F -n do =F - и [ro x ғ. 40 dr = (8 сов? 0 + 8r? іп? 0 — 2r) dO dr 


Qn 1 
= (8r — 21) 40 dr since Е = (4r cos 0) + (4r sin 0)j + 2k > | ЈЕ-пао = | f, (8? — 2r) drab = 27 
5 


29. (ку, 9) = Др=к > \ур=К = |хув| = Тапа | у 2 рј = 1 = Ғих- | ЈЕ пао = | f (Е-К)дА 
5 R 
2 3 
= f f, 3ayax=18 


30. куд = ур=-—ј] > vgz-jel|vsg-land|yweg-p|21 = Бих = f ЈЕ -пдо= f fŒ- —p dA 
5 R 


= 1.12 dz ах = Ја — 2) ах = 102 + 1) = 30 


254 


31. ху = 2хі + 2у] + 2 = |у g| = 1/4х2--4у2--422--2аһ- А = МЕНЕ х Б.п- 
| 2 -К| = 22 => de = 2 dA = Flux КО (5) a = ява = Је Уха 

т/2 ра 3 

=f f, V2 — в гагад = È 


32. хур = 2хі + 2yj+2zk = |у | = /4x? + 4y? + 422 = 2a; n = desc мін > F-n= m 
=0; |у 2-К| = 22 => до = 2 dA => Бих- f ЈЕ пао = | [04 =0 
5 5 


33. From Exercise 31, n = Ч and dg = 3 dA > Е-п= У — +: == > Flux= f f (2) (2) aA 
R 


-ffia 


. і 1 2 2 2 2 2 
34. From Exercise 31, n = желін and do 2 dA Е-п- = 5-4 2 = (* Ху 2) = аа 


=> Flux = П са) (=) ахау = T a? dx dy = a?(Area of R) = 1 па“ 
R R 


35. From Exercise 31, n — cepe and do 1 ал Е-п E + Y + = =a => Flux 
п/ 2 


= Га ЕС – | 40 = 13 
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=1 


36. From Exercise 31, п = 


@-(@-(@ 0) 


xi yj +2К a > Е. 
1 and да = 3 dA Е-п я 


т/2 ра 
= Fc [pray] я) ахау = f Г Jep 19:90 = та 


37. g(x,y, z) = y? +z = 4 Vg 2уј+к = | vgl уз +I = n= ЕҚ 
F-n= oa pak lve-pl=1 = до = /4y? + 14А = Flux 


s (2255 à) vay? ТАА = у (xy – 32) dA; 2 = 0andz = 4 – у? > y? = 4 
1 2 1 
= Flux = f fi 2xy — 3 (4 — y?)] ЧА = f, | (2xy - 12+ 3y?) dydx = f [xy? — 12y + y3]?, dx 
Ё 2 


m f 32 ax — —32 


38. gx,y,z) = х2 +y? -z20 > Vg=2xi+2yj-k = |хур| = V4 + 4 + 1 = \/4(х? +„у?) +1 


_ 2dc2yj-k ono 824852 -2 E m = 7—5 
п = JI Е-п са k |vg:pl21 = do = \/4 (х? + у?) + 1dA 


> вых = f f( Aer) VA ry FI dA = JJ 8х2 + 8y? — 2) dA; z = 1 ава x? + y? =z 


> х Бу =l > Fux = ЈУ nc — 2) r drd = 27 


39. в(х,у,2) =у—е*=0 = ув=-еЧ+ј = |ув= Мех +1 > n= 7h > Fas TH psi 


=> |wvg:pl2e = до = УЗ ДА => Flux = f f (===) QU ) = rece -2*2 ад 
R 


мех +1 ех 
= f f -4aA = f, | -ayaz –4 
R 


40. Р(х, у, 2) =у-шх=0 > vg--lisjo|vsgl- 5+1 = Vt since] <х<е 
– 4+Ј E x / x2 
- (iti) ug F-n= Psj > |хув-р|=1 = до = УУ ДА 


ШЕТ Ут+х2 


> Flux ЈД 83) (4) ад = Г Г2уака = Ј Ј 2шхагах = |2тха 


=2хшх-—х]1 -2(е-е)-2(0-1)-2 


41. Оп ће face z = a: g(x,y,z) = 2 Vg-k [үе = а= k F - n = 2х2 = 2ax since 2 = а; 
do = dx dy Flux | | 22x ахау = [7 [ах dx dy = at. 
R 


On the face z = 0: g(x, y,z) =z Vg-k [үу] = 1; n = —k F - n = —2xz = О since z = 0; 
до = dxdy = Flux = f f 0dxdy — 0 
R 


On the face x = a: g(x, у, 2) =x 175-і Мај = ца =1 Е - n = 2ху = 2ау since x = а; 

do = dy dz Flux S Ј 2ay dy dz = a’. 

On the face x = 0: g(x,y,z) = х Vg-i vg|ln--i- F -n = —2ху = 0 since x = 0 
= Flux = 0. 
On ће face y = a: gG, y,z) = y vg-j vg = ца =ј F - n = 2yz = 2az since y = a; 
do = dzdx Flux Г ` Г "аг dz ах = at. 
On the face y = 0: g(x, у, 2) = y 176-і vg = ;п=—-] F - n = —2yz = 0 since y = 0 
=> Flux = 0. Therefore, Total Flux = За“. 
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42. Across the сар: 9(x,y,z) = х? + у? +22 = 25 > хур = 2хі + 2уј + 2 = |% g| = \/4х? + 4y? + AZ? = 10 
= п= VE = им х F-n=*2+4%44;p=k = |хув-р| = 22 псе 2 > 0 => до = £ dA 
= Еш = f f F- nd; = J (2% + + 4) (5) dA = ffe + у + 1) dxdy | f ( + 1) гагад 
-1, c NAM 
n=-k>F-n=-1;p=k=>|vg-pl=1 


z=3> vg-k-j|vgl-1 


Across the bottom: g(x, у, 7) 
= да = аА => Ешхьи = f f F -n do = J, f- 1 dA = —1(Area of the circular region) = — 167. Therefore, 


bottom 


Flux — m Flux, t FlUXpottom = == 1287 
2a; p = К > | Y f- p| = 2z since z > 0 = do = 21А 


ху f = 2х1 + 2уј + 22к > | ҳу f| = /4x? + Ay? + 422 = 2a; p = 
ine: My = ff абас = 6 f Ја (2) ) dA = ab | дА 


= 3 ад; M = f | 6 do = (surface area of sphere) = 
S 
3 z Му (=) (523) = а . Because of symmetry, х = y = 5 = the centroid is 


-аб [f гагад ёта. 7 M 


43. 


(5,5,5). 

44. ху Ғ = 2уј + 22К > |у 1] = удуг - 422 = /A(y? + 22) = 6;р= к = мош PME ш 
= 3 ДАМ = ee ааа к. ) dx dy = 54; 
My, = уве = Г.Д 3) ахау = NE 0; My, = [f xac = ME TIT = т. 
Therefore, x (81) 3 у = 0, ат = 5 = 6 

45. Because of symmetry, x = у = 0; М = f f 84-6 | | до = (Area of $)6 = Зту26; ху f = 2xi + 2yj — ж 

5 5 _ ETTE ЈА 


=> |у | = (4x2 + 4у? + 472 2x3 + у? + 2 р=Кк => |wf-p|22z > 40 
c Аный) qu ec MEER MEAT ад > Mg =ê f (У wos) dA — 6 ff V2 x3 x У dA 
R R 


14ту2 
ил 6 = ( Ы = = (x,y,z) = (0,0, 1). Next, = J Јо“ +y?) ê do 


-6|Г f V2 drag = Mme = 
= ғу) (EE) вал = ву [f ба ey) dA = б\/2 | f Pardo = lis o R- 


М 64x2 + 64у? + 422 


16 


»- 
м 2 


46. f(x,y,z) = 4х? + 4у? — 22 = 0 = Vf= 8хі + 8уј -2zk > | “- 
= 2\/16х? + 16y! + 22 = 24/422 + 2 = 2/5 2 зтсе 2 > 0;р=К > |xzf-p| = 22 > до = 2\5* дА = V5 dA 


= L= J fle? +у) bao = 8V5 f fe +y?) акау = 6/5 f [^^ загар = 3455 


47. (a) Let the diameter lie on the z-axis and let f(x, у, 2) = x? + у? + Z2 = а?, х > 0 be the upper hemisphere 
2a,a>0;p=k = | Vf-p| 22zsincez > 0 


=> Vf=2xi+ 2yj+2zk > | {у f| = 4x? + Ay? + 472 = 
27 pa 5 
11 6G y) do = а6 | | уу dA = аб J, Ji gp rarae 


/а2 — (x2 +y?) 


уу "dO = аб рр; $ a3 dð = 4" а1б = the moment of inertia is 87 a6 for 


до = *dA = 1, 


=> |, | гуа? — r - 2 (a? 


the whole sphere 
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(b) Ij, 2 Га, + mh’, where m is the mass of the body and h is the distance between the parallel lines; now, 


Ка. = ёт а26 (from part а) and шаг нш = 27) (2) аА = аб 1 vemm dy dx 
= аб ЈУ ЈУ а rara = аб Ју [- v =]; а = аб аад = 2лазбапаћ = а 


=> 1 = аб + Апаба = 20" аб 


48. Letz = P x? + у? be the cone from z = 0 to z = h, h > 0. Because of symmetry, X = 0 and y = 0; 
z=! x2 +y > f(x,y,z) = E +у2) – 22 =0 > шанг Ep Wj 24k 


= |у |= Гетеа (ку) + ® (б + у?) = 2/ (5) (2 + у?) (5 +1) 
=> 22 (58) = (2) МВ? + а? since z > 0; р= К = | у f-p| = 22 а 2-5 dA 
= VERE AM = Ј Гао = [ УВС ад = EE (ra?) = лауће a 

Т 61 ( LE) an - =! /х? + y? dx dy = Мах Ї ah г? агаб 


Ж 
| 20M 
= 2rahy b+ at ze 2h the centroid is (0, 0, 2) 


16.7 STOKES' THEOREM 


i j k 
1. НЕ = y xF-|$ 2 ĝ|=0i+0j+(2-0)k=2kandn=k > cul F- n 22 = до = dxdy 
x 2x 22 


ES $. F-dr= LH 2 dA = 2(Area of the ellipse) = 47 


i j k 
2. сай = у xF=|ĝ 2 § | =0i+0j+G-2Dk=kandn=k > culF-n=1 > до =ахау 
2y Зх -z 


=> фе-аг= [f dx dy = Area of circle = 97 
R 


i j k 
3. сПЕ= y хЕ=| 2 2|--хі 2х} + (z — Dkandn = 5425 => curl F- n 
y xz x 


= dh(-x-2x- 2-1) = до = X3 dA = феаејј Js (-3х 2 - 1) /34А 
= ff ї-эх+а—-х-у)—114уйх= ЈУ f (4x – уудувк = | — [аха — x) 10 — х)7] dx 


«x (4 + 3x — 2х2) dx = – 5 


i j k 
4 culF— y xF-| 2 Е 2 = (2y – 2z)i + (2z — 2x)j + (2x — 2y)k and n = ЧАК 


у? + 22 x? + 72 x? + у? 
> curl F - n = 7 (2y — 22 + 22 — 2х + 2x — 2y) = 0 > ўва f [040-0 
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i j k 
5. с1Ё= y xF-| 2 2 $ | = 2yi+ (22 — 2x)j + (2x — 2y)k and n = k 
у? + 22 x+y? х? + 


у? 
1 1 1 
> curl F-n=2x—2y > до = дхду > фЕ-аг = | f (2x —2y) ахду = | [х? — 2хуј!, dy 


= T —4y dy = 0 


г 10% 
6. culF= y xF-| 2 у z| = 01 + 0j - Зх?у 
xy 1 z 


— curl F - n = — 3 x?y?z; до = 4 dA (Section 16.6, Example б, with a = 4) > d$ F -dr = f f (- 3 x?y?z) (+) 4А 
R 


2 — 2xi+2yj+2zk _ xi+yj+zk 
k and n 2 x? + у? +z? 4 


2т 2 27. 2 2т 4т 
=-3 | Ї (г? cos? 0) (т? sin? 0) гагад = -3 f В | (cos 0 sin 0)? 10 = —32 1 18022040 = —4 Ї sin? u du 


- 48-9 =s 


7. х = 3 соѕіапау = 2зт > Е = (2 sin t)i + (9 cos? t) j + (9 cos? t + 16 sint t) sin еу (өзіме OK at the 
base of the shell; r = (3 cos t)i + (2 sin ДІ = dr = (—3 sin t)i + (2 cos 9) = F- ar = —6 sin? t + 18cos?t 


Qn 
> ffxv xF-ndo = f (—6 sin? t + 18 cos? t) dt = [—3t + 3 sin 2t + 6(sin © (cos? t + 2)] = —6т 
S 


i j k 
8. cul] F — у ХЕ = ax % È |=— > Ққ,у,) = 42) -y o zi > sz f— 8x + j + 22 


—Z+ 3l. tan'y ха; 
f 8 Ї 4 НЕ 
= n= Угапр=ј = |yf-p|=1 = до = (XL dA = |у 4А; у xF-n= dz (-2j- у 0 = i 


> y ХЕ-пдо = —24А > || ху xF-ndo= | | —24А = —2(Агеа of В) = —2(1- 1-2) = -4т, where В 
5 R 


is the elliptic region in the xz-plane enclosed by 4x? + z? = 4. 


9. Flux of 7 хЕ-1| ү x F - n do = ФЕ: dr, so let C be parametrized by г = (а cos t)i + (a sin Dj, 
S 
0<{<2т = 4 =(—азїп t)i + (a cos t)j = F- % = ау sin t + ax cos t = а? sin? Е + а? co? t = а? 
2т 
> Fluxof y x F- $ Е-аг= f a? dt = 2ra? 
i j K 
А д д д : vt 2xi + 2yj + 2zk 
10. у x (у) = Ox ду Oz к;п КУД] 2/3 +y + 22 
y 0 0 
=> y x (yi) -n = —z; до = 1 dA (Section 16.6, Example 6, witha = 1) > f f x7 x i) -ndo 
5 


= xi + yj + zk 


= ІП (-2) (1 dA) = – Tr dA = —7, where В is the disk x? + y? < 1 in the xy-plane. 
R R 


11. Let S; and 52 be oriented surfaces that span C and that induce the same positive direction on C. Then 


Д ] у x F-mdoi = $F. а= ff У x F-m dos 
Si So 
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12. МУ x F -n do = Sv хао [7 х F - n dø, and since S, and S» are joined by the simple 
1 2 


closed curve C, each of the above integrals will be equal to a circulation integral on C. But for one surface 
the circulation will be counterclockwise, and for the other surface the circulation will be clockwise. Since the 


integrands are the same, the sum will be 0 = 77 v ХЕ-пда = 0. 
5 


i j k 
13. V xF=| 2 2/-5і--21--ЗК;г; = (cos 0)1 + (sin 0)j — 2rk and го = (—r sin 0) + (r cos 0)) 
22 Зх Љу 
i j k 
= r, ХК = | соѕ 0 sinü  —2r| = (21? cos 0) i + (21? sin 0) j + rk; n = E and до = |r, x геј dr d0 


е |г.х4| 
—rsinÜ rcos@ 0 


> y ХЕ-пдо = (У X Е)- (т, x гө) drdó = (10r? cos 0 + 41° sin 0 + Зг) 00 = ff y x F-ndo 
5 


= 


“(1022 cos 0 + 4r? sin 0 + 3r) агад = f [ов cos 0 + ir? sin 0 + 312] 2 40 


0 0 


f (3 cos 6 + 32 sin 0 + 6) 40 = 6(2л) = 127 


io d 02 
14. y xF=| 2 2. 9 |=1—2]—2К;гу x ro = (27 cos 0)1 + (212 sin 0) j + rk and 
у-7 2-х X+Z 


уу x F- ndo = (ҳу x F)- (r, x ro) dr dó (see Exercise 13 above) — | | ху ХЕ-пдо 
S 


НЬ : ^si ECT 43g 213 
=f (КЕР: cos 0 — 4r? sin 0 — 2r) агад = | [-$ cos 0 — іг sin 0 — r°] $ 90 
= [ (-18cos 6 — 36 sin 0 9) 40 = —9(22) = —18т 


i j К i j k 
5. 7хЕ-|2 2 #'|=—у1+ој- кг хте =| сб sind 1 
х2у 2y?z 37 -гвіп0 гсов0 0 


= (—r cos 0)i — (r sin 0)j + Капа v x F-ndo=(V7 x F)- (т; x го) drd0 (see Exercise 13 above) 
= ЛУ хЕ. Bde | d (2ry? cos 0 — rx?) агад = | ІК 2r* sin? 0 cos 0 — г? cos? 0) dr d0 


ШЕ 2 sin? 0 cos 0 — 1 cos? 0) 40 = [+ sin 9—1 (9 4 #1) 2" я 


4 
i j k i i k 
16. у ХЕ- -- Е 2 =i+j+k;r,xrọ=]| cose 880 -1 
x-y You 2-х -івіп0 rcos0 0 


= (r cos 01 + (т sin 0)j + Капа ду x -n do = (ҳу x F)- (г, x ro) dr d0 (see Exercise 13 above) 
27 p5 Qn 51-5 
= Лу xF-ndo= | f (@cos@+rsind + D агад = f [сов Ө -+5т0+105] 99 = (22) Ол) = 251 


1 j k i j k 
17. V ХЕ- 2 2. x = 01 + 0] — 5k; го x rg = СЕТ УЗ cos ¢ sin 0 — УЗ sin ф 
Зу 5-2x 2-2 УЗ sin ¢ sin 0 УЗ sin ф cos 0 0 


= (3 sin? ф cos 0) i + (3 sin? б sin 0) j + (3 sing cos ФК; ху ХЕ -ndo = (ху x F)- (го x ra) dọ 40 (see Exercise 
27 7/2 27 
13 абоуе) = Лу xF-ndo= f^ f” —15 cos sing аф40 = f [15 co? ф] 7 - |" — 1540 = -157 
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18. 


19. 


20. 


21. 


22. 


23. 
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i j K i j k 
У ХЕ- 2 Т 2 = – 272 — j — 2уК; rg X rọ = | 2 сов ф cos0 2сов ф віп0 —2sinó 
y 22 x —2 sin ф віп0 2sin ф cos 0 0 


= (4 sin? ф cos 0) i + (4 sin? ф sin 0) + (4 sin ф cos ФК; ху x -n do = (ҳу x F)- (rẹ x ro) dé dé (see Exercise 
ф 
13 абоуе) = Sfx x F -ndo = | f (—8z sin? ф cos 0 — 4 sin? ¢ sin 0 — Ву sin ф cos 0) 4040 
S R 
27 т/2 
-1 Ї (-16 sin? ф сов ф cos 0 — 4 sin? ф sin 0 — 16 sin? ф sin 0 cos Ө) 4040 
= | [- 6 sin? ф cos Ө — 4 ($ — $24) (sin 0) — 16 (5 — #129) (sin Ө cos 0) 77 d 


=f 1$ cos 0 т sin 0 4r sin 0 cos 0) 40 = [— 18 sin 8 + 7 cos 0 — 2r sin? 6] 5" = 0 


(a) F=2xi+2yj+ 2k > сшЕ=0 > $ F-dr- f [ху хЕ-пдо= f [040 =0 
S S 


(b) Let f(x, y,z) = xyz? => y ХЕ- y x vf-0-culF-0 фЕ- а= ff xz x F-nac = f f 040 
: S S 
=0 
(с) F= y х (хі +уј -2к) = 0 = y xF=0 = ¢F-dr= ff v xF-ndo= || 0do=0 
5 5 


( Е= vfs y xF- ух уг=д > фЕ-а = ff x xF.nac- | [040 =0 
5 5 


Е- V Ё-- 1 (х? + у? 4 22) ?"^ (2х 2 1 (x? + y? ue 2) 3/?(2у)} = 1 (х? + у? ДЕ 2) 2022) 
— G2 + у2 + 22) УЗҢ у G2 +y? + 2) 5 -— G2 + у2 + 22) Эк 


(а) г = (а cos t)i + (a sin 1], 0 €t < 27 = аг = (—a sin t)i + (a cos tj 


= Ез Ж = -x (x° + у? + 22) 3 а sint) — y (x? + y? + 2) (а cos t) 


= (= 88) (asin) — (ім) (aeos =0 = $ F-dr=0 


a 


o) фе. а = f [у x F-nde = f f xz x хуг-пдо– f | 0-ndo= 04-0 
S S S S 


i j k 
Let F = 2уі +3zj- xk > y хЕ-|2 2 ğ|=-3i+j-2k;n= 24355 
2y 3z -х 


= y xF-n=-25 $ 2ydx+3zdy-xaz= фЕ-аг= ff ху xF-ndo= f f —2 do 
S S 


==—2 Ї/ dc, where ІП ас is the area of the region enclosed by С on the plane S: 2х + 2у +z = 2 
S S 


i j К 
д д 

У хЕ- Ox ду Oz =0 
X y 7 


Suppose Е = Mi + М] + Pk exists such that ҳу x F = (% - ax) i+ (9м ax) d + e 2м) k 


505 Д 9 (ОР ON) _ д Ә?Р ON _ | à д (дәм ЭР) — д 
= xi+yj+zk. Then 5% (2 у = 5 (х) = Экбу — Dem = 1. Likewise, By (5 28) c (y) 


9M OP _ 9 [ON ом д ON _ дм _ | : 
zd С oven = 1 and 5, ( Эх м) (2) = Зах ову = 1. Summing the calculated equations 


ФР ФР ФМ ФМ M _ дм) _ = : | : 
=> (2 85) + (2 23 + (22 23 = 3 or 0 = 3 (assuming the second mixed partials are 


equal). This result is a contradiction, so there is no field Е such that curl Е = xi 4- yj + zk. 
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24. Yes: If ҳу x F = 0, then the circulation of F around the boundary C of any oriented surface S in the domain of 


F is zero. The reason is this: By Stokes's theorem, circulation = $. Е. дг = TL v ХЕ-пдо = ІП 0-п4с- 0. 
5 5 


25. r= M = м (х +y > F= У“ [а ee 
> $. ү(0)-а6-4.Е-пд-4Мду- ма = ff (H+ 83) ахау 


= E. (x? + у?) + 8х? + A (x? + y?) + 8у?] dA = тымағы та аты ЧА 


= " + 165. 
ӘР Әм ом ӘР Әм y-x әм | y-x y-x y-x = 
26. Oy 0, Oz 0, Oz 0, Ox 0, Ox (x2 + у?)? > ду (х2 +у? y => curl F = Fare РЕКУ k=0. 


However, x? + у? = 1 > г = (cos t)i + (sin t)j > г = (—sin t)i + (cos t)j 


> F= (— sint)i+ (cos t)j = F- 1 = sin? Е + со 1-1 => $ F-a = ф 1 dt = 27 which is not zero. 
0 


16.8 THE DIVERGENCE THEOREM AND A UNIFIED THEORY 


1 Е= 2520 div F = 23, =0 2. F=xi+yj > dvF—141-2 


3. F— = ОМЕР аа > div F = -GM 2 ру? 4z? _ 3х2 (к^ „у? + 2)^ 
| (к ey! + zy 


3/2 1/2 1/2 
ом (х2 +у? +22) -3y (х? + у? + 22)! ам (ety? +22) 322 (x + у? +22), 
(х2 + у? +22) 3 


2 3 (х2--у?4 zy 3 (х2--у24-22) (х24у2+22)] _ 


4. 7 = а? — г? іп cylindrical coordinates => 7 = а? — (х? + y?) = у = (а? – х? – у?) К = фуу = 0 


5. £g-2--L£c-»--L£G-2-02 y- p 22 Fux = f | f, -2axayaz = -2 (2%) = –16 


6. $ (x?) = 2х, & (у?) -2у, % (27) = 22 = y -F=2x+2y4+2z 
1 1 1 1 1 1 
(а) Fux = f. f. f. (2x +2у + 22) dxdydz = |, f p +2x(y + 2] дува = f f, а + 2y + 22) dy az 
1 1 
-1 [y 4-22 + y]; dz = | (2 + 22)42 = [22 + 25] =3 
1 1 1 1 1 1 1 
(b Flux — | f Ј 2х+2у+ 22 ахау = | | [+ 2+8] 1, dyaz = | | (4y + 42) dy az 
= [| (2у? + 42] (2-Г, 8z dz = [4z?]! , =0 
(c) Іп cylindrical coordinates, Flux = f І || (2х + 2y + 22) dx dy dz 
=f Ї ЕЕС fü P cos 0 + 2r sin 0 + zr]? 40 dz 


= [| ( 16 cos 9 + 1$ 6 sin Ø + 42) ава: = f [18 sin 0 — 16 cos 0 + 420] ^" = f. 8nz dz = |4122], = 4т 


T. 2 (y) - 0, 5 (ху) = x, 2 (-2)--1- wv-.F-ex-Lz-x-4y > z= r° in cylindrical coordinates 
2т 2 г? 2т 2 
= ишш] (х- D тауа = | 11 (с соз 0 — 1) гага = f. [| (© cos 0 — 13) rarae 


= ЈУ [6 со»д – $] ao = [У (2 cos - 4) ao = [2 sin 0 — 46] 2” -8т 
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10. 


11. 


12. 


13. 


14. 


15. 


16. 
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2. (x?) — 2x, 5 (xz) = 


дх 0.202) =3 > ху. а РАЈ 


= ЈУ ЈУ | Qo sin д cos 6 +3) (6 sin $) apaga = |7 Г Б P 
= [| sind cos 6 +8) sino dga = | [8 ($ — 5722) cos 0 — 8 cos 6] "40 = | (4x cos 0 + 16) 40 = 327 


x (x?) = 2x, 2 (—2ху) = —2x, 2 (xz) = 3x => Flux = JIJ 3x dx dy dz 


т/2 рт/2 p2 т/2 
= Г f, кш. sin ф) йрафаб = f” “ЇГ 12 sin? ф cos 0 1640 = |7 37 cos 0 40 = Зл 


2- (6x? + 2xy) = 12x + 2y, 2 у Фу + х? 2) =2, 2(4х2у3)-0 = y -F=12x+2y+2 


5 мн тэгж... 1 (12r cos 0 + 2r sin 0 + 2)r dr dô dz 
D 


= ГІ (82 созе + 6 сте + 4) do dz = | (32 + 2x + 15) dz = 112 + 6л 


x, 2 ( z?) = 27 => ИЕ 


= Г] 2d цаг ч ' -xdzdydx = f Г B шаг 4x) dydx = |! x (16 — 4x?) 


= |a? - Bat + 2 (16 – y] = – 4 


2- (2х2) = 22, 2 ху) = 


— 4х\/16— 4x! dx 


= 3х2 о > y -Е= 3х2 + 3у2 + 322 > Еих= fff 3(х2 y? +22) 4У 
р 


p? (р? sin 0) арафа = 3 ЈУ Ex ` еп ф ddd =3 7% 28 gg = Det 


x? + y? + 22. Тћеп 9 


= x 8 _ {д 
Lapa “+p, (ру) = (#)y +0 
= = +p, # 00 = (#) мх? + у? + 22 

2m рт v2 " 27 т | 2r 
> Ешх = f ff pav = ] f, ГГ ар(р sin) дада = |" | затфафад = |, 640 = 12л 


= +++ + Зр = 4p, since р = 


2 2 2.722 др х др_у p_z д (х)—1 x|90 1 с 
Let p = yx? фу + z^. Then 5, озду 2975. £()-1i (3) es д. Similarly, 
9(у-1 Уу 9(:ү-1 = ЈЕ—3_хљуље 2 
50)-3 2 M M" p? ЖА 

2 


2- (5x? + 12ху2) = 15x? + 12у?, 9. (y? + е? sin z) = 3y? + e! sin z, 2 (573 + e! cos z) = 1522 — еу sin z 


=> y -F= 15x? + 15у? + 1522 = 15p? => Flux uu 1502 dv = FE (1502) (p? sin $) dp 40:40 
= ЈУ fva - 3) sing dodo = f, (24/2 – 6) to = (ау) 

1 
&IsG њу] = ee 8 Cr = C2) || = oe BVT = vare 


= У -Е- (225 — еу + У Fy?) dzdy dx 


— рэ + +уї > вих= f ff 
D 


my 
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m гу? p2 т pd 
=] Ї "E (2586 — т) агага = f. f i (6 cos 0 — 3 + 312) dr d0 
= [|6 [6 | V2 - 1) cos 9 - 31n /2 2/2 – 1| ад = 2n (-3n2« 2/2 1) 


17. à) G=Mi+Nj+Pk > y xG=culG=(#-B)i+(M-2)k+(A-Bk э vv xe 


ОР ON 9 (0M oP д (Әм ом 
= div(curl б) = дх ЯС 8) ын ду ( Oz 0) + Oz (3 м) 


= OP ом дм ом ом n; : | Бі | 
= 9x0y — xəz T Зуйг = X qr oy = 0 if all first and second partial derivatives are continuous 


(b) By the Divergence Theorem, the outward flux of 57 x С across a closed surface is zero because 
outward flux of Y x G = Ї/ (57 x G)-ndo 
5 
= ІШ үу - У х Сау [Divergence Theorem with F = 57 х С] 
р 
= ЈЈЈ] © ау =0 [by part (a)] 
D 


18. (a) Let Fi = Ми + Мы) + Pik and F5 = Мя + Кој + Pək => аЕ, + БЕ» 
= (aM, + ЪМ›)і + (aN; + bN;)j + (аР; --ЫР,Ж => ху - (aF, + bF;) 


m ом ӘМ. ом ON» ОР ЭР, 
= (а Bh +b Be) + (aM 452%) + (2B + 596) 


= а (3 + # + R) + ь (Ae My B) = (у - Fo tC Fo) 


(b) Define Е; and Е as in parta > ҳу x (aF; + ЊЕ) 
2 (а +b 2) (a ж +b Me) i+ [(a 38 +6 2%) — (аде нь Бү) 
4 (а m +b 2) (а 2 +b) к=а| (2 aN) i (2% 8/534. (3 2:311 
+b| (2 ona) + (2 2) + (2% ame) k] =ay х Е +b” xF, 
i j k 
(c) Fi x F3 = . ai = (NıP2 — Р1 №51 — (М}Р› — PiM2)j + (MıN2 - NıMo)k > y - (Fi x Fə) 


= - [(N1 P? — РК — (M: P2 ао ММК] 
туз Рә) — $; (M; P» — Р.М») + È (Mi Ns – ММ.) = (P» 90 + М, 92 — № Ft — Ра 2%) 


х 


др; OM, OM) ӘР! ON» әм ӘМ» ОМ 
(Mi ЖР; ду Pi ду Мә Bt) + (Mi 7 + № № 5 Oz M; à: ) 


= бе) es (m 288) дер, (88-88) ew (58 - 25) + N; (22 — Me) 


Oz 


+P (2% — №) =r. у ХЕ = Еу ХЕ, 


19. (а) oii n кол и. 2) + (ма) + (ажар 3) 
= (м +М Фр жуа (2м + 2 + 2) =ву - F-XDRESE 
(b) ИТКЕ ЕТИ" 
(Р 92 +602 - М 820) 1+ (Ма ЕМ PEE) (МЕ ME ром) к 
=(P- м2 e)i+ (e£ 2х) (ME - р 28 st) j-+ (gM - 35) j+ (NE - ME) 


+ (621 в) к= gv xF+ wvgxF 
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20. Let Fi = Ми + М:) + РК апа F5 = Мя + Кој + РК. 


21. 


22. 


23. 


(а) Fy x Fy = (МР, — Р.№)і + (РМ — Mi;P5)j + (MıN2 — ММК = у х (Е х Fo) 
= [2 MIN? — ММ») - £ ФМ; - Mi) i + [2 (КИР; – РА) – 2 (MIN; — NıM2)] j 


+ [2 PM: - МР) – 2 (N:P, – РОЈ К 

and consider the i-component only: 5 (М; № — ММ.) — 2 (РМ — МР) 
= № 2м + М} ды; М? m № oe Мо m Р, 9м; + P2 2м + М! ар 
= (№ ӨМІ + Po м) (№ oe + P: ом.) + (2% + æ) M, (25 + a) M, 


= OM OM ом ЭМ: OM» OM: OM: ON» ОР: 
То (M; Ox + № y + P» М.) (M; Өх. + № ду + Py м.) + | эх + ду ка x) Mi 


(38 + 2. + æ) My. Now, сотр of (F> - OF; = (M: 2 +N: 2 + Ps 2) Mi 


= (M; өм, + № ды: + P5 м) ; likewise, i-comp of (F; - ҳу )Е = (Mi Me + № 2м + Р: ә) : 


i-comp of (ҳу - ЊЕ = (38 + ® + 2) M; and i-comp of (ҳу - КОЊ = e + 20 + a) M». 
Similar results hold for the | апа К components of 57 x (Е; x F2). In summary, since the corresponding 
components are equal, we have the result 

V х (Е. x Ez) = (F2 - ХЕ! — (Fi- У ЈЕ; (У ЈЕ - CV · FF» 

Here again we consider only the i-component of each expression. Thus, the i-comp of 57 (Е; - F2) 

= к (MiM; + №№ + РР) = (Mi Se + М> Sh +. Ny SB + № REP + Po В) 


дх 
i-comp of (Е; - ҳу )Е = (Mi 9м; +N; м; +P; a5) . 


(b 


wm 


i-comp of (F» - ҳу ЈЕ! = (M; ом: 3 NS әм, + Po м) : 


i-comp of Е! x (ҳу х Е) = № (9 ом.) Р, (2% ғ) „and 


i-comp of Fs x (ҳу x F1) = № (88 23 Р, e e) 1 


Since corresponding components are equal, we see that 
v (Fi - F2) = (Е; · V )Е5 + (F5 E V ЈЕ; +F, x (ху х Fo) + К» x (“7 х F1), as claimed. 


The integral's value never exceeds the surface area of S. Since |F| < 1, we have |F - n| = |F| |n| € (1)(1) = Тапа 


ГГТУ Едо = [f F-ndo [Divergence Theorem] 
7 < n ЈЕ - n| 40 [A property of integrals] 
Ai (1) do [JF -n| < 1] 
т. of S. 


Yes, the outward flux through the top is 5. The reason is this: Since Y - Е = ху · (хі – 2уј + (2+ 3)К = 1-2 +1 
= 0, the outward flux across the closed cubelike surface is 0 by the Divergence Theorem. The flux across the top is 
therefore the negative of the flux across the sides and base. Routine calculations show that the sum of these latter fluxes is 
—5. (The flux across the sides that lie in the xz-plane and the yz-plane are 0, while the flux across the xy-plane is —3.) 
Therefore the flux across the top is 5. 
() 2@=120)=1,20=15 y+F=3 > Flux = f f f 3av =3 f f [ av = 3(Volume of the solid) 
D D 


(b) If F is orthogonal to n at every point of S, then - п = 0 everywhere => Flux = T F - n do = 0. But the flux is 
5 


3 (Volume of the solid) = 0, so Е is not orthogonal to n at every point. 


Copyright O 2010 Pearson Education Inc. Publishing as Addison-Wesley. 


www. гетепд. 15 


988 Chapter 16 Integration in Vector Fields 


a b 1 а b 
24. уу -F= —2x - 4y - 6: 12 > Fux = Ј f, Jf, (—2x — ay — 62+ 12) dzdydx = ЈУ f° (—2x – 4y + 9) dy dx 
= | (-2xb — 2b? + 9b) dx = —a?b — 2ab? + дар = ab(—a — 2b + 9) = Ка, b); 2 = —2ab — 2b? + 9b and 


2L = —a? — dab + да so that 2 = 0 and Æ = 0 = b(-2a — 2b +9) = 0 and a(-a — 4b +9) = 0 = Б=0ог 
—2а — 2b + 9 = 0, anda = 0 ог —а – 4b +9 = 0. Nowb=0Oora=0 Flux = 0; —2а — 2b +9 = 0 and 


—a—4b+9=0 = 3а-9-0 а=3 b 3 so that (3, 2) = 27 is the maximum flux. 


25. || F-nde = f f f у -Еау = fff 3av = 1 [f F-ndo= f | | av = Volume of D 
S D D S D 
26. ЕЕС > y -Е=0 > Fux- ff F-ndo= fff vy -кау = fff 04У-0 
S D D 


27. (a) From the Divergence Theorem, | | zf-ndo = f f. f - vztav = f f. f v’tav= ff Јоау =o 
5 р р р 


(b) From the Divergence Theorem, Ї/ У Е-пдо = SIT V -fvfdv. Now, 
S D 


tyt- (rie (+ Mk > v -fyf= [2 + (2)]+ нш + (3) | + [rot + (29) 


= fz?t | УЕ? = 0 + | УЕ since fis harmonic => ЇЇ fy f-nde- fff | 7 fl dV, as claimed. 
S D 


28. From the Divergence Theorem, Ї/ vi-ndo= fff V- у ғау = fff СЕ = +) dV. Now, 
S D D 


- / -— 2 2 2 Of _ Of _ Of — 
f(x, y, z) = In x? + у? +2? Ний In (x ty +2 ) => Og = Sig > ay — Pte 2 5; — EG ETE 


Of _ Учи Ө? _ уч Of _ хгфуг—22 Of | Of | æf 
= OX (юру? 422)? ду (x2 +y2+422)? ° OP T (x24 y2 422)?’ = Ox? + дуг T oz 


Eu юну [f упале SSS eos ЈУ f, у Є едда 


MI 


29. I Гука = |] vtveav- fff у -(Е ++ к) ау 


- Og | af Og дв | Of Og дв | дї Og 
zr (е2 +2 ui + бу ay tla + & 2) ау 


х дх 


ЛА 2 ро 
-ЛІ (Е) + (таня) ау = ГУ (rs yf yg) av 
р р 


30. By Exercise 29, ІП У 85 -пдо = ІШ (К ху 38 + ҳу Ғ- ху 5) dV and by interchanging the roles of f and g, 
S р 
1 gwvf-ndo = ІШ (в NZ?f -- Jg- Wf) dV. Subtracting the second equation from the first yields: 
S р 


JJ ЧУЕ-БУР п = |7) (Т ху 25 — пху 2) dV since Yf- Ve= Yg- vf. 


31. 


к- 


(a) The integral 1 f f p(t, x, y, z) dV represents the mass of the fluid at any time t. The equation says that 
D 


the instantaneous rate of change of mass is flux of the fluid through the surface S enclosing the region D: 
the mass decreases if the flux is outward (so the fluid flows out of D), and increases if the flow is inward 


(interpreting n as the outward pointing unit normal to the surface). 
(b) HT ачугајјј к=] prada JI Vv руду > =- ҳу -pv 


Since the law is to hold for all regions D, ҳу - pv + 2p = 0, as claimed 
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32. (a) WT points in the direction of maximum change of the temperature, so if the solid is heating up at the 
point the temperature is greater in a region surrounding the point => ду T points away from the point 
=> — ҳу Т points toward the point => - ҳу T points in the direction the heat flows. 
(b) Assuming the Law of Conservation of Mass (Exercise 31) with —k Y T = pv and соТ = p, we have 


3 fff corav = — ff -kxz T-nde = the continuity equation, ҳу - (Ck ху T) + 2 (соТ) = 0 
D S 


> ср = — ху (ку Т) = кх Т = 2 = Е ху ?Т = К ҳу ?Т, as claimed 


СНАРТЕК 16 РКАСТІСЕ ЕХЕКСІЅЕЅ 


1, Раћ 1: r=ti+tj+tk > x=ty=tz=t0<t<1 = (0), h() k()) = 3 – 32 and ® — 1, € — 1, 


? dt 
dz dx \2 dy 2 dz\2 УЗ а 2 УЗ 
к=1 = (5) + (5) + (5) а = уза > | х,у, = f, 3 (3 — 3) dt = 2\/3 
Path 2: т =ti+tj,0<t<1 = x=ty=tz=0 = 000), ht), kt) = 21—36 +3 and ® =1,® = 1, 
dz 


2 | Ї = | 
2 0 = (+ (8) + (во а= уга > f Кху,2)Ф = f, /2 (1-38 +3) dt = 3/2; 
с 
гә =i+j+tk x=ly=1,z=t > f(g(t),h(t),k()) = 2 — 2t and ® = 0, € = 0, # =1 


~ (у + (5) + (8)? at = at = Јуве f с - 204 =1 
> J Кх,у,®) = f бољу, 2) 85 + Ју, =3V2 +1 


2. Рав 1: г =Н > х-іу-0,2-0 = Қай), h(t), k) = t? and & = 1, ¥ = 0, # =0 
2 2 2 у 
> q^ (али = nsns Југа =). 
rm =i+t] > x=Ly=tz=0 = (00), ҺО), КО) = 1 + tand ® = 0 


ду _ dz _ 
)d = Ка = 0 


2 2 2 ! 
> /G + (8) + (о а= > | књудф= |а ғой-2; 
r =i+j+tk > x=Ly=1z=t = Қай, оке) =2 – tand ® = 0 


= JG (8) + а= = Јуде f 0-048-3 


Ed Path 1 Kx, У, 2) ds — J, fx, У, 2) ds ji ЈЕ Қх, y; 2) 45 + J. f(x, у, 2) ds — - 


Path 2: ru ЕН НЦ > x=ty=tz=0 = f(g(0,h(t, К) = 2 +tand & = 1,9 =1,%=0 


2 = 
> (8)? (4) + (5) dt = уга > куда = f V2 +) at = 2 \/2; 
r3 = i + j + tk (see above) > f, Ку, 2) ds = 3 


> fa уд =, Ку + / х,у, л) йв = $ VZ+} = ФУ + 


Path 3: г; 2 tk > x=0,y=0,2=t0<t<1 = f(g(t),h(),k()) = —tand % = 0 


52 2 9 1 
> (еу (8) «(aca => | Коу две Јула, 
rs =tj+k > x=0,y=tz=10<t<1 => fg, h(t), kt) —t— 1 and & = 0 


> TE (5) (%уа-а- f, уд%-(а-)а--і; 


r=tit+jtk > х=бу= 1,2 =10<1<1 = f(g, 0), КО) = ё and ® = 1 


ду _ dz _ 
а = Фа = 1 


ду __ dz _ 
„а = 0 а =1 


ду _ dz _ 
bat Би 0 


ду _ ду _ 
>a = 0, ou 
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> Jen (3) «ataca = / гээв flea 


=> fa уд = ] у, Ју) + f Қо,у,%--1-1-1--2 


3. г = (acost)j + (asin k > х = 0, у = асоѕ і, 2 = аѕіп > f(g(t), h(t), К(0)) = Ма? sin? t = a [sin t| and 


! 2 
ах pn dy _ : dz _ dx? dy dz)? 4. — 
т = 0, ф = -asint, % = 4605! > ЧЭ + (2) + (8) dt — a dt 
рт п 2r 
=> / fy. mas f a? |sin t| «= f a sin tdt + f —a? sin t dt — 4a? 


4. r—(cost--tsint)i + (sint—tcost) => x=cost+tsint, = sint—tcost,z=0 
f(g(t), h(t), k(t)) = У (соз t + t sin t)? + (sint — t cos t)? = y1 + t? and ах = — sin t + sin t + t cos t 


2 
dz ах\2 ду dz\2 
= 1 с08 t, ay = cos t — cos t + t sin t = t sin t, dt =0 = /G + (8) + (8) dt 


V3 
= \/t? cos? t + В sin? t dt = |t| dt = t dt since 0 < t < уз > [. f(x, y,z) ds = f tVl+tdt= ~ 


5. Ж--і уу -9,9 = —}(х-+„у-+„2) УЗ = Е, 9 = — Их фу а) 92 = М 


=> M dx +N dy + P dz is exact; 51 = TSIT => f(x,y,z) = 24/х+у+2 + gy, 2) 57730 m^5 


= quu > #=0 = gyz =h) = fey2-2/x*yczhG) = F= стуу; +H 


+ 42 


(4,-3,0) 
E 1 1 = dx + dy 
тут > 100 =0 > ћа)=С => (ху, Da2A/xtyt+z+C => Јолу “тут 
—1(4,—3,0) — f(-1, 1,1) = 2/1- 2/120 


a 


6 =~ ae = 9, 33 =0 = Fe у =0=5у => MdxtNdy- Pdzisexact; б =1 => f(x,y,z) 


=х+ Ур» = =- > куд = -2,/у2--Қ2) => f(x,y,z) = x – 24/у2 + h(z) 
= = чирэн -ү h'(z) =0 = h(@) =C = fx, y,z)=x-2/yztC 


L i ta dy – \/¥ dz = £10,3,3) —11,1,1=(10–2-3)—(1–2-1)=4+1=5 


1. 


7. oM = —y cos Z Æ у cos Z = ӘР = Е is not conservative; г = (2 cos t)i + (2 sin t)j – К,0 € t < 27 
> dr = (—2 sin t)i – (2 cos t)j > ЈЕ -dr = | [-(-2sin t)(sin(—1))(—2 sin t) + (2 cos t) (sin(— 1))(-2 cos t)] dt 


27 
= 4 sin(1) f. (sin? t + cos? t)dt = 87 sin(1) 


8. 2 -0- 9N 0M — Q= ON — 3x? = ӘМ — Fis conservative => Ј к-аг=0 


ду Oz" Oz x? OX ду 
9. Ге М = 8x sin y and N = —8у cos x = Gy = 8x cos у and % = ĝy sinx = | 8x sin y dx — 8y cos x dy 


т/2 т/2 т/2. 
= J f 8y sin x – вх cos у) дух = J, f (Ву sin x — 8x cos у) dydx = f (п? sin x — 8x) dx = —л? + 3? = 0 


10. Let M = y? and N =x? — ®™ = 2y and 9% = 2x = / у? dx +x ay = | f ох — 2y) ахау 
R 


27 2 on 
=f J. Qr cos 0 — 2r sin бгагав = f 18 (cos 0 — sin 0) 40 = 0 
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12. 


13. 


14. 


15. 


16. 


17. 


18. 


Chapter 16 Practice Exercises 991 


Letz=1—x-y > f,(x,y) = -l and f(x,y) = -1 = ИР +1 = уз > Surface Area = | | /3 dx dy 
R 


= УЗ(Атеа of the circular region in the xy-plane) = тү3 
үу f = —31 + 2yj + 22К, p=i = | у 1] = 4/9 + Ay? + 472 апа | ~ Ғ-р|-3 


= Surface Area = || УЕ дуда = |” |” YF" агар = 1“ (1 21-3) a0 = 4 (7/21 - 9) 
R 


үу f= 2хі + 2yj+2zk,p=k = и а x? +y? +z? = 2 апа | ҳу f- p| = |22) = 27 since 
ИУ? 
220 = Surface Area = | | 8 ЧА = Ма ЧА = JJ уту — dxdy = ЈУ Ї Е rdrdé 


- [7 ver eet (15:55) oar 


(а) ҳу Ё = 2хі + 2yj+2zk,p=k = |% f| = \/4х? + Ay? + 422 = 2\/х? + y? + 72 = 4 and | ҳу f - p| = 2z since 


2 сов 0 


т/2 
220 = Surface Area = f f ЧА = J f заА-21 1 Je rdrdó = 4s — 8 


(b) г = 2 с050 => dr = —2 sin 0 40; ds? = г? 402 + dr? (Arc length in polar coordinates) 
= ds? = (2 cos 0)? 402 + di? = 4 cos? 0 402 + 4 sin? 0 402 = 4 102 => ds = 2 10; the height of the 


т/2 


cylinder is z = \/4 — т? = У4 — 4с0520 = 2 |sin 0| = 2 sind if0 <0 < Z — Surface Area — ШЕ 


=> f " (2 sin €). 40) = 8 


fxyz-:-i-:-1- у= (1)1+ (1)1+ (Фф )К |у =, 5 + + радр=к = |уГ!-рј = 1 
fin БЕГЕН 
since c > 0 => Surface Area = | ЈЕ 8 ад = оу а tita SS dA = jab / 2 +E + 5, 
R c R 


since the area of the triangular region R is i ab. To check this result, let v = ai + ck and у = —ai + bj; the area can be 


found by computing |у x w|. 


(а) gf=2yj-k,p=k > | 1] = \/4у2 + 1and|szf-p| = 1 = do = Ay? + 1 ахау 
. 1 рз 
= MEC МА САНИ y(y?— 1 dxdy= f f (у“– у) 4х ау 


y? 


“Туы nes [i E] = 


(b) JJ 09.2) мова V Ay? + 1 dxdy = fe = 1) dxdy = [^3 (y? — 1) dy 


СЕЕ 


v Ё = 2уј +22к,р = К > | Vfl = Ay? + 422 = 2\/у? + 22 = 10 and | Y f - p| = 27 since z > 0 
> до = nde гн | eee | | (x*y) (y? + 22) (2) ахау 


E ыо (ува 85 125) а а ду = 50 


Define the coordinate system so that the origin is at the center of the earth, the z-axis is the earth's axis (north is the 
positive z direction), and the xz-plane contains the earth's prime meridian. Let S denote the surface which is Wyoming so 
272 


then S is part of the surface z = (В? — x? — y . Let R,, be the projection of S onto the xy-plane. The surface area of 
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peciit E (=) dA = f | у а + в z 1ЧА= [J ery as ue ЧА 
Ку 


В сіп 49° 
«de МУР —r 2, 2 © r dr dô (where 01 and б» are the radian equivalent (о 10493” and 111°3’, respectively) 
К sin 49° 
= J, -RR -20y? = = "в — R? sin? 455)? — В (R? — R? sin? 499) /? 40 
1 R sin 45? 


= (05 — 04)R?(cos 45? — cos 49°) = » R?(cos 45? — cos 49°) = mm T (3959)2(соѕ 45? — cos 49°) == 97,751 sq. mi. 


19. A possible parametrization is г(ф, 0) = (6 sin ф cos 0)i + (6 sin Ф sin 0)j + (6 cos ¢)k (spherical coordinates); 
now р = 6 and z = —3 = —3 = 6 cos ф cos ф -i Ф 21 and 7 3/3 3/3 6 cos ф 


cos ф us > ф= є Z < ф < 27, а[500<0 < 20 


20. A possible parametrization is r(r, 9) = (г cos 0)i + (r sin 0)j — (5) К (cylindrical coordinates); 
помт = yx? фу: = 2--5аһ-2<2<0 = -14-5 
also 0 < 0 < 2 


<0 = 4>7>0— 0 <г< 2 віпсег 0; 
21. A possible parametrization is r(r, 9) = (г cos 0)i + (r sin 0)j + (1 + nk (cylindrical coordinates); 
nowr = уха + у? = т=1+-га941<77<3 = 1<1+г<3 = 0<r<2;als00<0< 27 


22. А possible parametrization is r(x, y) = xi + у] + (3 —х- Y) Кіог0 <х <2апа0<у<2 
23. Let x = u cos у and z = u sin v, where и = y x? + z? and v is the angle іп the xz-plane with the x-axis 


=> r(u, v) = (и cos у)і + 2u?j + (и sin УК is a possible parametrization; 0 Су <2 > 202 <2 > u? <1 
=> 0 < и < _1sinceu > 0; also, for just the upper half of the paraboloid, 0 < v < т 


24. A possible parametrization is (v 10 sin ф cos 0) i+ (v 10 sin ф sin 0) 1+ (у 10 соѕ д) К,0< ф < 5 ааб <0 < 5 


i j k 
25. r, =it+j,ry=i-j+k > rıxry=|1 1 0 =i-j-2k > |ru xr|= V6 
1-11 


= Surface Area = f | |ru x r| dudv = f f Уб dudv = y6 
Rav 


26. [ву 2) = f, f, [(и + v)(u — v) — v?] V6 dudv = of. f (ш — 2v?) шау 
- f'E- amd]; ау = 66-27) av = уби – E]; = = - V 


27. к; = (cos 0)i + (sin —)j, гө = (—г sin 0)і + (r соз j +k = хи = | cose snd 0 
—rsinÜ гсоѕ0 1 


= (sin 0)і — (cos 0)j +rk = |r, x гој = sin? 0 + соз? 0 + 12 = Ү1--і? > Surface Area = f | lr, x геј 4г40 


10 


Ган лань ии а) 
= [/2 + (1+ /2)| 
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29. 


30. 


31. 


32. 


33. 


34. 


35. 


36. 


37. 


Chapter 16 Practice Exercises 


LÍ фу Тао = f / тї сово +12 i61 ЛР аав = | | (1+1?) ara 
S 


9P..Q — ON OM ..Q — др ON ()- OM 1 

m 0-%.% =0= 5, эх =0= m = Conservative 

OP — —3zy _ ON OM _ —3xz _ OP ON _ —3xy _ ом : 
ду (ху +z) 02° Oz (о руни ~ Ox? Ox — (хафуг-+а) 72 ^ ду => Conservative 
ОР 2 ON : 

m 0 = ye % Not Conservative 

ОР OM _ -ý -2 


= x — ON — OP ON _ — 0M 1 
ду | (+yz? д>? Oz (х+уд: Өдх? Ox _ (+у2 ду = Conservative 


№ =2 = Књу,2) = 2х +22) => бу = бу = +z => gyz) = у? zy +ћ0) 


= f(x,y,z) = 2x + у? + zy + h(z) = г — y + h'(z) y+1 ћ(2) = 1 h(z =z+C 
=> f(x,y,z) = 2х + у? + у +2 + С 


of Og 


дЕ = Z cos xz = f(x,y,z) = sin xz + (у, 2) y CN еу g(y, z) =e + h(z) 

= f(x,y,z) = sin xz + e! + h(z) = аг = x cos xz + h'(z) = x cos xz ћ(2) = 0 h(z) = С 

=> f(x,y,z) = sin xz + e! + С 

Over Path 1: r = ti-- tj -tk,0 <Е< 1 x—-ty-tz-tanddr- (i +j+k)dt > F=2i+j+tk 


1 
> F.dr- (32 +1) dt > Work = f (32 + 1) dt = 2; 
Over Path 2: ri = ti+tj,0<t<1 x=t,y=t,z = 0 ава dr; = (i- j dt > Е = 2i +j + Ck 


993 


1 
> Fy-dry = (20 + 1) dt => Work; = f (22 +1)dt= 3 =i+j+tk,0<t<1 > х= 1,у = 1,7 = tand 


1 
dr; = kdt > F» =2i+j+k = Е - де = dt = Work, = f at= 1 = Work = Work; + Work, = 5 +1=% 


Over Path 1: r = +) -tk,0 <1 <1 x—-ty-tz-tanddr- (i +j+k)dt > F=2i+tj+k 
1 

> F.dr- (32 4 1) dt > Work = | (32 +1) а= 2; 

Over Path 2: Since f is conservative, 4 Е - dr = 0 around any simple closed curve C. Thus consider 

f. F-dr= f, F- dr | F- dr, where С; is the path from (0,0,0) to (1, 1,0) to (1, 1, 1) and С; is the path 

F-dr= f. F- ar 72) 


curve 


from (1, 1, 1) to (0,0, 0). Now, from Path 1 above, f. Е-4--2- 0 = 


= J F-dr =2 


(а) г = (е! cos t)i + (e! sint)j = х = e cos t, y = e'sintfrom (1,0) to (е7,0) > 0 < 1 < 2r 
xi+yj | (e'cost)i-- (е! sint)j 
(х2 + yb? 77 (e cos? t+ e? sin? t)? 


22 (cost)s sint) ¢ dr [сое sin t cos t sin? t sintcost | __ ,-t 
= (S)i+ (38))j => F-£-( D el Toa Р et =e 


е 


= 4 = (е! cost — е! sint) i (е! sint + e' cost) j and F = 


= Work = ЇГ e'dt=1l—e2" 


____ xi+yj Of _ 
(у F= 4, = = 


—1/2 
х? + у?) зз => х, у,2) = — (x? +у?) | + 507,2) => > = : + бу 


X 
(x? + у?) (x? + у?) 
1/2 


= mp" => g(y,z)=C = f(x,y,z) = - (х? + у?) 


={(е?7,0) — 1,0) = 1 — e77 


is a potential function for F => Ї F-dr 
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38. (а) Е = ҳу (ze) => Е is conservative => 4 Е - dr = 0 for any closed path С 


(1,0,27) 
(b) f. F-dr = 1 57 (х2267) -4г--(х2267)| (1027) — (х2267 )| (10,0) = 27 0 = 2m 


i Jj k 
д д д — : — 2i+6j-3k 24 64 3 
39. үу ХЕ = ax » 8 = —2yk; unit normal to the plane ism = 77-5 = 71+ 7j zk 
y y x 
> y XxF-n-$yp-kandf(x, у, 2) = 2x + бу — 32 > |xzf-p| 23 = до = zm dA = 7 dA 


> $ F-ar= [уй = ff (Sy) (244) = f [сува = |" ж а 
R R R 


i j k 
40. v ХЕ = = - 2 = 8уі; the circle lies in the plane f(x, y, z) = y + z = 0 with unit normal 


x+y x+y 4у2-2 
n=j+k> y xF- n=0 > фЕ-йг= ffy хе. nd; = ff ода =0 


41. (а) r= у2а + 29g + (4-6) К,0<1<1 > x= у, у= ул z=4- ° > & = y2, % = y2, = = -2 
- TEOR (2) а= V4F 4 at > M= || буов= f 3 и 
-4/2-2 

(ә M- f. бољу 2) ds = f. 4440 а = [1+ +n (t+ Г+8) |, = 24m (1 v2) 


42. r=ti+ 2) + 307k,0<t<2 > x-ty-2uz- 207 > &=1,% =2,% = 1/2 


2 ка ===> 2 
> (+ (8) +’ a= versa = M= f, sayas fav 
=f 3( + 5) dt = 36; My = |, xô ds = f 3t(t 5) dt = 38; Mx = f. yê ds = | би +5) d = 76; 


2 144 

2 ЭР 3/2 214 > Му, 38 19 = Мо 76 19 = Mx 7 

My = f, 25ds= f; 2826 + 5) dt = 4 2 х= М 36 УТ м ат 36 
== 472 


аз. r-ü (5202) 3+ (5) к,0 5152 => х=ђу= В.Б > в=1 = У, war 


2 
> / еу + (2) + (£)! dt = ул +2048 dt = УУ D? dt = |t + 1| dt = (t + 1) dt on the domain given. 


ThenM = | 66 = f. (4,)t+Dat= Ла=2; м» = хоб = | (44) ee Dato | tat 2; 
Mu = f. убв=ј (328) (H) tt Dats fo? a= Bs My = Ј zô ds 


2 22 
Е Ш 2 4 = _ Ми _ 2 го My _ (5) _ 16.5 M 
= I) Ge em) )t- Dd - f a 3 x= M = ly = м 2 155255 м 
2 4 2 4 
-3:5-1 фон 2 dt = 22; 1, = | (2 +22)6 65 = [f (2+5) dt — =; 
mE 2 2 2 2 
uon +х)бф= f (2+ 88) dt = 


— 


44. 7 = 0 because the arch is in the xy-plane, and x = 0 because the mass is distributed symmetrically with respect 


2 
to the y-axis; r(t) = (а сов t)i + (asint)], 0 €t Сл = ds= Jer + (%) + (27 dt 


= у (а sin t)? + (a cos t)? dt = adt, sincea > 0; М = f. ô ds = f. (га — у) ds = f Qa - asinpaat 
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= зада -235 M, = f, уба = f, уба-у) ds = | (asin )(2a—asint) dt = |” Qa? sint — a? sit) d 


= [-2a? eost c a? ($ 82) ја = aa? RS y 6) – 


8-7 


Wart = ca = (%У,7) = (0,%,0) 


45. r(t) = (е! cos t)i + (e' sint)jt+ek,O<t<In2 > x=e'costy=e'sint,.z=e' = 9 = (e'cost—e'sint), 
2 
X = (e! sin t + e' cos t), @=e = (су + (8) + (X) dt 


2 
= V (e cos t е sin t)? + (et sin t + et cos t)? + (et)? dt = 3e% d = узе dt; M = f. ô ds = Ї Узеа 


зу3 
= SM, = ] 64% ЈУ (узе) (еја = ЈУ узета 8 7 Ме e) 3; 
„= |, (x2 + уг)6 48 = | (e cos? t + e” sin? t) (узе) «= [узе dt = 273 


46. r(t) = (2 sin t)i + (2 cos 0] + ЗК, 0 «t < 2r => x —2sint, = 2005, z = 3t > 2 


А А di = 2 cos t, 3 E = —2 sint, 
2 2 9 2т 
à =3 = „| (5) + ( (%) ) +( а= = 


449dt= үЛЗа;М- f. 64 = | 6/13 dt = 216 ЛЗ; 
2 | зо (6/13) dt = 66r? / 13; Му = f. xô ds = Г (2 sin) (5/13) “- 
M, =f. yéds- [^ (2 cos (5/13) Ж-0-х-у-бамт- № = SV _ 


M 261/13 Зл (0,0, 37) is the 
center of mass 


47. Because of symmetry x = у = 0. Let f(x,y,z) = х? + y? + z? = 25 


> у= QU e 
= Бо ) dA = | 5 dA = 5(Агеа of the circular region) = 807; Му = JJ 76 до = її 57 dA 


а реда" 4 


80т  — 12 


= Vi = 2хі + 2yj + 2zk 
10andp=k = | ху Ё-р| = 2z, since z > 0 = м= J J ва у,2) до 


— 49 


ы 


= (3,7,2) = (0,0,8) sh = J Гоё +ујева = / [559 + у?) ахау = [ f, se ага0 = f^ 32040 = 640т 


48. On the face z = 1: g(x,y,z) = 7 = 1 and p = k 


Vg-k | У 2! = Тапа | у 2 -р 21 = de = dA 
т/4 вес @ 
= 1= Лечу ал => f, Ї г? drdó = 2; On the face z = 0: р(х, у, 2) =2 = 0 


8 =1 > | 8 -р|-1- й = А > 1= f | (х + y?) аА 
R 


vg-kandp-k 


= 5; Оп ће face y = 0: g(x,y,z) = у=0 


Peg D due ЇГ хакас 1; 


35 


=> vg-jadp-j > [vg =] = |v g-p|= 1 = до = ДА 
On the face y = 1: g(x, у, 2) 


у=1 Vg=jandp=j = мэр ous p| =1 = de —dA 
2 2 [Г 2 4. Р 
Е +1) дА = |, J, (х +1) dxdz = 3; Оп the face x = 1: њу) =х = 1 


|7 2 = 1 = |уг:р| = 1 = до = dA 


V г = іапар = і 


1 1 
1 ЛГ? + у?) aA = f, f, (1 + у) dydz = 1: On the face 
R 
x=0: g(x,y,z)=x=0 Vg=iandp=i=> |vgl=1> |Ууг-р =1 = do=dA 


> I= f [(0#+ у?) ад = f | ydayaz=! = 1, 
R 


—2,2,1,2,2,1-—14 
= а Рата T. О БЕ Е 
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49. М = 2ху +x and N = xy — y = 92M = 2у +1 


дх 


= ff су+1+х-1)дуах= ЈУ ЈУ буду = 3; Сие = ff (4: — M) ахау 
R R 


Л (y—2x)dydx = f f. (у — 2x) dydx = - 1 


> Ox 


50. М = у – 6x? and N = x + y? > M = = — 12x, о 1, М — 1, o 2y Flux |] (34 2) dx dy 


51. 


i (-І2х + 2y) dx dy = Sf tax +2y) ахау = (ау +2у –б)ду =- 2; 


oie = |] (2х - ём) хау = f f (1 – 1) ахду =0 


2200 cosy 2 : OM _ siny ON _ siny $ : __ cosy 
М = - = andN=Inxsiny = ду © x аа = ^ > . In x sin y dy == dx 


= |) (2 - м) шан! ЕНЕ ахау- 0 


52. (а) LetM=xandN=y > 9 = 1,24 —0, 28 =0, =1 > вих= ff (27 + 23) ахау 
R 


53. 


54. 


55. 


56. 


= ff a Ddxdy 22 f | ахау = 2(Агеа of the region) 
R R 


(b) Let C be a closed curve to which Green's Theorem applies and let n be the unit normal vector to C. Let 
Е = xi + yj and assume Е is orthogonal to n at every point of C. Then the flux density of F at every point 


of C is О since - n = Oatevery point of C > өм “Р A = = 0 at every point of C 


=> Flux = JJ (9 + 2) ах ау = Ин 0 dx dy - 0. But part (a) above states that the flux is 


2(Area of the region) => the area of the region would be 0 = contradiction. Therefore, F cannot be 
orthogonal to n at every point of C. 


& (xy) = 2у, 5, (0у2) = 22, # Qxz) = 2х => y -F=2y+2z+2x > ЛЕ (2x + 2y + 22) dV 
= РЈ ax 2y +22) жауш- / f, TOS 
200->200->2()-0- v.F-2 = Fux f [f 2атагао ди 

= “ГГ” ата = (^ [16 — 22) агае = f” 64 0 = 1281 


2 ( 2х) = 2,2 Зу) = 3, 2(0=1=> y- Е = —4; Х + у? + 72 = 2 and хе +y? = 7 => 7-1 


= xy cio Fas fff -ааү--4Г E ger ardg = а f” f(e v2 - ri — P) ағай 
--f (- gti) 8-14(7-8) 


2 (6x + у) = бит (= х- 7) = 0, 2 (4у2) =4у = v- -F =б- 4у; 7 = yx? + у? = г 


> тах = f f (6-c4p dv = |" dA. (6 + 4r sin 6) dz rdrdó = | | (62 + 40 sin б) агад 


т/2 
= Ј @+sin0)d9=74+1 
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57. F=yitzj+xk > y -F=0 = Fux- | ЈЕ -пао= fff х7-Еау-0 
5 р 


58. Е = 3xzli c yj- zk => y -Е = 322 +1- 322 =1 => Еих= ff F-nde- ff f У -Fav 
5 р 


Дж : 4 
= ГЈ Pt azayax = ЈУ (1520) dx=|x-%] =; 
59. Е = хуй + х?у] УК > y -F=y +x? +0 = Ғих- | ЈЕ -пвдо= | | | у -Fav 
5 р 


= fff оу) ау = ЈУ fe f гаггагад = [7 | 2 агаве = [12075 
р 


60. (а) Е = (32 + Dk > y -Е=З = Flux across the hemisphere = | ЈЕ-пдо= f ff ху Еау = fff за 
5 р р 
= з (5) (1-4) = 2ra 
(b) Кх,у, 2) = х? фу: +22 – а2 = 0 = \Е=2м+2у] + 22К = | ҳу f| = \/4х? + 4y? + 422 = у 4a? = 2a since 
а>0 = п = 21121125 — хізуіз EN F -n = (3z + D(2);p-k > yf-p= Vi-k=2z 


> |Y f-p|=2zsincez > 0 => до = М = 22 dA = 2 dA — f/f F-ndo = ff (32 +1) (2) (3) dA 
8 Riy 


БУДИ] 7 
= [f (32 + Ddxdy = | | (34/22 — x? — y? + 1) ахау = ЈУ Ј (за =P +1) rarae 
Ку Ку 


Qn 9 
= Ї (5 + a^) 40 = ла? + 27a°, which is the flux across the hemisphere. Across the base we find 


Е = [3(0) + ПК = К since 7 = 0 in the xy-plane => n = —k (outward normal) Е-п=—1 Flux across the 
base — J f F -ndo = T [ —1 ах dy = —та?. Therefore, the total flux across the closed surface is 
S Riy 


(па? + 21a?) — та? = 2raè. 


CHAPTER 16 ADDITIONAL AND ADVANCED EXERCISES 


1. dx = (—2 sin t + 2 sin 2t) dt and dy = (2 cos t — 2 cos 2t) dt; Area = 1ф хаду — y dx 
= 1 S ГО cos t — cos 2t)(2 cos t — 2 cos 2t) — (2 sin t — sin 2t)(—2 sin t + 2 sin 20] dt 


= 2 [6 — (6 cos t cos 2t + 6 sin t sin 20] dt = 4 ГГ © —6 cost) dt = бт 


2: dx = (-2 sin t — 2 sin 20 dt and dy = (2 cos t — 2 cos 21) dt; Area = 1 $. xdy—ydx 


27 
== if ГО cos t + сов 2t)(2 cos t — 2 cos 2t) — (2 sint — sin 2t)(—2 sin t — 2 sin 2t)] dt 


2m 27 = 
= 1 f [2 – 2(cos t cos 2t — sin t sin 20] dt = 1 |  (2-2со830 dt = 1 [2t — 2 sin 3t] = 2л 


2 
2 0 


3. dx = cos 2t dt and dy = cos t dt; Area = 1% xdy-ydx- 1 f (1 sin 2t cos t — sin t cos 2t) dt 


= 1 f” [sin t cos? t — (sin 0) (2 cos? t — 1)] dt = 1 J (– sin t cos? t + sin t) dt = [1 cos*t — cos о = — 1 


өзін 
+ 
- 
| 
WIN 


4. dx = (—2a sin t — 2a cos 2t) dt and dy = (b cos t) dt; Area = i $ 


с 


х dy — y dx 


=} ЇГ [(2ab cos? t — ab cos t sin 2t) — (—2ab sin? t — 2ab sin t cos 20] dt 
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1 


Сл 27 
= f [2ab — 2ab cos? t sin t + 2ab(sin t) (2 cos? t — 1)] dt = 5 Ї (2ab + 2ab cos? t sin t — 2ab sin t) dt 


= 5 [2abt - 2 ab cos? t + 2ab cos t] ч = 2таһ 


5. (a) Ех, у, 72) = zi + xj + УК is 0 only at the point (0, 0, 0), and curl F(x, y, z) = i + j + k is never 0. 
(b) F(x, у, 7) = zi + yk is 0 only on the line x = t, y 0, z = 0 and curl F(x, у, z) = і + j is never 0. 
(с) F(x, у, 7) = zi is 0 only when z = 0 (the xy-plane) and curl F(x, у, 2) = j is never 0. 


6. Е = yZi + xz?j + 2xyzk and n = SS = ш so Е is parallel to n when yz? = €, xz? = 9, 
and2xyz = к => ыг ж 2ху y = ~ у= +xandz? = = R 2x? z= + М2х. Also, 


xX +y? + 22 = К? = х? + х? + 2х? = В? 4x? = R? x= È. Thus the points аге: (3,8,8), 
(5 в уж) ( Е R уж) ( R R уж) (5 R уж) (5 R уж) 
ПЕ вата о ЯЛ Ул эл  / (Ч ҮЕ or је 375 
ЖҮЗЕГЕ 

432, 3 47793925773 


7. Setup the coordinate system so that (a, b, c) = (0,R,0) = ó(x,y,z) = Vx? + (у – В)? + 22 
= Vx? + у? + 22 — 2Ву + R? = \/2R? – 2Ву ; let f(x, у, 2) = х? + y? + z? - R? and p = i 


= Vif=2xi+ 2yj+2zk > | {у = 2х? +y? +z? = 28 = до = УН dzdy = Æ ду ду 


=> Mass = | | 6х, у,2) de = | f /2R? — 2Ry (Е) dzdy = 4! аса, 47 ду 
5 Ку 


R?-y? 
y R?-y? 2 
= f. f. 225. dzdy = ав |" /2R? — 2Rysin- (=>) 9 
0 
= 2nR | \/2R? — 2Ry dy = гл (51) (2R? — у“ | = ieget 
-R 
i j k 


8. r(r,0)= (r сов 0)і + (r sin 0)) + ОК, 0 <г< 1,0<090< 2л = рх = | соѕ 0 sinô 0 
—rsin rcos0 1 


= (sin 0)ї — (cos j + rk = |r, x кој = V 13-12; 6 = 24/х2 + y? = 2y r? cos? 0 + r? sin? 0 = 2r 
у 


=> Mass = f f syd do = ], Јуте багад = f° | aem] ao = ЈУ 2(2У2- 1) 40 
= (22-1) 


b a 
9. M = х2 +4xy and М = —6y => 9M = 2x + Ay and 9Ч = —6 = Flux = f, Гох +4у — 6) dx dy 


— Га + 4ау — ба) ду = a?b + 2ab? — 6ab. We want to minimize Қа, b) = a?b + 2ab? — баб = ab(a + 2b — 6). 
Thus, f,(a, b) = 2ab + 2b? — 6b = 0 and f,(a, b) = a? + 4ab — ба = 0 = b(2a + 2b — 6) = 0 => b = O or b = –а + 3. 
Nowb=0 = а? – ба=0 а= Оога= 6 (0, 0) and (6, 0) are critical points. On the other hand, b = —a + 3 

= а? + 4а(—а + 3) — ба = 0 = —3a? + ба = 0 > а = 0 ora = 2 = (0,3) and (2, 1) are also critical points. The flux at 
(0,0) = 0, the flux at (6, 0) = 0, the flux at (0,3) = 0 and the flux at (2, 1) = —4. Therefore, the flux is minimized at (2, 1) 
with value —4. 


10. A plane through the origin has equation ax + by + cz = 0. Consider first the case when с Z 0. Assume the plane is given 
by z = ах + by and let f(x, y, z) = x? + y? +z? = 4. Let C denote the circle of intersection of the plane with the sphere. 
By Stokes's Theorem, $ F -dr = f f v xF -n dø, where n is a unit normal to the plane. Let 
S 
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i j k 
r(x, у) = xi + yj + (ах + БУК be a parametrization of the surface. Then rx x гу = |1 0 а! = —ai— bj+ k 
0 1 b 
i j К 
р р д д д А А ai+bj—k 
= do = |r, x ry| dxdy = Va? +b? + 1dxdy. Also, Y хЕ= |5; у 22 =i+j+kandn= түрүү 
7 X у 


= J/v са fl тты ы || о. dx dy. Now 


x? + у? + (ах + Бу)? =4 = (==) х? + (“ы ы) y? + (2 2) xy = 1 = е region Ry is the interior of the ellipse 


Ах? + Bxy + Cy? = 1 in the xy-plane, where А = a + L B= B , and C = . The area of the ellipse is 
2n - Ат m e _ (а+Ь—1)?, 
АСЫ ^ Ven = $. Е. dr = h(a, b) D . Thus we optimize кй: b) = прыг: 


дн _ 2(a+b—1)(b?>+1+a—ab) - Бес ы +1+b— ab) _ 2 2 
да = (а-ы = бапа © = TNT ET: =0 > а+ђ—1=0огђ- +1-+а—ађ=0 


апаа? + 1 +b-— а= 0 = а-5-1-0,ога — b? + (6 -а) =0 = a+b—1=0,or(a— Ба +6ђ— 1) = 0 
=> а+ђ—1=0ога = b. The critical values а + b — 1 = 0 give а saddle. If a = b, then 0 = b? + 1 + a — ab 


= a+1+a—a2=0 а= —1 = b= —1. Thus, the point (a, b) = (—1, —1) gives а local extremum for фе - dr 


= Z= -х-у => x+y+4+z= 015 the desired plane, if > 0. 
Note: Since h(—1, —1) is negative, the circulation about n is clockwise, so —n is the correct pointing normal for 


the counterclockwise circulation. Thus f || V ХЕ: (—п) до actually gives the maximum circulation. 
S 


If c — 0, one can see that the corresponding problem is equivalent to the calculation above when b — 0, which does not 
lead to a local extreme. 


11. (a) Partition the string into small pieces. Let A;s be the length of the i^ piece. Let (xi, y,) be a point in the 
із piece. The work done by gravity in moving the i^ piece to the x-axis is approximately 
W; = (gxiyiAs)y; where ху; As is approximately the mass of the i" piece. The total work done by 


gravity in moving the string to the x-axis is X №, = Xgxy2A;s => Work = Ї аху? ds 
1 1 


п/2 д т/2 
(b) Work — Ї gxy? ds = f g(2 cos t) (4 sin? t) /4 sin? t + 4 cos? t dt = 16g T cos t sin? t dt 


-[«()]7- t 


f. x(xy) ds f. y(xy) ds 
ху ds 


(c) X = and y — ; the mass of the string is f. xy ds and the weight of the string is 


xy ds 


e с 


g Ї ху ds. Therefore, the work done in moving the point mass at (x, y) to Ше x-axis is 


№ = (s f. xy ds) $ — e f. xy? ds = 16 р. 


12. (a) Partition the sheet into small pieces. Let A;c be the area of the і" piece and select a point (x;, y;, 21) in 
the i" piece. The mass of the i^ piece is approximately х,у; Ат. The work done by gravity in moving the 


i^ piece to the xy-plane is approximately (оху Дају = оху; До = Work = f 1 аху? do. 
5 


(b 


wm 


[| exyzdo == ff хуй — х ут + Cl? + СТР dA = V3g ] |“ (xy — х2у – ху?) dydx 
5 


= 3g | [1 xy? — 1 ху — 1 xy 31 dx = 38 | [1x 
= УЗ [5 х2 -1x3 ixt- 1х9], = V3z(5 - 5) = à 
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13. 


14. 


15. 


16. 


17. 


18. 


(c) The center of mass of the sheet is the point (x, y, Z) where z — Мы, with Му = 1 f xyz до and 
S 


M= f f xy dø. The work done by gravity in moving the point mass at (X, y, Z) to the xy-plane is 
S 


gMz = ом (№) = gM, = | f гху до = ми, 
5 


(a) Partition the sphere x? + y? + (z — 2)? = 1 into small pieces. Let Ajo ђе the surface area of the i^ piece and let 
(Xi, Yi, Zi) be a point on the і" piece. The force due to pressure on the i^ piece is approximately w(4 — z;)A;c. The 


total force on S is approximately У w(4 — z;))A;c. This gives the actual force to be f f w(4 — 2) do. 
1 
S 


(b 


— 


The upward buoyant force is a result of the k-component of the force on the ball due to liquid pressure. 
The force on the ball at (x, у, 2) 15 w(4 — z)(—n) = w(z — 4)n, where n is the outer unit normal at (x, у, 2). 
Hence the k-component of this force 15 w(z — 4)п - К = w(z — ОК - n. The (magnitude of the) buoyant force 


on the ball is obtained by adding up all these k-components to obtain f JD w(z — 4)k - ndo. 
S 
(c) The Divergence Theorem says JJ w(z — 4)k - n йс = НЕ div(w(z — 4)k) dV = 111 уу АУ, where D 


18 х? + у? + (2-2) <1 = ШЕ? ТӨСТІ 1ау- 4 туу, the weight of the fluid if it 


were to occupy the region D. 


The surface S is z = \/ х? + у? from z = 1 to z = 2. Partition S into small pieces and let A;c be the area of the 
1" piece. Let (Ху, y;, 7) be a point on the i^ piece. Then the magnitude of the force on the i^ piece due to 
liquid pressure is approximately Е = w(2 — z,)Aio => the total force on S is approximately 


LE = XwQ-z)A^oc = ПОЛА о (2 — x? + у?) ут + + тл + уйул dA 


x Уз (2- ууз) ад = f^ f. ы. Мз» [2—1]? аө = f зуби ад = S 


Assume that $ is a surface to which Stokes's Theorem applies. Then 4. Е -аг = 1 f (ху x E)-ndo 


= ІП (-8). п do = — = 187) B-ndo. Thus the voltage around a loop equals the negative of the rate of 
5 


change of magnetic flux mes. the loop. 


According to Gauss's Law, f | Е - n do = 47GnM for any surface enclosing the origin. Butif F = у x H 
S 


then the integral over such a closed surface would have to be 0 by the Divergence Theorem since div F = 0. 


$. fwvg-dr— Ї/ V х (Ёҳу о): пас (Stokes's Theorem) 
S 
= ЈЈ фу x g+ yfx ye) -ndo (Section 16.8, Exercise 19b) 
S 
= f f 1660) + xz £x y gl- ndo (Section 16.7, Equation 8) 
S 


= [| (vtx хув) адо 
5 


7 ХЕ, = ху х Е = үу х (Е -Fi) =0 = Е, — Е! is conservative > Е — Е = ҳу Ё ао, V - Е = wv -Fə 


=> y - (Е-Е) =0 = 7 ?f — 0 (so f is harmonic). Finally, оп the surface S, Wf-n= (Fo — Е!) - n 
=F,-n—F,-n=0. Now, Y -(fszf) = yf- ҳу #+ f 7z?f so the Divergence Theorem gives 
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f f f Irt av f f f. Е ау = [f f. у турау= f [f£xzf-ndo = 0, and since vf = 0 we have 
р р р 5 


fff |утрау+о=о = fff |F; - Fi 4у-0- Б - Е =0 > F, = Е, as claimed. 
р р 


i j К 
19. False; let F = yi+xj #0 > у -Е= 2(уу+ 2 (х) = 0ай 57 хЕ-|2 2 §|=0i+0j+0k=0 
х у 0 


20. |ru x r|? = (ral? [ry]? sin? Ө = |в? |r.[? (1 — cos? Ө) = |р, |> fry]? — |в)? |, cos? 0 = |ru]? fry]? — (та - ry)? 


= |ru x је = EG — Е? = до = |r, x r,| dudv = VEG — F? dudv 


21. r=xi+yj+zk > Y -г=1+1+1=3 > [ff v-rav=3fffdv=a3v = У= : Ј Ј |] v-rav 
р р 


о- 


= 1 f f r - n до, by the Divergence Theorem 
S 
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SSM, not ISM (odd-numbered problems only) 


CHAPTER 17 SECOND-ORDER DIFFERENTIAL EQUATIONS 


17.1 SECOND-ORDER LINEAR EQUATIONS 


1. y'-y - 12у 20 12 –-г- 12 = 0 = (г- 4)(7+3) = 0 > г=4огг= —3 => у = се + се 3% 


3. у" +Зу – 4у = 0 = 2 + 31-4 = 0 > (г+4)(г- 1) 209 r—--4orr- 1 у = сет + coe* 


5. у" —4y=0> rr -—4=0>(r-2)(r+2)=0>r=2o0rr= —2 => у = cie? + сое 


7. 2у" –у –Зу=0—22 -г-3=0= (2r-3)@4- 1) 209 r— orr=-1 = y = ce?" + сре" 


9. 8y'—10y — 3y = 0 > 812 – 10r- 3 = 0 = (4r--1)0r-3) =0 >r = -lorr- $ sy = се“ + ce 


11. у" + 9у 209 12 +9 = 0 =» г= 0 +31 > у = е*(с1со$ Зх + csin Зх) => у = с1с0$ 3x + cosin3x 


13. y" + 25у = 0 = 12 + 25 = 0 r — 0 5i = у = eÜ*(cicos5x + csin 5х) > у = cycos 5x + сҙбіп5х 


15. у" – 2у' + 5у = 0 >r —27+5—0=— г = - = 1+ 21 y = e*(cicos2x + cosin2x) 


17. у" + 2у' +4у = 0 > 2 + 27 +>4 = 0 > г = EN = = 1+ 31 у = e^ (eicos Зх + csin Ух) 


19. у" + 4у + 9у 20 12 +4 +9=0=71г= АРТ =-24/Sisy=e* (сісов 5x + csin Ух) 


0-х 


21. y” 20 r = 0 = г = 0, repeated twice > у = cie?* + сохе 


=> y = Cı + сх 


23. = + 49 + 4у = 0 = 12 +47+4=0 = (r+ Эр = 0 > r = —2,repeated twice => у = cie ?* + cox e 2% 


25. dy +68 +9y 20 > 12 +6r+9=0 = (r +3) = 0 > г = -3, repeated twice => у = cie? + сәхе 


27. ace 3r 49 +у= 0 = 4:2-4:41-0- (2r + 1? = >" г= — 1, repeated twice > у = cie ?* fe сохе- 5х 


29. 993 + 69 + у— 0 = 92 +6г+1—0 = (37 + 1)? =0 > г=– 


i repeated twice — y — cje3* + cox e 
31. y! + 6y! +5у = 0, у(0) = 0, у(0) 239 P +67+5—0= (145141) 209 r— -5orr- —1 
= у = се + сзе х > y = —5суе 5 — ce *; у(0) = 0 > cy + с = 0, and y'(0) = 3 => –5с – с = 3 
= са = — апіс = $ > у = –— де + зе 


33. у" + 12у = 0, у(0) = 0, у(0) = 1 => 12 + 12 = 0 > г=0 + 2//31 = у = с1с0$2/Зх + csin 2V3 x 
=> y = —2\/Зс15т2\/Зх + 2/3 c2cos 24/3 x; у(0) = 0 > сі = 0, апду (0) = 1 > 2V3 c2 = 1 
= с = 0апіс = уд Ф y = „512 3х 
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35. у" + 8у 20, y(0) = —1, y (0) = 2 > 2 +8 = 0 > r = 0 + 2//21 = у = cicos 2/2 х + csin 2/2 х 
= у --2 2 cisin 2/2 x + 24/2 сусов 24/2 х; у(0) = —1 => с = —1, апду (0) =2 2\/2 с. = 2 
= cı = —Land с; = 35 => у = —cos 2 /2x + sin 2 2Х 


37. у" — 4у' + 4y = 0, у(0) = 1, y (0 = 0 =>? —4r+4=05 (r — 2)? = 0 = г = 2 repeated twice 
= у = cie + cox e?* => y! = 2cye™ + се“ + 2cox e**; y(0) = 1 > cı = 1, and y'(0 = 0 > 2с + © = 0 
= сү = l апіс = —2 > у = e” – 2x e” 


39. 493 + 12% + ду = 0, у(0) = 2, 9(0) = 1 => 42 + 12r +9 = 0 = (2r + 3)? = 0 = г = —3 repeated twice 
3 


ЕЕ 23 4 duoc 23 Е 5 а 
> у = сце 2" + схе 2 > ЧУ = – се = + се 2 — схе 2; у(0) = 2 > с = 2, and 2 (0) = 1 


= іс +o = 1= ес = 2 and c; = 4 => у = 2e7?* + Axe? 


41. у" – 2y -3y = 0 = 2 – 27-3 = 0 => (r-3)(r-1) =0=>г=3огг= —1 > y = cie? + ce 


43. 4у" + 4у фу 20 42 + 41 +1=0 = Qr 1) 202 г= — 4 repeated twice => у = cie? + c2x e77* 


45. 4у” + 20у = 0 = 472 +20 =0 => г=0-=51 >y e° (с сов 5x + czsin /5x) => y = eios 5x + csin у 5 х 


47. 25у" + 10у' +y = 0 = 2512 + 10r+ 1 = 0 = (5 + 1)? 202 г= — 1 repeated twice => у = cje 5 + cx em = 


-4- 2. 
49. Ay" + 4у' + 5у = 0 = 4? 4+4r+5=05r= = ын мин i+i>y= e^? (cicos x + cosin x) 


51. 16у” — 24y' + 9y = 0 = 16? — 247 +9 = 0 = (4r 3)? = О > г = 3 repeated twice > у = cie?* + cox e? 
53. ду" + 24у' + 16у = 0 > 9? + 247 + 16 = 0 > (31+ 4)? 202 г= -3 repeated twice => у = cie ?* + cox ee 3* 


55. бу" — 5y —4y =0 > 62 — 5r —4 = 0 = (3r-A)Qr-1) 09 r— forr = —} > у = себ" + се 8 


57. у" -2y фу 0, (0) = 1,y (0 2129 ? += 27 +1=0 = (1+1) = 0 => г = —1, repeated twice 
> у = сце + сохе* = у = —с1е * — exe * + сое 5у(0)- 1 = су = 1, апау (0) = 1 > с: + 02 = 1 
= с = l апас = 2 > у =е 7 + 2хе * 


59. Зу” ++ у'—14у = 0, у(0) = 2, y (0) = —1 = 32 +r- 14 = 0 => (8r 7)(r-2) 209 r— -Zorr-2 
-у-се + сек = у = -1сүегэх + 2сое?х; у(0) -2-»сү--с2-2,ааду(0)--1-»-41с)-2с2--1 


5 - 
= c, = D ande; = H = y = Be UP + Пех 


61. Let r; and г; be real roots with гу Æ rp. If e"* апае?" are linearly independent, then e™* is not a constant multiple of e?* 


епх 
enx 


(and vice versa). Assume that ех 


is a constant multiple of е^, then for some nonzero constant c, е" = се“ => = с 
=> өк = с => (ГОХ = c. Since гу 12, с is not a constant, which is а contridiction. Thus е" and e?* are linearly 


independent. 
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63. Letr; = а +18 andro = а — i be complex roots. If e^*cos Вх and e^"sin б x are linearly independent, then e^*cos Вх 
is not a constant multiple of e^*sin (х (and vice versa). Assume that e^*cos 2х is a constant multiple of e^*sin В x, then 
for some nonzero constant c, e?^*cos Вх = се“ Хат Зх = e?*cos Вх — се“ Хат Вх = 0 = е^*(соз 3x — csinB x) = 0 
= е®* = 0 or cos Вх — csin Вх = 0. Since e** Æ 0 = c = cot (x, thus c is not a constant, which is a contridiction. 
Thus ед Хсов Вх and е“ “ап 8 x are linearly independent. 


65. (а) у" +4у = 0, у(0) 20, y(r) 219 77 +=4=0=>г=0+ 2 = у = e'*(cicos2x + cosin2x) 
= у = сусоѕ 2х + сат 2х; у(0) = 0 = c; = 0, апду(л) = 1 => с, = 1 = по solution 
(b) y” +4y 20, y(0) = 0, y(r) = 0 > ° +4 =0 >r=02i = у = еб (с1сов 2x + csin 2х) 
= у = с1с0$ 2х + cosin2x; у(0) = 0 = с = 0, and y(r) = 0 = c; = 0 = с = 0, су сап be any real number 
=> у = csin 2х 


172 NONHOMOGENEOUS LINEAR EQUATIONS 


1. y' – 3у – 10у = -3 > г – 3 – 10 = 0 > (r — 5)(r +2) = 0 >r = 5 orr = —2 Sy, = cie? + се 2; y, = А 
у; =0= у; =0= 0 30) – 104 = -3 > А = 35 > y = се + сег + 3 


3. у" – у = ѕіпх >= 2 -г=0= ге - 1) = 0 =т= 0огг = 1 > у, = cye™ + сех = су + сре; 


Ур = Asinx + В соѕх = у; = Acosx – B sinx => yy = —Asinx — B cosx 
= —Asinx – Всозх – (А cosx – B sinx) = sinx = (—A + B)sinx + (CA — B)cosx = sinx 
= -А +В = 1, -А -В=0 = А -iB 1 у сі + зех — 5 sinx + 4 cosx 


5. у'+у = сов3х > r +>"1=0 =т= 0+1 = у; = eP*(cicosx + cosinx) = сусоѕх + csin x; 
Ур = А sin Зх + В cos 3x => ур = ЗА cos Зх — ЗВ sin Зх => у; = —9A sin Зх — 9B cos 3x 
= —9A sin Зх — ОВ cos Зх + (А sin Зх + B cos Зх) = cos Зх => —8A sin x — 8B cos x = cos Зх 


= —8А = 0, —8В = 1 > А = 0, В -i y cıcosx + C;sinx — 1 cos 3x 


7. у'—у' – 2y = 20соѕх > 2 1-2 = 0 > (r-2)(r-1) =0=>г=2огг= —1 = ye = cie? + сех; 


, 


yp = Asinx + Bcosx = ур = Acosx — Bsinx = ур = —Asinx — Bcosx 


= —Asinx — Bcosx — (Acosx — Bsinx) — 2(Asinx + Bcosx) = 20cosx 
= (—3A + B)sinx + (CA — 3B)cos x = 20cosx => —ЗА +В = 0, —A – 3B =20= А = —2, B = –6 


х 


=> у = спе2х + сое-* — 2sinx — 6cosx 


9. у у=е+х: > >=–1=0=(г– 1) (1+1) =0=г=Тогг = —1 => ус = сех oe 
ур = Axe" + Вх? + Cx + D = у, = Ае“ + Axe* + 2Bx + С = у; = 2Ае* + Axe* + 2B 
= (2Ae* + Axe* + 28) – (Axe* + Вх? + Cx + D) = ех + x? => 2Аех — Вх? — Cx + (2B — D) = е + х? 
2А = 1, -В = 1, -С= 0,2B- р = 0 А LB -1,С-0,0--2 


= у = спех + сре“ + ixe — х? — 2 


11. y” Cy – бу = ех —7cosx => 12 –т—6=0 > (r-3)(r-2) 209 г= Зогг = –2 => у = cie + сзе 2%; 
yp = Ае + B sinx + Ccosx = у; = —Ae™ + Bcosx — Сзшх = ур = Ае * – B sinx — Ccosx 
= Ае * — B sinx — Ссозх — (—Ae™ + B cosx — Сзшх) — 6(Ае х + В sinx + Ccosx) = e * — 7cosx 
= —4Ае * + (—7B + С)зшх + (CB — 7C)cosx = e * — 7созх => —4А = 1, -7B + C = 0, -B – 7C = –7 
A B 


1 С- 2 у cie?* + сре“ — 1675 + Lsinx + 2 cos x 


1 
4? 50” 50 50 
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13. 


15. 


17. 


19. 


21. 


23. 


25. 


dy + 5% = 15x? => 12 + 5г = 0 => г(г+ 5) = 0 > г=0огг = —5 = ус = cie?* + сре“ 5 = су + с2е-5х; 


yp = Ax? + Вх? + Cx = у, = ЗАХ + 2Вх + С = у; = бАх + 2B > бАх + 28 + 5(3Ах? + 2Вх + C) = 15x? 


= 15Ах? + (6A + 10B)x + (2B + 5С) = 15x? > 15А = 15, 6A + 108 -0,28--5С-0--А-1,В--2,С-< 


ЭР —5х 3 3.2 6 
= y = с! + сое TX — 3X + 55Х 


dy 3% =e* — 12x > 12 — 3r = 0 > r(r — 3) = 0 > r = Q orr = 3 > y, = сје0“ + се“ = су + сзе?”; 
Yp = Ахе“ + Bx? + Cx > ур = Ae* + ЗАхе“ + 2Bx + С > Ур = бАе“ + 9Ахе? + 2B 
= 6Ae* + 9Ахе? + 2B — 3(Ae** + ЗАхе“ + 2Вх + C) = e? — 12x => 3Ae* — 6Bx + (2B – 3C) = e? — 12x 


=> ЗА = 1, -6B = 12, 2B - 3C = 0 > A = 4,B = 2,C = $ > y = о + oe" + 1хе + 2х? + 4х 


у" +y =x, 2 +т=0— (1 +1 = 0 5 г= Оогг= —1 => ус = cye™ + се = c + сре“ => ур = 1, у = 6 


0 e* | 0 
, _ |x e| _ -xe 0 х х = 1.2 
= У] ! == | = хек —X and уҙ = Е ex Tex xe Vi хах = 5x^ and 
0 -e* 0 —e-* 


у; = fe ax = —xe* Бех = yy = 3x! (1) + (-xe* +егје 5 = ix? -x +1 у= с + сех + ix? — Х 


у’ +y = sinx 2 +1=0=>г=0=1 Ус = с1208Х + созшх => у! = совх, у; = SiN X 


0 sinx 


совх 0 


sinx cosx —sin?x —sinx sinx 
т 1 


=> үү = = sinxcosx 


= —sin?x and vj = 


22 Sinxcosx 
cosx sinx cosx sinx 1 


—sinx cosx —sinx cosx 


= у = J -sin?x ах = | 2x = {sin 2x — $x, and у; = J sinx cos x dx = jsin?x 


= yp = (4sin 2x — $x) (совх) + (3sin?x) (sinx) = }sinxcos?x — }xcosx + isinx — $sin х соѕ2х 


= —!xcosx+ jsinx = у = с1с0$х + csin X — 1х совх 


2 2 
у" +2у фу=е“ => 12 +2+1=0= (1+1)? = 0 => т = —1, repeated twice => ус = сіе + сохе-* 
у =ељу = хе * 
0 хе * ех [0] 
Luo је“ e*—xe*| | хє -ех ез e72x = 1.2 
= М = Ге = = Xx апа у; = 5 os E 1 УІ = а ах = —5Х 


у! – у = ех 2 -1=0 = (г-1)@+1 = 0 ә г=10ог= –1 => у = сех + се > у = ех, yo = ех 


0 ех ех 0 
‚_ je | 1 _ ех ех eh 1 2x | 21 --1|ех 222149 
=> ү = у ==| = = = 2 and у) = их 27 ҙе Vi z dx = 5x and v; = —5 | e% dx = —4е 
ех —e-* ех -етх 


— {1 x 1 2хүд-х — 1 x lx — Ж -х х 
= ур = (1хје + (-ie је = 5хе` — де > у= се + се +5хе 


у" + 4у' + 5у = 10 = 2 + 41 +5 = 0 => г= = ate = —2 +i > у=е *(с1совх + csin x) 


0 e?*sinx 
— а-2Х — aX г 10 e ?*cosx—2e ?"sinx — -10е sinx — 2x а: 
= уу=е ^cosx, уз = e ?sinx > v, = MEME CUTE = m = —10e*sinx 
—e-?*sinx—2e-?*cosx  e-?*cosx—2e-?*sinx 
e?*cosx 0 
—2Xe1 —2x -2 
E —e ^sinx-2e созх 10 —  ]Oe?*cosx __ 2x 
and у; = EDS EUNDI = CLA = 10e*cos x 
—е-2х5іп х—2е-2хсоѕх  e-?*cosx—2e-?*sinx 
А ә 2х. E 
=> ү = - f 10e*sin x dx = 2e^'cos x — 4e“sin x and у; = f 10e?*cos x dx = 2e?*sin x + 4e?*cos х 


= ур = (2e?cos x — 4e?*sin x) (e ?*cos x) + (2е2ѕіпх + 4e?*cos x) (e ?*sinx) = 2 = y = e? (cicosx + cosinx) + 2 
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27. чу = sec x, 2 х< a г +1=0=г= 0+1 Ус = с1208Х + c2sin X => у! = COS X, у; = sinx 
0 sinx cos х 0 
Secx совх —6] S —sinx secx . 
>v = ДАЛ = ISBISUX — _(апхапа v} = = + = sinx => у] J -апхах 
COS X sinx COSX sinx 


—sinx cosx —sinx cosx 
= МЕНЕ = In|cos x| and у; fi dx = x > yp = (In|cos x|) (cos x) + (x)(sinx) = cos x In|cos x| + x sin x 


=> у = cıcos X + cosinx + cos x In|cos x| + x sin x 


29. y" — 5у = хе“, ур = Ax?e* + Bxe™ => y, = 5Ах?е?" + 2Axe™ + 5Вхе“ + Ве? 
=> у; = 25Ax7e™ + 20Axe™ + 2Ae™ + 25Bxe™ + 10Be™ 
= (25Ax?e?* + 20Ax e° + 2Ae?* + 25Вх е + 10B e?*) — S(SAx?e?* + 2Axe™* + SBxe?* +Ве“) = хе“ 
= 10Axe™* + (2А + 5В) е = хе?" => 10A = L2A-5B-0— А = i4, = -4 = ур = хе — хе”; 
12 — 5г = 0 = г(г- 5) = 0 > г=0огт = 5 = у, = сједх + сре“ = су + сое?" 


= 5x 1..2455x _ 1--43Х 
= у = с! + сое + хе 35X€ 


31. y" +y = 2соѕх + sinx, yp = Ax sinx + Bxcosx > Yp = Ax cosx + A sinx — Bx sin x + B cos x 
=> y = —Axsinx + 2Acosx — Bx cosx — 2B sin x 


= (—Ax sinx + 2A cosx — Bx cos x — 2B sin x) + (Ax sin x + Bx cos x) = cos x + sin x 


=> —2B sin x + 2А cos x = 2cosx + sin Xx —2B = 1,2A = 2 A=1,B -1 Ур xsinx — }X COS X; 


r+1=0Sr=0Hi Ус с1со$ х + csin х => у = с1с0$х + cosinx + x sin x — $x cosx 


33. È У ех фетх 12 -г= 0 1(г- 1) 0 =г= 0огг = 1 = у, = сео + сех = су + сре“ 


ах2 dx 
0 е 1 0 
! езе el жа _ 2 ‚ _ |0 е-+е*| gue -2 
(а) у = l, y2 =е => ү Dep == = е" – е * ап у = –— ог = “=е =1+е 
Ї e 0 ех 


= у; = fce — e™*) dx = —e* +e * and v; = fa ет) dx =x — fe" 
=> yp = (—e* + е-*)(1) + (x — зе) (ех) = —e* + хех + Је > у = cı + сзеххех + е^ 
(b) ур = Axe* + Be* = у, = Axe + Ae*—Be™ = ур = Ахе“ + 2Ае + Be™ 
= (Axe* + Ае“ + Ве *) - (Ахех + Аех – Ве*) = ех +e * = Ae* + 2Ве х = ех +e %* 
A=1,2B=1 A=1,B 3 y = с се“ + хех + je 


-Х 


35 Жу _ 4M буе +452 —4r—5=05 (r—5)(r +1) 0 = г= 5 огг = -l = у, = се + сое 


* de 
0 [ e» 0 
5 = , 644 -e*| |-1-465 14-4 2-5 ‚ _ |5е% e-4|  ебаде% _ |2 2 
(а) yi = е, y2 =е* = у са р = = = 6 + $e ^^ and vy = пы |] = 66 — 36 
5е5х --е-х Ѕе5х --е-х 
= үү = Гбе pae. зе“) dx = — дег“ - Ee? and v = f (тех - 2ех) dx = – рех - е^ 
> у = (-дё 7 - dem) (e*) + (71e? — 36") (ех) = -ie — 5 > у = cje" + се“ — тех - і 
(b) ур = Ае“ +В = у; = Ае“ = ур = Ае“ = Ае“ — 4Ае* + — 5(Ae* +В) = e +4 = 8А ех — 5B = ех + 4 
= —8А = 1, —5B = 4 > A = —1, B = -$ > у = се? + сре — le — + 
37. у" + у = согх 0 < x Сл=2=+1=0 r= 0 і у; = с1созх + созшх => у = cosx, у; = sin x 
0 sinx cos xX 0 
cotx cosx —6] . —sinx cotx 2 
=> vi — - - = sin x cotx — sin x ©95^ — созх апа У — - - — COSXCOLX = cosx- шин = cos X 
совх sın x 1 sinx COS X sin x 1 sın x sın x 


—sinx cosx —sinx cosx 


=> ү = — [ созхах = sin x and у; = ках = = fms sin’ xdy = х= f (g — sin? x) јах = J (свех - sinx)dx 
sin x sinx sinx X sinx 
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= In|csc x + cotx| — sinx = yp = (sinx)(cosx) + (In|esc x + cotx| — sinx)(sinx) = —(sinx) In|csc x + cotx| 
= у = с1с05х + cosinx — (sin x) In|csc x + cot x| 


39. у” - ду = её > г? — 8r = 0 > r(r — 8) = 0 > r = Q orr = 8 = y, = се? + сре“ = су + срећу; 
ур = Ахе“ = у; = Ае? + ЗАх сх = уу = 16Ae** + 64Ах e* => (16Ae** + 64Axe*) — 8(Ae** + Ах е?) = eS 


8Ае8Х = ех 8А = 1 А i у=а + сэе + ix ех 


41. у-у = х? 2?-r-0-r(r-1)20—r-0orr-1- у, =cye™ + сех = с + сре; 


ур = Ах“ + Bx? + Cx? + Dx = у, = 4Ax? + ЗВх? + 2Сх + D = у; = 12Ах? + 6Bx + 2C 

=> (12Ах? + 6Bx + 2C) – (4Ax? + 3Bx? + 2Cx + р) = x? 

= —4Ax3 + (12A — 3B)x? + (6B — 2C)x + (2C - D) = x5 => —4A = 1, 12A — 3B = 0, 6B -2C = 0,22 D —0 
A=-},B=-1,C=-3,D=-6 > у= с + ое - Ix — x3 — 3x? — 6x 


43. у" -2y = х? – ех = 1 +> 27 = 0 = (17 +2) = 0 > г= догг = —2 => y, = с1ебХ + сре 2% = ср + сое 2х; 
yp = Ax? + Bx? + Cx + De* = у, = ЗАх? + 2Вх + С + De* = у; = бАх + 2B + De* 
=> (6Ax + 2B + De*) + 2(3Ax? + 2Bx + С + Ре“) = x? — ех = 6Ax? + (6A + 4В)х + (2B + 2C) + 3De* = x? — ех 
=> 6A = 1,6А +48 = 0,28 + 20 = 0,30 = -1 > А = LB- -LC- LD- -1 


73 
== —2х 18—12 Ter 25 4 
= у = Cı + coe + 6x qx + gx зе 


2 . . . 
45. ЧУ +y = весх{апх,—7 <х < т >r +1 0 =т= 0+1 = у, = сусоѕх + созшх => y; = соѕ х, у; = sinx 


0 sinx 


cos x 0 
1 ѕесхіапх cosx —sin x sec x tan x 9 / —sinx secxtanx cos X sec x tan x 
=> У, = = = —tan^x and v; = | = = tanx 
cosx sinx 1 cosx sinx 
—sinx cosx —sinx cosx 


= у; = || -tan?x dx = Га — sec?x)dx = x — tan x and у; = Јапхах = хах = —In|cos x | 


= ур = (x — вах) (созх) + (—In|cos x |) (ѕіпх) = x cos x — sin x — (sinx)In|cos x | 


= у = с1с05х + cosinx + x cos x — (sin x)In|cos x | 


47. у — Зу =e >г-3=0=г= 3 = у; = се; yp = АС => ур = Ае“ = Ае“ — ЗАе“ = ех = —2Ае* = е 
-2А- 1>А = – 


49. у – Зу = 5e™ =>"7т—3=0=г=3 = у, = се“; yp = Axe? => у, = 3Axe™ + Ае“ 
=> (ЗАхе + А езх) — ЗАхе = 5е? => А езх = бек > А = 5 => у =cye™ + 5x e° 


51. fy + y = вес2х, п <x < 5, у(0) = у(0) =1=7+1 0=г= 0+1 = у, = cicosx + csin x 
= у! = совх, yo = sinx 


0 sinx 


совх 0 
2 


sec?x COSX 


. 2 
—sinxs —sinx sec^x s x sec? 
>v = сыры СХ = —secxtanx and vj = p = 8090005 = sec x 
COS X sin x 1 cosx sın X 1 
—sinx cosx —sinx cosx 
=> ү = || -secx tan x dx = —sec x and у; = Бесхах = ]n|sec x + tan x| 
= у; = (—sec x)(cos x) + (In|sec x + tan x|)(sinx) = —1 + (sinx)In|sec x + tan x| 


= у = с1с05х + cosinx — 1 + (sinx)In|secx + tanx|; у(0) = 1 > 1= а - 1 = с = 2; 


ау = —cısin X + сосовх + (cos x)In|sec x + tanx| + (sinx)secx, у(0)- 1 > 1 = с» 


= у = 2созх + sinx — 1 + (sinx)In|sec x + (ап x| 
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53. у"-у-ху,-%-х,у(0)-0,у(0)-0уы-%-х->у,-х-1-у-і-у"у-ізх-1-х 


99: 


57. 


59. 


= х= х = ур къ the differential equation. у” фу = 0 > 2 +г= 0 > r(r-- 1) =0=г= 0огг= —1 


= ус = c1e* + сое * = c1 + сое * => у = ср + сое * + - -x> у = -ue + х – 1; 


у(0) -0->0-сі +e, у(0) =0 => -02 —1=0 > = 1,0 = -1 у= 1-е" +5 -x 


157 


xy" t y + y = 4e*(cosx — sin x), yp = 2e*cosx, у(0) = 0, у (0) = 1; ур = 2e*cos x = y, = 2e*cos x — 2e*sin x 
= у; —4e'sinx => sy" фу' фу = 2(—4ехѕіпх) + (2e*cosx — 2e*sin x) + 2ехсоѕх = 4e*cos x — 4e*sin x 
= 4e*cos x — 4e*sinx = 4e*(cos x — sin x) => ур satisfies the differential equation. ту” фу +y = 0 = 1? +г+1=0 


-1x4/ P-4(1)(1) : =x Р —х A х 
= г = 20) = – 1 +i > у =e *(c;cosx + czsin x) => у = e *(c,cos x + созшх) + 2e*cosx 


=> y! =-е *(с1со$х + cosinx) + e х(—суѕіпх + сосоѕх) + 2e*cos x — 2e*sin x; у(0) = 0 > cı +2 = 0 > с = —2; 
У(0)-і1->-сі + 02 +2 = 1 > о = —3 = у =e *(—2cosx — 3sinx) + 2e*cos x = 2(e* — e *)cosx — 3e "sinx 


у” — 2у' + у = 2e*, yp = x e. y(0) = 1, y'(0) = 0; yp = х?е* => y, = x € -2xe* => у, = х?е* раке + де 

=> у” — 2у' + y = (х?ех + Ax e* + 2e*) — 2(x?e* + 2хех) + x?e* = x?e* => x?e* = x?e* => y, satisfies the differential 
equation. у” — 2у'-„у = 0 > 12 — 2r + 1 = 0 > (r— 1) = 0 = г = 1, repeated twice => у, = сјех + c; хех 

= у =cye* + со хе“ + x?e* = y! = ciet + со хе“ + oe + х2ех + 2хех; у(0) = 1 = с! = 1; у (0) 202 с +оо = 0 


c2 = —1 > у = ех — хех + x?e* 
=> 
ху” + xy! -2y =x’, y =x, уз =X 
0 x х-2 0 | 
х2 3 x2 
5S 1 2x = -2 
x2 = = x2| х a=, | 
= Үр = рат = x = —3Х апі уҙ — = зт = 3 
—2х3 1 -2x? 1 


17.3 APPLICATIONS 


mg = 16 =® ш = к=16=1= 55 41% +1у=05 142 + 9 cy —0,y(0) =2, y (0) =2 


20 к. К = 40; w = 25 lb = m 2:6 0 dyo g “хаячих тои 


spring 25 = 40x => x > ft > spring is now stretched o> = = л ft below equilibrium = у(0) = 


isv B= X t vii в. Thus we have 3 e + 40у = 0, у(0) = 4, y (0) = 5 


л ; initial velocity 


E(t) = 20cost; К“ = 4; 14 = 10g; LË = 29 = 294 + 49 + 104 = 20cost, q(0) = 2, q'(0) = 3 


mg = 16 > т = 15; К 1; resistance = velocity > б = 1 > 19 + 1% + ly = 0, y(0) 22, у (0) = 2 


= из +г+1=0 = 1 +2г+2=0 = г= == NE 2 esed iei y = e '(cicost + cosint), 


= y' =e Ң(-сівіп(-- cocost) — e™t(cicost + cosint); у(0) = 2 = с 22; y'(0 222 о —с 222 0 = 4 
= y(t) = e™(2 cost + Asint). Att = п, у = e "(2cosm + 4sinz) = -2е 77 ~ —0.0864 = 0.0864 ft above 
equilibrium. 


20- к. 1 k = 40; w = 25 lb m 5; 6-0 25 Фу +0. Z +40у = 0. If w = 25 Ib, it stretches the spring 


25 = 40x > x 5 ft — spring is now stretched oe = 5 E 3i ft зон equilibrium = у(0) = 


Ч re ; initial velocity is 
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o db == f£ = y'(0) = ў. Thus we have 25 dy +40y = 0, у(0) = 4, у (0) = 5 = 2512 +40 =0 > P + 258 = 0 


16 ; 0. 16 9 EN 

г= 0+ У (eveos( 6 ) + сви (351) ) = = с1соз ( 35 ) MN y(0) = и = z 
y= 16-cysin( +t) + 15 cacos( 264), у (B) e NA = odo ys 
= y(t) = feos( 48 t) + “tye за (161) (in feet) or y(t) = 1соз( 264) + SiS за (461) (іп іпсһев) 


ll. mg=10 > m= 5; 10=К. 1 = К = 60; 6 = % =5\/2 > 54 +5 -i 1 у(0) =0 


/32 
162+ (16/2) – )(192) 
= и?+5\/2г+ 60 = 0 >r + 16\/2г + 192 = 0 > r— ЭТ) v/2 t 8i 


= у = e-8V2 (cicos 8t + со 8t) — y = e^ ((-8y2 cy + 8c )сов 8t + " = " c2) sin 8); 


y(0) = } > cı = 4, y'(0)=0 > -8V2 с +80 202 ci 1, 2 М2 у ае cos 8t + + sint) 


Solve y(t) = 0 = ет wh(1 cos 8t + “sin 8t) = 0 = 1005 8t+ V? sin gt 0 = tan 8t E > t ~ 0.3157 sec 


13. First weight: w = 10 > m= 5; 10 =k- ($) = к=122;б=0= 59 +0. 9 + 12y = 0, у(0) = 1, у(0) = —1 
> in +12=0= 512 + 192 = 0 > г= 0 = ы; у= e" (слсоз 8, + со БН) 


= с1с0$ pu + csin 205, = у = ЗУ сз ши? + BV 5C cos any y(0) = 1 => с! = 1, y(0) = -i 


=> шавь -4 сі т, C2 -28 у COS s15; У15 sin ир The amplitude is С = "Im + {аг 
_ yis 
72 * 
Second M х = c3cos wt + casin wt, x(0) = v, йе = 2 > х! =—-we3sinwt + weycoswt; х(0) = DIES 
= сз = Мао „х(0)=2 = ша = 2 > сз шон са = = 2 => х= VIS cos wt + 2sinwt. Since amplitude of second 


(48) + (2): m т 25 "B V2 эш im mg (155)32 


spring = 2С > 2(42) = 
— 8.8333 Ibs 


15. mg = 16— m= 1;16= 6.45 к=4+6—0= 182 0. € + 4у = 0, у(0) =5, y (0 202 12+4=0 


12--8-0--і-0- 24/21 у = e (спсов2 / 21 + exsin2/2t) = спсоѕ 2/2 6+ са 21/24 
= y = –24/ 2 с ап 2/24 + 2V2 сусов2 2 у(0) = 5 > сү = 5, у'(0) =0 > 2\/2 2 =0=с, = 5,0 =0 
= y(t) = 5 сов 2 /2 t. The amplitude is С = \/52 + 02 = 5 
у = сзсоз 24/21 + casin 2424, У(0) = 5, у() = vo > у = —2/2 cssin 221 + 24/2 cacos 2/2 t; у(0)=5 = с = 5 
y(0) = vo = 2/2 c4 Vo => сз = 5, C4 38 > y(t) = 5 cos 2/21 + WA 51п 2\/ 2t, and the new amplitude is 2 - 5 


-5 105 5 + (9 | == 10/6 ~ 24.4949 1. 


2/2 
17. 6 decreases by 9096 in 10 sec => 10% remains -1% = = (5) = 109 > 2b = £ => 6 = ШО 
: 2 2 2 2 100z2-- (In 10)? 10072 - (In 10 
period — 2 sec 2- уж = 4 y ай п? + = ла + (№1) = Е 8 ) к = в ји 
2 
к = ie ШО) үр > т“ + (220m) $ + (1% “шоу т)у = 0. When y = 1 and y' = —2, then 


d 1007? -- (In 10 d 10072 + (In 10)? 
га T (Чет) ( 2) ЕЗ ( + - т) (4) =0> dd - 260 Tx | = —1.5596 $ 


sec? 


Copyright О 2010 Pearson Education, Inc. Publishing as Addison-Wesley. 


www. гетепд. 15 


Section 17.4 Euler Equations 501 


19. L2 LR- LC- 5, (0) 209 153 +1. 44 64 =0, q(0) =2,4(0) =4= 1° 1+6=0 
7+ 5+6 = 0 = (т+3)(т+2) = 0 =т= —3 orr = —2 => q(t) = је + c e? > q' = —Зеје + — 2c e? 
q(0) = 2 > cı +c = 2; q(0) = 4 > За — 20 = 4 > су = -8, с = 10 > q = —8e " + 10e 7 
limq = lim (—8e^* + 10672) = 0 


t—oo t—oo 


21. mg = 16 = т = 15; 16 =k-4 >k = 4; ô 4.5; f(t) = 4+е = 183 4.45% 4 Ay = 4 + e. у(0) = 2, y'(0) = 4 
= 312 +4.5r+4=0 >r + 9 +8=0 = (1+ 8) (1+1) 2029 r--8orr-2-1 ус = се * + eet; 
Yp = A + Be? = у, = —2Be ? = уу = 4Be > => #(АВе ?) + 4.5(-2Be >) + 4(A + Be?) = 4 + e?! 
= 4A — 3Ве 2 = 4 +е72 => 4A = 4, —3B = 1 > А = 1,В = –1 = y(t) = се + се! + 1 — ie? 
= y = –всје + — сое! + Se у(0) 222 с +e +2 =2 => о +оо = 1, у/(0) = 4 => -8c – о + 2 = 4 


= —8с1 — с = 10 = с = -2, & =2 > y(t) = –2е7% + 2е7': + 1 – ie? 


23. m = 2 = mg = 2(9.8) = 19.6; 19.6 = k 1.96 = К = 10; 6 = 4; f(t) = 20cost => 2 + 4% + 10у = 20cost, 


y(0) = 2, у (0) = 3 => 22 +4r + 10 = 0 > r = -Ev ew = —-1+2i> у. = е '(c\cos 21 + cosin 2t) 


yp = Asint + Bcost = у; = Acost — Bsint = у; = —Asint — Bcost 

= 2(—Asint — Bcost) + 4(Acost — Bsint) + 10(Asint + Bcost) = 20cost 

= (8А — 4B)sint + (4А + 8B)cost = 20cost = 8A 4B = 0, 4А + 8B = 20 > А = ,В=2 

=> y(t) = e '(cicos2t + cosin 2t) + sint + 2cost > у = e Қ(-сі + 2c2)cos 2t + (—2c, — с2) т 21) + cost — 2sin t; 
y(0)222 а +2 = 2, у/ (0) =3 = —ci +20 + 1 = 3 > cı = 0, —с1 + 202 = 2 Sc; = 0,2 = 1 

=> y(t) =е 'sin2t + sint + 2208 6; y(t) = —2 = 2 m above equilibrium 


25. L = 10, R = 10, C = 4, E(t) = 100 = 1023 + 10% + 5004 = 100 = 10, q'(0) = 2 = 
| , „С= 3h E(t) = 514-1099 а = 100, а(0) = 10, q'(0) = 0 = 10r? + 10r + 500 = 0 


>r +> 7 +>50 = 0 г= тізу UE = E + 2227 dc = e=?! (сисоз у + со XP) 
dp = А Фр 0 9р 0 = 10(0) + 10(0) + 500А = 100 => 5004 = 100 = А + 


= q(t) = e (cicos Би 199, + cosin У 29) + i >q = с (4 TM 1°с› )cos y ын + ( y 199 сү о) sin ~— Рај 


а(0) 2102 ei +1 = 102 а = ®, 4 (0) 202 – ја + У о =0 > су = 9, с = 4199 


49 199, | 49/199... \/199 1 
(сов y | 995 ЗП 5 t] +5 


= q(t) =" 


17.4 EULER EQUATIONS 


1. ху" + 2ху -2у-0->г?--(2- г-2-0->г--г-2-0->(г- 1)(г--2) 20-9 r-lorr- —2 


= у = се? + сре 7 = спе!" + og Ix > y сух + 9 


3. xy” -6y =0S7r+(0-1)r-6=05r -r-6=05 (r—-3)(r+2) 209 r-3orr- –2 


> у= сіез2 + сре“ 22 == c,e?hx + coe 2inx => у= cix? + 3 


5. х2у" – 5ху' + 8у 20 12 + (-5 – 1)г+8=0 = 12 – 6+8=0 => (r-4)(r-2) =O Sr=4orr=2 


> y = сле + coe? = сей" + сзе28х => у = сух“ + сә x? 


7. Зх?у" + 4ху = 0 = 3? + (4 – З)г = 0 = 3? +г= 0 = (3 + 1) = 0 = г= 0огг = -15 у cie? + сре“ 3° 


! ah 5 
=cye™*X + сое вуна 
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9. х2у" -xy Фу=0=72 +(-1–—117+1=0>72— 27 +1=0 = (r- 1? = 0 = г = 1, repeated twice 
= у = спе? + соле? = cye™* + су шхе"х => у= сх + сохах 


ју + — 2. 
11. xy" -xy +5у = 0 54 (-1- Dr45-0o à 2045-08 ге A 09 _ 1+ 


= y = e'(cicos2z + с»в 22) = e™*(cycos(2 Inx) + c»sin(2Inx)) = y = x (cicos(21n x) + cysin(2 In x)) 


13. xy" + Зку + ly =0 => 4G - 1):+10=0 2 2 +21+10=0 r= VICUS – 1 + 3 


= y = e *(с1с0$ 32 + c;sin3z) = e "Х(сүсов(31пх) + czsin(3 In x)) => у = 1 (cicos(31nx) + c;sin(3Inx)) 


=A 2_ 
15. 4x2y" + 8ху + 5у =0> (8-4) +5=0 042 +4 + 5= 0 ro VO) 11 


= у = e^?" (cicos z + c;sinz) = e~?!*(c,cos(Inx) + c;sin(Inx)) => у = "^ (сісов(Іпх) + ст (Ја x)) 


17. ху” + Зху +y 20 2 + (3- 11 +1 =20> 2 + 27 +1 =0 = (1+1)? = 0 = г = —1, repeated twice 


=> у = сце + соле“ = спе P + с) охе" > y= 9-р сах 


19. xiy" - xy = 0 => 12 + (1— 1)г = 0 => г? = 0 => г = 0, repeated twice => у = cie? + coz e®7 = суе?!" + с; Inx е0!" 


=> у= с + с шх 


21. 9x?y" + 15ху' фу 20 = 92 + (15 – 97 + 1 = 0 => 92 + 6r + 1 = 0 = (3r + 1)? = 0 > г = —1, repeated twice 


=> у = сце 37 -roze 3% = сре ЭХ + cy Inxe зх у= At 
23. 16х2у” + 56x y + 25у = 0 = 1612 + (56 — 16): + 25 = 0 => 162 + 407 + 25 = 0 = (47 +5) 20 r— -3, 
repeated twice => у = cie 3^ + сузе“ = cje 1* + со хет" => y = n + ОЙХ 


25. х?у" + зху – Зу = 0, у(1) = 1, y(1) = -1= 1 -(3-1r-320— 2 +27–3=0 => (r- 1)(r-3) 20 


т = 1 огг = —3 = у cie? + ce = суейх + сре“ ыу тал = у -сі- A 


уд)=1=< + с = 1; у'(1) = -1 > а – 3c l>c, 1, C2 1 у 5x + 55 


27. ху" — ху’ +у= 0, у(1) = у) 219 12+ (-1-1:г+1=052-2+1=05 (r- 1? 20— r— 1, 
repeated twice => у = се? + coze? = спех + c; шхе"х = у = сх + сох lnx > y = cı + сах + со; 


у) = 15 а = цу (1) = 15 а +62 =15 а = 1, со-0-у-х 


БИЕ | + mm, 2_ 

29. xy" -xy + 2y = 0,у(1) = -Ly (D 519 P £(-1- 1+2 =0=2—2г+2 =0 = r= СУС OD 
= 1 +i > у = e'(cicosz + cosinz) = e!™*(c;cos(Inx) + c;sin(Inx)) => у = х (с1соз(шх) + cosin(In х)) 

= y! = (cı + с2)соз(шх) + (c — ci)sin(Inx); у(1) = -1 > а = —1; y(1) = 1 > а +c = 1=><1=–1, с =2 


= y = x (—cos(Inx) + 2 sin(Inx)) 
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17.5 POWER-SERIES SOLUTIONS 


oo oo oo оо 
1. y" -2y = 0 = У)п(п – 1)сах" 2 + 2 У nox! = 0 => Угп(п – 1)сах" 2 + У 2n сах"! = 0 
п=2 п=1 п=2 п=1 
power of x coefficient equation 
х 2(1)сә + 2(1)су =0 эс = —c] 
х! 3(2)сз + 2(2)е = = суз = —2с; = За 
x2 4(3)c4 + 2(3)сз = 0 => са = – 103 = -ісі 
x 5(4)с + 2(4)c4 = = cs = —2e4 = Ёс) 
x4 6(5)с6 + 2(5)с5 -0 = св = — 165 = -Жсі 
х" (п + 2)(п 3p 1)€n42 ын 2(п + 1)cn+1 =0 => Сл = -cn 
_оүп-1 
or ey = —®в— = (-2) йе) = (72) Ci) (acas) = Fey, n 2 2. Thus 
у = со фах — сүх? + 2сух? — ieix* + с — Жсіх6 +... = Cot сі (x — x+ 2x3 ix + 2,5 2х6 Т 
2 3 4 5 6 
ory = co + 2 — € + 9 (2х) с Qn 45228 Bde yat а (x) +... 


с с 2х)? 2xy 2x)4 2x) х)? © © = —2x)" 
у= (0+9) – # (1 – 2x) + & E + E + +...) = (по) - 32. a 


= (со + 2) - пе = а + һе” where а = со + 2 andb = —5 


3. у" +4у = 0 = У п(п – I)e, x'? + 49 сах! = 0 => У; п(п – D)e x"? + У 4en x” = 0 


п=2 п-0 п-2 п-0 
power of x coefficient equation 

х) 2(1)c2 + 4с = 0 = Сә = —2со 

Хх 3(2)сз + 4c; = 0 > сз = —2с1 

х2 4(3)c4 + 4c = 0 > C4 = – 10 = #00 

хз 5(4)с5 + 4c3 =0 = c; = -ісз = £c 

х” 6(5)с6 + 4c4 = 0 => Сб = – са = -Жсо 

х" (п + 2) (8 + 1)e42 + 4 =O > ор = — GEH En 


-- о Ва у Ва 2 5 4 6 
y = Co + C1X — 2eox — зах + $cox + сах — asCoX Ерөн 


= Сфр- 2сох2 + 2 сох“ = as cox? “Бар CxS 2сух? + zc Su 
2x) , (2x)* (ох)6 2x) (2х) со (= 2 -1р 2n41 
-e(1- SP «S - OP +...) +3 (ж- ®” + EP ues) = соу CX + § ар (ок) + 
п= = 


сі 


= срсов 2х + 5510. 2х = acos 2х + b sin 2х, where а = со and b = > 


5. х2у" —2xy! + 2у = 0 = х? У n(n — 1)сь x"? — 2ху nca x l + 2У саха = 0 
п=2 


n=1 n=0 


=> У п(п — Leg x" — У)2п сх" + У 2сах! = 0 
n=2 n=1 n=0 
power of x coefficient equation 
x? 2со = 0 = со = 0 
х! —2(1)е + 261 =0 = 0-0 
х2 2(1)c2—2(2)c2 + 2c. = 0 = 0-0 
х 3(2)сз—2(3)сз + 2 20 -с3-0 
x! 4(3)c4—2(4)c4 + 2c4 = 0 = са = 0 
ха n(n — Тјер — 2ne, + 2c, = 0 > сп — m а 


у= ах + сәх? 
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504 Chapter 17 Second-Order Differential Equations 


7. (1+х)у” –у=0=(1+х)У п(п – Doe x? — Den x" = 0 


oo oo m oo 
=> Yn(n- I)e, x'? + У n(n — l)o, x87! - Yoox? 20 
n=2 n=2 n=0 
power of x coefficient equation 
x? 2(1)c2 — co = 0 = с = Fco 
x! 3(2)сз + 2(1)c2 — cı = 0 — сз = – 102 + $C] = #61 — 200 
х2 4(3)c4 + 3(2)сз — с = 0 = c4 = —563 + Hor = — C1 + 660 
х? 5(4)cs + 4(3)c4 — сз = 0 => сз = -364 + £03 = We — Heo 
x4 6(5)с + 5(4)с5 — са = 0 > cg = – 205 + doc = — diei + Heo 
x" (п + 2) (п + 1)cn42 + п(п + Пс — Cn =O => о = CD са + many 
у = со ах + 5 їсох2 + (ве = sco) fU gat ico) xt + (ба = i5c0)X? + (—Aer + = со)хе +... 
= со(1 + ix? -3% +3 gx" — тух? Tak T. n) ber(x + 123 EX + тр? mx +...) 


9. (х2 — Dy" + 2ху — 2y = 0 > (x? - 1) n(n — 1јсрх“ 2 + 2x ‘пе, x"! — 29 сах! = 0 


п=2 п=1 п=0 
=> У п(п – 1)сах" — У п(п — 1)e x' 2 + У 2псах! — У2сах! = 0 
п=2 п=2 п=1 п=0 
power of x coefficient equation 
x? —2(1)с2 — 20 = 0 = Сә = —с0 
х! —3(2)сз + 2(1)cı — 2с) =0 = сз = 0 
хо 2(1)c2 — 4(3)c4 + 2(2)c2 — 2c2 = 0 = c4 = іс) = — 100 
х} 3(2)сз — 5(4)сѕ + 2(3)c3 — 2c3 = 0 = c5 = 503 = 0 
x 4(3)c4 — 6(5)св + 2(4)c4 — 2c4 = 0 = св = ic, = — tco 
x" n(n — I)e, — (n + 2)(п + Пси 4-2n6 — 2% =O = Cay. = Е n 
у = со + сіх — cox? — сох! — legx$ —... = co(1 — x? — 1х4 — 1х6 —...) + сух 


11. (x? — Тју" — 6y = 0 = (x? - 1) У n(n – Пе, x"? — 6У cnx" = 0 


n=2 n=0 
=> У п(п — 1)сах" - У п(п — 1)e x"? — У бе х" = 0 
n=2 n=2 n=0 
power of x coefficient equation 
x? —2(1 )с2 — бсо = 0 = с) = —3с0 
! —3(2)сз — бс = 0 => Сз = -Сі 
х2 2(1)с2 — 4(3)с4 — бо = 0 = са = – 102 = со 
х3 3(2)сз — 5(4)с5 — без = 0 = с = 0 
xí 4(3)c4 = 6(5)с6 - бо = 0 => Сб = – 104 = – 100 
х? n(n— Оса — (п + 2)(п + Пси — ба =O = сво = са 
у = со + ах — Зсох2 — сух? + сох“ — Їсох9 _... = со(1 — 3х2 + xt — 4х6 +...) + с1(х — x3) 
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Section 17.5 Power-Series Soutions 


13. (x? — Тју" + Аху' + 2y = 0 = (x? - 1) У n(n – Dep x' 2 + 4х У ono, x^! + 2 у саха = 0 
п=2 n=1 n=0 
=> У п(п – Dep x" — У п(п — 1)сь x' ? + У Апсах! + У 2cn x" = 0 
n=2 n=2 n=1 n=0 
power of x coefficient equation 

x? —2(1)сә + 20 = 0 = с» = ср 
x —3(2)сз + 4(1)с + 221 = 0 = сз = с 
х2 2(1)с> — 4(3)c4 + 4(2)с + 20 = 0 = с = Сә = Co 
хз 3(2)сз = 5(4)с5 + 4(3)сз + 2 = 0 => С = C3 = C1 
y 4(3)c4 — 6(5)с + 4(4)c4 + 2c4 = 0 = сє = C4 = C0 
х" n(n — Оса — (n + 2)(n + 1)Cn+2 + 400, + 2c, =0 = dac Са 

у = со + сіх + cox? + сзх? + сух“ + сух? + egx 8 — ... = со(1+ X2 + x* + х9 +...) -с(х--Х7--х7--...) 


15. y" — 2xy’ + Зу = 0 2 У n(n — I)e, x'? — 2х) псу х"! +3 сих" =0 


n=2 п=1 п=0 
оо оо оо 
=> Yin(n- I)e, x'? — $]2пс„х" + $У13с„х" = 0 
n=2 n-l n=0 
power of x coefficient equation 
x? 2(1)с2 + 3co = 0 => с = – 80 
xl 3(2)сз — 2(1)с + 3c) = 0 => сз = -ic 
х? 4(3)c4 — 2(2)е + 3с; = 0 = са = 59 = — Co 
хз 5(4)с5 — 2(3)сз + Зез = 0 = с5 = Жез = EP 
х! 6(5)с — 2(4)c4 + 3c4 = 0 = сє = 104 = — kco 
хп (n+ 2) (п + 1)cn42 — пе, + За = 0 = оо = рту са 
у = со + сх 3 сох? сүх” сох ageix? ag cox? 
= со(1 3x? — 1х4 хе ...) +a- #х9— Gx? -...) 


17. у" — xy! + Зу 20 > Yin(n- Ley x”? — x$ пс х"! + ЗУ, x" = 0 
n=1 n=0 


n=2 
=> Yn(n- Ley x'? — Sone, x! + У Зех“ 20 
n=? n=1 n=0 
power of x coefficient equation 
x? 2(1)c2 + 3co = 0 = c2 = — 30 
х! 3(2)сз — (Пс! "p 3c, -0 = сз --ісі 
х? 4(3)сд ын (2)сэ + 3с = 0 => са = – 50 = Eco 
х? 5(4)с5 - (З)сз + Зе = 0 = с5 =0 
х“ 6(5)с6 = (4)с4 T 3c4 = 0 = св = 35C4 Е 51790 
хп (п + 2) (а + Leny2 — пс + За =O => о = ба 


= — 3enx2 — le, x3 + Lenx4 + | сажб — = — 3%2 + 1544 l хб — 143 
у = со сх Сох sCiX + gCox + 549 C0X 11 5Х + gx + 549% +...) te1(x 1х?) 
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